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THE SECOND LARGEST NUMBER OF MAXIMAL INDEPENDENT
SETS IN GRAPHS WITH AT MOST k£ CYCLES

Zemin Jin and Sherry H. F. Yan*

Abstract. Let G be a simple undirected graph. Denote by mi(G) (respec-
tively, xi(G)) the number of maximal (respectively, maximum) independent
sets in G. In this paper we determine the second largest value of mi(G) for
graphs with at most k cycles. Extremal graphs achieving these values are also
determined.

1. INTRODUCTION

Let G be a simple undirected graph. The neighborhood N (x) of a vertex
xz in G is the set of vertices adjacent to x, the closed neighborhood is the set
Nglz] = Ng(z) U {z}. Denote by dg(z) = |Ng(z)| the degree of x in G.
Sometimes, we simply use N(z), N[z]| and d(x) for Ng(z), Ng[z] and dg(x),
respectively, if no confusion occurs. Let §(G) = min{d(z) | z € V(G)} and
A(G) = max{d(z) | z € V(G)}. For notation and terminology not defined here,
we refer to [1].

An independent set is a subset S of V(G) such that no two vertices in S are
adjacent in G. A maximal independent set is an independent set that is not a proper
subset of any other independent set. A maximum independent set is an independent
set of maximum size. Note that a maximum independent set is maximal but the
converse is not always true. Denote by mi(G) (respectively, xi(G)) the number of
maximal (respectively, maximum) independent sets in G.

Erdds and Moser raised the problem of determining the maximum value of mi(G)
for a general graph of order n and the extremal graphs achieving the maximum value.
This problem was solved by Moon and Moser [22]. Since then, researchers have
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studied the problem for many special graph classes, see [2, 5, 6, 7, 10, 21, 23, 25].
For other related, including algorithmic, results on mi(G), see [4, 8, 12, 13, 14,
17, 18]. Compared to mi(G), there are less results for the parameter xi(G), see
[3, 9, 19]. A survey on counting maximal independent sets in graphs can be found
in [15].

In previous results, an interesting problem is to consider the number of the
maximal independent set in graphs with restriction on the number of cycles, see
[16, 24, 26]. In this paper we determine the second largest value of mi(G) and
xi(G) for graphs with at most & cycles. Extremal graphs achieving these values are
also determined.

The paper is organized as follows. Section 2 presents some preliminaries. We
prove the main results in Sections 3 and 4. Finally, we present concluding remarks
in the last section.

2. PRELIMINARIES

In this section we present some notation and preliminary results we need in order
to prove our main results. Throughout the paper, we use r to denote v/2. Define

r"2+1, ifn=0 (mod2);
g(n) =

et ifn=1 (mod 2).
", if n=0 (mod 2);
t(n) =
et ifn=1 (mod 2).
33, if n =3s;
fn)=< 4-3571  ifn=3s+1;
2- 3%, if n =3s+ 2.

Lemma 2.1. [10]. For any vertex = in a graph G, the followings hold.
(1) mi(G) < mi(G — z) + mi(G — N[x]).
(2) If z is a leaf adjacent to y, then mi(G) = mi(G — N|z]) + mi(G — NJy]).

Lemma 2.2. [5]. If n > 6, then mi(C},) = mi(Cp—2) + mMi(Cy—3).

Lemma 2.3. [10]. For any two disjoint graphs G and H, mi(G U H) =
mi(G)mi(H).
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Many researchers have independently considered the problem for trees. Define
a baton B(i, j) as follows: Start with a basic path P with ¢ vertices and attach j
paths of length two to the endpoints of P.

Lemma 2.4. [23]. If T is a tree of order n, then mi(G) < g(n). Furthermore,
the equality holds if and only if

~2 -4, .

B(2,nT) or B(4,nT), ifn=0 (mod 2);

n—1
2

In particular, as a consequence, mi(F,) < g(n) for any path F,. Let G and H
be two vertex disjoint graphs. Denote by G U H the union of G and H. Denote by
G + H the graph obtained from G U H by adding the edges between all the vertices
of G and those of H. When G is a graph each component of which is a complete
graph, denote by K., * G the graph obtained from K,, U G by adding an edge
between a vertex of K, and each component GG. For forests, Jou [13] obtained the
following result.

B(1, ) ifn=1 (mod 2).

