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DIAMETER PRESERVING MAPPINGS BETWEEN FUNCTION
ALGEBRAS

Juan J. Font and Maliheh Hosseini

Abstract. In this paper we study the behaviour of linear diameter preserving
mappings when defined between subalgebras of continuous functions. Namely,
we obtain a representation of such mappings as the sum of a weighted compo-
sition operator and a linear functional on, at least, the Choquet boundaries of
the algebras under consideration. In particular, we give a complete description
when we consider several classical function algebras.

1. INTRODUCTION

The study of linear operators defined between spaces of continuous functions
which leave a given set, norm, function or relation invariant has received (and
receives) considerable attention in the mathematical literature.

Within this context, Gytry and Molnar ([9]) introduced a new kind of linear
operators based on the preservation of the diameter of the range of the functions.
Namely, they considered linear surjective diameter preserving mappings defined
between C(X)-spaces, where X is compact and first countable, and showed that
such operators can be written as the sum of a weighted composition operator and
a linear functional. These results were extended, independently, by Gonzélez and
Uspenskij ([8]) and by Cabello ([5]) by removing the hypothesis of first countability.
Since then, several authors have extended the above results to several contexts;
for example, Rao and Roy ([10]) obtained analogue characterizations for spaces
of vector-valued affine functions, Font and Sanchis ([6, 7]) for certain subspaces
of real-valued continuous functions, and Aizpuru and Tamayo ([2]) for spaces of
vector-valued continuous functions. Other papers dealing with this topic are [1],
[3] and [4].
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In this paper we study the behaviour of linear diameter preserving mappings
when defined between subalgebras of continuous functions and, thus, we extend
their scope of application to wider contexts.

We first address the case when the underlying spaces are compact. Namely, we
obtain, under certain assumptions, a representation for linear diameter preserving
mappings between function algebras as the sum of a weighted composition opera-
tor and a linear functional on, at least, their Choquet boundaries. We then prove
that this result is true for several classical function algebras, including real-valued
function algebras, (little) Lipschitz algebras and the algebras of n-times continu-
ously differentiable functions, of continuous functions of bounded variation and of
absolutely continuous functions.

In the second part of the paper we study the locally compact case.

2. PRELIMINARIES

Let X be a locally compact (Hausdorff) space and X, = X U {oco} be its
one point compactification. We denote by Cy(X) the algebra of all scalar-valued
continuous functions on X vanishing at infinity endowed with the supremum norm
I-lloc-

A linear subspace A of Cy(X) is called a function space on X if A separates
strongly the points of X, i.e., for each x,y € X with = # y, there exists f € A
with f(z) # f(y), and for each x € X, there exists f € A with f(x) # 0. When
X is compact, we shall assume that all function spaces on X contain the set of all
constant functions, denoted by C.

A function space A on X is called a function algebra on X if it is an algebra.
A function algebra A on X is a Banach function algebra on X if it is a Banach
algebra with respect to a certain norm. For a Banach function algebra A and f € A,
we denote the maximal ideal space of A and the Gelfand transform of f by M4
and f, respectively.

The Choquet boundary, Ch(A), of a function space A on X is the set of all
x € X for which ¢,, the evaluation homomorphism at z, is an extreme point of
the unit ball of the dual space of (A, ||.||«). If z,2° € Ch(A), then we define
Op /= 0p — Og.

For any function f € Cy(X), diam(f) denotes the diameter of the range of f.
For two function spaces A and B, a linear map 7' : A — B is called diameter
preserving if diam(f) =diam(7T'f) for all f € A.

For a function space A on a compact space X, A, stands for the quotient space
A/C endowed with the diameter norm, ||7(f)| :=diam(f) for all f € A, where 7
is the quotient map 7 : A — A/C, and A} its dual space. Moreover, we denote the
unit ball of the dual space A} by B+ and its set of extreme points by ext(Ba:).
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3. THE CompacT CASE

Theorem 3.1.

