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ON SANDWICH THEOREMS FOR CERTAIN SUBCLASSES
OF ANALYTIC FUNCTIONS ASSOCIATED
WITH DZIOK-SRIVASTAVA OPERATOR

T. N. Shanmugam and M. P. Jeyaraman

Abstract. In the present paper, we give some applications of first order
differential subordination and superordinations to obtain sufficient conditions
for normalized analytic functions defined by certain linear operators to be
subordinated and superordinated to a given univalent function.

1. INTRODUCTION

Let H denote the class of functions analytic in the open unit disc A := {z :
|z| < 1}. Let H[a,n] be the subclass of H consisting of functions of the form
f(2) = a+ anz™ + apy12"t 4 .. Let A be the subclass of H consisting of
functions of the form f(2) = 2z + a2 + - - -.

With a view to recalling the principle of subordination between analytic func-
tions, let the functions f and ¢ be analytic in A. Then we say that the functions f
is subordinate to g if there exists a Schwarz function w(z), analytic in A with

w(0)=0 and |w(z)|<1 (z€A),
such that
f(z) =g(w(z2)) (z€A).

We denote this subordination by

f=g o f(z)<g(2) (z€4).
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In particular, if the function g is univalent in A, the above subordination is equivalent
to
f(0)=g(0) and f(A)Cg(A).

Letp, h € Hand let ¢(r, s,t;2) : C3x A — C. If pand ¢(p(2), 2p/(2), 2%p"(2); 2)
are univalent and if p satisfies the second order superordination

(1.1) h(z) < d(p(2), 20/(2), 2% (2); 2),

then p is a solution of the differential superordination (1.1). (If f is subordinate
to F', then F is called to be superordinate to f). An analytic function ¢ is called
a subordinant if ¢ < p for all p satisfying (1.1). An univalent subordinant ¢ that
satisfies ¢ < ¢ for all subordinants ¢ of (1.1) is said to be the best subordinant.
Recently Miller and Mocanu [9] obtained conditions on h, ¢ and ¢ for which the
following implication holds:

h(z) < o(p(2), 20/ (2), 2°p"(2); 2) = a(2) < p(2).

Using the results of Miller and Mocanu [9], Bulboaca [3] considered certain classes
of first order differential superordinations as well as superordination preserving
integral operators [2]. Ali etal. [1] has used the results of Bulboaca [2] and obtained
sufficient conditions for certain normalized analytic functions f(z) to satisfy

q(z) < ZJJ:(/g) < q2(2)

where ¢; and g are given univalent functions in A with ¢;(0) =1 and ¢2(0) = 1.

Fora; e C(j=1,2,...,0)and 5; € C\Z, : {0,-1,-2,...},(j=1,2,...,
m), the generalized hypergeometric function ;F,,, (a1, ..., ai; B1, -+, Bm; 2) 1S
defined by the infinite series

(o, 00 By B 2) = Wﬁ

nzO( m)nn'
(I<m+1;l,meNy:=NU{0}),

where (a)y, is the Pochhammer symbol defined by

I'(a+n) L, (n = 0);

(a)n = =
I'(a) a,(a+1),(a+2),....(atn—1), (neN).
Corresponding to the function

h(alv"'val;/@h"'vﬁm;z) 3:25[Fm(()él,...,a[;ﬁl,...,ﬁm;Z),
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the Dziok-Srivastava operator [5, 6, 7] (See also [10]) H(lvm)(al, cen 0 B, B
z) is defined by the Hadamard product

HE™ (0 By oy B 2) f(2)
— (s 03 Bry e B 2) 5 £(2)

_ S (@)ne1 - (Q)no1 ap2”
a z+nz:2 (ﬁl)n—l

(1.2)

(Bm)n-1 (n = 1)1
It is well known, from the work of Srivastava [5], that

CYlH(Lm)(al + 17 ceey O /817 ey ﬁmv Z)f(Z)
(1.3) = 2[H ™ (0, . o081, By 2) F(2)]
g = DHY™ (ap, .. 00581, -y B 2) f(2).

To make the notation simple, we write
H ™ o] f(2) = HY™ (on, . op By, - B 2) f(2).

We note that H?(a, 1;¢) f(z) = L(a, c) f(z), the familiar Carlson-Shaffer operator
and H>1(6 4 1,1;1) f(2) = D° f(z), the familiar Ruscheweyh derivative operator.

The multiplier transformation of Srivastava [10] on A, is the operator I(r, \)
on A defined by the following infinite series

— (k+ A\
(1.4) I(r,\)f(2) ::z—i—%(l_’_—)\) arz®.

