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FIXED POINT THEOREMS AND ERGODIC THEOREMS FOR
NONLINEAR MAPPINGS IN HILBERT SPACES

Wataru Takahashi and Jen-Chih Yao*

Abstract. In this paper, we first consider classes of nonlinear mappings
containing the class of firmly nonexpansive mappings which can be deduced
from an equilibrium problem in a Hilbert space. Further, we deal with fixed
point theorems and ergodic theorems for these nonlinear mappings.

1. INTRODUCTION

Let H be a real Hilbert space and let C' be a nonempty closed convex subset
of H. Then a mapping 7' : C — H is said to be nonexpansive if | Tz — Ty|| <
|z —y|| forall z,y € C. We know that if C' is a bounded closed convex subset
of H and T : C — C is nonexpansive, then the set F/(T) of fixed points of 7" is
nonempty. Further, from Baillon [1] we know the first nonlinear ergodic theorem
in a Hilbert space: Let C be a nonempty bounded closed convex subset of H and
let T : C — C be nonexpansive. Then, for any x € C,

1n—1
Spr = — Tk

converges weakly to an element z € F(T'). An important example of nonexpansive
mappings in a Hilbert space is a firmly nonexpansive mapping. A mapping F' is
said to be firmly nonexpansive if

|Fz — Fy||* < (x -y, Fx — Fy)

for all =,y € C; see, for instance, Browder [3], Goebel and Kirk [5], Goebel and
Reich [6], Reich and Shoikhet [11] and Takahashi [13]. It is known that a mapping
F : C — H is firmly nonexpansive if and only if

1Fz — Fyl* + (I = F)a = (I = F)y* < |lz — y|I”
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for all x,y € C, where I is the identity mapping on H. It is also known that a
firmly nonexpansive mapping F' can be deduced from an equilibrium problem in a
Hilbert space as follows: Let C be a nonempty closed convex subset of H and let
f:C x C — R be a bifunction satisfying the following conditions:

(A1) f(z,z)=0, VzeC;

(A2) f is monotone, i.e., f(z,y) + f(y,z) <0, Va,ye C;

(A3) limyo f(tz + (1 —t)z,y) < f(z,y), Va,y,z€C

(A4) for each z € C, y — f(x,y) is convex and lower semicontinuous.

We know the following lemma; see, for instance, [2] and [4].

Lemma 1.1. Let C be a nonempty closed convex subset of H and let f be a
bifunction from C' x C' into R satisfying (A1), (A2), (A3) and (A4). Then, for any
r>0and x € H, there exists z € C such that

1
f(z,y)—i—;(y—z,z—@zo, vyec

Further, if T,o = {z € C : f(z,y) + Xy — 2,2 — z) > 0,Vy € C}, then the
following hold:

(1) T, is single-valued;

(2) T, is firmly nonexpansive, i.e.,

Tz — Toyll* < (T, — Ty, 2 —y), Va,y € H.

Recently, Kohsaka and Takahashi [9] introduced the following nonlinear map-
ping: Let £ be a smooth, strictly convex and reflexive Banach space, let J be the
duality mapping of E and let C' be a nonempty closed convex subset of E. Then,
a mapping S : C — F is said to be nonspreading if

¢(Sz, Sy) + ¢(Sy, Sz) < ¢(Sz,y) + ¢(Sy, x)

for all z,y € C, where ¢(z,y) = |z|* — 2 (x, Jy) + ||y||* for all z,y € E.
They considered such a mapping to study the resolvents of a maximal monotone
operator in the Banach space. In the case when FE is a Hilbert space, we know that
¢(x,y) = ||z —y||* for all 2,y € E. So, a nonspreading mapping S in a Hilbert
space H is defined as follows:

2|5z — Sy|* < ||Sz —y|* + o — Sy||*

for all z,y € C. On the other hand, Takahashi [16] found another new nonlinear
mapping called a hybrid mapping which is deduced from a firmly nonexpansive

mapping.
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In this paper, we first discuss classes of nonlinear mappings containing the class
of firmly nonexpansive mappings which can be deduced from a firmly nonexpansive
mapping in a Hilbert space. Further, we deal with fixed point theorems and ergodic
theorems for these nonlinear mappings.