Theorem 2.5. [13]. If F' is a forest of order n > 1, then mi(F) < t(n).
Furthermore, the equality holds if and only if ' = F'(n), where

" K, if n=0 (mod 2);
Foy=q 2 n1-2
B(1, 5 JUsKs, if n=1 (mod 2).
For n > 2, let
sKs, if n =3s;
G(n): K4U(8—1)K3 or 2K2U(8—1)K3, if n=3s+1;
Ky UsKs, if n=3s+2.
For n > 6, let
(Kg*Kg) U(S—Q)Kg, or 3K2U(8—2)K3,
or K4UK2U($—2)K3, if n =3s;
H(n) =< (Ky% K3)U(s—2)Ks, if n=3s+1;
(Kg * Kg) U (8 — 2)K3 UKo, or 4Ks U (S — Q)Kg,
or K4U2K2U(8—2)K3, or 2K4U(8—2)K3, if n=3s+2.

For general graphs, we have the following result, see [22].
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Theorem 2.6. [22]. If G is a graph of order n > 2, then mi(G) < f(n).
Furthermore, the equality holds if and only if G = G(n).

For general graphs, Jin and Li [11] proved the following result.

Theorem 2.7. [11]. If G is a graph of order n > 3 and G 2 G(n), then

W), ifn=1 (mod 3);
. 12
mi(G) < <
§f(n), otherwise.
Furthermore, the equality holds if and only if G = H(n).

Forn>3k—1and k > 1, let

ki U= g, if n— k=0 (mod 2);
e = (k= 1))KsU %MKQ, ifn— k=1 (mod 2).
Forn > 3k, k> 2 and (n, k) # (7,2), let
(K K3) U (k— 2) Ky U "= .
o] (k—2)Kgu%k+6K2, if n— k=0 (mod 2);
(K3 + K3) U (k—3)Ky U 233 )¢,
or (k—3)Kgu%’”9K2, if n— k=1 (mod 2).
Let

3kpn—3k, if n— k=0 (mod 2);
FuR) =9 st
gk=lpn=3k=1) " if , — k=1 (mod 2).

The following lemmas are clear, and we omit the details.

Lemma 2.8. Forany k> 3], f(n) < f(n, k).
Lemma 2.9. Forany k >0, g(n) < f(n, k).

Lemma 2.10. Forany k' <k andn <n, f(n',k) < f(n, k).

When considering the restriction on the number of cycles in graphs, Ying et al.
[26] proved the following result. By Theorem 2.6, the authors [26] only needed to
consider the case n > 3k — 1.



Maximal Independent Sets in Graphs 1401

Theorem 2.11. [26] Let G be a graph with n vertices and at most k cycles,
k> 1. If n > 3k — 1, then mi(G) < f(n, k). Furthermore, the equality holds if
and only if G = G(n, k).

Note that the theorem above also presents an upper bound for trees.

3. THECasEs k =1 AND k =2, n =1 (MOD 2)

In this section we consider the problem for the cases k = 1 and &k = 2, n =
1 (mod 2). First, we present an upper bound for the cycles.

Lemma 3.1. Forn > 4,

%f(n, 1), ifn=1 (mod 2);

%f(n, 1), ifn=0 (mod 2).

mi(Cy,) <

Furthermore, the equality holds if and only if n = 5.

Proof. Clearly, the equality holds when n = 5. By Lemma 2.2, one can easily
verify that the result holds for 3 < n < 8. We prove the result by the induction
hypothesis on n.

Let n be an even integer and n > 9. By Lemma 2.2, we have

mi(Cy,) = mi(Cp—2) + mMi(Cy—3)
3 5
<Zf(n_271)+6f(n_371)
11 3
So, let n be an odd integer and n» > 9. By Lemma 2.2, we have
mi(Cy,) = mi(Cp—2) + mMi(Cy—3)
5 3
< éf(n_271)+1f(n_371)
2 5

This completes the proof. ]

Theorem 3.2. Let G be a graph of order n (n > 2) with at most & cycles and
G # G(n, k).
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~—

(1) f n =1 (mod 2) and £ = 1, then mi(G) <
equality holds if and only if G = (K3 Ky) U

(2) If n =1 (mod 2) and k£ = 2, then mi(G
equality holds if and only if G = (K3 * Ky) U
orG = (Kl + 2K2) U n—§5K2

(3) If n =0 (mod 2) and k = 1, then mi(G) < 3f(n,k). Furthermore, the
equality holds if and only if G = (K * (K3 U sK»)) U =24 K, or G
K3 U B(1,s) U =21, for some 0 < s < 32

