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SOLVING A TWO VARIABLES FREE BOUNDARY PROBLEM ARISING
IN A PERPETUAL AMERICAN EXCHANGE OPTION PRICING MODEL

Ming-Long Liu* and Hsuan-Ku Liu

Abstract. We investigate an American exchange option (AEQ) pricing prob-
lem. Under the perfect market assumption, an AEO pricing problem can be
modeled as a free boundary problem (FBP). The FBP is converted into an
integral equation by using the Green’s function. When the expiration date
tends to infinity, we obtain a time-invariant constant of the exercise bound-
ary. Moreover, we provide a pricing formula for valuating the early exercise
premium of the perpetual AEO.

1. INTRODUCTION

An exchange option is an option which gives the holder a right but not obligation
to exchange one asset to another. An American exchange option (AEO) is an
exchange option which can be exercised at any time prior to the expiration date 7.
Let S; and S5 be the price of asset 1 and asset 2. Under the risk neutral probability
measure, the stochastic processes for the asset price is assumed to be

dsi
S,

(r—q)dt+ oydw;, i=1,2,

where r, ¢;, and o; are the constant risk-free interest rate, the continuous dividend
rate of the asset 7 and the volatility the i-th asset, respectively. Here, dw; and dws
are the Wiener processes of asset 1 and asset 2 respectively, and their correlation
coefficient is corr(dwy, dwy) = pdt. In this paper, we shall study the FBP arising
in an AEO pricing problem.
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To derive the pricing operator of the exchange option, we first recall the Euro-
pean exchange option (EEQ) pricing problems [8]. According to the definition of
the exchange option, the final payoff of an EEO is given by

(1) V(Sl, SQ, T) = max(51 — SQ, 0),

where V (S, So, t) denotes the value of EEO at the time ¢ < T'. As the suggestion
of Margrabe [8], the value of EEOQ satisfies the linear homogeneous property in .S
and Ss, that is

V(AS1, ASa, t) = AV(Sy, Sa, t).
We apply Euler Theorem to the function V (S, Ss,t) and obtain the following
equation:

G1% G1%
2 _ 5 5, .
@) v 51851 52852

This means that a portfolio of holding g—g units of asset 7, « = 1,2, becomes a

replication of EEO.
By applying It6 Lemma to (2) and considering the instantaneous return with the
dividend rate of both assets, we obtain the following pricing equation

3) Vi+LpsV =0, t<T,

where the operator Lz is defined as
1 1
LpsV = 50%5121/5151 + po1025152Vs, s, + 50353‘/5252 — @151Vs, — q252Vs,.

The EEQ’s price is then the solution of (3) with terminal condition (1).

For the AEO pricing problem, since this style of option can be exercised at
any time ¢ < T, the AEO pricing problem in [2] is formulated as an FBP. Let
P(S1, S2,t) be the value of an AEO, then P(S, So,t) must satisfy the following
inequality under the no arbitrage condition:

P(Sl, Sg,t) Z max(51 — SQ, 0), 0 S t S T.
Let X (t) be the smallest value of g—; such that
P(Sl, Sg,t) > max(51 — SQ, 0), 0<t<T.

Then, at any given time ¢, the (S, S2)-plane can be separated into two distinct
regions as follows:

4) S(t):{(Sl,Sg) GR’LXR’L\%ZXf(t)},

) C(t) = {(sl,sg) e R* x Rﬂg—; < Xf(t)},
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where RT denotes the set of nonnegative real numbers. The regions S and C are
called the early exercise region and the holding region, and the ratio X(¢) is called
the early exercise ratio.

Thus the value of the AEO and the early exercise ratio Xr(t) together are the
solution of the FBP (6)-(8).

6) P +LpsP =0, (51,9) € C(t), 0<t<T,
(7) P(Sl, SQ, T) = max(51 — SQ, 0), t= T,
(8) P(Sl,SQ,t):Sl—SQ, (51,52) ES(t), 0<t<T.

