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AN EVALUATION OF EFFICIENT POINTS FOR VECTOR
OPTIMIZATION

Tetsuya Nuriya and Daishi Kuroiwa
Abstract. In this paper, to decide the best point of many efficient points in
vector optimization, we consider an evaluate method of efficient points for

solutions in vector optimization problem. We introduce an evaluate function
of efficient points, and show properties of the evaluate function.

1. INTRODUCTION

The following efficiencies in vector optimization have been studied by many
researchers, see [9].

Definition 1. Let A be a subset of a topological vector space F and K a
convex cone of F which is not the whole space. We say that

(1)
(2)
(3)

(4)

x € A is an ideal efficient point of A with respect to K if y € z + K for all
y €A

x € A is an efficient point of A with respectto K ify € x+ K forally € A
with z € y + K;;

x € A is a (global) properly efficient point of A with respect to K if there
exists a convex cone L of E, which is not the whole space, such that K\ [( K)
is contained in intL and x is an efficient point of A with respect to L, where
I(K)=KnN(-K);

Supposing that intK is nonempty, x € A is a weakly efficient point of A with
respect to K if z is an efficient point of A with respect to intK U {6};
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The set of all efficient points (resp. properly efficient points, weakly efficient points,
ideal efficient points) of A with respect to K is denoted by Min(A|K) (resp.
PrMin(A|K), WMin(A|K), IMin(A|K)).

Note that
IMin(A|K) C PrMin(A|K) C Min(A|K) C WMin(A|K)

hold.

We have many notions of proper efficiencies. For instance, one is Benson’s
proper efficiency, and one is Borwein’s proper efficiency, see [1, 2]. Global proper
efficiency corresponds to Benson’s proper efficiency, see [4]. On the other hand,
the following definition corresponds to Borwein’s proper efficiency.

Definition 2. Let A be a subset of a metric space £ and K a convex cone of
FE which is not the whole space. We say that = is a local properly efficient point
with respect to K if, for each r > 0, there exists a convex cone L of E, which is
not the whole space, such that K \ [(K) is contained in intL and x is an efficient
point of AN B(x, r) with respect to L. The set of all local properly efficient points
of A with respect to K is denoted by LPrMin(A|K).

In many cases, the number of elements of Min(A | K) is more than two. For
instance, let E = R?, A = B(0,1) and K = R? where B(0, 1) is the closed ball
of radius 1 centered at the null vector in £/ and R is the set of all non-negative
numbers, then Min(A4 | K) = {x € R% | ||z|| = 1} holds. Thus, it is interested
which efficient point is the most suitable for the solution of vector optimization
problem.

In this paper, we consider an evaluation of efficient points for vector optimiza-
tion problem. We introduce an evaluate function, which is a function from E to
[—00, 0], as ways of an evaluation of efficient points.

2. FLUTTER CONES

First, we state a family of flutter cones, which is needed to define an evaluate
function. The family consists of expansion and reduction cones made from the
original cone. In previous researches, we considered certain families of enlarged
cones, see [3, 5, 6, 7] and [8].

Let E be a topological vector space over the real field R, E* the dual space
of E, K a convex cone which is acute, that is, clK N (—clK) consists of only the
null vector § of E, K™ the positive polar cone of K, that is Kt = {£ € E* |
(€, k) > 0 for each k € K}, £ in Kt which is not the null vector 6* of E*, and
P={ze K| (x)=1}. Weassume that intK is nonempty, and clP is compact.
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Definition 3. Let g € intK N P, and define

cone({q}) if A = o0,
cone((P — q) + \q) if A € (0,00),
Ki=¢ {zeFE| () >0} ifA=0,
cone((—P +q) + A\q)U {0} if A€ (—o0,0),
cone({—q})“U {0} if A = —o0.

for each A € [—o0, 00]. We say that KT is flutter cone of K at A with respect to g.
Forms of the flutter cone depend on positions of the base of the original cone
K, see the following figure.