< %f(n, k). Furthermore, the
RS K of G2 C5 UL K,

< % (n, k). Furthermore, the

_5 Ky, or G gC5U”_§5K2’

\_/\_/\—/

Proof. It is easy to see that the equalities hold for the graphs listed in the
theorem. We prove the theorem by the induction hypothesis on n. By a simple
computer search, the theorem holds clearly for n < 6. Now suppose that the graph
G is of order n > 7. If G is disconnected, let G’ be a component of order n <n
which contains &' cycles. It is easy to see that at least one of G’ 2 G(n', k") and
G-G £Gn—n'k—k)is true.

If n=1 (mod 2) and k& = 1, then by the induction hypothesis we have

mi(G) = mi(G)mi(G — G)
< 27 K) fn = k= ¥)
< 2 fin. ).

Furthermore, by the mductlon hypothesis, the equality holds if and only if G =
(Kg*KQ)U—KQOT'C{)Un 5K2andG G =Gn—n' k—k), orG-G =

(K3 * Ko) U 2= ”2‘5K2 or C5 U = ”2‘5K2 and G’ = G(n', k). By construction,
that is to say that the equality holds if and only if G = (K3 x Ky) U ”T‘5K2 or
G=CU n_;E)K2_

The case n =1 (mod 2) and k£ = 2 can be proved in a similar way. We omit
the details.

So, let » = 0 (mod 2) and & = 1. Then both n" and n — n" have the same
parity. Assume that both »" and n — " are odd. Since k = 1, either G’ or G — G’
is a forest. Without loss generality, we may assume that G — G is a forest. By
Theorems 2.5 and 2.11, we have

mi(G) = mi(G)mi(G - @)
< f(n, 1)t(n—n')
< 201,
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The equality holds if and only if G’ = G(n',1) and G — G' = B(1, 2= =125y
sKyforsome0 <s <n—n —1. Infact this just implies that G =~ K5 U
B(1,s)Un=2=2 [, for some 0 < s < 2%, The case both n" and n —n' are even
can be proved in similar way.

Hence in the rest of the proof we assume that G is connected. Also, by Lemma
3.1, we may assume that G # C,.

Letn =0 (mod 2) and k£ = 1. Then we have §(G) = 1. Let N(z) = {y}, and
then d(y) > 2. So, both G —z —y and G — N(y) contain at most one cycle.

If d(y) > 4, then by the induction hypothesis we have

mi(G) = mi(G — x —y) +mi(G — N[y])
< f(n—2,1)+ f(n—>5,1)

_ %f(n,l) - %f(n,l).

So, letd(y)=3. fG—2z—y 2 G(n—2,1)or G— N(y) 2 G(n—4,1), then by
the induction hypothesis we have

mi(G) = mi(G — = —y) +mi(G — N[y])

<-fn—=2,1)4 f(n—4,1)

Fln 1) < 2 5(n, 1),

Ol Ut x| W

o Mi(G) = Mi(G — z — y) +mi(G — N[y))

gf(n—2,1)+%f(n—4,1)

_ %f(n,l) < %f(n,l).

So we assume that G — 2z —y 2 G(n—2,1) and G — N(y) = G(n —4,1). This
implies that G = (Kl * Kg) U n—;lKg

So let d(y) = 2. Suppose that G — z — y = G(n — 2,1). By the construction
of the graph G(n — 2,1), we have mi(G) = 1f(n,1) < 2 f(n,1). So we assume
that G —z —y £ G(n—2,1). If G— N(y) 2 G(n—3,1), then by the induction
hypothesis we have

mi(G) = mi(G — z —y) +mi(G — N[y])

< %f(n—2,1)+%f(n—3,1)

_ %f(n,l) - %f(n,l).
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If G — N(y) = G(n— 3,1), then by the induction hypothesis we have

mi(G) = mi(G —z —y) +mi(G — N[y])
< fn-21)+ fn 3,1
= %f(n, 1).