The pricing formula of European exchange option is first proposed by Margrabe
[8]. He considered the case of g1 = ¢o = 0 and showed that the value of AEO
on the non-dividend assets price is equal to the European counterpart. The case of
American option on multiple underlying assets with dividend has received gradual
attention in recent years. Broadie and Detemple [2] characterized the optimal exer-
cise regions and proposed valuation equations of different types of American options
on two or more assets. However, the exact solution for these valuation equations
has not been found yet. Recently, the numerical method and the simulation-based
approaches are proposed to valuate the American-style options. Carr [3] general-
ized the Geske-Johnson approach [4] to AEO on dividend-paying assets. Longstaff
and Schwartz [7] proposed the least squares Monte Carlo that can compute good
price estimates very fast in practice. Rogers [9] proposed a dual representation of
American option prices. and computed upper bounds on several types of American
option using Monte Carlo simulation.

In this paper, we study the FBP (6)-(8) arising in an AEO pricing model. We
first show that the early exercise ratio is a strictly decreasing function and X ((7") =
max(1, Z_f)- The early exercise ratio of the FBP is derived to satisfy an integral
equation by using the Green’s function of Lpg. When the time-horizon is infinite,
the early exercise ratio is a time-invariant constant. Our main contribution is to
obtain the value of the time-invariant constant and propose a pricing formula for
valuating the exercise premium of the perpetual AEO.

The paper is organized as follows. In Section 2, we investigate two properties
of the early exercise ratio for the case of 7" < co. In Section 3, the FBP is converted
into an integral equation by using the Green’s function. In Section 4, we give the
formula of early exercise ratio and a pricing formula of perpetual AEO and some
numerical results are given in the example. Finally, some conclusions are given in
Section 5.
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2. PROPERTIES OF THE EARLY EXERCISE RATIO

In this section, we will show that the early exercise ratio satisfies the following
two properties for the case of T' < oc.

Proposition 2.1. The early exercise ratio X ;(T'— 7) tends to max(1, ), as
the remaining date tends to zero, that is
lim X /(T — 7) = max(1, 2).
T—0 ol

Proof. We first show that X ¢(T'—7) > 1, forall 7 in (0, 7). If X;(T'—7) < 1,
by the (8), we have

P(Sl,SQ,T)Zsl—SQSSQ(Xf(T—T)—l) < 0.

This implies that the option price is negative at the point of early exercise ratio.
There is a contradiction of that the option price is positive. When 7 = 0 and
S > 9o, the final payoff function is P(Sy, Se,T) = S1 — Sy. Substituting it into

(6), we have

OP
E(Slv S9,0) = ¢252 — q151.

Note that %—f(Sl, Ss,0) > 0 such that the AEO is kept alive until near expiry. Since
the value of the alive AEO is monotone increasing as a function of remaining time
7. Thus, we have

5@

Se T q
for (Sl, Sg) € C(T — 7‘).

By the definition, the early exercise ratio Xy (7" — 7) is defined by the smallest

ratio of Sy and Sy in S(T" — 7). Hence, we conclude that for ¢; < ¢

. q2
Iim X¢(T —7)=—.
T—0t f( T) q1

Proposition 2.2. X (¢) is a strictly decreasing function.

Proof.  Note that when (P, X ;) is a solution of FBP (6)-(8), we have that
P(S1, S5,t) is a strictly decreasing function of ¢, that is P,(Sy,S2,t) < 0 for
(Sl, Sg) € S(t)

We first show that X ¢(¢) is a nonincreasing function. Since P(Sy, S, 1)
is a strictly decreasing function of ¢, for any time #, we have P(Si,S2,t) <
P(S1, Sy, to) for t < ty. So C(t) = {(S1,92) € RT x RT|2 < X(to)} contains
in C(tp) for all ¢t < ty, and

Xf(t) = inf{g—;‘(sh Sg) € C(t)} > inf{g—;\(sh Sg) € C(to)} = Xf(to).
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Next, we show that X ¢(t) is strictly decreasing. If not, there exist ¢; and t,
with 0 < t; <ty < T, we have Xf(t1) = Xf(t2). This implies that P(S1, So,t) =
S1 — S, for g—; = X¢(t) and ¢ in [tq, tz]. This contradicts to P; < 0 for (S, S2) in
S(t) since X f(t) is the largest value of g—; such that P(S, Sa,t) > (S1 — So)*.