(i) Let A and B be (complex or real-valued) function algebras on compact spaces
X and Y, respectively, such that ext(B ;) = {ad, . : ,2" € Ch(A),x #
a',a € T}. Then, for a linear surjective diameter preservingmap 7': A —
B, there are a subset Y, of Ch(B), a continuous bijective map ¢ : Yy —
Ch(A), a scalar A € T and a linear functional L : A — C such that, for all

feAandyeYo, Tf(y)=Af(¢(y)+L(f).
(ii) If, in addition, ext(Bps) = {adyy : v,y € Ch(B),y # y',a € T}, then
Yy = Ch(B) and v is a homeomorphism from Ch(B) onto Ch(A).

(iii) If A and B are Banach function algebras in (ii), then ¢ can be extended
to a honjeorporphism i from Mp onto M, such that, for each f € A,
Tf=Xfoy+ L(f)on Mg.

Proof. (i) Itisapparent that 7" induces a linear isometry T,; : A4 — By under the
diameter norm defined by Ty(w(f)) = n(Tf) for all f € A. Hence the adjoint of T,
Ty : By — Aj, is a linear bijective isometry and, so, T} (ext(Bpg:)) = ext(Bas).
Consequently, T;_l(éml,m) € ext(Bg:), since, by hypothesis, &, ., € ext(Bay)
for each x1, 29 € Ch(A).

Let us define the set Ch(A)q := {{z,2'} : ,2’ € Ch(A),z # 2'}. Thus, since
A is a function algebra, we can define an injective map ® : Ch(A)y — Ch(B)2
by ®{x1, 22} 1= supp(T} " (3uy,20))-

Let x € Ch(A). We now show that, for each pair of different points x;, s €
Ch(A) distinct from z, card(®{x1,z} N ®{x9,z}) = 1. Since 0z, » — Oz, =
Saray € ext(Bas), then T3 (34, 0) — T (0u0,) € ext(Bps). On the other
hand, we know that the set {6, : y € Ch(B)} is linearly independent in B*
because B is a function algebra. Then, since ext(BB;) is included in the set
{ady  y,y € Ch(B),y #y',a € T} (by a similar argument to [7, Theorem 1])
and @ is injective, it follows that card(®{z1, z} N®{xe,z}) = 1. Let p(z) be the
unigue point in this intersection.

We next prove that ¢(x) is independent of x1,xz9 € Ch(A). To see this, we
must show that ¢(x) € ®{x,z’} for each 2/ € Ch(A) distinct from x. Contrary
to what we claim, choose z3 € Ch(A) \ {x, 1,22} such that ¢(x) does not
belong to ®{z, x3}. From the above argument, there exist distinct points y;, y2 €
Ch(B) \ {p(x)} with &{z1, 2} = {¢(2), 11} and P{xz, 2} = {p(z), y2}. Again,
by the same argument, we have ®{xz3,z} = {y1,y2}. On the other hand, by the
linear independence of the set {J, : y € Ch(B)},

-1 1

* %1 *
T, (5901 - 51:2) =Ty Ozx12—T5 Ozxuy= ﬂéyhs&(m) - ﬂéw(m),yz = /8511/1,?/27
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for some 5 € T. Then ®{x1,z2} = {y1,y2}, which is a contradiction with the
injectivity of ®. Thus ¢(z) is independent of =1, 25 € Ch(A).

Therefore, there exist 5 € T and an injective map ¢ : Ch(A) — Ch(B) such
that T;‘_lém,m/ = B0y(2),0(xy TOr each x,2’ € Ch(A). Let ¢ := oYy —
Ch(A), where Yy = ¢(Ch(A)). Then, ¢ is a bijective map such that for all
Y,y € Yo, T;(8y — 8y) = MOy(y) — Op(y)), Where X = 3. Hence, for each f € A
and y,y' € Yo, Tf(y) — Tf(y/) = A(f () — F((3/))). Now, by fixing y/ € Y5,
define a linear functional L : A — C by L(f) = —A\f(¥(y)) + Tf(y') for all
feA Thus, forall fe Aandy € Yy, Tf(y) = Af(¢(y)) + L(f).

