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CERTAIN CLASSES OF THE MEROMORPHIC HARMONIC
FUNCTIONS WITH A POLE AT SOME FIXED POINT
OF THE UNIT DISK

Metin Ozturk and Hakan Bostanci

Abstract. The class Sy (p), 0 < p < 1, of complex valued, meromor-
phic harmonic univalent sense-preserving functions in the unit disk U\{p}
is studied. The functions belong to Sy (p) have the expansion f(z) =

zgp + Zzozo 2" + Zzozl dnz" + Alog|z — p| and Zh_rgf(z) = 00. Some
coefficient estimates, distortion and area theorems are obtained. Sufficient
coefficient conditions for a class of meromorphic harmonic univalent sense-

preserving functions that are starlike and convex are given.

1. INTRODUCTION

A continuous function f = u + v is a complex valued harmonic function in
a complex domain D if both » and v are real harmonic in D. In any simply
connected domain D C C we can write f = h + g, where h and g are analytic
in D. A necessary and sufficient condition for f to be locally univalent and sense
preserving in D is that |h/(z)| > |¢'(z)| in D (see [2]). There are numerous papers
on univalent harmonic functions defined on the domain U = {z : |z| < 1} (see [1,
7, 10] and [8]). Hengartner and Schober [4], investigated functions harmonic in the
exterior of the unit disk U = {z : |2| > 1}, among other things they showed that
complex value, harmonic, orientation preserving univalent mapping f, defined in U
and satisfying f(oco) = oo, must admits the representation

f(2) = h(z) + g(2) + Alog 2|

where
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h(z) =az+ Z anz " and 9(z) =Bz + Z bz "
n=1 n=1

0 < |8] < lal, and a(z) = fz/f. is analytic and satisfies |a(z)| < 1 for z € U.
Recently, Jahangiri [5] , Jahangiri and Silverman [6] and Murugusundaramoorthy
[9] focused the study to the family of harmonic meromorphic functions.

For 0 < p < 1, we let Sy (p) denote the class of functions harmonic univalent,
sense-preserving and meromorphic in U, with li_r)r;}f(z) = oo and which are the

representation

(1) f(z) = h(z) + g(2) + Alog |z — p|

where

2 h(z)= . f p + i cn2" and g(z) = i dpz", a e C.
n=0 n=1

By applying an affine post-mapping to f we may normalize f so that ¢ = 0 in the
representation (2). We further remove the logarithmic singularity by letting A =0
and so focus our attention to the subclass S, (p) of all harmonic, sense-preserving,
univalent, meromorphic mappings which have the development

® 1) = h(z) + 309

where

@ M=oYt () =) e\,
n=1 n=1

orwemay setfor z e U, ={z:0< |z —p| <1-p}

(5) h(z) = . f p -+ Z an(z —p)" and g(z) = Z bn(z —p)".
n=1 n=1

In this paper, we give some coefficient estimates, area theorem and distortion
theorem for function in Sy (p) and its subclass S, (p). Also, sufficient coefficient
conditions for a class of meromorphic harmonic sense-preserving functions that are
starlike and convex are given.

2. MaIN REsuULTS

Theorem 2.1. Let h and g has expansion (4). If
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S o]
(6) ;n len| + |dn|) < =0 +pp

then f = h + g is harmonic univalent, sense preserving in U\{p} and f € S (p),
0<p<1. Also,for|z|=r<1
ol (1+p—7)
(1+p)?

ol (L +p+7)
[r—pl(L+p)

<|f(2) <

Proof. For z; # p, 22 # p, and |z1| < |22| < 1 we have
|f(21) = f(22)]
> |h(z1) = h(z2)| = 9(21) = g(22)]

‘21—22‘ s n—1
Z T ||| —|Z1 —DP||k2 — P n(|cn| + d 29
5=l — 1) _\ | = || \n§1 (len] 4 [dnl) [22]

|21 — 22 S ]

7t mael —(1 2 d
|21 — p| |22 — D lal = (1 +p) Zn(‘cn“’“ nl) [22]

L n=1

-zl | -
> —= = _lla]—(1+p)? n(|c,| + |d >0, by (6),
T |lel = P Sl )| 2 0. by ()

and f is univalent in U\{p}. To show that f is sense preserving in U\{p}, we
need to show that |h'(z)| > |¢'(2)| in U\{p}. We have

W(z)| = ﬁ 9 Lnene
> o [\a\ |z — pf? Zn\cn\]
1 5 —
> A+p)2 la] = (1+p) nz:ln\cn\]
> Zn\cn\ >Zn\d ||2*
> |g'(2)].