Furthermore, the equality holds only if G — 2z — y = (K * (K3 U s)) U =20 ¢,
or G—z—y = K3UB(1,s)U2=8 K, for some 0 < s < %%, and G — N[y] =
G(n — 3,1). This implies that the equality holds if and only if G = (K % (K3 U
sKo)) U =24 K, or G = K3 U B(1,5) U =22 K, for some 0 < s < %54,
This completes the proof of the case n = 0 (mod 2) and k£ = 1. The case
n =1 (mod 2) and kK = 1 or 2 can be proved in the similar way. For simplicity
we omit the details. |

4. REMAINING CASES

In this section we consider the second largest mi(G) for the cases other than
that in previous section. Since Theorem 2.7 gives a complete answer for n < 3k,
we only need to consider the case n > 3k. We have the following result.

Theorem 4.1. Let G be a graph of order n (n > 2) with at most & cycles, and
G 2 G(n,k). fn=1 (mod 2) and & > 3, or n = 0 (mod 2) and k& > 2, then
mi(G) < %f(n, k). Furthermore, the equality holds if and only if G = H(n, k).

Proof. If n=3s+1, since 12 f(n) < 3 f(n, k) for any k > s+6, by Theorem
2.7, the theorem holds for any n < 3k. So it’s left to consider the case n > 3k in
the following proof.

It is easy to see that mi(H (n,k)) = 5f(n, k). We prove the theorem by the
induction hypothesis on n. By simple computer search, the theorem holds for
3 < n < 6. Now we consider the graph G of order n, n > 7, which contains &
cycles.

If G is disconnected, let G’ be a component of order »' < n which contains %’
cycles. Since G 2 G(n, k), it is easy to see that at least one of G’ % G(n', k') and
G-G £G(n—n',k—k)istrue. Then

mi(G) = mi(G)mi(G — &)
s%ﬂﬁiﬁﬂn—ﬁw—kﬁ
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Furthermore, by the construction of H(n, k) and G(n, k), the equality holds if and

only if G = H(n, k). Hence we may assume that G is connected. We distinguish
the following cases.

Case 1. 6(G) = 1. Let N(z) = {y}. Since G 2 Ks, d(y) > 2. So, both
G —x—y and G — N(y) contain at most k cycles. By the induction hypothesis we
have

mi(G) = mi(G —x —y) + mi(G — N[y])
< fln—2,k)+ f(n—3,k)

3kpn—2-8k 4 3k—1,n=3=3(k=1) jf p _ k=0 (mod 2);

I
—

3h—1pn=2=8(k=1) 4 ghpn=3=3k if p _ k=1 (mod 2);

%f(n, k), if n—k=0 (mod 2):

gf(n, k),if n—k=1 (mod 2);

< gf(n, k).
Case 2. §(G) = A(G) =2. Then G = C,,, and Lemma 3.1 implies that the
theorem is true.

Case 3. 4(G) > 2, A(G) > 3, and there are two cycles sharing the same
vertex y.

Then both G — y and G — N{y] contain at most k£ — 2 cycles. Without loss of

generality, we can choose the vertex y with d(y) > 3. By the induction hypothesis
we have

mi(G) < mi(G —y) +mi(G — Ny])
< fn-1,k=2)+ f(n—4,k—2)

3k—3rn—1—3(k—3) + 3/{}—2,',.71—4—3(/4}—2)7 ifn—k=0 (mod 2);

m

f

{ 3h—2,n—1-3(k=2) 4 3k_3r”_4_3(k_3)7 ifn—k=1 (mod 2);
22 .

{ Z2f(n k), ifn—k=0 (mod 2);

27

8

9

gf(n,k), ifn—k=1 (mod 2);

<

f(n, k).

Furthermore, the equality holds if and only if n —k =1 (mod 2), G —y &
Gn—1,k—2)and G—Ny] 2= G(n—4,k—2). From G—N[y| = G(n—4,k—2)
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we have d(y) = 3; and from G —y = G(n—1,k—2) = (k—2) KU =502 ¢,
we have that there are exactly two cycles passing through y. This is a contradiction.

Case 4. 4(G) > 2, A(G) > 3, and the cycles of G are vertex-disjoint.

Then, since G % C,, and 6(G) > 2, there is at least one cycle, denoted by C;,
such that there is a unique cut-vertex x of G on Cj, i.e., x is the unique vertex of
C; adjacent to vertices not on Cj. It is easy to see that d(z) > 3 and G — x contains
exactly & — 1 cycles. We distinguish the following subcases.

