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KURZWEIL-HENSTOCK INTEGRATION ON MANIFOLDS
Varayu Boonpogkrong

Abstract. In this paper, we give an alternative proof that the Kurzweil-
Henstock integral using partition of unity is equivalent to the Lebesgue inte-
gral in the n-dimensional Euclidean space. We also define and discuss the
Kurzweil-Henstock integral on manifolds.

1. INTRODUCTION

The partition of unity plays an important role in the integral on manifolds. In
[2], Kurzweil and Jarnik defined the Kurzweil-Henstock integral using the partition
of unity, called the PUL integral. They proved that the PUL integral is equivalent to
the Lebesgue integral in the n-dimensional Euclidean space. They indicated that the
PUL integral can be used for integration on manifolds without details. The classical
integral on manifolds is defined using change of variables formula. The Kurzweil-
Henstock integral is defined by Riemann sums. It is an integral of Riemann type,
see [4]. In this paper, we shall define and discuss the Kurzweil-Henstock integral
using the partition of unity on manifolds.

2. PUL INTEGRAL IN R™

In this paper, let E' denote a compact interval in R and |I| denote the volume
of an interval I C R™,
A finite collection {¢;}7*, of continuously differentiable functions defined on
an interval E is said to be a partial partition of unity if ¢ ;(¢) > 0 for each £ € E
m

and for each 4, and > ;(¢) < 1 for all £ € E. If, in addition, Y " () = 1 for
1 i=1

i=
all ¢ € E, then {¢;}, is said to be a partition of unity.
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Let © be a continuously differentiable function on E. Let ¢ be a positive function
on E and £ € E. Then a triple (£, 1, ) is said to be J-fine if the support of the
function ¢ is contained in the compact interval I, which is contained in an open
ball with center £ and radius 6(&), i.e., supp ¢ C I C Byse)(§), where supp ¢ is
the closure of the set {x : () # 0}. Note that £ may not be contained in supp .

Let D = {(&;, Li, pi) }1~, be a finite collection of triples. Then D is said to be
a ¢-fine partial division of E if {¢;}7, is a partial partition of unity and for each
i, (&, I;, i) is o-fine. In addition, if {¢;}", is a partition of unity, then D is said
to be a J-fine division of E. Note that {I;}!", may be overlapping.

The existence of ¢-fine divisions of E can be proved by the open covering
theorem and the existence of a partition of unity.

Definition 2.1. [2]. Let f : E — R. Then f is said to be PUL integrable to
real number A on E if for every e > 0, there exists a positive function § defined
on E such that for every J-fine division D = {(&;, I;, p;) }i*, of E, we have

‘S(fvévD)_A‘ Sev

where m
) = i i
roD)=3 5 | o

and / ©; is the Riemann integral of ¢; on I;. We denote A by/ f
I; E

The standard and basic properties of integration hold for the PUL integral. The
proofs are standard, see [4]. We shall not state them here.
The following Henstock Lemma is proved in [2].

Lemma 2.2. ([Henstock’s Lemma]). Let f : E — R be PUL integrable. Then
for every € > 0, there exists a positive function § defined on E such that whenever
D = {(&, I;, pi) } 1, is a é-fine division of E, we have

Zf;f(&)/fi%_/lif%

n
Let F' = H[aiv b;] be an interval in R™ and (3 a positive real number. In this
i=1

<e

n
note, we denote, for convenience, F' + 3 the interval H[ai —B,bi+ (] and F —§
i=1

the interval [ [[a; + 8,0; — 5.

=1
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Lemma 2.3. Let A be a subset of E and x4 be the characteristic function of
A. Then / x4 = 0 if and only if A is of Lebesgue measure zero.
E

Proof. If x4 is PUL integrable to 0 on E. Then for every ¢ > 0, there
exists a positive function § defined on E such that for every §-fine division D =
{(&, Ii, pi) }i2y of E, we have

m
ZXA(&)/ @i
i=1 I
Let D' = {(n;, i)}, be a o-fine division on E. Let 8 be a sufficient small
number such that for i = 1,2, ..., m, we have F; + 3 C Bs,,)(n:) and

€

|Fi + Bl = |Fi — Bl < o
m

Let {¢;}/", be a partition of unity defined on E such that, p; = 1 on F; — (3
and zero outside F; + .
Hence, the division D” = {(n;, F; + 8, ;) }™, forms a §-fine division of E.

