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ALGORITHMS CONSTRUCTION FOR NONEXPANSIVE MAPPINGS
AND INVERSE-STRONGLY MONOTONE MAPPINGS

Yonghong Yao, Yeong-Cheng Liou and Chia-Ping Chen*

Abstract. In this paper, we construct two algorithms for finding a common
element of the set of fixed points of a nonexpansive mapping and the set
of solutions of the variational inequality for an α-inverse-strongly monotone
mapping in a Hilbert space. We show that the sequence converges strongly to
a common element of two sets under the some mild conditions on parameters.
As special cases of the above two algorithms, we obtain two schemes which
both converge strongly to the minimum norm element of the set of fixed points
of a nonexpansive mapping and the set of solutions of the variational inequality
for an α-inverse-strongly monotone mapping.

1. INTRODUCTION

Let C be a closed convex subset of a real Hilbert space H . Recall that a
mapping S of C into itself is called nonexpansive if

‖Sx− Sy‖ ≤ ‖x − y‖, ∀x, y ∈ C.

We denote by F (S) the set of fixed points of S. Algorithms for nonexpansive
mappings have been studied in the literature, See, for instance [1-16]. A mapping
A of C into H is called monotone if

〈Au− Av, u− v〉 ≥ 0, ∀u, v ∈ C.

A is called α-inverse-strongly-monotone if there exists a positive real number α
such that

〈Au − Av, u− v〉 ≥ α‖Au − Av‖2, ∀u, v ∈ C.

It is well known that the variational inequality problem VI(C, A) is to find x∗ ∈ C
such that
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(1.1) 〈Ax∗, v − x∗〉 ≥ 0, ∀v ∈ C.

The variational inequality has been extensively studied in the literature. See, e.g.,
[17-21, 26-33] and the references therein.

For finding an element of F (S) ∩ V I(C, A) under the assumption that a set
C ⊂ H is closed and convex, a mapping S of C into itself is nonexpansive and
a mapping A of C into H is α-inverse-strongly monotone, Takahashi and Toyoda
[22] introduced the following iterative scheme:

(1.2) xn+1 = βnxn + (1− βn)SPC(xn − λnAxn), n ≥ 0,

where {βn} is a sequence in (0, 1) and {λn} is a sequence in (0, 2α). They showed
that, if F (S) ∩ V I(C, A) is nonempty, then the sequence {xn} generated by (1.2)
converges weakly to some z ∈ F (S) ∩ V I(C, A). We note that the scheme (1.2)
has only weak convergence. An interesting problem is:

Question 1.1. Could we construct an algorithm based on (1.2) such that the
constructed algorithm has strong convergence?

It is the first purpose in this paper that we will study the following algorithm

(1.3) xn+1 = βnxn + (1− βn)SPC [(1− αn)(xn − λnAxn)], n ≥ 0.

Remark 1.2. We should point out that the scheme (1.3) is similar to the scheme
(1.2). As far as we know, this appears to be the first time in the literature that the
scheme (1.3) is proposed. At the same time, we can show that the scheme (1.3) has
strong convergence. As a matter of fact, we will propose a general algorithm which
includes the algorithm (1.3) as a special case.

In 2005, Iiduka and Takahashi [23] further considered an iterative scheme for
nonexpansive mapping and α-inverse-strongly monotone mapping:

(1.4) xn+1 = αnx + (1− αn)SPC(xn − λnAxn), n ≥ 0,

where {αn} is a sequence in [0, 1) and {λn} is a sequence in [0, 2α]. If {αn} and
{λn} are chosen so that λn ∈ [a, b] for some a, b with 0 < a < b < 2α,

lim
n→∞ αn = 0,

∞∑
n=1

αn = ∞,
∞∑

n=1

|αn+1 − αn| < ∞ and
∞∑

n=1

|λn+1 − λn| < ∞,

then {xn} defined by (1.4) converges strongly to PF (S)∩V I(C,A)(x).
It is the second purpose in this paper that we will introduce a unified algorithm

which includes (1.4) as a special case. Furthermore, we prove the strong conver-
gence of the proposed algorithm under some more weaker assumptions on algorithm
parameters.
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On the other hand, we also notice that it is quite often to seek a particular
solution of a given nonlinear problem, in particular, the minimum-norm solution.
For instance, given a closed convex subset C of a Hilbert space H1 and a bounded
linear operator R : H1 → H2, where H2 is another Hilbert space. The C-constrained
pseudoinverse of R, R†

C , is then defined as the minimum-norm solution of the
constrained minimization problem

R†
C(b) := argmin

x∈C
‖Rx− b‖

which is equivalent to the fixed point problem

x = PC(x− λR∗(Rx − b))

where PC is the metric projection from H1 onto C, R∗ is the adjoint of R, λ > 0
is a constant, and b ∈ H2 is such that P

R(C)
(b) ∈ R(C).

It is therefore another interesting problem to invent some algorithms that can
generate schemes which converge strongly to the minimum-norm solution of a given
problem.

It is the third purpose in this paper that we want to construct some algorithms
for finding the minimum norm element of the set of fixed points of a nonexpansive
mapping and the set of solutions of the variational inequality for an α-inverse-
strongly monotone mapping.

2. PRELIMINARIES

Let H be a real Hilbert space with inner product 〈·, ·〉 and norm ‖ · ‖ and let C

be a closed convex subset of H . It is well known that, for any u ∈ H , there exists
a unique u0 ∈ C such that

‖u − u0‖ = inf{‖u− x‖ : x ∈ C}.
We denote u0 by PCu, where PC is called the metric projection of H onto C. The
metric projection PC of H onto C has the following basic properties:

(i) ‖PCx − PCy‖ ≤ ‖x− y‖ for all x, y ∈ H ;
(ii) 〈x− y, PCx − PCy〉 ≥ ‖PCx − PCy‖2 for every x, y ∈ H ;
(iii) 〈x− PCx, y − PCx〉 ≤ 0 for all x ∈ H , y ∈ C;
(iv) ‖x− y‖2 ≥ ‖x − PCx‖2 + ‖y − PCx‖2 for all x ∈ H , y ∈ C.