Finally we prove that ¢ is continuous. Fix yo € Yy and let (y;); be a net in
Yy convergent to o such that (¢(y;)); converges to xo in X. It is enough to show
that zo = ¥ (yo). Contrary to what we claim, choose a neighborhood U of ()
that 2o € X \ U. Since (yo) € Ch(A), there exists a function f € A, where
A is the closure of A in (C(X),|.|le), such that ||f|lcc = f(¥(1)) = 1 and
|f| < +on X\ U. Choose g € A such that ||f — g|lc < 1. Then, in particular,
l9(1(y0))| > 3 and |g| < 1 on X \ U. We can consider iy such that, for all i > i,
|Tg(y;) — Tg(yo)| < %. On the other hand, since

lim [Tg(y:) — Tglyo)| = lim |g(¥(3:)) — 9(6(50))

= Jg(z0) — 9 ()] > 5 ~ lg(wo)] >

1
4’

1
2

e~ w

then, for a sufficiently large index i, |Tg(vi) — T'9(vo)| > ﬁ and this is a contra-
diction. Thus xz¢ = ¥(yo) and 1) is continuous.

(ii) Let us take y € Ch(B) and choose an element y' € Y} different from y.
Then 6, € ext(Bp:) and, so, there exist z, 2’ € Ch(A) such that T3 Gy =
Ady,y. On the other hand, T3 0,00 = Adp(a) o). Thus, as above, it follows
that §, ., = 6 ). Then it is apparent that y = ¢(x). Therefore, y € Yy, i.e.,
Yy = Ch(B).

Finally we prove that ¢ is a homeomorphism. As above, for T} ' : A% — B
we can find a continuous bijective map ¢’ : Ch(A) — Ch(B) such that T;‘l(ém —
827) = AM(Oyr(z) — Opr(ar)) for all z, 2’ € Ch(A). Also for all y,y/ € Ch(B) we
have T5(dy — dy') = Aldu(y) — dy(y))- THEN dy(yy)) — dyr(y(y)) = Oy — Oy and
Sy () — Oup(/(a')) = Oz — Opr TOr all z, 2" € Ch(A) and y,y" € Ch(B). These
equations imply that ¢/’ is the converse of ¢ and, so, ) is a homeomorphism.

o) (e’

(iii) Let f € A. By (ii), there are a homeomorphism from Ch(B) onto Ch(A),
a scalar A € T and a linear functional L : A — C such that the equation 7'f =
Afoy+ L(f) holds on Ch(B). Since Ch(B) is a boundary for B, there is unique
element g; € A such that gy = f o4 on Ch(B). Thenthe map S : A — B
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defined by Sf = gy is @ homomorphism from A onto B. Hence the restriction of
S*, the adjoint of S, to Mp is the desired extension of ). Also for each f € A
and y € Mp we have

Tf(y) = y(Tf) = yASF+L(f)) = M(S"y) +L(f) = M (b)) +L(f). =

Remark 3.2. It is interesting to compare Theorem 3.1.(iii) with [9, Example 1],
which shows that each homeomorphism between the Choquet boundaries of Banach
function algebras cannot be always extended to their maximal ideal spaces.

The following proposition shows that there are a lot of function algebras that
satisfy the assumptions in Theorem 3.1.

Proposition 3.3. Let A be a (complex or real-valued) function space on a
compact space X which is dense in (C(X), [.[[oc). Then ext(Bax) = {adya :
z, ' € X,x #2',a € T},