3. THE INTEGRAL EQuUATION

Before defining an explicit solution of the perpetual AEO in the next section,
we first derive an integral equation by defining new variables y; = <1 (q;+307)7+
J%ln(si), 7 = 1,2 and 7 = T —t. Let p(yl,yg,’i‘) = P(Sl,SQ,t) and xf(’i') =
X¢(t), then the original pricing problem (6)-(8) can be written in the following
dimensionless form:

0
9) 8_pzﬁp7 n0<7<T, y1—gy2§xf(7)v
T 71

(10) p(y1,y2,0) = (¥t —e%2¥2)F a7 =0,
(1) plyn, o, 7) = et 2o —eloxtiodrions, ap gy — 2y, = ay(r),
where L is the operator given as
1/ 02 0? 0? )
L==-|=—+2p—+— ).
2 <5y% Poyi0y, " 0y

Under this transformation, the relation between X ((¢) and z¢(7) is defined as

(12) xf(T) = Uil <1n(Xf(T — 7))+ (g2 + %Jg —q1 — %a%ﬁ) .

By imposing (11) into (9), the problem (9)-(11) can be converted into a non-
homogeneous equation as follows:

07 if yl_QyZ Sxf(T)v
01

(13) p-—Lp=
’ el 3T _gyelatioi i yl_z_iw > x5 (7).

Before solving the FBP of (6)-(8), we shall find out the representation of z¢(t).

Theorem 3.1. The early exercise ratio x¢(t) satisfies the following integral
equation:
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e(m—l—%a%)’r—l—am,‘f(’r) o e(qg—l—%a%)’r _ eala}f(’r)—i—%J%TN(ﬂ) o e%JSTN(@)
g g

(14) teozr(T)tgotr /T qw‘”sN(@)ds
0 (o
1

- _
1.2 a4
—ez"zT/ qgqusN(;)ds,

0

where
ay = %(Jle(’i') + (J% — po109)T),
as = \/L_(Jle( T)+ (p0102 - U%)T)v
i = S (o1{as(r) — () + (o} = prre)(r = ).
s = S (o1{as(r) = 27(9) + (p7102 = o) (7 =)

and N is the cumulative distribution function of a standard normal random variable
N(0,1).

In order to prove the theorem, we need the following two lemma:
Lemma 3.1. [6]. The Green’s function ¢(z, y, 7) for (13) is given by

¢(y17 Y2, T, 517 527 8)

1 1 _(n —51)2—2/)(2/1—51)(y2—€2)+(y2—52)2)_

S i 21 ) (7~ 5)

Lemma 3.2. Let

1 1 or (_u% — 2puqus + u3
o o2 P 2(1 — p?)

)

o(ur,uz) =

be the probability density function of the standard bivariate normal distribution
with covariant correlation p. Then, we have

a+_u2 %a 1 v2 g1
o(u1, ug)durdu :/ e 2dv=N (—a),
/ / 1, u2)duydus o Vor -

for any real number a.
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Proof.
<P u1, ug)durdus
/ / 2m\/1 — p? ( )
2112 _ 52 0109—01p 2
:/ / 210216 2"%(1—02)(1}24— . iQ . v1> dvaduy
[e%] 27T 1 —
(U1U1) o1 o0 w2
= 2 — T dwdvy
/OO V —Oo V

aoy
1 W2 aoq
= e 2dv=N(—

where v; = uy — g—fug, v = U, and w =

o(vp 4 TL2T1L ) )

o1 \/l—p2

Proof of Theorem 3.1. We apply Green’s function to p(z,y, 7) as well as the
fact that ¢ is in a domain bounded by the optimal exercise boundary and the line
7 = 0 obtaining that

p(y1,92,7)
(15) :/ /’2§(60161_60252)¢(y17y277;£1752’0)d£1d£2
—0oQ . 61
+/0 / /’25 ( (17 —q2e™%2)p(y1, y2, 73 &1, &2, 8)dE1dadss
— 1+xf