Other expression of the flutter cone is as follows:

{agla > 0} if A = oo,

{alp— (1= N)g)la=0,p e P} if A € (0, 00),
ki={ U falp-(1-Ngla=0,pecP} ifr=0,

1e(0,00)

{-alp— (A +AN)g)la>0,pe P}° if A € (—00,0),

{—ag|la > 0}° if A = —o0.

Proof of the assertion on A = 0, see Lemma 1.

Example1l. LetE =R",¢=¢=(1,0,0,...,0),P={p=(1,p2,p3,...,Dn) |
lp—q|l <1} and K = {ap | a > 0,p € P}. Then,
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{(«,0,0,...,0) e R" |« > 0} if A = oo,
{z = (z1,22,...,2,) ER" | 21

K{ = > M2+ 22+ + a2} if A € [0, 00),
{z|z1 > A\ad+a22+ - +22}U{0} if )€ (—o0,0),
{(,0,0,...,0) € R" | a < 0}° if A = —o0.

Example 2. Let ¢; is in R™ such that ith component of e; is 1 and other
components of e; are 0 (i = 1,2,...,n), K =R}, ¢ = %(1,1,...,1), E=h=

(1,1,...,1)and P = {p = (p1,p2, - - -, Pn) €ERY | p1 +p2+---+pp = 1}, where
Ry ={reR|r>0}. Then,

{(aya,...,a) e R" | >0} if A = o0,

ﬂ{x\ (a;(\),z) > 0} if X € [0, 0),

2
I

U{x | {a;(\),2) > 0} U {8} if A € (—o0,0),
Z{:(ix,oc,...,a) eR"|a< 0} if A =—o0.

where a;(\) = (1 — |A\|)h + |A|ne;. Next, we state properties of the flutter cones.

Lemma 1. Let g € intK N P. Then,
(1) Ki=K, K{]={z € E|({z) >0} and K| = (-K)“U{0};
(2) VA €[0,00], KY is a convex cone;
(3) VA € [—00,0], KY is a cone, (K§)©U{0} is a convex cone;
(4) VA, N € [—o0, 0] with A < X, K%, C K1,

Proof.  We show only (1) and (4) because it is easy to show (2) and (3)
hold. (1) To show K{ = K and K?; = (—K)°U {6} is easy, and we prove
Kl ={z € E| ({,z) > 0} holds. Itis clear K] C {z € E | (¢, z) > 0}
holds. On the other hand, let = be in E satisfying (£, z) > 0. Since ¢ € intK,
we can choose a natural number ng such that nl—ox + (1 - % (€,2))g € K. Let
ag = ng and pg = %x + (1 - n—10<§,x>)q, then we have ag > 0, pg € P,
and z = ag(po — (1 — nl—o (€,2))q), and consequently z € K{. Proof of (1) is
completed. (4) Assume that A, \' € [—o0, 00| with A < X’. We show K§, C K in
every situation.

Case 1. X € (0,00) and \' = oo. Let x € K7,, then there exists > 0 such

that z = aq. Since ag = a(q — (1 — X)q), we have z € K.
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Case 2. A\, \ € (0,00). Let z € KY,, then there exist « > 0 and p € P such
that z = a(p — (1 — X)q). Since a’\y/ > 0 and {$p+ (1 — 37)g € P, we have
z=ay(3p+ (1= 3)a—(1-N)g) € K.

Case 3. A =0and X € (0,00). It is clear in this case.

Case 4. \ € (—00,0) and X' = 0. Suppose that there exist € K, such that
z € (KY)C, then there exist p € [0,00), aq > 0, ag > 0 and p1, p2 € P such that
z=ai(pr— (1 - p)g) = —az(p2 — (1 = A)g).

0= {&ai(pr = (1= p)g) — (=a2(p2 = (1 = A)g))) = arp + az(=X),

and this is a contradiction.