2. PRELIMINARIES

Throughout this paper, we denote by N the set of positive integers and by R the
set of real numbers. Let H be a real Hilbert space with inner product (-, -) and
norm || - ||, respectively. In a Hilbert space, it is known that

D) ez + (1 =)yl = alzl* + (1 - a) ly]* — ol = a) lz — y||*

forall z,y € H and a € R; see, for instance, [15]. Further, in a Hilbert space, we
have that

2
I

2 2
@ 2y w) =z —wl? +ly -2l =2y — wll

for all z,y, z,w € H. Indeed, we have that
2(x—y,z—w) =2(x,2) — 2(z,w) —2(y, 2) + 2 (y, w)
= (= ll® + 2 (z, 2) = [|2I]*) + (|2]|* - 2 (@, w) + [|w]|*)
+ (l9ll* =2 (, 2) + lI21%) + (= [9l* + 2 (y, w) = w]?)
= ||z —wl|® + [ly = 2II* = |z — 2I* = ly — w]*.

Let C be a closed convex subset of H and let 7' be a mapping of C' into H. We
denote by F'(T) the set of all fixed points of 7', that is, F'(T) = {z € C' : Tz = z}.
We denote the strong convergence and the weak convergence of {x,} to = € H by
xn, — x and x,, — x, respectively. A mapping 7" : C — H is nonexpansive if

[Tz — Tyl < [l —yll
for all z,y € C. A mapping F': C — H is firmly nonexpansive if
|Fz — Fy||* < (x -y, Fx — Fy)

for all z,y € C. We know that a firmly nonexpansive mapping S : C — H is
nonexpansive. The following lemma is in [13].

Lemma 2.1. Let C be a nonempty closed convex subset of H and let f : C' —
(—o0, o] be a proper convex lower semicontinuous function such that f(z,,) — oo
as ||zm|| — oco. Then there exists an element zo € C such that

f(z0) =min{f(z): z € C}.
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Let N be the set of positive integers and let /> be the Banach space of bounded
sequences with supremum norm. Let x be an element of (/°°)* (the dual space
of {°°). Then, we denote by p(f) the value of p at f = (z1, 22, 23,...) € [*.
Sometimes, we denote by i, (x,,) the value u(f). A linear functional 1 on [*° is
called a mean if p(e) = ||u|| = 1, where e = (1,1,1,...). A mean p is called a
Banach limit on > if p,(2p+1) = pn(x,). We know that there exists a Banach
limit on [°°; see [13] for more details.

3. NONLINEAR MAPPINGS

Let A be a Hilbert space. Let C be a nonempty closed convex subset of H and
let 7" be a mapping of C into H. Then, from [16], we have the following equality:

@) Tz —Ty|* = |z —y— (Tz—Ty)|* — |z — y|* + 2(z —y, Tx — Ty)
for all =,y € C. We have also from (2) that
@) 2(z—y Te—Ty) = o - Tyl + |ly - Tz|* - | — Tz|* - |ly - Ty|*.
Further, we have that
) lz—y—(Tz=Ty)|* = lz = Tz + |y = Tyl - 2(z — T,y — Ty).
If T:C — H is firmly nonexpansive, then
ITx = Ty||* < (z —y, T — Ty).
So, we have from (3) that
2|| Tz — TyH2 <2x—y,Te—Ty)
=Tz = Ty|* — |z —y — (Tz = Ty)|I* + |z — y|?
< || Tz = Ty|* + [l= — y|>.
Then, we have
1T = Ty|* < |l -yl
and hence
[Tz =Tyl < [l —yll.

Such a mapping is called a nonexpansive mapping. Thus, we can get new classes
of nonlinear operators which contain the class of firmly nonexpansive mappings in
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a Hilbert space. For example, Kohsaka and Takahahi [9] obtained a nonspreading
mapping, i.e.,

2Tz — Tyl < ||lz — Ty || + lly — Te||?

for all x,y € C. We know that the class of nonspreading mappings contains the
class of firmly nonexpansive mappings; see [16]. From lemoto and Takahashi [7],
we know the following lemma.

Lemma 3.1. Let C be a nonempty closed convex subset of H. Then a mapping
S : C — H is nonspreading if and only if

1Sz = Sy|* < |l = y|* +2 (x - Sw,y — Sy)
for all z,y € C.
Further, Takahashi [16] defined the following hybrid mapping, i.e.,
1T = Ty|* < |lo = ylI* + (z — T,y — Ty)

for all x, y € C. We also know that the class of hybrid mappings contains the class
of firmly nonexpansive mappings; see [16]. From Takahashi [16], we know the
following lemma.

Lemma 3.2. Let H be a Hilbert space and let C' be a nonempty closed convex
subset of H. Then a mapping 7' : C — H is hybrid if and only if

3Tz — Ty|* < |l — yl* + lly — T|* + |l — Tyl”
for all z,y € C.

