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OPTIMAL CONTROL OF HEMIVARIATIONAL INEQUALITIES
WITH DELAYS

Jong Yeoul Park and Jae Ug Jeong

Abstract. In this paper we prove the existence of solutions for hemivariational
inequalities with delays and then investigate optimal control problems for some
cost functions.

1. INTRODUCTION

Let Q be a given bounded domain in R™ with C'? boundary 0. Let r and T" be
constants satisfying0 < r < T. Fort > 0,setQ = (0,7) xQ, Q—, = (—r,0) x Q
and X = (0,7) x 092. Let B be the Borel o-algebra of the interval [—r, 0] and pu(-)
be a given finite signed measure defined on ([—r, 0], B). We define the time-delay
operator G as follows: For any h € L?((—r,00) x ;R™),

(GR)(t,z) & / " et 0. 0)u(d8) ae. (t.x) < (0,00) x .

In order for the above integral to make sense, we always take the integrand to
be a Borel correction of ~ (by which we mean a Borel measurable function that is
equal to A almost everywhere). In this paper, we shall study the following optimal
control problem:

(P) Minimize J(y,u,v)
subject to the hemivariational inequality with delay of the form:
y'(t,z) =Dyt z) + G(Ay)(t,x) + E(, x)
= Bu(t,2) + f(t,y(t,z)) ae. (t,z)€Q,

(1.1) y(0,2) = ¢o(z) ae z€Q,
y(t,z) = ¢(t,x) ae. (t,x) € Q_,
E(t,z) € p(t,z,v(t,z),y(t,x)) ae (t,z)eQ,
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where ¢ is a discontinuous and nonlinear multi-valued mapping by filling in jumps
of a locally bounded function b, u and v denote the control variables and B is a
bounded linear operator. Here the cost functional J(y, u, v) is given by

J(y,u,v>::jg {o(u() + hlu(t), v(t))}dt,

where g and h are convex functionals.

Optimal control problems for variational inequalities without delays have been
discussed by many authors from different aspect( see [1,3,6]). There is also an
extensive literature on the optimal control of infinite-dimensional evolution equations
with time-delays( see [2,5]). Pan and Yong([9]) studied the optimal control problem
for an abstract parabolic equation with delays in the highest-order spatial derivative
terms. Haslinger and Panagiotopoulous([7]) proved the existence of optimal controls
for coercive hemivariational inequality and Migérski and Ochal([8]) showed the
existence of optimal control problems for parabolic hemivariational inequalities.
Zhu([10]) studied the optimal control of variational inequalities with delays in the
highest order spatial derivatives.

Motivated by those works, we consider the optimal control problems for hemi-
variational inequalities with delays. This paper is organized as follows. In section
2, assumptions and lemmas are given. In section 3, the existence of a solution to
the problem (1.1) is proved using the Faedo-Galerkin method and finally in section
4 the existence of solutions to the optimal control problem (P) is investigated.

2. ASSUMPTIONS AND LEMMAS

Throughout this paper, we denote

<%@:Awmwmmam mP:Aqum

and (-,-) the dual pairing between H}(Q2) and H~1(Q2). Let U be a real Hilbert
space of variable u, L*(Q) a space of variable v and Uag x Wag a nonempty subset
of L2(0,T;U) x L*(Q). We denote by || - |x the norm of a Banach space X. Now
we assume the following conditions concerning (1.1).

(Hyp.b) b: Q@ x R? — R is a locally bounded function satisfying the following
conditions:

(i) b is continuous in n uniformly with respect to ¢, that is, there exists 69 > 0
such that for all (¢,z,7,£) € Q x R? and for all ¢ > 0, there exists v =
v(g, t,z,m,&) > 0 such that

b(t, z,m,&) —b(t,z, 1, &) <e
if [p—n| <~and|{—¢'| < do.
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(i) (t,x) — b(t,z,n, &) is continuous on @ for all n € R and a.e. £ € R,

(iil) (t,z,&) — b(t,z,n, &) is measurable in @ x R for all n € R.

(V) [b(t, 2.9, €)] < vt ) + va (1 + [n] + [€]) for all (t,2,7,€) € Q x R with
a nonnegative function vy € L?(Q) and a positive constant v;.