Case 5. A\, \ € (—00,0). We can obtain (K{)¢ C (K7Y,)¢ as the same as
Case 2.

Case 6. A\ = —oo and \' € (—o00,0). We can prove that (K3)° C (K7$,)°
holds as the same as Case 1.

Case 7. Otherwise. By using the above results, the proof of K{, C K is
given. [ ]

Lemma 2 and Lemma 3 play important roles to consider the interior and the
closure of the flutter cones.

Lemma 2. For each q € intK U P and p € (0,00), we define t}, : E — E as
follows:
th(z) =2 —(§z) (1 — p)q for each x € E.

Then,
(1) t}, is @ homeomorphism on E, and (t},)~1 = 1.
m
(2) th(KY) = K5, for all X € (0, c0).

Proof. (1) 1t is clear that ¢}, is continuous on E. We show that ¢}, is a injection.
Assume that t},(z) = t}(y). Then, we have z —y = (£, x — y) (1 — u)g, and

(Cr—y) = Ez—y) A —pq =Ezr—y) (1-p),

therefore
0= ({z—y)p

Since u # 0, we have (£, z — y) = 0 and also z — y = 6. Next, we show that ¢/,
is a surjection. Let y be in F, then

9y — (€.y) (1 - %m) —y.

This equation directly shows (t},) ™' = #%. (2) Let x be in t},(K{), then there exist
m
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a >0 and p € P such that 2 = t},(a(p — (1 — \)q)). We have
thlalp — (L= N)q)) = alp— (1 = An)q) € K3,

therefore #/,(KY) C K73, holds. By applying the result, we see % (KY,) C K.
m
Since (t4)~! = ¢}, we conclude t},(KY) = K3, u
m
Lemma 3. The following properties are satisfied:
(1) intK = {ap | @ > 0,p € intK N P};
(2) clK ={ap| a>0,peclP}.

Proof. 1t is easily confirmed the above Lemma holds. ]

Lemma 4. Let q € intK N P. Then,
(1) VA € [—o0, 0],

0 if A= o0,

{a(p—(1=XN)q) | «>0,peintK N P} if A€ (0,00),
intk?={ J fap-(1-pwa)la>0penknP} ifr=0,

1e(0,00)

{—a(p—(1+XN)q) | a>0,peclP}* if A€ (—0,0),

{—aq | a>0}° if A= —o0;

(2) VA, X € [—o0,00] with A < X, K{, C intK'{ U {6}.

Proof. At first, we show the proof of (1) without A = 0. If A € {—o0, 0},
this proof is easy and omitted. Assume that A € (0, 00). By using Lemma 2 and
Lemma 3, we have

intK{ = intt4 (K)
= t4(intK)
= ti({ap| @ > 0,p € intK N P})
={a(p—(1-XNgq)|a>0,peintKk NP}.

Assume that A € (—00,0). To show that intK'{ = {—a(p—(1+X)q) |a>0,p €
clP}¢ holds, it is satisfied that cl((K{)°) = {—a(p— (1 +N)q) | a > 0,p € clP}.
In the same way as A € (0,00), we obtain cl({a(p— (1 — (=N))q) | @ > 0,p €
P})={alp— 1+ XN)gq)| «>0,p € clP}. Then, we have

(*) cl((KY)*) ={—a(p— (1+ N)g) [ @ > 0,p € cIP}.
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Then, proof of (1) without A = 0 is finished. Next, we show the proof of (2) in
condition that A, \ € (0, 00] or A\, X € [—00,0). If N = 0o or A = —o0, the proof is
casy and omitted. Assume that A, A" € (0, 00). We show that K C intK » U{6}. Let
x be in K, then there exist a nonnegative number o and p € P such thati* = ap. We
have O‘TX >0, %p—i—(l—%)q €intKNPandz = O‘T’\/((%p—i—(l—%)q)—(l—%)q).
By using Lemma 4(1) when A € (0, c0), O‘T’\/((%p +(1— %)q) —(1- %)q) is in
intK% U{6}, and then we have K C intK 2 U{6#}. By using Lemma 2, we obtain
3

K}, =1t,(K)C ti,(im}(% U {6}) = intK{ U {6}.