So, a hybrid mapping T': C' — H is different from a nonspreading mapping.

4. GENERALIZED FIXED POINT THEOREM
In this section, we prove a generalized fixed point theorem in a Hilbert space.

Before proving the theorem, we show the following lemma.

Lemma 4.1. Let C be a nonempty closed convex subset of a Hilbert space H,
let {x,,} be a bounded sequence in H and let 1 be a Banach limit. If g: C' — R
is defined by
g(z) :Monn_zH2v Vz e C,

then there exists a unique zg € C such that

g(z0) = min{g(z) : z € C}.
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Proof. Letz,y € C and o, € [0,1] with « + 3 = 1. Then, for any n € N
we have from (1)

lzn = (az + BY) 1> < allzp — 2> + Bllzn — yl*.

Since . is a Banach limit, we have

gz + By) = pnllxn — (az + By)|?

< apin||n — 2||* 4 Bpn||2n — y|?
= ag(z) + Bg(y).

This implies that g : C' — R is a convex function. Let z € C and let {z,,} be a
sequence in C such that z,, — z. Then, for any n,m € N we have

ln = 2m1* = lzn = 2> < llon = 2zl = llzn = 2l (l2n = 2mll + [l20 = 2])

< M1H2,’m - ZH,
where My = sup,, ey ([|[Tn — 2wl + |20 — 2]|). So, we have

9(zm) — g(2) < Mi||lzm — 2|
Similarly, we have

9(2) — g(zm) < Mi||lzm — 2|
Therefore, we have

l9(zm) — g(2)| < Mi|zm — 2]|.

This implies that ¢ : C — R is a continuous function. Suppose that {z,,} is a
sequence in C such that ||z,,|| — co. Then, we have

HzmH2 = |lzm — @ + an2
= ||lzm — an2 + HanZ + 2z — Tn, Tn)
< lzm = zall® + lzal® + 20l zmll + llznl)llanll
< |lzm — zall® + M5 + 2(| 2l + Ma) Mo,
where My = sup,,cy ||z»||. Hence, we have

2l (lzmll = 2Mz2) = 3M3 < |20 — 2nl|*.

So, we have
2 | (|2 ]| — 2M2) = 3M3 < pin || 2m — 201
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This implies that g(z,,) — oo as ||z;,|| — oco. Therefore, we have from Lemma
2.1 that there exists an element zy € C such that

9(z0) = min{g(z) : z € C}.
Let zo and z; be elements in C such that zy # 21 and

9(20) = g(z1) = min{g() : 2 € C} = 1.
From (1), we have

11, 1 , 1 , 1 )
ln = (520 + 520l = 3 llan = 20l + S llam = 202 = 120 — 2

So, using pu, we have

1 1 1 1 1
9(520 + 521) = 59(20) + 59(21) - ZHZO — z?

1 2
=Tr——{ky — % .
lz0 ==l
This is a contradiction. So, we have zg = 2. [

Theorem 4.1. Let H be a Hilbert space, let C be a nonempty closed convex
subset of H and let T be a mapping of C into itself. Suppose that there exists an
element = € C such that {T"x} is bounded and

pal Tz = Ty||* < po| Tz — y||?, VyeC
for some Banach limit 4. Then, T has a fixed point in C.
Proof. Using a Banach limit 1 on 1°°, we can define g : C — R as follows:
9(2) = pa|| Tz — 2||?, VzeC.
From Lemma 4.1, there exists a unique zy € C' such that
9(z0) = min{g(z) : z € C}.
So, we have
9(Tz0) = pu|| T"x = To|* < pn | T — 20||* = g(20).
Since T'zg isin C' and zy € C' is a unique element such that
g(z0) = min{g(2) : z € C},

we have T'zy = zy. This completes the proof. |



464 Wataru Takahashi and Jen-Chih Yao

5. SoME Fixep PoINT THEOREMS

In this section, we obtain some fixed point theorems by using Theorem 4.1. The
following is the well-known fixed point theorem for nonexpansive mappings in a
Hilbert space; see, for instance, [15].

Theorem 5.1. Let H be a Hilbert space and let C' be a nonempty closed convex
subset of H. Let T': C — C be a nonexpansive mapping, i.e.,

[Tz = Tyll < llz —yl, Ve,yel.

Suppose that there exists an element = € C' such that {7 ™z} is bounded. Then, T
has a fixed point in C.