A straight forward calculation shows that
(1.5) (L+NI(r+1L,N)f(z)=2(I(r,\)f(2)) + M (r,\) f(2).

The operator I(r, 0) is the Salagean derivative operators. The operator Iy := I(r, \)
was studied recently by Cho and Kim [4]. The operator I, : I(r, 1) was studied by
Uralegaddi and Somanatha [11].

In the present investigation, we obtain sufficient condition for a normalized
analytic function f(z) to satisfy

ENSE
w(z) < F(2) (m) “a(), (0<y<D)

where ¢; and g9 are given univalent function in A. Also, we obtain results for
function defined by Dziok-Srivastava operator and multiplier transformation.
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2. PRELIMINARIES

In order to prove our subordination and superordination results, we make use of
the following known results.

Definition 2.1. [9, Definition 2, p. 817]. Denote by Q, the set of all functions
f(2) that are analytic and injective on A — E(f), where

B(f) = {¢ € 9+ lim £(2) = o0},

and are such that f'(¢) # 0 for ¢ € 0A — E(f).

Theorem 2.1. [8, Theorem 3.4h, p. 132]. Let the function ¢ be univalent
in the unit disk A and 6 and ¢ be analytic in a domain D containing ¢(A) with

p(w) # 0 when w € q(A). Set Q(z) = 2¢'(2)9(q(2)), h(z) = {q(2)} + Q(z).
Suppose that,

(1) Q is starlike univalent in A and
(2 R{ZE}>0frzea

Q(2)
If p(z) is analytic in A with p(A) C D, and
(2.6) 0{p(2)} + 20 (2)(p(2)) < {a(2)} + 2¢'(2)d(a(2)),
then p < ¢ and ¢ is the best dominant.
Theorem 2.2. [3]. Let ¢ be univalentin A, v and ¢ be analytic in a domain

D containing g(A). Suppose that

(1) m{wﬁg—{);} > 0 for z € A, and

(2) Q(z) = zq'(2)p(q(=)) is starlike univalent function in A.

If p € H[q(0),1] N Q, with p(A) C D, and v{p(z)} + 2p'(2)¢(p(z)) is univalent
in A, and

(2.7) v{a(2)} + 24/ (2)e(a(2)) < v{p(2)} + 29’ (2)(p(2)),

then ¢ < p and ¢ is the best subordinant.

3. SUBORDINATION AND SUPERORDINATION FOR ANALYTIC FUNCTIONS

We begin by proving the following result.
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Theorem 3.1. Let o, 3 € C, 8 # 0. Let 0 # g(z) be univalentin A and Z;’(/S)
be starlike univalent in A. Further assume that

(31) » (1 +%a(e) - Zg(g - (<5)>) > 0.
Let
2 \'7 2f" (2 2f'(z
2 vl ) ::a[f/(z)<%> w8+ (5]
If f € A satisfies /
vla,5i2) < agls) + 522 5,
then
L\t
@3 e (555)  <a
and ¢ is the best dominant.
Proof. Define the function p(z) by
L\t
(3.4) p(2) = f(2) <%) (0<y<1), z€A.

Then the function p(z) is analytic in A and p(0) = 1.
By a straightforward computation, we have

2p'(2)
ap(z) + 02)

(3.5) . [f’(z) (ﬁ)lﬂ

= 1#(%5; Z)

o[ e (7))

By setting 5
O(w) :=aw and o(w):= o
it can be easily observed that f(w) is analytic in C, ¢(w) is analytic in C — {0}
and that ¢(w) # 0 (w € C — {0}).
Also, by letting

(36) Q=) = = (sa()) = FLE)

and
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2q'(2)
q(z) ’

3.7) h(z) = 0(q(2)) + Q(z) = aq(z) +

we find that Q(z) is starlike univalent in A and that
zh'(z)) { a 2q () zq"(z)}
R =RN1+ —q(2) - + > 0;
(o6 319750 T
(€ Aja, B € C; 5 #0).
The assertion (3.3) of Theorem 3.1 now follows by an application of Theorem 2.1.

For the choice ¢(z) = {352 (-1 < B < A < 1) in Theorem 3.1, we get the
following result.

Corollary 3.2. Assume that (3.1) hold. If f € A and

' 1+ Az (A—-B)z
w(a’ﬁ’z)<a<1+Bz> T AT AT+ B

where ¥ (a, 3; z) is as defined by (3.2), then
14+ 1+ A
1o (75) <

f(2) 1+ Bz
and 22 is the best dominant,
In particular . 28
+z z
vlasia) <a (12 + 25
implies

R

£(2) (ﬁ)ml > 0.