The multi-valued function ¢ : @ x R? — 2% is obtained by filling in jumps of
a function b(¢, z,n,-) : R — R by means of the functions b_,b.,b,0 : R — R as
follows:

Z_)e(tv z,mn, 5) = €SS inf|s—§|§.&‘b(t7 z,n, 3)7
ge(tv €T, 1, 5) = €SS sup|s—§|geb(t7 €T, 1, 8)7
b(tv €, n, 5) = lim l_)e(tv &€, 1, 5)7
e—0*t
B(tv €, 1, 5) = lim Bs(tv €, 1, 5)7
e—0F

(P(tv z,mn, 5) - [b(tv z,mn, 5)7 b(tv z,n, 5)]

Remark 2.1. Let j : Q x R? — R be a locally Lipschitz continuous function
with respect to the last variable obtained from b by integration, that is,

3
Jj(t,z,m, &) = / b(t,z,n,T)dT.
0
Then the following relation holds( see [7]):

o(t,z,n,§) = 0j(t, z,n,8),

where 0 denotes the generalized gradient of Clarke( see [4] for example of the
definition and the relevant results for Clarke’s generalized gradient).
We shall need a regularization of b defined by

b7 (. €) = m / bt @, € — T)p(mr)dr,

where p € C5°((—1,1)), p> 0 and [, p(r)dr = 1.

Remark 2.2. It is easy to show that b™(t,z,n, &) is continuous in ¢ for all
m € N and b, b., b, b, b™ satisfy the same condition (Hyp.b)(iv) with possibly
different constants if b satisfies (Hyp.b)(iv). So, in the remainder of this paper, we
denote different constants by the same symbol as original constants.

(Hyp.B) B : L*(0,T;U) — L?(0,T; L?*(Q)) is a bounded linear operator.
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(Hyp.U,W) Uy is a closed convex subset of L2(0,7; U) and Waq is a compact
subset of L2(Q).

(Hyp.f) (t,z) — f(t,z,y) is measurable in @ for all y € R and f(¢,x,")
belong to C'(R). Moreover, for some constant & > 0, we have

f(t,2,0)=0 and [fy(t 2,y <k,
for all (t,z,y) € Q x R.

(Hyp.p2) Tims o || ([=7, O) |l ([=s, 0]) < L.

(Hyp.9) ¢ : L*(2) — R is proper, convex and continuous. Moreover, there
exists k1 and k2 € R such that

9(y) > k1lly| + ko

for all y € L*(2). .
(Hyp.h) h : U x L?>(Q) — R is a proper, convex and lower semicontinuous
functional satisfying

h(u,v) > ka(|[ullfy + [[v]*) + ka
for all (u,v) € U x L?(Q), where k3 > 0 and k4 € R.
Definition 2.1. Given (u,v) € L%(0,T;U) x L?(Q), ¢o € HZ(Q) and ¢ €
L2(—r,0; HY{(Q)NH?()), y is said to be a solution of (1.1) if y € L2(—r, T; H}(Q)

NH2(Q))NW2([0, T); LA(R)), there exists = € L2(0, T; L*(2)) and the following
relations hold:

/0 (0 (5), w)ds + /0 (Vy(s), Vaw)ds — /0 (G(Vy), Vw)ds
+/0 (2(s),w)ds
2.1) :/O(Bu(s),w)ds+/0 (Fls,y(s)),w)ds, Vi€ [0,T], Yw e HY(S),
(2.2) E(t,z) € o(t,z,v(t,z),y(t,x)) ae (t,z)eQ,

y(0,2) = ¢o(z) ae. ze€Q,

(2.3) y(t,z) = o(t,x), ae. (t,z)€ Q.

Remark 2.3. ([10]). For any 0 < s < 400, G is a bounded linear operator
from L2([—r,s) x ; R™) to L2((0,s) x Q; R™) and |G| < u([-r,0]).
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3. ExISTENCE RESULTS

In this section we are going to show the existence of solutions to the problem
(1.1) using the Faedo-Galerkin approximation.

Lemma 3.1. ([10]). If (Hyp.x) holds, y € L2((—r,T) x £; R™), z € L*(Q),

a > 0 and
t
/\y(t,x)\de—i—a/ /\z(t,x)\dedt
Q 0 JO

t t
<At 5/ / ly(t, 2)[2dwdt + o / / Ga(t, ))=(t, x)dadt],
0 JQ 0 JQ
for any ¢ € [0, 7] and some constants y,d > 0, then yy € L2(0,T; L?(Q2)).