Such properties of PC will be crucial in the proof of our main results. Let A be a
monotone mapping of C into H . In the context of the variational inequality problem,
it is easy to see from property (iv) that

x∗ ∈ V I(C, A) ⇔ x∗ = PC(x∗ − λAx∗), ∀λ > 0.
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A set-valued mapping T : H → 2H is called monotone if, for all x, y ∈ H , f ∈ Tx

and g ∈ Ty imply 〈x − y, f − g〉 ≥ 0. A monotone mapping T : H → 2H

is maximal if its graph G(T ) is not properly contained in the graph of any other
monotone mapping. It is known that a monotone mapping T is maximal if and only
if, for (x, f) ∈ H ×H , 〈x−y, f −g〉 ≥ 0 for every (y, g) ∈ G(T ) implies f ∈ Tx.
Let A be a monotone mapping of C into H and let NCv be the normal cone to C
at v ∈ C; i.e.,

NCv = {w ∈ H : 〈v − u, w〉 ≥ 0, ∀u ∈ C}.
Define

Tv =

{
Av + NCv, if v ∈ C,

∅, if v /∈ C.

Then T is maximal monotone and 0 ∈ Tv if and only if v ∈ V I(C, A) (see
[24]-[25]).

We need the following lemmas for proving our main results.

Lemma 2.1. ([9]). Let {xn} and {yn} be bounded sequences in a Banach space
X and let {βn} be a sequence in [0, 1] with 0 < lim infn→∞ βn ≤ lim supn→∞ βn <
1. Suppose xn+1 = (1−βn)yn+βnxn for all integers n ≥ 0 and lim supn→∞(‖yn+1−
yn‖ − ‖xn+1 − xn‖) ≤ 0. Then, limn→∞ ‖yn − xn‖ = 0.

Lemma 2.2. ([5]). Assume {an} is a sequence of nonnegative real numbers
such that

an+1 ≤ (1 − γn)an + δn,

where {γn} is a sequence in (0, 1) and {δn} is a sequence such that
(1)

∑∞
n=1 γn = ∞;

(2) lim supn→∞ δn/γn ≤ 0 or
∑∞

n=1 |δn| < ∞.

Then limn→∞ an = 0.

3. MAIN RESULTS

In this section we will state and prove our main results. Throughout, we assume
that:

(a) H is a real Hilbert space and C is a closed convex subset of H ;
(b) A : C → H is an α-inverse-strongly monotone mapping and S : C → C is a

nonexpansive mapping with F (S) ∩ V I(C, A) �= ∅;
(c) {αn} is a real number sequence in (0, 1) satisfying limn→∞ αn = 0 and∑∞

n=0 αn = ∞; {βn} is a real number sequence in (0, 1) and {λn} is a
sequence in (0, 2α) satisfying λn ∈ [a, b] for some a, b with 0 < a < b < 2α.
We assume the one of the following conditions is satisfied:
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(C1) 0 < lim infn→∞ βn ≤ lim supn→∞ βn < 1 and limn→∞(λn+1 − λn) = 0;
(C2)

∑∞
n=0 |αn+1 − αn| < ∞, lim supn→∞ βn < 1,

∑∞
n=0 |βn+1 − βn| < ∞ and∑∞

n=0 |λn+1 − λn| < ∞;

(C3) limn→∞
αn+1

αn
= 1, lim supn→∞ βn < 1, limn→∞

βn+1−βn

αn
= 0 and limn→∞

λn+1−λn

αn
= 0.

At the same time, we also need the following facts:
(1) If x∗∈F (S) ∩ V I(C, A), then x∗=PC (x∗−λnAx∗)=Sx∗ for all n≥0;
(2) I − λnA is nonexpansive and for all x, y ∈ C

(3.1) ‖(I − λnA)x − (I − λnA)y‖2 ≤ ‖x − y‖2 + λn(λn − 2α)‖Ax− Ay‖2.

The aim of this section is to introduce some iterative methods for solving our three
purposes in the first section. For these purpose, we first introduce the following
iterative method which is based on Iiduka and Takahashi’s algorithm (1.4).

Algorithm 3.1. For fixed u ∈ H and given x0 ∈ C arbitrarily, define a sequence
{xn} iteratively by

(3.2) xn+1 = βnxn + (1 − βn)PC [αnu + (1− αn)SPC(xn − λnAxn)], ∀n ≥ 0.

In particular, if we take u = 0, then (3.2) reduces to

(3.3) xn+1 = βnxn + (1 − βn)PC [(1− αn)SPC(xn − λnAxn)], ∀n ≥ 0.

We are now in a position to prove the strong convergence of the algorithm (3.2).
As a special case, we obtain the strong convergence of the algorithm (3.3) to the
minimum-norm element in F (S) ∩ V I(C, A).

Theorem 3.2. The sequence {xn} defined by (3.2) converges strongly to
PF (S)∩V I(C,A)(u). If u = 0, then sequence {xn} defined by (3.3) converges strongly
to PF (S)∩V I(C,A)(0) which is the minimum norm element in F (S) ∩ V I(C, A).