<e

Note that, for i = 1,2, ..., m, the difference between |F;| and / i, say ¢, Is
Fi+p3
not more than e/2m. Hence,

m m
S xam)Fil| = > xan) [/ @i +C¢]
i=1 i=1 Fi+p
U € U € €
< ‘—‘Jr XA(m)/ Y| < -4+ - =e
ZZ; 2m ZZ; Fi+3 22
Therefore,

(L)/EXA=/EXA:0.

Hence A is of Lebesgue measure zero.

Conversely, if A is of Lebesgue measure zero. Then x4 is Lebesgue integrable
to 0 on E. Thus for every ¢ > 0, there exists a positive function § defined on E
such that for every ¢-fine division D = {(n;, F;)}", of E, we have

ZXA(?%)\E‘\

=1

Let D' = {(&;, I, ¢;) } 7™, be a é-fine division of E and {I;}I", a partition of
E. Hence, the division D" = {(&;, I;) }1*, forms a d-fine division of E. Note that

0< / i < ||
I.

7

<e
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Therefore,
Sual) [ e <@l <
=1 i =1
SO,/XA:(). ™
E

Using the above Henstock’s Lemma, we can prove the Monotone Convergence
theorem for PUL integrals. The proof is standard, see [4, 5]. By the Monotone
Convergence theorem, we can prove Fatou’s Lemma, Dominated Convergence the-
orem and the following Mean Convergence theorem as in the theory of Lebesgue
integrals.

We shall state the Mean Convergence theorem for PUL integrals without proof.
Theorem 2.4. ([Mean Convergence Theorem]). Let {f,}>2, be a sequence of

b
PUL integrable functionson E. If f,,— f a.e. on E and / | fn—fm|—0asn,m
— 00, then f is PUL integrable on E and ‘

lim [ |f,—f|=0.
n—oo E

3. EQUIVALENCE THEOREM

In this section, we shall give an alternative proof of the following Theorem 3.2.
The proof is natural and shorter. In [2], the theorem is proved by using lower and
upper semi-continuous functions.

Lemma 3.1. Let s be a step function defined on E. Then
/ s=(L) / S,
E E

where (L) denotes the Lebesgue integral.

Proof. By the additive property of the integral and Lemma 2.3. It is sufficient
to prove the case where s(x) =1l allz € E, ie., | s=|E]|.

E
Let D = {(&;, Ii, i) }i*, be a é-fine division of £. Then

iS(fi)/ljtpi:in;/li@i:in;/E‘@i:/E‘f;@i:/E'lz‘E"

i=1 t

Therefore / s=|E|= (L)/ s. |
E E



Kurzweil-Henstock Integration on Manifolds 563

Theorem 3.2. Let f: E — R. Then f is PUL integrable on E if and only if
f is Lebesgue integrable on E.

Proof. If f is Lebesgue integrable on E, then there exists a sequence {s;}5°,

of step functions such that s; — f a.e. on E and (L)/ |si — f| — 0as n— oo.
E

Note that (L)/ |si—s;| = / |si —s;|. Thus, by the Mean Convergence Theorem

E E
for PUL integrals, f is PUL integrable on E.
Conversely, if f isPUL integrable on E. Then for each e > 0, there exists a posi-
tive function ¢ defined on E such that for every d-fine division D = {(&;, I;, i) 14

of E, we have .
;f<fi>/lisoi—/]3f

Now, let D" = {(n;, F;)}!", be a J-fine division on E. Let 3 be a sufficient
small number such that for i = 1,2, ..., m, we have F; + 3 C Bs,,)(n:) and

€
< -
-2

€
E —|F -3l < ——
|Fi+ Bl = |7 m_QmM’

where M = max {|£(&)]}.
1=1,..., m
Let {¢;}™, be a partitions of unity defined on E such that, p; =1 on F; — 3
and zero outside F; + .

Hence, the division D” = {(n;, F; + 8, ;) }™, forms a §-fine division of E.
Note that, for i« = 1,2, ..., m, the difference between |F;| and / i, say G, is

Fi+p8
not more than e/2mM.