Furthermore, there exists a constant C' = C(r, T, d, u(+)) > 0 such that

t 0
ol +a [ aiPds < Cva [ felfas)

-

Theorem 3.1. Assume that (Hyp.x), (Hyp.b), (Hyp.B) and (Hyp.f) hold. Let
(u,v) € L2(0,T;U) x L3(Q), ¢o € HL() and ¢ € L2(—r,0; HL(Q) N H3(Q)).
Then the problem (1.1) has a solution.

Proof. We represent by {w;};>1 a basis in H}(£2) which is orthogonal in
L?(2). Let V,, be the space generated by wy, ws, - - - , w,,. We may choose (¢o,)
in V,,, such that o, — o in HE(Q). Let y,(t) = Z;’;l gjm (t)w; be the solution
of the equation

Um (), w) + (Vym(t), Vw) = (G(Vym(1)), Vu)

+ (0" (¢, v(t), ym(t)), w)

(31) - (f(tv ym(t))v w) + (B’U,(t), ’U)), Vw € Vi,
(3.2) ym(o) = Pom,
(3.3) Ym(t) = ém(t), te[-r0).

By standard differential equation methods, we can prove the existence of a solution
to (3.1)-(3.3) on some interval [0, ¢,,). This solution can be extended to the closed
interval [0, 7] using a priori estimates below.

Step 1. (A priori estimates).
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Replacing w by v, (¢) in (3.1), we obtain
Y (D) Ym () + (Vym (1), V(1))
(3.4) = (G(Vym(1)), Vym(t)) — (0™ (t, v(t), ym(t)), ym (1))

+ (f(t ym (1), ym (1) + (Bu(t), ym(t))-
By (Hyp.b)(iv) and v € I*(Q), there exists ¢; > 0 such that

t
/O 167 (5, 0(5). yom(s)) s
t
@5 < / / 167(s, 2, (s, 2), ym(s, )| Pdadt
0 Q
t
S?!lvO!!%z(Q>+2v%/O /Q(l—|—\v(s,x)\—i—\ym(s,x)\)dedt

t
<ot ? / lym(s) 12ds
0

and hence

‘ /t(bm(s, v(8), Ym(s)), ym(s))ds‘

(3.6) (/ 1657 (5, 0(5). ()] ds) (/ lym(3)] ds)

< e+ @7+ 1) [ (o) P

From (3.4), (3.6) and integrating over (0,t), we get
1 t
Sl @1 + [ 193(5) s
1 2 ! 2 !
< et glonnlP+en [ (s + [ (76 0n(9). ()

t t
+ [ (Buo) s)ds + [ (GTals). Vo))
and by (Hyp.f), (Hyp.B) and using Young’s inequality, we have

1 t
Sl @I + [ 1930 s

1 t t
<ot glooml? s [ (o) Pds & [ (o) P
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M [t I
5 [ (e s+ 5 [ ()]s
0 0

T /0 (G(Vym(5)), Vym(s))ds]

for some positive constants ¢y, c3 and M. Since u € L2(0,T;U) and ¢ € H} (),
we obtain

2 K 2 s
lym @ + /O IV ym(s)]12d

t t
<crtes [ (Pt [ (G(Tun(s)), Tl
where ¢4 and c¢5 are some constants. Thus, in view of Lemma 3.1, we obtain
t
[y ()2 +/0 IVym(DI° < CL+ [IVlI720_r))-

Here and in the sequel, we denote C' generic positive constant. Since ¢ € L?(—r, 0;
H ()N H%(Q)), we deduce that

(37) I @I+ [ 1930 < €.
Similarly, replacing w by Ay, (¢) in (3.1), we have
U (£), Dy () + (A (£), A (1))
(3.8) = (G(Lym (1), Dym(t) — (B™ (t, 0(), Ym(t)), Ay (1))
+ (F(t ym (1)), Dym(t)) + (Bu(t), Dy (1))
From (3.5) we have that
| [ 075,05 ). s
t (s, v(s s)|?ds : t s)||2ds :
@9 < ([ 1o IPas) ([ 15w 17s)

/ t I
<ot [ lum@Pds+ 5 [ 1o (e s

where c/1 is a positive constant. From (3.8), (3.9) and integrating over (0,t) we
obtain

1 1 [t
SV I + 5 / | Sy (5)*ds
0
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t t
<t 51Vl 4 ¢ [ s+ [ (7609, L))