Subcase 4.1. n—k=1 (mod 2) and [ = 3.
If d(z) > 4, by the induction hypothesis we have
mi(G) < mi(G — z) + mi(G — N|[z])
=mi(G — C;)mi(P,—1) + mi(G — N|x])

Sf(n_?)vk_1)mI(P2)+f(n_57k_ 1)
—9. 3k—2rn—3—3(k—2) + 3k—2rn—5—3(k—2)

5 8

So, let d(z) = 3. We claim that G — C; 2 G(n — 3,k — 1). Otherwise, from
the construction of the graph G(n —3,k—1), G — C; contains exactly k — 2 cycles,
which implies that G contains exactly k& — 1 cycles, a contradiction. Then, by the
induction hypothesis we have

mi(G) < mi(G — z) + mi(G — N|z])
=mi(G — C;)mi(P—1) + mi(G — N|z])

< S =3 k= mi(PY) + f(n— 4,k — 1)
= %_6 . gk=2,m=3-3(k=2) 4 gk—1,n—4-3(k-1)

81 8
Thus, if n — k=1 (mod 2) and [ = 3, we have mi(G) < 3 f(n, k).

Subcase 4.2. n—k=0 (mod 2)and [ = 3.

If d(x) > 4, by the induction hypothesis we have
mi(G) < mi(G — z) + mi(G — N|[z])
=mi(G — C;)mi(P,—1) + mi(G — N|x])

Sf(n_?)vk_1)mI(P2)+f(n_57k_ 1)
—9. 3k—1rn—3—3(k—1) + 3k—1rn—5—3(k—1)

9 8
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So, let d(x) = 3. Then, by the induction hypothesis we have

mi(G) < mi(G — z) + mi(G — N|z])
=mi(G — C)mi(P,_1) + mi(G — N|z])
< fn=3k—=1)mMi(P2) + f(n—4,k—1)
_ 9. gh-2,n-3-3(k-2) | gk—1,n—4-3(k-1)

= gf(n, k).

Furthermore, the equality holds if and only if G — C; =2 G(n — 3,k — 1) and
G — N[z] 2G(n—4,k—1). Since 6(G) > 2 and G — Cj is connected, we have
G —C; = K3, and G — N[z| = K,. That is to say, G = H(6,2). This contradicts
to the assumption n > 7.

Thus, if n — k=0 (mod 2) and [ = 3, we have mi(G) < f(n, k).

Subcase 4.3. Otherwise, by the induction hypothesis we have
mi(G) < mi(G — z) + mi(G — N|z])
=mi(G — C))mi(P—1) + mi(G — C; — N(x))mi(P,_3)
< f(n =l k— 1)m|(131—1) + f(n —l-1k- 1)m|(131—3)
3k—2,n—1-3(k=2),0-2
43k 1pn=l=1-3(k=1),l-4 ifn—k=0 (mod 2),
=0 (mod 2);
3k—1,n—1-3(k—1) (rl—3 + 1)

43k 2yt (5 4 1) ifn— k=0 (mod 2),

I=1 (mod 2),
and [ > 5;
= gh—1,m—1-3(k—1),.1-2
43k=2pn—l—1-3(k=2) 14 ifn—k=1 (mod 2),
=0 (mod 2);

3k—2,n—1-3(k—2) (rl—3 + 1)

43kl === (b5 L 1) ifp— k=1 (mod 2),
I=1 (mod 2),
and [ > 5;
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%f(n,k), ifn—k=0 (mod2),l=0 (mod 2);
%f(n,k), ifn—k=0 (mod2),i=1 (mod?2),
and [ > 5;
=9 2
§f(n,k), ifn—k=1 (mod2),l=0 (mod 2);
%f(n,k), ifn—k=1 (mod2),l=1 (mod 2),
and [ > 5;
< S, k)
This completes the proof. ]

5. CoNcLUDING REMARKS

Note that, if G = (K3+ K2) U252 Ko, of G = C5UZ52 Ky, or G 2 H(n, k), an
independent set of G is maximal if and only if it is maximum, i.e., Xi(G) = mi(G).
From Theorems 3.2 and 4.1, we have the following result for maximum independent
sets.

Theorem 1.1. Let G be a graph of order n with at most k cycles, n > 3k, and
G Z G(n,k).
(1) If n=1 (mod 2) and k = 1 or 2, then xi(G) < 2 f(n, k). Furthermore, the
equality holds if and only if G = (K3 K») U252 Ky or G = C5 U 252 K,

(2) If n=1 (mod 2) and £ > 3, or n = 0 (mod 2) and k£ > 2, then xi(G) <
%f(n, k). Furthermore, the equality holds if and only if G = H(n, k).
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