Therefore,
;fmw—/fl = |31t [/Fiw@z‘ﬂLCz‘]—/Efl
S;‘MQmM‘+ ;f(m)/Fiw%—/Ef <;tp=¢
So, f is Lebesgue integrable on F. [ |

4. CHANGE OF VARIABLE

Let A be a closed or an open set contained in a compact interval E* in R". Let
f+A— R. Suppose fxa is integrable on E*. Then write

=
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The following lemma is well-known, see [1, p211].

Lemma 4.1. Let U be an open subset of a compact interval £* in R™ and
Y : U — (U) be C-diffeomorphism, i.e., ¢ is one to one and both v and v —!
are of C'-class. Suppose E C ¢ (U) C R™ and ¢ : E — R is continuous. Then

() o= [ | (eov) et Dy,

where (R) /  represents the Riemann integral of ¢ on an interval E and | det D1

E
or | Dy | represents the euclidean norm of the partial derivative of ¢ at .

Now we shall prove the following change of variable. A proof is also given in
[2] in a different setting.

Theorem 4.2. ([Change of variable]). Let f: E — R be PUL integrable. Let
U be an open subset of a compact interval E* in R". Let ¢ : U — ¢(U) be
C-diffeomorphism, and £ C ¢(U) € R"™. Then (foy) |det Di|xy-1(z) is PUL

integrable on E* and
[ 1= (fow)iter .
E PLH(E)

Proof. Let e > 0 be given. Then there exists a positive function ¢’ define on
E such that for every ¢'-fine division D = {(&;, I;, ;) }i, of E, we have

i;f(fz‘)/li%—/Ef

We may assume that when & € ¢(U), By (¢)(§) C ¥(U).
Now let § be a positive function defined on E* such that when y € ¢ ~1(E),
we have

o By (y) € 6" (BWW <w<y>>) ;

2v/n

€
< -
-2

when ' € By, (y), we have

€

= B 7@

It can be done since | det D[ is continuous; and when y € E* \ v»~!(E), we have

3) By (y) N E* C B\~ H(E).

@ | |det Dy (y/)| — |det Dy (y)] |
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Let D' = {(y;, 1
Di ={(y,1,0)
Dll = {(ijlj o
supp o; Ny~ HE

j>Ij,0) Yj—, be a d-fine division of £*. Let D' = Dy U D) where
€D :ycy Y E) and D) = D'\ D}. We may assume that
)Yy and Dy = {(y;, 1, 05)}7_,,. Note, for j =p+1,....q,
) = 0. Thus for any y € v~1(E),
q p q p
doiw)=> i)+ Y o) =>_ o).
=1 j=1 j=p+1 j=1
Let 2; = ¥(y;) and wj = ojotp~! for j = 1,2,...,p. Then w; : ¥(U) — R™
Recall E C ¢(U ) For j =1,2,...,p, there exists an interval J; such that

supp w;xe C Bé/(w\/(._u)) (Y(y))NE C Jj C By ) (¥(y)NE.

<.

p
It is clear that w; x £ is continuously differentiable function on £ and Z wixe(r) =
j=1
1forallx € E, ie, {ijE} '_, forms a partition of unity on E.
Then {(z;, Jj, ijE)} _, is a ¢’-fine division of E. Note that supp (w;ot) =
supp o; C I;. Then, by Lemma 4.1,

/ij /_ (wjo)| det Dp| — /I'Jj\detDw\.

J

DSl det DU s 0 f o3 - > e | wie

j=1 Ji

- jz;f(w(yj))\detl?w(yj)\ / o —2;f<xi> /J w;

— det D o j w;o det D
> st ds vt | o, - Zf ) [, crovlae wl

I
TM@

ol aet D) | o - Zf a(y) /ajwdewwl

< I a(w))\‘/famdewWyj)\—\dewww‘

<D _If(alyy)l 2E+|(1 + [ f (e(y;)]) /I]- E
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Therefore,

q
€
Z ()| det Dv(y;) g1 (5 / o / +ioe

Thus (foy) [det Di| xy-1(gy is integrable to / I [ ]
E

5. INTEGRAL ON MANIFOLDS

In this section, H"™ denotes the upper half space in R™, which consists of those
(1, x2, ..., xy) € R™ for which z,, > 0.