Proof. Let u be a Banach limit on [*°. For any n € N and y € C, we have
17" e — Ty|* < | T — y|*.
So, we have
pn| T = Ty|* = pn | T2 = Tyl < | T 2 — y|?
for all y € C. By Theorem 4.1, T has a fixed point in C. ]

The following is a fixed point theorem for nonspreading mappings in a Hilbert
space.

Theorem 5.2. ([9]). Let H be a Hilbert space and let C' be a nonempty closed
convex subset of H. Let T : C' — C be a nonspreading mapping, i.e.,

2|Tx — Ty|* < |Tz —y|* + | Ty — 2|*, Vaz,yeC.

Suppose that there exists an element = € C' such that {7 "z} is bounded. Then, T’
has a fixed point in C.

Proof. Let u be a Banach limit on [*°. For any n € N and y € C, we have
2T e — Ty|? < | T — y||? + | T — Ty
So, we have
24| T — Ty |2 = 241 | T — Ty 2
< | T =y + | T2 — Ty||?
= | T2 = y||* + | Tz — Ty >
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and hence

pnl| Tz = Ty||* < || T2 — y]|*.

By Theorem 4.1, T has a fixed point in C. ]
The following is a fixed point theorem for hybrid mappings in a Hilbert space.

Theorem 5.3. ([16]). Let H be a Hilbert space and let C' be a nonempty closed
convex subset of H. Let T : C' — C be a hybrid mapping, i.e.,

1Tz = Tyl* < llo = yl* + (x = Ta,y = Ty), Va,yeC.

Suppose that there exists an element = € C' such that {7 "z} is bounded. Then, T
has a fixed point in C.

Proof.  Let . be a Banach limit on [*°. We know from Lemma 3.2 that a
mapping T : C — C'is hybrid if and only if

3Tz — Tyl|* < llo — y|* + | Tz — ylI* + |Ty — «|?, Va,y e C.
So, for any n € N and y € C, we have
BIT" e — Ty|* < | Tz — y|* + | T" " e — y||* + | T — Ty
So, we have
3un||T"x — Ty||* = 3pa|| Tz — Ty||?
pin|[T" % — Ty||” = 3pn [T 2 — Ty||
< 241 | T2 — gl + pn| T2 — Ty

and hence
pnl| T2 = Ty < pnl| T — g%,
By Theorem 4.1, T has a fixed point in C. ]
We can also prove the following fixed point theorem in a Hilbert space.

Theorem 5.4. Let H be a Hilbert space and let C' be a nonempty closed convex
subset of H. Let T': C'— C be a mapping such that

2| Tz — Tyl < ||lz — yl* + 1Tz —y|*, Va,yeC.

Suppose that there exists an element = € C' such that {7' ™z} is bounded. Then, T
has a fixed point in C.
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Proof. Let i be a Banach limit on [*°. For any n € N and y € C, we have

2|7 e — Ty|* < ||IT"x — y||* + |77 — y|*.

So, we have
2MnHTnx - TyH2 = QMnHTn—Hx - TyH2
< 24| Tz — y|®
and hence
pnl| T2 = Tyl* < || T — g%
By Theorem 4.1, T has a fixed point in C. ]

We can also discuss the demiclosedness of our nonlinear mappings in a Hilbert
space. The following result is well known; see [13].

Theorem 5.5. Let H be a Hilbert space and let C' be a nonempty closed
convex subset of H. Let T' be a nonexpansive mapping of C' into itself. Then 7" is
demiclosed, i.e., z,, = v and z,, — Tz, — 0 imply u € F(T).

The following result is in [7].

Theorem 5.6. Let H be a Hilbert space and let C' be a nonempty closed
convex subset of H. Let T' be a nonspreadind mapping of C into itself. Then 7" is
demiclosed, i.e., z,, = v and z,, — T'z,, — 0 imply u € F(T).

From Takahashi [16], we also know the following result.

Theorem 5.7. Let H be a Hilbert space and let C' be a nonempty closed convex
subset of H. Let T be a hybrid mapping of C into itself. Then T is demiclosed,
ie, z, —wvand z, — Tz, — 0 imply u € F(T).

We can further prove the following result.

Theorem 5.8. Let H be a Hilbert space and let C' be a nonempty closed convex
subset of H. Let T': C — C be a mapping such that

2|Te — Ty|? < |lz — y|> + |ITz — y|1?, Va,yeC.
Then T is demiclosed, i.e., z,, — v and x,, — Tx,, — 0 imply u € F(T).