We separate (15) into following four integrals:

pc()g/ljygéT)
:/ /2 e 1 (y1, ya, T; &1, €2, 0)dE1dE
—00 U—fl
o1

—/ /2 e (y1, Y2, 73 €1, &2, 0)dE1dEs
—00 U—fl
[

+// / G171 d(y1, Y2, T €1, o, 5)dErdads
0 —00 Z—?&—i—a}f(s)

-] By, 1o, 7 1, 2, 8)dErdEads
0 —00 Z—?&—i—a}f(s)
= I(l)(ylv Y2, T) - 1(2)(2117 Y2, T) + 1(3)(2117 Y2, T) - 1(4)(2117 Y2, T)'

(16)

In order to rewrite the integrals (-1, we let \/7u; —o17 = y1 — &1 and /Tug —
pPOIT = Yo — 52 in I(l), \/F’U,l — pOoT = Y1 — fl and\/Fug — 02T = Yp — 52 in
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I, /T —suy — o1(1 — 5) = y1 — & andy/T — sug — poy (T — 8) = ya — & iN
I® and /7 = suy — poa(T — 5) = y1 — & andy/T — sup — 02T — 5) = 42 — &

in 7(4), and then the integrals 7(1)-7(4) can be written as the following equations:
g
(1) (o1y +l<72fr) > a1 (y1,w2,7)Fbus
T =elo1trT30; o(u1, ug)dudus,
—Oo —Oo
(2) (02y2+102fr) > a2(y1,w2,7)+bus
I —e 292 @(ul,ug)duldug,
—Oo —Oo
@) (rytto?n) T . oo paz(yi,y2,7,x(T))+bug
1) =el91m3 91 gre?* o(u1, ug)duydusds,
0 —o0J —0

L T oo pas(yi,y2,7,xr(T))+bus
1(4) = 6(0'2312+§0'27')/ q2@qQ8/ / gO(’U,l, ug)duldugds,
0 —00J —o0

where

(17)

1 092
ar(yi,y2, 7) = \/_F(yl — J—1y2 + (01 — po2)T),
1 02 o3
az(y1,y2, 7) = \/_F(yl — J—1y2 + (po2 — 0—1)7)7
1 092
a3(y17y277_7 S,.’L‘f(S)) = m(yl - U—1y2 + (Ul - PUZ)(T - 3) - (I,'f(S)),
1 09 o2
a'4(y17y277_7 vaf(s)) = m(yl - J_1y2 + (pJQ - 0__?)(7_ - 8) - xf(s))v
b= 22
01

Here, o (u1,u2) is a probability density function of the bivariate standard normal
distribution with covariant correlation p. By using Lemma 3.2, we get

g

00 a;+busg .
[ [ et udindus =N, =12,
—0oQ —0o0
Hence from (17), we have

1) = emntioin y (W)

g

1) — lozp+bodn) (M)

g

(18) )
[(3) — 6(01y1+%0%7)/ qlequ <01a3(y1,y2,7,s,xf(s))> ds,
0

g

1(4) _ e(agyg—i—%a%’r) /T q2qusN <01a4(y1,y2,7,s,xf(s))) ds.

0 g
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If the value of 5—; reaches the early exercise ratio at the first time, that is
51 = X¢(T —7) or o131 — o2y2 = o1z ¢(7), it is optimal to exercise the AEO. By
(11) (16) and (18), we get (14). ]

After replacing = ¢ (7) by X¢(7), Theorem 3.1. can be rewritten in the following
form:

Theorem 3.2. The early exercise ratio X f(t) satisfies the following integral
equation:

Xf(T — 7‘) —1= Xf(T — T)e_qlTN(dl) — e_qQTN(dg)
(19) +X4(T - T)e_q”/ qre"°N(as)ds
0

.
—e_q”/ q2e?° N (a4)ds,
0

where
i = —=(nX(T — )+1(2 2q1 + 2¢2)7)
ap = 0_\/7 nAyf 5 g q1 q2)T7),
1

Gy = InX (T —7)—=(c242¢ — 2
az J\/*(n f( T) 2(0 +2q1 qQ)T)v

1 Xi(T—-71) 1, ,
a3 = In — —2q1 +2 —9)),
as J\/TTS( f(T—s) 2(0 q1 32)(T —5))
. 1 Xf T—7) 1,4

= - 2 — 9 _

o? = 01 —|—02 —2/)0102.