Theorem 3.3. Let o, 8 € C, 3 # 0. Let ¢ be analytic and convex univalent in

/ 1+
A and 24G) pe starlike univalent in A. Let feA, 0 f'(2) (7)€ H[1,1]

NQ, with

«
If ¥ (v, B; z) as defined by (3.2) is univalent in A and
9 aq(s) + HE) < (o 5:2),
then
/ N
(3.10) i) =< 1) (555)

and q is the best subordinant.
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Proof. By setting
8

v(w):=ow and @(w):= e

it is easily observed that v(w) is analytic in C. Also, ¢(w) is analytic in C — {0}
and that p(w) # 0 (w € C—{0}). Since ¢ is convex (univalent) function it follows
that,

m[zggéjﬂ :m[% q(z)] >0, (2€Aja,8€C;3#0).

The assertion (3.10) of Theorem 3.3 follows by an application of Theorem 2.2.

We remark here that Theorem 3.3 can easily be restated, for different choices of
the function ¢(z). Combining Theorem 3.1 and Theorem 3.3, we get the following
sandwich theorem.

Theorem 3.4. Let ¢; and ¢, be convex univalent in A and satisfies (3.8) and

(3.1) respectively. Suppose quf((;)) be starlike univalent in A for i = 1,2. If f € A,

1+
0# f'(2) <ﬁz)> e H[1,1] N Q and ¢ («, 3; z) as defined by (3.2) is univalent
in A and

G IR
T R A E

then

1y
0z < F(2) (m) <o)

and ¢; and g are respectively the best subordinant and best dominant.

4. APPLICATION TO DzIOK-SRIVASTAVA OPERATOR

Theorem 4.1. Let 0 # ¢(z) be univalent in A and satisfies (3.1). Suppose

ZSES) be starlike univalent in A. Let

STH™ o + 11f<z>>

oo otos) o= o (G

« 1) HY o 21f(z
oo e

(1 +y)enH" ™o + 1]f(2)]
Hbmon] f(2) '
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Let f € A and

e i) < aq(e) + 25
then
4.2) z”Hl’m[al +1]f(2) < a(2)

(H' o] f(2)) 17

and q is the best dominant.

Proof. Define the function p(z) by

Y HY™ oy + 1] f(2)

“9 PO = o )

By taking logarithmic derivative of p(z) given by (4.3), we have

W) H e £ 1R 2(Han + 17(2)
S & B (I PPy TS B RN s P

By using the identity

2 HY ] f(2)) = ar HY e +1]f(2) = (a1 = DH"" ] ()
and (4.3) in (4.4) we obtain

H'"™[ay +2]f(2) H'"" oy +1]f(2)

=(yar — 1)+ (a1 + 1) —(1+v)

Hbmag + 1] f(2) Hbm{an] f(2)
The assertion (4.2) of Theorem 4.1 now follows from Theorem 2.1.
Taking [ = 2, m =1 and oy = 1 in Theorem 4.1, we get:

Corollary 4.2. Let 0 # ¢(z) be univalent in A with ¢(0) = 1. If f € A and

27L(a+1,¢)f(z)

(L(a, c) f(2)1+7 )

(a+1)L(a+2,0)f(2)
Lia+1,¢)f(2)

(I +9)ala+1, c)f(z)]
L(a, ¢)f(2) '

o, Byl,m; 2) = « (

(45) 4 [(va S+

2q'(2)

q(z) ’

&(a, By1,m;2) < aq(z) + 0
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then
27L(a+1,¢)f(z)

Tla, O f )t <4

and ¢ is th best dominant, where L(a, c) is the familiar Carlson-Shaffer opertor.

By takinga=n+1,¢c=1,a=0,6=1and ¢(z) = 1+ (1 —b)z in corollary
4.2, then we have the following:

Corollary 4.3. If f € A and

D2 (2) Df(z)  (1=b)z

’Yn—i—(')’—1)+(n—|—2)Dan(z)—(1—w)(n+1) D) S Trob) (0<b<1),
then D)
W <1+ (1 — b)z

and 1 4 (1 — b)z is the best subordinant, where D™ is Ruscheweyh derivative
operator.

Theorem 4.4. Let 0 # ¢g(z) be convex univalent in A with ¢(0) = 1 and

satisfies (3.8). Suppose ZSES) be starlike univalent in A. Let f € A, 0 #

W € H[1,1] N Q. If ¢(«, 3,1, m;z) as defined by (4.1) is univa-
lent in A and

2q'(2)
q(z)

OCQ(Z) +/8 = (b(a,ﬁ,l,m;z),

then
ST H oy + 1] (2)

1) = o 7))

and ¢ is the best dominant.