Proof. Set yn = PC [αnu + (1 − αn)SPC(xn − λnAxn)] for all n ≥ 0. Pick
x∗ ∈ F (S) ∩ V I(C, A) to obtain,

‖yn − x∗‖ ≤ ‖αnu + (1− αn)SPC(xn − λnAxn)− x∗‖
≤ αn‖u− x∗‖+ (1− αn)‖SPC(xn − λnAxn) − SPC(x∗ − λnAx∗)‖
≤ αn‖u− x∗‖+ (1− αn)‖(I − λnA)xn − (I − λnA)x∗‖
≤ αn‖u− x∗‖+ (1− αn)‖xn − x∗‖.
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From (3.2), we get

‖xn+1 − x∗‖ ≤ βn‖xn − x∗‖ + (1 − βn)‖yn − x∗‖
≤ βn‖xn−x∗‖+(1−βn)αn‖u − x∗‖+(1− βn)(1−αn)‖xn−x∗‖
= αn(1 − βn)‖u − x∗‖ + [1 − αn(1− βn)]‖xn − x∗‖
≤ max{‖u − x∗‖, ‖xn − x∗‖}.

By induction, we can deduce that the sequence {xn} is bounded and so are {yn}
and {Axn}.

Next we will show ‖xn+1 − xn‖ → 0. We will divide into two cases to prove
this fact.

Case 1. Assume the conditions (C1) is satisfied.
By the definition of yn, we have

‖yn+1 − yn‖ = ‖PC [αn+1u + (1 − αn+1)SPC(xn+1 − λn+1Axn+1)]

−PC [αnu + (1− αn)SPC(xn − λnAxn)]‖
≤ ‖(αn+1 − αn)u + (1 − αn+1)SPC(xn+1 − λn+1Axn+1)

−(1 − αn)SPC(xn − λnAxn)‖
≤ αn(‖u‖ + ‖SPC(xn+1 − λn+1Axn+1)‖)

+αn(‖u‖+ ‖SPC(xn − λnAxn)‖) + ‖SPC(xn+1 − λn+1Axn+1)
−SPC(xn − λnAxn)‖

≤ αn(‖u‖ + ‖SPC(xn+1 − λn+1Axn+1)‖) + αn(‖u‖
+‖SPC(xn − λnAxn)‖) + ‖(I − λn+1A)xn+1

−(I − λn+1A)xn‖ + |λn+1 − λn|‖Axn‖
≤ αn(‖u‖ + ‖SPC(xn+1 − λn+1Axn+1)‖) + αn(‖u‖

+‖SPC(xn − λnAxn)‖) + ‖xn+1 − xn‖ + |λn+1 − λn|‖Axn‖.

It follows that

lim sup
n→∞

(‖yn+1 − yn‖ − ‖xn+1 − xn‖) ≤ 0.

Therefore by Lemma 2.1, we obtain limn→∞ ‖yn − xn‖ = 0. Consequently,

lim
n→∞ ‖xn+1 − xn‖ = lim

n→∞(1 − βn)‖yn − xn‖ = 0.

Case 2. Assume (C2) or (C3) is satisfied.
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From (3.2), we have

‖xn+1 − xn‖ ≤ βn‖xn − xn−1‖+ |βn − βn−1|(‖xn−1‖ + ‖yn−1‖)
+(1 − βn)‖yn − yn−1‖

and

‖yn − yn−1‖ ≤ |αn − αn−1|‖u‖+ (1− αn)‖SPC(xn − λnAxn)
−SPC(xn−1 − λn−1Axn−1)‖
+|αn − αn−1|‖SPC(xn−1 − λn−1Axn−1)‖

≤ |αn − αn−1|(‖u‖+ ‖SPC(xn−1 − λn−1Axn−1)‖)
+(1 − αn)‖(xn − λnAxn) − (xn−1 − λnAxn−1)‖
+|λn − λn−1|‖Axn−1‖

≤ |αn − αn−1|(‖u‖+ ‖SPC(xn−1 − λn−1Axn−1)‖)
+(1 − αn)‖xn − xn−1‖
+|λn − λn−1|‖Axn−1‖.

Hence, we have

‖xn+1 − xn‖ ≤ [1 − (1 − βn)αn]‖xn − xn−1‖ + |αn − αn−1|(‖u‖
+‖SPC(xn−1 − λn−1Axn−1)‖)
+|βn − βn−1|(‖xn−1‖ + ‖yn−1‖) + |λn − λn−1|‖Axn−1‖.

This together with Lemma 2.2 imply that‖xn+1 − xn‖ → 0.
By the convexity of the norm and (3.1), we have

‖yn − x∗‖2 = ‖PC [αnu + (1− αn)SPC(xn − λnAxn)]− x∗‖2

≤ ‖αn(u − x∗) + (1 − αn)(SPC(xn − λnAxn)− x∗)‖2

≤ αn‖u − x∗‖2 + (1 − αn)‖SPC(xn − λnAxn)− Sx∗‖2

≤ αn‖u − x∗‖2 + (1 − αn)‖PC(xn − λnAxn) − x∗‖2

= αn‖u − x∗‖2 + (1 − αn)‖PC(xn − λnAxn) − PC(x∗ − λnAx∗)‖2

≤ αn‖u − x∗‖2 + ‖(xn − λnAxn) − (x∗ − λnAx∗)‖2

≤ αn‖u − x∗‖2 + ‖xn − x∗‖2 + λn(λn − 2α)‖Axn − Ax∗‖2.

Hence, we obtain

‖xn+1 − x∗‖2 ≤ βn‖xn − x∗‖2 + (1− βn)‖yn − x∗‖2



1986 Yonghong Yao, Yeong-Cheng Liou and Chia-Ping Chen

≤ βn‖xn − x∗‖2 + (1− βn)αn‖u − x∗‖2 + (1− βn)‖xn − x∗‖2

+(1 − βn)λn(λn − 2α)‖Axn − Ax∗‖2

= ‖xn − x∗‖2 + (1 − βn)αn‖u − x∗‖2

+(1 − βn)λn(λn − 2α)‖Axn − Ax∗‖2.