Proof. As before, B4y and Bg(x): denote the unit ball of the dual spaces
of the quotient spaces of A/C and C(X)/C with respect to the diameter norm,
respectively. We claim that the restriction map 7 : Bo(x)= — Bay is a bijective
isometry. Clearly, since A is dense in (C(X), ||.]|o), then 7 Is an injective isometry.
Now, in order to obtain the surjectivity of 7, let ¢ € Bax. For f € C(X), there
is a sequence {f,} € A with ||f, — flloo — 0. In particular, diam(f,, — f) — 0
and, so, 7(fn) — w(f). Thus [o(m(fn)) — (7 (fm))| < [[7(fn) = 7(fm)l| — O
and, then, {o(7(f,))} is a Cauchy sequence in C. Take ¢(f) = li_)rglo o(m(fn)). It
is easily checked that this definition is independent of the choicg of the sequence
{fn}. Thus, due to the density of A in (C(X), ||.|o0), |2l = [l and @ € Bex)

moreover, ¢|a,c = ¢. Hence Byx = Be(x)s and then, by [5],

;;

ext(Bay) = ext(Be(x);) = {adzqr : @, ¥eX z#2,aeT} [ |

Remark 3.4. Thanks to Proposition 3.3, Theorem 3.1 is valid for the fairly large
class of algebras which are dense in (C(X), ||.||~) for a compact space X. This
class includes, for example, all (real-valued) function algebras on compact spaces
and classical function algebras such as the algebra of n-times continuously differ-
entiable functions (C™ (X)), of Lipschitz functions (Lip(X)), of little Lipschitz
functions of order o € (0,1) (lipo(X)), of continuous functions of bounded vari-
ation (BVC(X)) and of absolutely continuous functions (AC(X)) on appropriate
compact spaces X.

Corollary 3.5. Let (X,d;) and (Y, d2) be compact metric spaces and let 7" :
Lip(X) — Lip(Y) be a linear surjective diameter preserving map. Then there
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are a bi-Lipschitz homeomorphism « from Y onto X, a scalar A € T and a linear
functional L : Lip(X) — C such that for all f € Lip(X), y € Y, Tf(y) =

Af(W(y) + L(f).

Proof. Let A =Lip(X) and B =Lip(Y). Since A and B are dense in
(C(X), |I-llso) and (C(Y), ||-lloc), respectively, Theorem 3.1 and Proposition 3.3
imply that there exist a homeomorphism ¢) : Y — X, a scalar A € T and a linear
functional L: A — Csuch thatforall f € A,y €Y, Tf(y) = Af(¥(y))+ L(f).

Let us show that ¢ is a Lipschitz map. Define a linear map 7y : A — B
by To(f) = fo for all f € A. Clearly T is continuous by the Closed Graph
theorem. Then, for every f € Lip(X), ||f o ¢| < t||f]], where ¢t = ||Tp]|. Let y, v/
be two distinct elements in Y. For z = ¢(y) € X define f,(z) = di(z, z) for all
z € X. Obviously, f, € A with || f;]| < k, where k& = 1+diam(X). Since Tj is
continuous, ||Tofz|| < tk and, in particular, the Lipschitz constant L(7Tf,) < tk.
On the other hand,

Tofe(y) = fo(¢(y)) =0

and
Tofo(y) = fo(¥(y) = di((y), ¥ ()
Hence
G, v) _ |Tofay) = Tl )] _ .
/ - / — v
d2(y,y') d2(y,y')
Therefore, sup %’;@(ﬁ/)) < tk; that is, ¢ satisfies the Lipschitz condition on
v,y €Y ’
y#y’
Y. Similarly v~ is a Lipschitz function on X. ]

We recall that for a metric space (X, d) and « € (0, 1), the algebra lip, (X, d)
(or simply lip, (X)) consists of all complex-valued functions f such that L, (f) =

Sup{M s x,2’ € X,z # 2} is finite and also % — 0 when

Remark 3.6. This corollary is true for linear surjective diameter preserving
mappings defined between little Lipschitz algebras of the same order. This is not a
restriction since, for 0 < o < 8 < 1, lipo (X, d1) =lipg(X, d2), where (X, dy) =

(X, df). Furthermore, in this context, 4 is a bi-Lipschitz function of the same
order.