Definition 5.1. A non-empty subset M of R™ is said to be an »-manifold if for
each p € M there exist an open subset V' of M containing p, an open subset U of
R"™ (or H") and a homeomorphism mapping « : U — V (i.e., « is bijection and
both o and a~! are continuous) and Da(x) has rank r for each x € U. Such « is
called a chart.

If, in addition, the mapping « : U — V is C'-diffeomorphism, i.e., « is
bijection and both « and o' are of C'-class, then M is said to be a differentiable
r-manifold.

Definition 5.2. Let M be a manifold. A finite collection © = {«;} of charts,
where «; : U; — Vj, is said to be an atlas if M = UVj.

J
Definition 5.3. M is said to be a compact r-manifold if M is compact.

Definition 5.4. Let M C R” be an r-manifold, o : U — V be a chart and
I C U be aninterval in R". Let I* = «(I), which is called a tile. Here I can be
viewed as a distorted r-dimensional interval.

Let D = {(z;, Zas’,apz)} be a finite collection of point-distorted interval-
function triples. Then D is sald to be a division of A if {¢;}*, is a partition of
unity such that supp ¢; C IZ *t, where o, is a chart in atlas ©. Note z; may not
be contained in supp ¢; and IZO‘

Let 0 be a positive function on M and £ € M. Then a triple (z, 1%, ¢) is said
to be d-fine if 1 C By, (v )

A d|V|S|on D = {(;, I,*", i)}, of M is said to be a d-fine division of M
if each (xz;, I ;i) is o-fine, i.e., supp ¢; C I " C Bs(ay) (i)

Using the open covering theorem and the eX|stence of a partition of unity, we
can prove the following lemma.
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Lemma 5.5. Let M be a compact manifold and ¢ a positive function defined
on M. Then there is a d-fine division of M.

Definition 5.6. Let A/ be a compact differentiable r-manifold and © = {«a;}
an atlas of M. A function f : M — R is said to be PUL integrable to real number
A on M if for every e > 0, there exists a positive function § defined on M such

Oésl

that for every d-fine division D = {(z;, I, ™, ¢;) }i~, of M, we have
‘S(fvévD)_A‘ < €,

where m
S(f,6 = i i
10D)=3 21w [, ¢

We denote A by / I
M

Note that in the definition, the integral is defined using an atlas ©. We will
show that the integral does not depend on the atlas ©.

Lemma 5.7. [2]. Let D = {(&;, I, ,@Z)} be a partial §-fine division of M,
= thz‘(w) and Dy = {(ny, Jj ) le be a §-fine division of M. Then
D U Dy is a é-fine division of M, where Dy = {(n;, J; 7, (1 — @)i;)}_,

Proof. A proof is given in [2, p121]. Here we write down the proof for easy
reference.
For x € M, we have

Z@z +Z =p(x)+1—px) =1,
=1 7=1

that is, {¢:}™, U{(1 — ¢)¥; )}1”,1 is a partition of unity of M.
Obwously, fori=1,2,...mand j =1,2, ..., p, we have

SUpp @i € 1" C Bie,)(&) and supp (1 — @)ty S supp vy € J; 7 C By, (n)-
Hence D U D5 is a -fine division of M. [
Theorem 5.8 (Change of variable). Let M be a compact differentiable r-

manifold with atlas ©. Let f : M — R. Suppose there exists a chart o in © such

that « : U — V D supp f. If f is PUL integrable on M, then (fo«)|Da|x vy is
integrable on a compact interval £, where U C E C R™ and

| 1= [ (foa)iDainy
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Proof. Let /3 be a sufficient small number such that U * := o~ (supp f)+3 C

U, where a~(supp f) + 3 = {y eU: min ly — 9| < ﬁ}.
y'€ o= (supp f)
Let € > 0 be given. Then there exists a positive function ¢’ defined on M such

that for every &'-fine division D = {(&;, P\, ¢;)}7, of M, we have

m

So16) [ e [ 1

=1

<
=2

We may assume if £ € V, then By (§) C V; and if £ € supp f, then

Now let § be a positive function defined on E such that when y € U*, we have

(4) Bsy) () € o™ (Byrgagy) (@) ;
when y' € By, (y) NU, we have

1+ [f ()