+ /0 (Bu(s), Ly ())ds + /0 (G (Dum(s)), Dy ($))ds,

where ¢, and 0/3 are some positive constants. By (Hyp.B), (Hyp.f) and imbedding
theorem, we derive

1 I
IV + 5 [ 12 (5] ds
0
! 1 2 ! ! 2 ! 2
< st V001 5 [ (o) Pdst cc [ s omo)Ids
t t t
b [ agmPds e [ fu)|Pds+e [ o) Pds
0 0 0
t
1 [ (G (s)). S
! 1 2 ! ! 2 ! 2
< ¢t V0l 4 65 [ ()P + k[ (o) P
t t t
b [ oumIPds e [ lu)Pds+e [ o) Pds
0 0 0
t
41 [ (Gun(s), Sums))as
0
! 1 2 ! 2 ! ! 2
< it 00l + 22 [ oun(s) s+ ¢ [ 19 (0) P

+ e /O'f lu(s)|*ds + | /Ot(G(Aym(s)), Aym())ds,

where cil and c;) are some positive constants. Since u € L?(0,7;U) and ¢g €
HZ(9), for a sufficiently small ¢ > 0, we obtain

t
IV (I + /O | A () s

<+, /O IVym(s)[2ds + /O (G(Lym(3)), Dt (5)) |

for some constants ¢; and ¢-. In View of Lemma 3.1 we have

t
IV ym(6)]1? +/0 18y (s)]2ds < O + | A¢ll72(g—p))-
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Since ¢ € L?(—,0; HY(Q) N H?(R)), we derive that

t
(3.10) V4 (8)2 + / | Agm(s)2ds < C.
0
From (Hyp.f) and (3.7)

(3.11) 1 (5, ym ()| oo (0,722 < C-

Thus from (3.7), (3.10) and (3.11), we obtain

(3.12) 19rmll 2(0.7:22(0) < C-

Step 2. (Passage to the limit).

From the priori estimates (3.5), (3.7), (3.10) and (3.12) for a subsequence we
deduce that

Ym —y Weakly star in  L°°(0, T; H3(Q)),
Ym —y strongly in  L?(0,T; L*(2)),
(3.13) y, — o weakly in L2(0,T; L*(Q)),
Aym — ANy weakly in - L*(0,T; LA(Q)),
V™ (v, ym) — 2 weakly in L0, T; L*(2)).

Since G is a bounded linear operator and f(t,-) € C'(RR), we can take limitm — oo
in (3.1). Hence we have

¥ (1), w) + (Vy(t), Vw) — (G(Ay(t), Aw) + (5, w)

(3.14) :
= (f(t, y(t)), w) + (Bu(t),w), Vw € Hy(2).

Step 3. (y is a solution of (1.1)).
We will show that Z(t, ) € o(t, z,v(t, z),y(t,xz))ae. (t,z) € Q. From (3.13)
we infer that

ym(t,z) — y(t,z) ae. (t,z)€Q.

Let » > 0. Using the theorems of Lusin and Egoroff, we can choose a subset
W C @ such that meas(W) < 0, y € L*®°(Q — W) and y,, — y uniformly on
Q —W. Thus, for each ¢ > 0, thereisan N > % such that |y, (t, ) —y(t,z)| < §
for all (t,z) € @ — W and m > N. Then, if |y, (t,z) — s| < L, we have
ly(t,z) —s| < e forall m > N and (¢,x) € Q. Therefore we have
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b.(t,z,v(t,x),y(t,x)) < O™ (t, z,v(t,x), y(t, x))
< be(t,z,0(t, x),y(t, x))

for all m > N and

—~

t,x) €Q —W. Letr € L*(Q) and » > 0. Then

b.(t,z,v(t, ), y(t, ))r(t, z)dzdt
Q-W

(3.15) /Q_W b (t, x, v(t, x), ym(t, x))r(t, x)dxdt

IN

< /Q_W be(t, z,v(t, ), y(t, z))r(t, x)dxdt.

Letting m — oo in (3.15) and using (3.13) we obtain
| bt o).yt )t adeds
Q-w
(3.16) < / E(t, z)r(t, z)dzdt
Q-w

< /Q_W be(t, z,v(t, ), y(t, z))r(t, x)dxdt.