Proof. Let {z,} C C be a sequence such that z,, — v and z,, — T'z,, — 0 as
n — oo. Then the sequences {x,,} and {T'z,,} are bounded. Suppose that u # T'u.
From Opial’s theorem [10], we have
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lim inf ||, — u||* < lim inf ||z, — Tul?
n—oo n—oo
= liminf ||z, — Tz, + Ty, — TuH2
n—oo
= liminf || Tz, — Tul|?
n—oo
1
< liminf = (||zn — ul/* 4 |Tzn — ul|?)
n—oo 2
T | 2 2
= liminf —(||z, — u||” + |[T2n — xn + x5 — ul|%)
n—oo 2
= lim inf ||z, — u?.
n—oo
This is a contradiction. Hence we get the conclusion. ]

6. NONLINEAR ErRDODIC THEOREMS

Baillon [1] proved the first nonlinear ergodic theorem for nonexpansive map-
pings in a Hilbert space.

Theorem 6.1. Let H be a Hilbert space, let C be a nonempty closed convex
subset of H and let 7' be a nonexpansive mapping of C' into itself such that F(T")
is nonempty. Then, for any = € C,

1 n—1
Spx = - Z Tk
k=0
converges weakly to an element z € F(T).

We can also prove the following nonlinear ergodic theorem for our nonlinear
operators in a Hilbert space.

Theorem 6.2. Let H be a Hilbert space, let C' be a nonempty closed convex
subset of H and let 7' be a mapping of C' into itself such that F(7") is nonempty.
Suppose that 7" satisfies one of the following conditions:

(i) T is nonspreading;
(it) T is hybrid;
(iii) 2||T2 — Tyl < [lz — ylI* + [Tz — y|l*, Va,y€C.

Then, for any z € C,
1 n—1
Spx = - kZ%Tkx

converges weakly to an element z € F(T).
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Proof.  Let us prove the case of (i). We first show that F'(T") is closed and
convex. It follows from Theorem 5.6 that F'(T') is closed. In fact, let {z,} C F(T)
and z,, — z. Then, we have z,, — z and z,, — T'xz,, = 0. So, from Theorem 5.6 we
have z = T'z. Let us show that F'(T') is convex. Let z,y € F(T) and o € [0, 1]
and put z = ax + (1 — «)y. Then, we have from (1) that

l2 = T2||* = laz + (1 — a)y — T2||?

= alle =Tz + (1 - a)lly = Tz|* - a(1 - a) |z — y||?

= a|Tz = T2|* + (1 - )| Ty - Tz|* = a(1 - a)l|lz - y||?

< a(l=a)’[lz = yl* + (1 - a)a’|lz — y|* = a(l - a)l|lz — y|?
1-a)l-a+a-1)]z-y|?

o
0.

So, we have Tz = z. Let z € C and let P be the metric projection of H onto
F(T). Then, we have
|PT"2z — TMz|| < ||PT" ‘2 — Tz
= |TPT" 'z — T"z||
< || PT" ‘o — T o).
This implies that {||PT™z — T"x||} is nonincreasing. We also know that for any

veCandue F(T),
(v—Pv,Pv—u) >0

and hence
|lv — Po||? < (v — Pv,v—u).

So, we get
|Pv —u|? = ||Pv— v +v — ul?
= ||Pv —v||? = 2(Pv — v,u—v) + ||Jv — ul?
< o —ul® = || Pv —o.
Let m,n € N with m > n. Putting v = T™x and v = PT™x, we have
|PT™2 — PT™z||?
<||IT™x — PT"z|* — | PT™x — T™x||?
<||T"z — PT"z|® — | PT™z — T™xz||%.
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So, {PT"z} is a Cauchy sequence. Since F(T') is closed, {PT™z} converges
strongly to an element p of F/(T'). Take u € F(T'). Then we obtain, for any n € N,

n—1
1
1Sz —ull < = > 1T —ull < ||z — ul.
k=0
So, {S,x} is bounded and hence there exists a weakly convergent subsequence
{Sp,z} of {Spz}. If S, x — v, then we have v € F(T). In fact, for any y € C
and £ € NU {0}, we have that