It follows that

−(1 − βn)a(b − 2α)‖Axn − Ax∗‖2

≤ ‖xn − x∗‖2 − ‖xn+1 − x∗‖2 + (1 − βn)αn‖u − x∗‖2

≤ (‖xn − x∗‖ + ‖xn+1 − x∗‖) × (‖xn − xn+1‖) + (1− βn)αn‖u − x∗‖2.

Since αn → 0 and ‖xn − xn+1‖ → 0 as n → ∞, we obtain ‖Axn − Ax∗‖ → 0 as
n → ∞.

Set zn = PC(xn − λnAxn) for all n ≥ 0. From property (ii) of the metric
projection, we have

‖zn − x∗‖2 = ‖PC(xn − λnAxn) − PC(x∗ − λnAx∗)‖2

≤ 〈(xn − λnAxn) − (x∗ − λnAx∗), zn − x∗〉

=
1
2

{
‖(xn − λnAxn) − (x∗ − λnAx∗)‖2 + ‖zn − x∗‖2

−‖(xn − λnAxn) − (x∗ − λnAx∗) − (zn − x∗)‖2
}

≤ 1
2

{
‖xn − x∗‖2 + ‖zn − x∗‖2 − ‖(xn − zn) − λn(Axn − Ax∗)‖2

}

≤ 1
2

{
‖xn − x∗‖2 + ‖zn − x∗‖2 − ‖xn − zn‖2

+2λn〈xn − zn, Axn − Ax∗〉 − ‖λn(Axn − Ax∗)‖2
}

≤ 1
2

{
‖xn − x∗‖2 + ‖zn − x∗‖2 − ‖xn − zn‖2

+2λn‖xn − zn‖‖Axn − Ax∗‖
}
.

So, we obtain

‖zn − x∗‖2 ≤ ‖xn − x∗‖2 − ‖xn − zn‖2 + 2λn‖xn − zn‖‖Axn − Ax∗‖
and hence

‖xn+1 − x∗‖2 ≤ βn‖xn − x∗‖2 + (1 − βn)‖yn − x∗‖2

≤ βn‖xn − x∗‖2 + (1 − βn)[αn‖u − x∗‖2 + (1 − αn)‖zn − x∗‖2]
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≤ βn‖xn − x∗‖2 + (1− βn)[αn‖u − x∗‖2 + (1− αn)(‖xn − x∗‖2

−‖xn − zn‖2 + 2λn‖xn − zn‖‖Axn − Ax∗‖)]
≤ ‖xn − x∗‖2 + αn‖u − x∗‖2 − (1 − αn)(1− βn)‖xn − zn‖2

+2λn‖xn − zn‖‖Axn − Ax∗‖,
which implies that

(1 − αn)(1− βn)‖xn − zn‖2

≤ ‖xn − x∗‖2 − ‖xn+1 − x∗‖2 + αn‖u − x∗‖2

+2λn‖xn − zn‖‖Axn − Ax∗‖
≤ (‖xn − x∗‖ + ‖xn+1 − x∗‖)‖xn+1 − xn‖ + αn‖u − x∗‖2

+2λn‖xn − zn‖‖Axn − Ax∗‖.
Since αn → 0, ‖xn − xn+1‖ → 0 and ‖Axn − Ax∗‖ → 0 as n → ∞, we have
‖xn − zn‖ → 0 as n → ∞. At the same time, we note that

‖yn − Szn‖ = ‖PC [αnu + (1 − αn)Szn]− PC [Szn]‖ ≤ αn‖u − Szn‖ → 0.

Then we have

‖Szn − zn‖ ≤ ‖Szn − yn‖ + ‖yn − xn‖+ ‖xn − zn‖ → 0.

Next we show that

lim sup
n→∞

〈u − z0, zn − z0〉 ≤ 0,(3.4)

where z0 = PF (S)∩V I(C,A)(u).
To show it, we choose a subsequence {zni} of {zn} such that

lim sup
n→∞

〈u − z0, Szn − z0〉 = lim
i→∞

〈u − z0, Szni − z0〉.

As {zni} is bounded, we have that a subsequence {znij} of {zni} converges weakly
to z. We may assume without loss of generality that zni ⇀ z. Since ‖Szn−zn‖ →
0, we obtain Szni ⇀ z as i → ∞. By the similar argument as that of [23], we can
deduce z ∈ F (S) ∩ V I(C, A). Therefore,

lim sup
n→∞

〈u − z0, zn − z0〉 = lim sup
n→∞

〈u − z0, Szn − z0〉
= lim

i→∞
〈u− z0, Szni − z0〉

= 〈u − z0, z − z0〉
≤ 0.
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It follows that

lim sup
n→∞

〈u− z0, yn − z0〉 ≤ 0.

From property (iii) of the metric projection, we have

‖yn − z0‖2 = 〈yn − [αnu + (1 − αn)Szn], yn − z0〉
+〈αn(u − z0) + (1 − αn)(Szn − z0), yn − z0〉

≤ 〈αn(u− z0) + (1 − αn)(Szn − z0), yn − z0〉
≤ (1 − αn)‖Szn − z0‖‖yn − z0‖+ αn〈u − z0, yn − z0〉
≤ 1 − αn

2
(‖zn − z0‖2 + ‖yn − z0‖2) + αn〈u − z0, yn − z0〉

≤ 1 − αn

2
(‖xn − z0‖2 + ‖yn − z0‖2) + αn〈u− z0, yn − z0〉.