Letting ¢ — 0% in (3.16), we infer that Z(¢,z) € (¢, z,v(t,z),y(t,x)) a.e. in
Q — W. Letting § — 0%, then we have Z(t, z) € ¢(t,z,v(t, z),y(t,z)) ae. in Q.
Therefore the proof of Theorem 3.1 is complete.

4. EXISTENCE OF THE SoLUTIONS OF THE OPTIMAL CONTROL PROBLEM

We denote by S(u,v) the set of all solutions of the problem (1.1) for a given
(u,v) € Uggx Wag. Theorem 3.1 impliesthat S(u, v) # ¢ for all (u, v) € Uagx Wag.
Let us consider the following optimal control problem (P):

Minimize{J(y, u,v) : (u,v) X Usg X Waq, y € S(u,v)}.
Theorem 4.1. For a given (u,v) € Uag x Waq, the following estimate holds:

sup {[[yll7 (0.1 + 19117 e 0.1
yestu) Loo(0,T;L2(R)) L>(0,T;HA(R))

+ ”yH%Q(O,T;HQ(Q)) + Hy/H%Q(O,T;LQ(Q))}
< e1(1+ [ VoollF2 () + 1VllL2(—r0:022)))

+ CQ(HUH%Q(O,T;U) + H’UH%Q(O,T;LQ(Q)))
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where ¢; and co are positive constants.

Proof. Lety € S(u,v). Then y is satisfies (2.1)-(2.3). Replacing w by y(t) in
(2.1) and then using (Hyp.f) and Young’s inequality, we obtain

L)) + /O IVy(s)|2ds
4 e+ lol+ [ lu(s))ds) + / ' 1Bu(s)%ds + / ' IE(s)]1%ds
+1 [ (G(Ty(9). Vals))ds]).
0

By the assumption on b (see (Hyp.b)(iv)) and Remark 2.2, we can easily show that

(4.2) /0 I=(s)|[%ds < e1 + 62{/0 (ly()I* + Nl (s)]*)ds}-

From (4.1), (4.2) and Lemma 3.1, we deduce that

¢
y(t 2+/ Vy(s)||?ds < e(1+]|¢o||?

(4.3) ly(®)]l ; Vy(s)ll (1+{| ool

_H’v¢”%2(—r,0;L2(Q)))+HB’U’(3)H%Q(O,T;U) + HUH%Q(O,T;LQ(Q))'

Similarly, replacing w by Ay(¢) in (1.1), we obtain

t
Iy + [ 10 s
(4.4) < c(1+4[|Veol* + ”A¢”%Q(—T,O;L2(Q)) + HBu(t)H%Q(O,T;U)
+ HUH%Q(O,T;LQ(Q)))'
Moreover, from (1.1), (4.1)-(4.4) we have that
Hy/H%Q(O,T;LQ(Q)) < c(1+ [ Veol* + ”A¢”%2(—T,O;L2(Q))
+HBUJH%Q(O,T;U) + HUH%Q(O,T;LQ(Q))'

Since B is a bounded linear operator, (4.3), (4.4) and (4.5) complete the proof of
Theorem 4.1.

Theorem 4.2. Assume that the conditions of Theorem 3.1, (Hyp,U,W), (Hyp.g)
and (Hyp.h) hold. Then the optimal control problem (P) has at least one solution.
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Proof. Let d = inf{J(y,u,v)|(u,v) € Ugqg X Waa, y € S(u,v)}. By the
assumptions g and h, it is clear that d > —oo. Let (yy,, up, vy) € S(Up, V) X Uad X
Wag be a minimizing sequence, that is,

/0 (v(5), w)ds + /0 (Vi (s), Vaw)ds — /O (G(Vn(s)), Vuw)ds
—|—/0 (En(s),w)ds

4.7) :/O(Bun(s),w)ds—i—/o (f(s,yn(s)), w)ds, ¥Vt € (0,T),Vwe H} (),
En(t,x) € o(t,z,vp(t, ), yn(t,z)) ae. (t,z)€Q,
(4.8) Yn (0, z) = do(),
yn(t,z) = ¢(t,z) ae. (t,z)e€ Q_,
and

1
(4.9 dSJ(yn,un,vn)Sd—i—E, n=12---.

From (Hyp.h), (up, v,) is bounded in Usyg x Wag C L2(0,T;U) x L*(Q). Thus a
subsequence can be determined such that

(4.10) u, — u* weakly in L?(0,T;U).