For |z| = r < 1, we see from (3) and (4)

o0 o0
o
2| = + 2" + dp 2™
0= |25 e+ S
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1

> —— |laf=]z=p] ) (lea] +|dn])|2]"
\z—m[ 2

> (1 +p) ‘O“ - (1 +p) nz:l(‘cn‘ + ‘dn‘)r]
la](1+p—1)
> (I_F—p)Qv by (6),
and
@ = | =+ D"+ Y dum
=P n=1 n=1
S P ] +\Z—p\n§:1(\cn\ + \dn\)\z\"]
< m ‘O“ + (1 +p) nio:l(‘cn‘ + ‘dn‘)r]
o] (1+p+7)
Sh—parn Y -

By Theorem 2.1 the family of f € Sj;(p), which satisfies the condition (6) is
locally uniformly bounded family of harmonic function, hence in question is normal.

Theorem 2.2.  (a) If f € Sg(p), then |A| < f'%’;'} and |b] < %.

a (0%
() 16 € 8}y (p) then 1] < -1z and ] < b

Proof. If f € Sg(p) has expansion (5), then sense-preserving property of f
implies that the Jacobian |f.|2 — | f|? is positive, and so

|fz(2)] = lg'(2) + W (z) +

A A
<1l = (

2(z — p) 2(z—p)|

If the latter were to vanish identically, then f would be constant and not univalent.
Therefore

alz) = Fz(2) _ 2(2—p)%'(2) + A(z — p)
f(2)  2(z—p)2W(z) + A(z — p)
2(z—p)?g'(2) + A(z — p)
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is analytic in U and |a(z)| < 1. We shall use the bounds ]wo\ < 1and |wy| <
1 — |wo|? for analytic functions w(z) = wg + w1z~ . in U that bounded by
one. Let

p
p(z) = +p.
be conformal mapping from U to Up. The composite functions

2(¢(2) —p)?g'(e(2)) + A(p ( ) = p)

k(z) = a(e(z)) =

—2a + 2((2) <1+Z nay 2" )+A(() p)
:—(1—19)%2_1—(1—19)2( —f—%)z

20, A AlAP?
—(1—p)3<?2+ﬂ+ + H)z

202 202 8a3

is analytic function in U and |k(z)| < 1 by sense-preserving property of f(z). The
maximum principle implies that w(z) = zk(z) is also bounded by one, and so

@ b
and _ 9
(L=p)*h  (1—p)? (1-pA
a a? 200
The latter implies
laf
b <
ol = 7

If feSy(p), then A =0,

(L=p?h 5 201-p)P°h

k(z)=— - ” + ...
and w(z) = 22k(z) is bounded by one. Therefore
_ 2
IM,,II <1
(0%
and
_p)3 )2
|2(1 p)°b S1_'(1 p)*b1
(0% (0%
or
o (1—p)%: | o
< —— 1 - | <
P2 < 20—\ a ~2(1-p)p? -
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The coefficient bounds in Theorem 2.3 are all sharp. Equality in (a) is attained,
for example, by the function

Q ap a 20
= — 1 — pl.
F&) = 700 f st o o loglz )

In (b) the bound for b, is sharp for the function

Qo n Qo 3
V4
z—p (1-p)?

flz) =

W. Hengartner and G. Schober [4] proved the folloving lemma which we shall use
the next theorem. This lemma contains a distortion estimate for a class locally quasi
conform mapping.

Lemma 2.3. Let f be a diffeomorphism of U satisfying

[f2(2)] < [2[[£2(2)] forall z € U,

f(2)=2z+0(|z|") forsome 3> 1 asz— 0.

Then for all z € U we have

||

In particular, the disk {w : |w| < 5} is contained in f(U).

An immediate consequence is the following distortion theorem for the nonvan-
ishing class

SY(p)={f—c:feSylp)andc¢ f(U,)}

Theorem 2.4. If f(z) = -2 —c+ Z;O:l an(z —p)" + Z;O:l bn(z —p)"

z—p
belongs to S%(p), then

4laf(l—p+ |z —p|)?