Hence,

‖yn − z0‖2 ≤ (1− αn)‖xn − z0‖2 + 2αn〈u − z0, yn − z0〉.
Therefore,

‖xn+1 − z0‖2 ≤ βn‖xn − z0‖2 + (1 − βn)‖yn − z0‖2

≤ βn‖xn − z0‖2 + (1 − βn)(1 − αn)‖xn − z0‖2

+2αn(1 − βn)〈u − z0, yn − z0〉
= [1 − αn(1− βn)]‖xn − z0‖2 + 2αn(1 − βn)〈u − z0, yn − z0〉
= (1 − γn)‖xn − z0‖2 + δn,

where γn = (1−βn)αn and δn = (1−βn)αn{2〈u− z0, yn − z0〉}. It is easily seen
that

∑∞
n=0 γn = ∞ and

lim sup
n→∞

δn/γn = lim sup
n→∞

{2〈u− z0, yn − z0〉} ≤ 0.

Hence, all conditions of Lemma 2.2 are satisfied. Therefore, we immediately deduce
that xn → z0, yn → z0 and zn → z0. Finally, if we take u = 0, then z0 =
PF (S)∩V I(C,A)(0). This clearly implies that z0 is a minimum-norm element in
F (S) ∩ V I(C, A). This completes the proof.

Remark 3.3. If we take u ∈ C and βn = 0 for all n ≥ 0, then (3.2) reduces to

xn+1 = αnu + (1 − αn)SPC(xn − λnAxn), ∀n ≥ 0

which is exactly (1.4) studied by Iiduka and Takahashi[23]. Therefore, Theorem
3.2 includes the main result in Iiduka and Takahashi [23] as a special case.



Algorithms Construction 1989

Next, we introduce another interesting algorithm which is different from those
in the literature.

Algorithm 3.4. For fixed u ∈ H and given x0 ∈ C arbitrarily, define a sequence
{xn} iteratively by

(3.5) xn+1 = βnxn + (1− βn)SPC [αnu + (1− αn)(xn − λnAxn)], ∀n ≥ 0.

In particular, if we take u = 0, then (3.5) reduces to

xn+1 = βnxn + (1− βn)SPC [(1− αn)(xn − λnAxn)], ∀n ≥ 0.(3.6)

Theorem 3.5. The sequence {xn} defined by (3.5) converges strongly to
PF (S)∩V I(C,A)(u). If u = 0, then sequence {xn} defined by (3.6) converges strongly
to PF (S)∩V I(C,A)(0) which is the minimum norm element in F (S) ∩ V I(C, A).

Proof. Set yn = PC [αnu + (1 − αn)(xn − λnAxn)] for all n ≥ 0. Take
x∗ ∈ F (S) ∩ V I(C, A). From (3.5), we have

‖yn − x∗‖ = ‖PC [αnu + (1− αn)(xn − λnAxn)] − PC [x∗ − λnAx∗]‖
≤ ‖αnu + (1 − αn)(xn − λnAxn) − (x∗ − λnAx∗)‖
≤ αn‖u − x∗ + λnAx∗‖ + (1− αn)‖(xn − λnAxn) − (x∗ − λnAx∗)‖
≤ αn(‖u − x∗‖ + b‖Ax∗‖) + (1 − αn)‖xn − x∗‖.

Hence, we get

‖xn+1 − x∗‖ ≤ βn‖xn − x∗‖ + (1− βn)‖Syn − x∗‖
≤ βn‖xn − x∗‖ + (1− βn)αn(‖u − x∗‖+ b‖Ax∗‖)

+(1 − βn)(1− αn)‖xn − x∗‖
= αn(1 − βn)(‖u − x∗‖ + b‖Ax∗‖) + [1− αn(1 − βn)]‖xn − x∗‖
≤ max{‖u − x∗‖ + b‖Ax∗‖, ‖xn − x∗‖}.

By induction, we can deduce that the sequence {xn} is bounded.
Next we will show ‖xn+1 − xn‖ → 0. We will divide into two cases to prove

this fact.
Case 1. Assume (C1) holds. By (3.5), we have

‖Syn+1 − Syn‖ = ‖PC [αn+1u + (1 − αn+1)(xn+1 − λn+1Axn+1)]
−PC [αnu + (1− αn)(xn − λnAxn)]‖

≤ ‖(1− αn+1)(xn+1 − λn+1Axn+1) − (1 − αn)(xn − λnAxn)‖
+(αn+1 + αn)‖u‖

≤ ‖xn+1 − λn+1Axn+1 − (xn − λn+1Axn)‖ + |λn+1 − λn|‖Axn‖
+αn+1(‖u‖+‖xn+1−λn+1Axn+1‖)+αn(‖u‖+‖xn−λnAxn‖)
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≤ ‖xn+1 − xn‖+ αn+1(‖u‖+ ‖xn+1 − λn+1Axn+1‖)
+αn(‖u‖+ ‖xn − λnAxn‖) + |λn+1 − λn|‖Axn‖.

It follows that

lim sup
n→∞

(‖Syn+1 − Syn‖ − ‖xn+1 − xn‖) ≤ 0.

Therefore by Lemma 2.1, we obtain limn→∞ ‖Syn − xn‖ = 0. Consequently,

lim
n→∞ ‖xn+1 − xn‖ = lim

n→∞(1 − βn)‖Syn − xn‖ = 0.

Case 2. Assume (C2) or (C3) holds. From (3.5), we have

‖xn+1 − xn‖ ≤ βn‖xn − xn−1‖ + |βn − βn−1|(‖xn−1‖ + ‖Syn−1‖)
+(1 − βn)‖Syn − Syn−1‖

≤ βn‖xn − xn−1‖ + |βn − βn−1|(‖xn−1‖ + ‖Syn−1‖)
+(1 − βn)‖yn − yn−1‖

and

‖yn − yn−1‖ ≤ |αn − αn−1|‖u‖+ (1− αn)‖(xn − λnAxn) − (xn−1

−λn−1Axn−1)‖
+|αn − αn−1|‖xn−1 − λn−1Axn−1‖

≤ |αn − αn−1|(‖u‖+ ‖xn−1 − λn−1Axn−1‖)
+(1 − αn)‖(xn − λnAxn) − (xn−1 − λnAxn−1)‖
+|λn − λn−1|‖Axn−1‖

≤ |αn − αn−1|(‖u‖+ ‖xn−1 − λn−1Axn−1‖)
+(1 − αn)‖xn − xn−1‖+ |λn − λn−1|‖Axn−1‖.