IT* 2 = Ty||? < ||T%z — y|* + 2(T"e — T* e,y — Ty)
= |T*2 — y|I” + |T"2 = Ty|* + | Tz — y|?
— T = y||? = | T* e — Ty|?
= |T*z — Ty|* + 2(T*z — Ty, Ty — y) + |Ty — y|*
+ (| T 2 =Ty |+ (| T 2 —y |~ | Th e —y ||~ | T* e =Ty
So, we obtain that
2T e — Ty|? < 2||T*x — Ty||* + 2(T"x — Ty, Ty — y)
+ (|1 Ty = ylI* + 1Tz — y||* = | T"z — y||*.
Summing these inequalities with respectto k = 0,1,...,n — 1, we have

n—1
2T — Ty|]? < 2o — Tyl +2( Y "2 —nTy, Ty — y)
k=0

+nlTy —yl* + 1Tz = yl* = [|= - y|>.
Deviding this inequality by n, we have

2 2
~| 7"z = Ty||* < ~|lo = Ty|[* + 2(Suz — Ty, Ty — y)

1 1
+ Ty =yl + =Tz — y||* — = |z — y| 1%,
n n

where S,z = LS~ 0 7%z Replacing n by n; and letting n; — oo, we obtain

n

from S, — v that
0 < |[Ty = yl* +2(v = Ty, Ty — y)-
Putting y = v, we have

0<||Tv—v|>+2(v — Tv, Tv —v).
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So, we have 0 < —||Tv — v||? and hence Tv = v. To complete the proof of (i), it
is sufficient to show that if S,z — v, then v = p. We have, for any u € F(T),

(T*z — PT*z, PT*2z —u) > 0.
Since {||T*z — PT*x||} is nonincreasing, we have
(u—p, TFx — PT*z) < (PT*x — p, T*x — PT*x)
< ||PT*z — p|| - |IT"e — PT"«|
< ||PT*z —pl| - ||z — Pz].

Adding these inequalities from & = 0 to £k = n — 1 and dividing n, we have

—1 -1

Sz — LS prbgy < 2= Pl ok

(u—p, Spx nz Ty < T > IIPT*z - p]|.
k=0 k=0

Since S,z — v and PT*z — p, we have
(u—p,v—p) <0.

We know v € F(T). So, putting v = v, we have (v — p,v — p) < 0 and hence
|l — p||> < 0. So, we obtain v = p. This completes the proof of (i).
Let us prove the case of (ii). It follows from Theorem 5.7 that F'(T") is closed.
As in the proof of (i), we can show that F'(T) is convex. Let z € C and let P be
the metric projection of H onto F(T'). Then, as in the proof of (i), we can have that
{PT™x} is a Cauchy sequence. Since F(T) is closed, { PT"x} converges strongly
to an element p of F(T'). Take u € F(T'). Then we obtain, for any n € N,
1 n—1
1Sz —ull < = 1T —ul| < [l - ull.
k=0
So, {S,x} is bounded and hence there exists a weakly convergent subsequence
{Sp,x} of {Spz}. If S, — v, then we have v € F(T). In fact, for any y € C
and £ € NU {0}, we have that

2|75 — Ty||* < 2Tz — y||* + 2(T*x — T2,y — Ty)
=2||T*z — y||* + | T*z — Ty||* + T2 — y|?
— | T"z — y|* = | Tz — Ty|?
= 2| T"z — Ty||* + 4T"z — Ty, Ty — y) + 2| Ty — y|?
+ | Tz =Ty P+ | T =y || = | T s —y | > = | T* 2 =Ty .

So, we obtain that
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3| T e — Ty||? < 3| 7%z — Ty||* + 4(T*x — Ty, Ty — y)
+2||Ty — y|? + [Tz — y||? = || T%2 — y|*.

Summing these inequalities with respectto k = 0,1,...,n — 1, we have

n—1
31T — Ty|]? < 3le — Ty|* + 4 <ZT’% — Ty, Ty —y>
k=0

+2n||Ty —y)? + [Tz — y|* — |l — yII>
Deviding this inequality by n, we have

3 3
~| T = Ty|* < o = Ty|* + 4(Suz = Ty, Ty — y)

1 1
+2|Ty —y|* + =Tz — y||* — =z — y|I*,
n n

where S,z = LS~ 0 Tkz. Replacing n by n; and letting n; — oo, we obtain

n

from S, — v that
0<2||Ty —y|* +4{v — Ty, Ty — y).
Putting y = v, we have
0 <2||Tv—v|? +4(v — Tv, Tv — v).
So, we have 0 < —2||Tv — v||? and hence Twv = v. To complete the proof of (ii),
it is sufficient to show that if S,,,x — v, then v = p. As in the proof of (i), we can

prove v = p. This completes the proof of (ii).
As in the proofs of (i) and (ii), we can prove the case of (iii). ]
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