=)< (1 -p)%z—p|

, 2z € Up,

f(U,) contains the set {w : [w| > %(;'}, and |c| < %-
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Proof. If f belongs to S%(p) and has expansion (5), then
~ «
Z) =

1) (L=p)f(1=p)z+p)

is a diffeomorphism of U that satisfies
|F=(2)/1Fo(2)] = la((1 = p)z +p)| < ||
f(z)=z24+2240(2» as z—0.

Therefore Lemma 2.3 applies to f, and the first two conclusions follow.

daj(1—p+r)?
(1—p)*r

2m
= |5 [ 10re)a0] <
0

16]a]

for all » < 1 — p. Let r approach 1 — p to obtain |¢| < T

The following theorem contains lower bound for the diameter of the omitted set
C\ f(U,) depending on the coefficient b; and «.

Theorem 2.5. If h and ¢ has expansion (5) and f = h + g € Sg(p) then the
diameter D¢ of C\ f(U,) satisfies

_ 2o+ (L= p)h

Dy > =7

This estimate is sharp for

f(2) = —“— 4+ b1z = bip+ Alog|z — p
Z—p
whenever |b| = |a|/(1—-p)?and A =0, b; = —a/(1—p)? and |A| < 2|a|/(1-p),
or [b1] < |al/(1-p)*and [A| < [laf* = (1 = p)*bs]?] / [(1 = p)*[(Ja] + (1 - p)?
b1) /lall].

Proof. Let Dy(r) be diameter of f(|]z —p| =7),0 < r < 1—p, and
let D}(r) = max|,_p= |f(2) — f(=2)|. Then Dy(r) \, Dy asr — 1 —p and
Dy(r) = Dj(r). Since

2w

1 A A
Dy = 5 [ 1fre) = f(-re)Pa
2w
0
2 0
o _
-4 % 1+ bia+ \a1\2r2 + ‘b1‘27"2 + Z (‘a2n+1‘2 + ‘an_’_l‘Q) r2(2n+1)
n=1

A\

e}
4lbyr + — 2,
T
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we conclude that Dy > %@_ n

Theorem 2.6. If h and g has expansion (4) and f = h + g € Sg(p) then the
diameter D¢ of C\ f(U\{p}) satisfies

Dy > 2o +dy.

This estimate is sharp for

f(2) = ==+ b1z —bip + Alog|z —
Z=p
whenever |b1| = |a|/(1—p)?and A = 0, by = —a/(1—p)? and \A\ <2|al/(1-p),
or [by| < |al/(1-p)*and [A] < [Ja* — (1 = p)*ba?] / [(1 = p)*[(la + (1 = p)?
b1) /lall].-

Proof.  Let Dy(r) be diameter of f(|z| =r), p <r <1, and let D}(r) =
max|,|, |f(z) — f(—2)|. Then Dy(r) \, Dyasr — 1and Dy(r) > D}(r). Since

2(2n 2)
2 [z‘ 22 P Refaday )+ 3 day a2
r n=1 n=1
2
+Z‘62”— ‘2 2(2n— 1] 2n - —|—d2n_1r2”_1
2
Z 4‘—+d17“‘ s
T
we conclude that D¢ > 2 |a + d4 . [

The next theorems is classical area theorems.

Theorem 2.7. If f = h+ g € Sy (p) has expansion (5) then

- n ol + 2(1 — p)®Re(aby)
g;m1—m2u%ﬁ—wu%s L Y.

Also, if f = h + g has expansion (4), then

o0 o0 2
S n(lenl? = dal?) — 20> np" ' Re(d,) < o
n=1

_ n2)2
= (1-p?)

Equality occurs if and only if C\ f(U,) and C\ f(U\{p}) have area zero, respec-
tively.
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Proof. The area of the omitted set is

. 1 7R P! Y, 1 T dz

|z—pl=r |z—pl=r |z—pl=r

1 L1 -
—1—21. / ghdz—i—% / hg'dz

|z—pl=r |z—pl=r

00 a2 00
_ [Z n(|an|?—|bn|?) — (1‘_1‘92)2 —2a) np" ' Re(by)

n=1 n=1

For0 < |z—p| =r <1—pthecurve I, = f(C,) is a simple closed curve oriented
clockwise. Hence, for r — 1 — p we obtain

2 2 ‘G‘Q
E n(|lapl* — |bn|?) — —2Re(ab1) <0
P (‘ ‘ ‘ ‘ ) (1 _p)g ( 1)

and the result follows. n

Denote by S7;(p) the nonvanishing subclass of S’ (p) consisting of functions f
of the forms (3) and (5) that are map U,, onto the complement of a point-set starlike
with respect to origin.