By (Hyp.U), Uyq is weakly closed, and hence u* € Uyq. Also, since Wyq is compact
in L2(Q) and (v,) is bounded in W4, we have

(4.11) v, — v* strongly in  L*(Q)
and v* € Wayy. Therefore, by Theorem 4.1, we see that
(yn) isboundedin L°°(0,T; Hi(Q) N L*()),
(4.12) (y,) isboundedin L2(0,T; HX(Q)),
(y,) isboundedin L2(0,T; L*(2)).

This together with the fact that

[ )P < e [ Qlums) 1P + oa(o)]?)ds
0 0
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implies that {=,,} is bounded in L2(0, T; L?(Q2)). Therefore, we have
yn — y*  weakly star in - L>(0,T; Hy(Q)),

yn — y* strongly in  L?(0,T; L*(Q)),

(4.13) yn — y*  weakly in  L?(0,T; H*(Q)

)

)

(
(
(
(

)

/

y, —y*  weakly in L*(0,T; L*(

)
)
);
=, — Z* weakly in L%(o, T; L*(Q)).

Since f(t,-) belong to C'(R), using (4.10), (4.11), (4.13) and letting n — oo in
(4.7), we conclude that

t t t
[ ©wis+ [, Tuds— [(@(y ). Tws
0 0 0
t
418)  + / (Z*(s), w)ds
0
t t
= [ ) wids+ [ (7657 (5), wids. e 0.T), vweH(@).
0 0
To show that y* € S(u*,v*), it is sufficient to show that
(4.15) E*(t,x) € p(t,z,v*(t,x),y*(t,z)) ae (t,z)€Q.
Indeed, by (4.13) and the Aubin-Lions compactness lemma, we get v, — y*
strongly in L?(0, T; L*(2)) and hence y,,(t,z) — y*(t,z) ae. (t,x) € Q. By the
theorems of Lusin and Egoroff, for a given n > 0, we can choose a subset W C Q

such that meas(W) < n and y,, — y* uniformly in @ — W. Thus for each ¢ > 0,
there is a positive integer N such that

lyn(t, ) =y (L) < 5. ¥(ta) € Q—W,¥n > N.
On the other hand, (4.8) implies that
| byt on(tea) (e ), o) dade
Q-w *
(4.16) < / =, (t, 2)6(t, ) dadt
Q-w

< / b (t, 2, vt 2), yn(t, 2))S(E, ) dadt
Q-w ?
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for any ¢ € L?(Q) with ¢ > 0. Note that for n > N,

be (t, 2, vn(t, ), yu(t, ) = €8S infis_yn<=  b(t, 2, vp(t, ), 5)

5
> ess infj,_y« <. b(t, w,vn(t, 2), 5)
=b.(t,x,vn(t, ), y*(t, x))

and

B%(tv z, ’Un(tv II,'), yn(tv II,')) = €SS Sup|s—yn|<% b(tv €T, vn(tv fIf), 3)

< ess Sup|s—y* |<e b(tv €T, vn(tv fIf), 3)
= Ee(t, x,vp(t, z), y*(t, z)).

From (4.16) we obtain

/ b (t, 2, vn(t, 2), v (£, 2))6(t, 2)dadt
Q-Ww
(4.17) < /Q St a)olta)dade

< / b.(t, 2, valt, ), y* (4, 2))b(t, 2)dardt.
Q
Letting n — oo in (4.17) and using (4.11) and (Hyp.b), we conclude that

/ b(t, 2, 0" (8, 2), (1 )bt ) dadt
Q-Ww
(4.18) < /Q (ot a)dod

< / b (t, 2, 0* (1 2), 4 (1 7)) bt @) dadl.
Q-w

Letting e — 0T in (4.18), we infer that =*(¢, z) € (¢, x, v*(t, z), y*(t,z)) a.e. in
Q@ — W and letting n — 0" we get

= (t,z) € p(t, z,v*(t,x),y"(t,z)) ae. in Q.

Hence (y*,u*,v*) € S(u*,v*) x Usyg x Waq is admissible pair for problem (P).
Taking the limit n — oo in (4.9) and using the lower semicontinuity of J, we
conclude that

d < J(y*,u*v*) < lim J(yp, un,v,) < d.

n—oo

Thus (y*, u*,v*) is a solution of the optimal control problem (P).
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