4. AN ExpLicIT SoLuTioN oF PerPETUAL AEO

A perpetual option is an option which does not have an expiry date but rather
an infinite time horizon. Namely, the expiry date T for a perpetual option is equal
to infinity at the initial. The early exercise ratio for the perpetual AEO in (19) is
a time-invariant constant [5], denoted as X ¢(oc0). Since 7 is any point in (0,7)
and 0 < s <7, X¢(T —7) and X¢(T — s) in (19) are both replaced by X ¢(oc0).
Therefore, the early exercise ratio X(oo) satisfies the following equation
(20)

Xf(oo) —1= Xf(oo)e_q”N(dl) — e_qQTN(dg)

T T
+X¢(c0)e U7 / qe?*N(ag)ds — e 7 / q2e%2° N (a4)ds,
0 0
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where
. In X ¢(00) + 017 In X ¢(00) — 027
al -_ p—
! oN/T 02 o\T ’

) -5

d3=—1\/7'—$, d4——2 T — S,
r c

6 = 5(02 —2q1 + 2¢2), 02 = 5(02 +2¢1 — 2¢2)

Theorem 4.1. The value of the early exercise ratio X ;(co) is

Y - S
+ 6§+2q202
(21) Xy(o0) =

52 '
1=\
67+2q10

Proof. Letu =7 —s, thenag = %\/ﬂ Using integration by parts to the third
term on the RHS of (20), we obtain

/ et (TTIN <5—1\/ﬂ> du
0 g

01 1 1 o [T 1 (gi+(5)u
= —N(—=+/1) + ze!'7 + —eq”—/ ——e TR M qu,
(0' \/—) 2 2 g 0 \/27T’Ll,

Applying the same argument to the forth term in (20), we also obtain

/ QQqu(T_u)N <_5_2\/ﬂ> du
0 g

2 )+ e Lor / Tl g
= —N(—=V1)+ zeP7 — BT = | ——e V2o .
( g \/—) 2 2 g Jo 27T’LL

Substituting (22)-(23) into (20), and letting the remaining time 7 tend to infinity,
since the terms e" 11" N <%ﬁ> and e" 2T N <_‘5+ﬁ> both tend to zero, then we
get the following equation

00 2
<1 0 L e_(%+q1)“du> X ¢(00)

(22)

(23)

2 20 /2
(24) o Ve
1 52 & 1 _(6_2+q2)u
==+ = ———e ‘202 du | .
2 20 Jq 2mu

By the well-known result

1 /T L ey 1
—— —€ u — —, a8 T — X0
\/27‘(‘ 0 \/ﬂ 2c
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and (24), we get (21).

Note that X ¢(co) in the above theorem is a constant when the parameters o1, o2,
q1, g2 and p are given. Substituting X ¢(oco) into (16), the early exercise premium
for the perpetual AEO can be obtained as follows:

Theorem 4.2. The early exercise premium of the perpetual AEO is

Sl 51 _(D1‘551> SQ 52 _(D2_52> Sl
< 2 <D1 1) € + 2 D2 + € SQXf(OO) ’
where D; = /6% + 2gi02, i =1,2.

In order to prove this theorem, we need to use the formula of the moment
generating function of Inverse Gaussian distribution. A brief of this formula is
given as follows, see Berg [3]:

Lemma 4.1. Let X be an Inverse Gaussian random variable with mean p and
variance p2/v and its probability density funciton is written as

2ux

v\N/2 _ve-p?
u ) e

bl v) = (o

then the moment generating function of Inverse Gaussian random variable is
o
E [¢"¥] = / e h(x|p, v)de = /"),
0

where n(t) = \/v? — 2tuw.