Theorem 2.8. Let f be of the forms (3) and (5). If

8 E n(|an| + by, ,

then f is harmonic univalent, sense preserving in U, and f € S} (p).

Proof. By using the same method as Theorem 2.1, we obtain that f is harmonic
univalent and sense preserving in U,. Now, we need to show that f is in S}, (p). A
necessary and sufficient condition for such f to be starlike in U, is that for each z,
0<|z—p|=r<1-p, we have [3, page 251]

o laxg f(rel")) = T2 (log f(re”)

()= C=pgC) _ o AG)
h(z) +9(2) B(z)
> 0 if and only if

N Gt LU

Using the fact that, Re[—A(z)/B(z)]
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© 11— A(2)/B(2)| = |1 + A(2)/ B(2)],
or equivalently, |[A(z) — B(z)| — |A(z) + B(z)| > 0. We have

A(2) = B(2)| = A(2) + B(:)|
= | =pW(2) - =g — h(2) - 97)
~ =P () = = Pg ) + hz) +92)

~ |20+ (:—p) nim an(e ) (o - p>n§31<n + bz — p)"
~-» nfj;n FDan(e - p)" — (2 —p>2n§;<n e

> 2lal |2 —pé(n— Dlanllz — " — |2 — nim 1)foul]= — pI"
—\z—p\z (n+1)]anl|z = p|" - \z—p\z (n— 1)ba||z — p|"

n=1

2 [\a\ — |z —pf Zn(\an\ + [bnl)
n=1

> 2 [\a\ — (1+p)*>_ nllan| +[bal) | =0,
n=1

by (8),

and the result follows.
The following theorem contains a distortion estimate.

Theorem 2.9. If f be of the forms (3) and (5) and satisfy (8), then for |z — p|=

r<l-—p
ol [ +p)* =77 o [(1+p)* +77]
A SWeIl=s—a 5 —

Proof. For 0 < |z —p|=r <1—p, we see from (3) and (5)
a o0 o0
P +3 an(z—p)"+ Y bu(z —p)
n=1 n=1
o = |z = p| > (lan] + [ba])|2 —p\”]
n=1

If(2) =

~ |z —pl
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Y

1 o
- [\a\ =12 (lan| + [bal)
=1

_ lal [0+ 9~ 7]

by (8).
and
o ) R
|f(2)] = Iﬁ + Zan(z -p)"+ an(z -p)"
1
S P ol + |2 - p\z |an| + |bn \)\z—p\”]
n=1
<~ lal+ 7Y (lan| + |ba])
o [(1+p)* + 7]
< by (8).
In particular, the disk {w Cwl| < (fﬂg’g} is contained in C\ f(U,). |

Also, denote by Scx(p), the a new subclass of S, (p) consisting of functions
f of the forms (3) and (4) that are convex.

Theorem 2.10. Let f be of the forms (3) and (5). If

(1+p)?

then f is harmonic univalent, sense preserving in U, and f € Scu(p).

(10 S 12 (an] + foal) < 1
n=1

Proof. By using the same method as Theorem 2.8, we obtain that f is univalent
and sense preserving in U,,. Also, a function f of the form (3) is said to be convex
in U, if it maps each 0 < |z —p| = r < 1 — p onto a curve that bounds a convex
domain. Such functions f are characterized (see [3]) by 2 (arg {Z f(re?)}) <0
if and only if

R G PP (2)+ (=)W (2) + (: — p)*9"(2) + (2 = p)g'(2) _ o AG2) <o.
(== pW(2)=(z = p)g'(2)
Now, using the fact that, Re(—A(z)/B(z)) > 0 if and only if |1 — A(z)/B(z)| >

|1 4+ A(z)/B(z)|, or equivalently, |A(z) — B(z)| — |A(z) + B(z)| > 0. By using
the same method as Theorem 2.8, we obtain that f € Scu (p). |
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