Hence, we have

‖xn+1 − xn‖ ≤ [1− (1− βn)αn]‖xn − xn−1‖
+|αn − αn−1|(‖u‖+ ‖xn−1 − λn−1Axn−1‖)
+|βn − βn−1|(‖xn−1‖+ ‖Syn−1‖) + |λn − λn−1|‖Axn−1‖.

This together with Lemma 2.2 imply that‖xn+1 − xn‖ → 0. Next we will use
M > 0 to denote some possible constants appearing in the following.

For x∗ ∈ F (S) ∩ V I(C, A), we obtain
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‖xn+1 − x∗‖2

≤ βn‖xn − x∗‖2 + (1− βn)‖Syn − x∗‖2

≤ βn‖xn − x∗‖2 + (1− βn)‖yn − x∗‖2

= (1−βn)‖PC [αnu+(1−αn)(xn−λnAxn)]−PC[x∗−λnAx∗]‖2+βn‖xn−x∗‖2

≤ (1 − βn)‖αnu+(1− αn)(xn − λnAxn) − (x∗ − λnAx∗)‖2 + βn‖xn − x∗‖2

≤ (1 − βn)[‖(xn − λnAxn)− (x∗ − λnAx∗)‖
+αn‖u − xn + λnAxn‖]2 + βn‖xn − x∗‖2

≤ βn‖xn − x∗‖2 + (1− βn)[‖(xn − λnAxn) − (x∗ − λnAx∗)‖2 + αnM ]
≤ βn‖xn − x∗‖2 + (1− βn)[‖xn − x∗‖2 + λn(λn − 2α)‖Axn − Ax∗‖2 + αnM ]
= ‖xn − x∗‖2 + λn(1− βn)(λn − 2α)‖Axn − Ax∗‖2 + αnM.

Then we have

−(1 − βn)a(b − 2α)‖Axn − Ax∗‖2

≤ ‖xn − x∗‖2 − ‖xn+1 − x∗‖2 + αnM

≤ (‖xn − x∗‖+ ‖xn+1 − x∗‖) × (‖xn − xn+1‖) + αnM.

Since αn → 0 and ‖xn − xn+1‖ → 0 as n → ∞, we obtain ‖Axn − Ax∗‖ → 0 as
n → ∞.

From property (ii) of the metric projection PC , we have

‖yn − x∗‖2

= ‖PC [αnu + (1 − αn)(xn − λnAxn)− PC [x∗ − λnAx∗]‖2

≤ 〈αnu + (1− αn)(xn − λnAxn) − (x∗ − λnAx∗), yn − x∗〉
=

1
2

{
‖(xn − λnAxn) − (x∗ − λnAx∗) − αn[u− (I − λnA)xn]‖2 + ‖yn − x∗‖2

−‖(xn−λnAxn)−(x∗−λnAx∗)−(yn−x∗)−αn[u−(I−λnA)xn]‖2
}

≤ 1
2

{
‖xn − x∗‖2 + ‖yn − x∗‖2 + αnM

−‖(xn − yn) − λn(Axn − Ax∗) − αn[u − (I − λnA)xn]‖2
}

≤ 1
2

{
‖xn − x∗‖2 + ‖yn − x∗‖2 + αnM − ‖xn − yn‖2

+2λn〈xn − yn, Axn − Ax∗〉+ 2αn〈u − xn + λnAxn, xn − yn〉
−‖λn(Axn − Ax∗) + αn[u − (I − λnA)xn]‖2

}
≤ 1

2

{
‖xn−x∗‖2+‖yn−x∗‖2−‖xn−yn‖2+(αn+‖Axn−Ax∗‖)M

}
.

So, we obtain
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‖yn − x∗‖2 ≤ ‖xn − x∗‖2 − ‖xn − yn‖2 + (αn + ‖Axn − Ax∗‖)M

and hence
‖xn+1 − x∗‖2 ≤ βn‖xn − x∗‖2 + (1 − βn)‖yn − x∗‖2

≤ ‖xn − x∗‖2 − (1− βn)‖xn − yn‖2 + (αn + ‖Axn − Ax∗‖)M,

which implies that

(1− βn)‖xn − yn‖2

≤ ‖xn − x∗‖2 − ‖xn+1 − x∗‖2 + (αn + ‖Axn − Ax∗‖)M
≤ ‖xn − xn+1‖ × (‖xn − x∗‖ + ‖xn+1 − x∗‖) + (αn + ‖Axn − Ax∗‖)M.

Since αn → 0, ‖xn − xn+1‖ → 0 and ‖Axn − Ax∗‖ → 0 as n → ∞, we have
‖xn − yn‖ → 0 as n → ∞. Then we have

lim
n→∞ ‖Syn − yn‖ = 0.

Next we show that

lim sup
n→∞

〈u− z0, yn − z0〉 ≤ 0,

where z0 = PF (S)∩V I(C,A)u.
To show it, we choose a subsequence {yni} of {zyn} such that

lim sup
n→∞

〈u− z0, Syn − z0〉 = lim
i→∞

〈u − z0, Syni − z0〉.

As {yni} is bounded, we have that a subsequence {ynij} of {yni} converges weakly
to z. We may assume without loss of generality that yni ⇀ z. Since ‖Syn−yn‖ →
0, we obtain Syni ⇀ z as i → ∞. Then we can obtain z ∈ F (S) ∩ V I(C, A). In
fact, let us first show that z ∈ V I(C, A).