Proof of Theorem 4.2. We first express (16) in terms of Sq, Sy and X (T — )
as follows:

P(5175277_)
ln(%) + 07 ln(%) — 09T
— —aT N (%2l Ty Qe TN (52l T
(25) SN ) TS N )
+Q1S1e_q”/ eglsN(%)dS—%Sw_W/ qusN(%)d&
0 o 0 o

where

1 S1 .
BE s <1H(Sng(T—s))+51(T )> ’

0y = Tl_ k (m(SQXf‘?; —5) bl - s)) .
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Replacing X ¢(7 —s) by X¢(oco) and letting u = 7 — s, the early exercise premium
of the perpetual AEO is reduced to

(26)  P(S1,S5) :51/ qle—m“N(@)du—sQ/ ge~ YN () du,
0 g 0

where .
1
a3(51, 52) = —= (1n(52Xf(OO)) + d1u),
1 S1
a4(51, Sg) = \/—a(ln(m) — 52’U,),

when the remaining time 7 tends to infinity. Here, the first two terms of RHS in (25)
are both converge to zero since N(x) is bounded, and e~ 917, e~927 both converge
to zero.

Applying integration by parts to the first integral of (26), we obtain that

o d1u + 01
auy (22T L) g
‘h/o ‘ ( NG ) !

—A | e 1 \Y? _Gruta2
(27) - 20_ /0 e anu <2ﬂ-u3> e 202u du
O | [ g 1\ _erwia2
— - 2u
+20 [/0 ¢ 2mu © vl
h = In (oot—
where A_1n<52Xf(oo)>.

Let p = % and vy = =221, then pyvy = ;‘—5. Using Lemma 4.1 to the first
term of RHS in (27), we obtain that

0 1/2 (u—p1)? VA 2aqmn 8§1+D
1% —y = — T2
0

2mud

)

where Dy = /6% + 2q102.

By expanding (&;u + A)? and letting v = v2, we have

0 [ 1 1/2 _ (Bruta)? 516_6;_; * 1 ( 243 —2)
— PEaE A S — e 2020 du = / e \av v dv
20 J 2mu o 0 V2rm

in (27), where a1 = % +q and g = %. Note that the following identity can be
obtained from the integral table:

(e +pu?) 1 | —ayaB
/ e\ VTP Hdy = — [ —e VM
0 2 a1
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for any positive real number oy, 3. Hence, we obtain

00 1/2 Spu+A)? Di+51)A
01 e—‘h“< 1 ) oA 51 DA

29 (7211- = o
29) 2 Jy Y,

2mu

in (27). By (27), (28) and (29), we get
OO —q1u as — 1 5_1 _ - % 751
/0 ae N = (Dl 1) 5 <S2Xf(00)>'
in (26).

The same process can also be applied to the second integral of (26) and we have
derived an explict pricing formula for the early exercise premium of AEQ. ]

To demostrate the pricing formula in Theorem 4.2, let us consider the following
example.

Example 4.1. The current price and the constant volatility of asset 1 are given
as 40 and 40%. For asset 2, the current price and the constant volatility are given as
35 and 40%. The correlation coefficient between two assets is given as p = 10%.
Consider the following three cases: (g1, ¢2)=(0.1, 0.01), (0.05, 0.01) and (0.02,
0.01). From case 1 to case 3, the early exercise ratio are 2.1644, 3.5219, and
10.0365, respectively, and the early exercise premium are 12.5432, 9.2213, and
3.4067, respectively.

5. CONCLUSIONS

In this paper, the AEO pricing problem has been modeled as an FBP. We
found that the early exercise ratio is a strictly decreasing function and X;(7') =
max(1, Z_f)- We have proposed an integral equation for the early exercise ratio of
AEO. For the perpetual AEO, we obtained the value of early exercise ratio and an
explicit pricing formula. However, the exact solution of this integral equation has
not been found for the finite time horizon. One of the future studies is to provide
an asymptotic formula for the early exercise ratio when the time horizon is finite.
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