Proof. Theorem 4.4 follows from Theorem 2.2 by taking

p(2) = Y HY™ o + 1] f(2)
- (HYMea] f(2)1H

By combining Theorem 4.1 and Theorem 4.4 we get the following sandwich
theorem.

Theorem 4.5. Let 0 # ¢i1(z) and 0 # ¢2(z) be convex univalent satisfying

(3.8) and (3.1) respectively. Suppose quf((;)) be starlike univalent in A for i = 1, 2.
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2 lm ay 2 R
If feA 0# (W) € H[1,1]N Q and ¢(«, 3,1, m; z) as defined by

(4.1) is univalent in A. Further if

aqi(z) + 5 ql(( )) < ¢(a, B,1,m; 2) < aga(2) +ﬁzqq2§((;)),

fen Loy +1)f(2)
ZYH""™ o + z
1) = a7 ()

and ¢; and g are respectively the best subordinant and best dominant.

< QQ(Z)

5. APPLICATION TO MULTIPLIER TRANSFORMATION

Theorem 5.1. Let 0 # ¢(z) be univalent in A with ¢(0) = 1 and satisfies
(3.1). Suppose % be starlike univalent in A. Let f € A and

L 27I(r+1,A) f(2)
o por i) o= o (T i)
+4 {7(1 PN+ )\)—;E: o 3;8

51) —a e AR

i /

Mm@nk@<ad@+ﬁ?é?
then
5.2) 27I(r+1,A) f(2) < a(2)

(I (r, A)f (=)

and ¢(z) is the best dominant.

Proof. Define the function p(z) by

DI+ 1L, f(2)

(I(r, N f(z))'H

By taking logarithmic derivative of p(z) given by (5.3), we get

zp'(2) — 2(I(r+ 1, M) f(2) 2(I(r, N f ()
p(z) I(r+1,2)f(2) I(r, N f(z)

(5.3) p(z) ==

(5.4) ~(1+7)
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By using the identity
2(I(r, \)f(2) = (1 + N I(r+ 1,2 f(z) = M(r,\) f(2)
and (5.3) in (5.4) we obtain

Ir+1, M) f(2)
I(r, ) f(z)

2p'(z) I(r+2,0)f(2)
o) Y1+ A)+(1 +)\)I(r+1,)\)f(z)

The assertion (5.2) of Theorem 5.1 follows from Theorem 2.1.

—(1+7A+A)

Since the superordination results are dual of the subordination, we state the
results pertaining to the superordination, using duality.

Theorem 5.2. Let 0 # ¢(z) be convex univalent in A with ¢(0) = 1 and
satisfies (3.8). Suppose ZS(S) be starlike univalent in A. Let f € A, 0 #
W € H[L 1N Q. If n(a, B,r,\;2) as defined by (5.1) is univalent
in A an

2q'(2)
q(z)

27I(r+1,A) f(2)
(L(r, A)f ()17

OCQ(Z) +/8 = 77(0475; ’I“,)\;Z),

then

q(z) <

and ¢ is the best subordinant.

Combining Theorem 5.1 and Theorem 5.2, we state the following sandwich
theorem.

Theorem 5.3. Let 0 # ¢1(z) and 0 # g2(z) be convex univalent in A satisfying
(3.8) and (3.1) respectively. Suppose zqq((;) be starlike univalent in A for i = 1, 2.

If feA 0+ (W) e H[1,1]N Q and n(a, B, 7, \; z) as defined by

(5.1) is univalent in A. Further if

2q5(2)
q(2)

2q1(2)
q1(2)

OCQI(Z) +/8 < 77(04757 T, )‘7 Z) < QQQ(Z) +/8

e I+ 1042
271 (r+ 1, z
[PV ) i

and ¢; and g are respectively the best subordinant and best dominant.
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For the choices of ¢ (z) = ALZ g(2) = 33422 (1 < B, < B < A4 <

1+B,2' ©2 14 Boz

As <1)and « = A =0, 8 =1 in Theorem 5.3, we have the following:

Example 5.1. Let fe A 2D () ¢ H[1,1]NnQ and

" (D (f(R)

(ﬁ,ﬁim -1+ 7)%}{23 + 7) is univalent in A. Further if
(4L~ Bz (7 JDPUE) V)Dm“(f(Z)))
(1+A:2)(1+ Biz) D (f(2)) Dm(f(2))
(A2 — Bg)z
(14 A2)(1 + Bsz)

then

1+A1z 27D™HLf(2) 1+ Asz

14+ Bz (D™(f(2))'*Y 1+ Byz’
where D™ is the Salagean operator. The functions }igg and }ig;; are respec-

tively the best subordinant and best dominant.
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