Let

Tv =

{
Av + NCv, v ∈ C,

∅, v /∈ C.

Then T is maximal monotone. Let (v, w) ∈ G(T ). Since w − Av ∈ NCv and
yn ∈ C, we have 〈v − yn, w− Av〉 ≥ 0. On the other hand, from yn = PC [αnu +
(1−αn)(xn−λnAxn)], we have 〈v−yn, yn−αnu− (1−αn)(xn−λnAxn)〉 ≥ 0,
that is,

〈v − yn,
yn − xn

λn
+ Axn +

αn

λn
(xn − λnAxn − u)〉 ≥ 0.

Therefore, we have
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〈v − yni , w〉
≥ 〈v − yni , Av〉
≥ 〈v − yni , Av〉 − 〈v − yni ,

yni − xni

λni

+ Axni +
αni

λni

(xni − λniAxni − u)〉

= 〈v − yni , Av − Axni −
yni − xni

λni

− αni

λni

(xni − λniAxni − u)〉
= 〈v − yni , Av − Ayni〉 + 〈v − yni , Ayni − Axni〉

−〈v − yni ,
yni − xni

λni

〉 − 〈v − yni ,
αni

λni

(xni − λniAxni − u)〉
≥ 〈v − yni , Ayni − Axni〉

−〈v − yni ,
yni − xni

λni

〉 − αni

λni

〈v − yni , (xni − λniAxni − u)〉.

Note that ‖yni − xni‖ → 0, ‖Ayni − Axni‖ → 0 and αni → 0. Hence we obtain
〈v − z, w〉 ≥ 0 as i → ∞. Since T is maximal monotone, we have z ∈ T−10
and hence z ∈ V I(C, A). Let us show that z ∈ F (S). Assume z /∈ F (S). From
Opial’s condition, we have

lim inf
i→∞

‖yni − z‖ < lim inf
i→∞

‖yni − Sz‖
= lim inf

i→∞
‖yni − Syni + Syni − Sz‖

≤ lim inf
i→∞

‖Syni − Sz‖
≤ lim inf

i→∞
‖yni − z‖.

This is a contradiction. Thus, we obtain z ∈ F (S). Then we have

lim sup
n→∞

〈u − z0, yn − z0〉
= lim sup

n→∞
〈u − z0, Syn − z0〉

= lim
i→∞

〈u− z0, Syni − z0〉
= 〈u − z0, z − z0〉
≤ 0.

Note the fact z0 ∈ F (S) ∩ V I(C, A) and (1− αn)λn > 0. Then, we have

z0 = PC [z0 − (1 − αn)λnAz0] = PC [αnz0 + (1 − αn)(z0 − λnAz0)].

By the property (ii) of the metric projection, we have
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‖yn − z0‖2

= ‖PC [αnu + (1 − αn)(xn − λnAxn)]− PC [αnz0 + (1− αn)(z0 − λnAz0)]‖2

≤ 〈αn(u − z0) + (1 − αn)((xn − λnAxn)− (z0 − λnAz0)), yn − z0〉
≤ (1− αn)‖(xn − λnAxn) − (z0 − λnAz0)‖‖yn − z0‖+ αn〈u − z0, yn − z0〉
≤ (1− αn)‖xn − z0‖‖yn − z0‖ + αn〈u − z0, yn − z0〉
≤ 1 − αn

2
(‖xn − z0‖2 + ‖yn − z0‖2) + αn〈u − z0, yn − z0〉.

Hence,

‖yn − z0‖2 ≤ (1− αn)‖xn − z0‖2 + 2αn〈u − z0, yn − z0〉.

Therefore,

‖xn+1 − z0‖2

≤ βn‖xn − z0‖2 + (1 − βn)‖yn − z0‖2

≤ βn‖xn − z0‖2 + (1 − βn)(1− αn)‖xn − z0‖2+2αn(1−βn)〈u−z0, yn−z0〉
= [1− αn(1 − βn)]‖xn − z0‖2 + 2αn(1− βn)〈u− z0, yn − z0〉
= (1− γn)‖xn − z0‖2 + δn,

where γn = (1 − β)αn and δn = (1 − β)αn{2〈u− z0, yn − z0〉}. It is easily seen
that

∑∞
n=0 γn = ∞ and

lim sup
n→∞

δn/γn = lim sup
n→∞

{2〈u− z0, yn − z0〉} ≤ 0.

Hence, all conditions of Lemma 2.2 are satisfied. Therefore, we immediately deduce
that xn → z0 and yn → z0. Finally, if we take u = 0, then z0 = PF (S)∩V I(C,A)(0).
This clearly implies that z0 is a minimum-norm element in F (S)∩V I(C, A). This
completes the proof.

Remark 3.6. We note that the algorithm (3.2) is a natural extension of the algo-
rithm (1.4). We observe that the algorithm (3.2) contains two projection operators
PC . However, projection operator PC is only used once in algorithm (3.5). As far
as we know, this appears to be the first time in the literature that the scheme (3.5)
is studied.

As direct consequence of Theorem 3.2 and Theorem 3.5, we obtain the following
corollaries.

Corollary 3.7. The sequence {xn} defined by

xn+1 = βnxn + (1 − βn)PC [αnu + (1 − αn)PC(xn − λnAxn)], ∀n ≥ 0,
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converges strongly to PV I(C,A)(u).
In particular, if we take u = 0, then the sequence {xn} defined by

xn+1 = βnxn + (1 − βn)PC [(1− αn)PC(xn − λnAxn)], ∀n ≥ 0,

converges strongly to PV I(C,A)(0) which is the minimum norm element in V I(C, A).