4. THE LocaLLy CompacT CASE

Lemma 4.7. Let A be a function algebra on a locally compact space X and
A, its unitization. Then Ch(A1) C Ch(A) U {o0}.
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Proof.  Consider the subalgebra A; := A + C1 of C(X,,) and let A; be the
closure of A; in (C(Xoo), ||.]lec). FiX 00 # 29 € Ch(A;) = Ch(A;). Let V be
a neighborhood of xy in X and let u € Cy(X) be such that 0 < u < 1 on X,
u(rg) =1 and u =0 on X \ V. Set a = sup{Reh(zg) : h € Aj, Reh < u} =
sup{Reh(xg) : h € A1, Reh < u}. Since A; is a uniform algebra on X, then
a =1 by [11, Lemma 7.19]. So we can take an element g € A; with Reg < u on
Xo and Reg(z) > 211, Then, for ¢ = In 16, f = 9= ¢ A with HfHOO <1,

In1g"
|f(z0)| > £ and | f| < 15 on X\ V. Taking A = f( )Weseethat|)\|< and

h = 17({6 A ¢ A such that [Allee <1, |h(z0)| > 2 and |n| < % on X\ V. Hence

xo € Ch(A) = Ch(A) and, therefore, Ch(A;) C Ch(A) U {oo}. ]

Note that for a function algebra A on a locally compact space X, ext(B(Al);) =
{aby w2’ € Ch(Ay),z # 2/, a € T} if, and only if, the extreme points of the
unit ball of the dual space of A with the diameter norm is the set {ad, ./ : , 2’ €
Ch(A)U{oc},x # o', € T}

Theorem 4.8. Let A and B be two (complex or real-valued) function algebras
on locally compact spaces X and Y, respectively, such that the set of extreme
points of the unit ball of (A )} consists of the set {ad, , : z,2" € Ch(Ay),z #
a',a € T}. Assume that T : A — B is a linear surjective diameter preserving
map. Then there are a subset Y, of Ch(B) U {cc}, a continuous injective map
Yy — Ch(A) U {oco}, ascalar A € T and a linear functional L : A — C such
that for all f € A, y € Yo, Tf(y) = Af(¢(y)) + L(f).

Proof.  Since by defining f(oo) = 0 for each f € A, we can consider f as a
member in C(X ), then A can be regarded as an ideal in A; = A+C1 C C(X ).
Let us recall here that A;, and B;, denote the quotient spaces A;/C and B;/C,
respectively. Thus, S : A;, — By, defined by S(7(f +~)) = n(Tf + ~) for all
f € Aand~ € C, is a linear isometry under the diameter norm. To see this, take
feAand v e C. Then

diam(S(w(f +7))) = sup [S(x(f+)(y) = S(=(f +) ¥

:ysig [TH) =TS W)= sup 1+ @)=+ )
="Sup_ {87+ 2)(0) = x(} +) ) = diam((x( +7))

Since B is a function algebra, {6, : y € Ch(B)U{oco}} is linearly independent
in the dual space of B;. Then, by an argument similar to the one used in the
proof of Theorem 3.1 for the map S, we obtain a subset Yy of Ch(B) U {0}, a
continuous injective map ¢ : Yy — Ch(A) U {occ} and a scalar A € T such that for

all f € Aand y,y € Yo, Tf(y) — TF(y) = AF () — F(&(y)). In particular,
if (y') = oo, thenwe have T'f(y) = Af(¢(y))+Tf(y) forall f € Aand y € Y.
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Now, if we define a linear functional L : A — C by L(f) = T f(y") for all
f€ A Then, foreach fe Aandy € Yo, Tf(y) = MNf(¥(y)) + L(f). [ ]

Remark 4.9. In the locally compact case, ) does not always leave the infinity
fixed. For example, let X = (0,1] and Y = [0,%) U (3,1]. Then X and Y are
not homeomorphic, however, their one point compactifications coincide. Now, it is
not difficult to define a linear diameter preserving map 7" from Cy(X) onto Cy(Y)
which is not an isometry under the supremum norm (see [6, Remark 18]). Hence
the homeomorphism induced by the map T cannot take the infinity to the infinity.

See more examples in [6].

Question: Is there a linear surjective diameter preserving mapping defined
between two function algebras which cannot be written as the sum of a weighted
composition operator and a linear functional on their Choquet boundaries?
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