It can be done since | det Dc| is continuous; and when y € E'\ U*, we have

(5) | [det Da(y)] = [det Da)l| < 57

(6) By (y)NE C E\U*,

Let D" = {(y;,Ij,05)}j—, be a é-fine division of E. Let D' = Dy U Dj
where D} = {(y,I,0) € D" : y € U*} and D}, = D"\ D}. We may assume that
Dy = {(yj Ij,05)Yi_y and Dy = {(y;. I}, 05)}I_, ;. Thus for any y € U*,

q

p p
Do) = o)+ D aily) =D oy =1.
j=1 j=1 j=p+1 j=1
Note that foa(y;) = 0for j = p+1,p+2,...,q,since y; ¢ U* D a~*(supp f).
That is

q

3" foaly;)| det Day;)Ixv(y) /I o; = Y foaly;)| det Da(y;)|xv (y;) /I 0j-

j=1 j=1 i

Let z; = a(y;) and w; = ojoa~! for j = 1,2,...,p. Thenw; : V — R and
continuously differentiable on V. Note that supp w; C V. Hence we can extend

w; to the manifold M by letting w;(y) =0 if y € M \ V. The extended w; is still
p

continuously differentiable. Let D™ = {(x;, I, wj)}o_). Let w(z) = Y w;(x)

=1

ji
for all z € M. Note that w(z) =1 forall z € «(U*) and w(z) =0 ifz € M\ V.
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D* is a partial ¢’-fine division of M. It is not a full §’-fine division of M.
Let D" = {(&, P, ™", ki), be a &'-fine division of M. By Lemma 5.7, D =
D U {(&, P, %, (1 — w)rg) }7, forms a full &'-fine division of M. From the
definition of 5’ we know that for any &. € supp f,

£6) [ ., (1= =0,

since 1 — w is zero on P,?Sk. Therefore

Z;fgk)/p]:‘%( —w)kk =0
that is,
jz;f(xj)/quwj‘f’; f('fk)/P;sk(l—w)me; f(wj)/qu ij:; f(xj)/qu wj.

Then, by Lemma 4.1, we have

fla(y;) \detDayj\/Jj foj/

M*@

<.
—_

I
M*@

F(aly;))| det Da(yy)| / o - Zf aly;) / ;o0 det Dal

[y

<.

f(a(y;))| det Da(y; ‘/JJ Zf a(y;) /Jj\detDa\

IN

'M@ EME

i a(ym\l | oslldet Da(y;)| - | det Dal

1

J

<

-

> el | o

p
€ €
< /U‘S—.
Q\E\; R 072

Therefore,

1

)| det Do(y;) | xu (y; /Jj /

N)Im
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Hence, (foa)|Dalxy is integrable to / fonE. [ ]
M

Corollary 5.9. Let M be a compact differentiable »-manifold. If © and © ' are
two atlas of M, then f is integrable on M associated with atlas © if and only if f
is integrable on M associated with atlas © . Furthermore, the values of these two
integrals are equal.

Proof. Suppose that supp f can be parameterised by one chart in both atlas,
saya e ©@and o/ € ©, where a: U —V D supp fand o/ : U' — V' D supp f.
It is clear that supp f € V N V’. Let U* be an intersection of U and U’ and F a
compact interval containing U*. By Theorem 5.8,

/ f:/ foa|Dalxy-
M,0 E
By Theorem 4.2,

/fooc\Da\XU* :/ foao(a™tod!)|Dal|D(a™ oa)| xu- :/ fod!| Do | xy+.
E E E

/M,@ /= /M,G/ )

In general supp f may not be parameterised by one chart. We will use the
partition of unity to overcome the difficulty. Let © = {o; : U; — V;}I"; and
O = {a}; : U} — Vj}I_, be two atlas of M. LetV;; = V;NV] forall i and j. Let
{i;}; 52, be a partition of unity on M such that, for all i and j, supp w;; C V.
Therefore,

/M,@f B izn:/M@ iy = izn:/Mve/ feij = /M,@/ f. -

i=1 j=1 i=1 j=1

Therefore,

The above corollary shows that the PUL integral does not depend on the param-
eterisation of the manifold.

Remark 5.10. In definitions 2.1 and 5.6, if, in addition, we assume &; € I; and
x; € IZO‘ respectively, then the integral is called the PU integral. Theorems 4.2
and 5.8 still hold true for the PU integral.
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