Corollary 3.8. The sequence {xn} defined by

xn+1 = βnxn + (1 − βn)PC [αnu + (1− αn)(xn − λnAxn)], ∀n ≥ 0,

converges strongly to PV I(C,A)(u).
In particular, if we take u = 0, then the sequence {xn} defined by

xn+1 = βnxn + (1 − βn)PC [(1− αn)(xn − λnAxn)], ∀n ≥ 0,(3.7)

converges strongly to PV I(C,A)(0) which is the minimum norm element in V I(C, A).

Remark 3.9. We note in the literature, there exists a classical algorithm for
solving variational inequality (1.1):

xn+1 = PC(xn − λAxn), n ≥ 0.

However the operator A must be strongly monotone and Lipschitz continuous. It
is still an open problem: whether or not the strongly monotonicity or Lipschitz
continuity of the operator A can be dropped? In this article, we propose a general
algorithm (3.7) for solving variational inequality (1.1). We prove the strong con-
vergence of the algorithm (3.7) without the continuity assumption on the operator
A.
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mappings on Fréchet spaces, Nonlinear Anal., 70 (2009), 3837-3841.

12. A. Petrusel and J. C. Yao, Viscosity approximation to common fixed points of families
of nonexpansive mappings with generalized contractions mappings, Nonlinear Anal.,
69 (2008), 1100-1111.

13. L. C. Ceng, S. M. Guu and J. C. Yao, Hybrid viscosity-like approximation methods
for nonexpansive mappings in Hilbert spaces, Comput. Math. Appl., 58 (2009), 605-
617.

14. L. C. Ceng, P. Cubiotti and J. C. Yao, Strong convergence theorems for finitely many
nonexpansive mappings and applications, Nonlinear Anal., 67 (2007), 1464-1473.

15. Y. Yao, R. Chen and J. C. Yao, Strong convergence and certain control conditions of
modified Mann iteration, Nonlinear Anal., 68 (2008), 1687-1693.

16. W. Takahashi, Nonlinear functional analysis, Yokohama Publishers, Yokohama, Japan,
2000.

17. F. E. Browder, Nonlinear monotone operators and convex sets in Banach spaces, Bull.
Amer. Math. Soc., 71 (1965), 780-785.

18. F. E. Browder, The fixed point theory of multi-valued mappings in topological vector
spaces, Math. Ann., 177 (1968), 283-301.

19. R. E. Bruck, On the weak convergence ofan ergodic iteration for the solution ofv
ariational inequalities for monotone operators in Hilbert space, J. Math. Anal. Appl.,
61 (1977), 159-164.

20. J. L. Lions and G. Stampacchia, Variational inequalities, Comm. Pure Appl. Math.,
20 (1967), 493-517.



Algorithms Construction 1997

21. W. Takahashi, Nonlinear complementarity problem and systems ofcon vex inequali-
ties, J. Optim. Theory Appl., 24 (1978), 493-508.

22. W. Takahashi and M. Toyoda, Weak convergence theorems for nonexpansive map-
pings and monotone mappings, J. Optim. Theory Appl., 118 (2003), 417-428.

23. H. Iiduka and W. Takahashi, Strong convergence theorems for nonexpansive map-
pings and inverse-strongly monotone mappings, Nonlinear Anal., 61 (2005), 341-350.

24. R. T. Rockafellar, On the maximality ofsums ofnonlinear monotone operators, Trans.
Amer. Math. Soc., 149 (1970), 75-88.

25. R. T. Rockafellar, Monotone operators and the proximal point algorithm, SIAM J.
Control Optim., 14 (1976), 877-898.

26. F. Liu and M. Z. Nashed, Regularization of nonlinear ill-posed variational inequalities
and convergence rates, Set-Valued Anal., 6 (1998), 313-344.

27. J. C. Yao, Variational inequalities with generalized monotone operators, Math. Op-
erations Research, 19 (1994), 691-705.

28. J. C. Yao and O. Chadli, Pseudomonotone complementarity problems and variational
inequalities, Handbook of Generalized Convexity and Monotonicity, J. P. Crouzeix,
N. Haddjissas and S. Schaible, eds., 2005, pp. 501-558.

29. L. C. Zeng, S. Schaible and J. C. Yao, Iterative algorithm for generalized set-valued
strongly nonlinear mixed variational-like inequalities, J. Optim. Theory Appl., 124
(2005), 725-738.

30. L. C. Ceng, Q. H. Ansari and J. C. Yao, On relaxed viscosity iterative methods
for variational inequalities in Banach spaces, J. Comput. Appl. Math., 230 (2009),
813-822.

31. L. C. Zeng, Q. H. Ansari and S. Y. Wu, Strong convergence theorems of relaxed
hybrid steepest-descent methods for variational inequalities, Taiwanese J. Math., 10
(2006), 13-29.

32. L. C. Ceng and J. C. Yao, An extragradient-Like approximation method for variational
inequality problems and fixed point problems, Appl. Math. Computat., 190 (2007),
205-215.

33. Q. H. Ansari, L. C. Ceng and J.-C. Yao, Mann Type Steepest-Descent and Modi-
fied Hybrid Steepest-Descent Methods for Variational Inequalities in Banach Spaces,
Numer. Funct. Anal. Optim., 29(9-10) (2008), 987-1033.

Yonghong Yao
Department of Mathematics
Tianjin Polytechnic University
Tianjin 300160
P. R. China
E-mail: yaoyonghong@yahoo.cn



1998 Yonghong Yao, Yeong-Cheng Liou and Chia-Ping Chen

Yeong-Cheng Liou
Department of Information Management
Cheng Shiu University
Kaohsiung 833, Taiwan
E-mail: simplex liou@hotmail.com

Chia-Ping Chen
Department of Computer Science and Engineering
National Sun Yat-sen University
Kaohsiung 80424, Taiwan
E-mail: cpchen@cse.nsysu.edu.tw