Assume that A\, \" € (—00,0). To show that K{ C KY, holds, it is enough if
(Ki)e C cl((KY)) \ {0} is shown. The inclusion is obtained in the same way
as A\, \ € (0,00). Next, we show the proof of (1) in condition that A\ = 0. It
is clear that U {alp— (1 —=pq) | @« > 0,p € intK N P} C K{ holds.
pe(0,00)
Since {a(p — (1 — p)q) | @« > 0,p € intK N P} is open for each p € (0, 00),
U {a(p— (1 —u)q) | @« > 0,p € intK N P} is open. Let O be a open subset
1e(0,00)
of E with O C K{ and z in O\ {6}, then there exists py € [0,00) such that
ze{alp— (1—po)g) | a>0,p€ P} = K. we show now that o # 0 holds.
Suppose that o = 0. There exists a neighborhood U of 6 such that x + U C O,
and there exist « > 0 and p € P such that x = a(p — (1 — po)q). We can choose
no € N such that —%q € U C K{ since a(p — (1 + 1)g) — =z, therefore we
have —q € K{. Since ¢ € intK, a radial circled neighborhood V' of 6 such that
q+V C K{. Then V C K{ holds, this means that £ = K{. The equation is a
contradiction, and we have pg # 0. By = # 6 and using Lemma 4(2) in condition
that A\, \ € (0, ), we have

reintK) , C U {alp— (1= (o +1))q) | @« > 0,p € intK N P}.
pe(0,00)

Finally, we show the proof of (2) in other conditions. Assume that A = 0 and
A € (0,00). Because of (1),
intK'{ U {0} D intK{ , O KY,.

1y
3A

If A € (—00,0) and X' = 0, we can prove the same as A = 0 and \ € (0,00). In
other case, we can prove by using the above results. ]

Lemma 5. Let q € intK N P. Then, the following properties are satisfied:
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(1) VA € [—o0, ],

{ag =0} if A= oo,
{al(p—(1=XA)g) |a=0,peclP} if A€ (0,00),
dri={ |J {ap-(1-wa)laz0,peP}  ifr=0,
?6—[2?2—(1+)\)q) |a>0,peintK NP} if A€ (—o0,0),
E if A= —oo;

(2) YA, XN € [—o0, 00] with A < X, clK{ C K¥.

Proof. Since —P = {x € —K | (={,xz) =1} isa base of —K, and —q € —P,
we can consider the flutter cones of — K with respect to —q. Then we have

ol (K3) = (in(~1) %)
for each A € [—o0, 00]. Indeed, when A # 0, we can check easily
(~K)Z{N K] = {6} and (~-K){UK]=E
by the definition of the flutter cones, and also
((—K)23)" = K3\ {0}
Therefore we have
el (K5) = el (K{\ {8}) = el (((—F)"
On the other hand, when A = 0,
Ki={ve E[({z) >0} and (-K)y" ={z € E|(={ z) >0}

>
SN—
o
N—
I
/N
— e
=]
—
—
|
=
>
N~~~
o

by using Lemma 1, and it is easy to show that
C
d(Kﬁ)::Qnﬂ—Bﬁaq>.
C
Hence we obtain cl (K}) = (int(—K)j) for each A € [—00, oc]. From this and
Lemma 4, we complete the proof. ]
Now we have the following Lemma by using Lemma 4(2) and Lemma 5.

Lemma 6. Let g € intK N P. Then,
cIKY, C intK? U {0}
Jor each A\, \' € [—o0, 00] with A < X

Lemma 7. The following properties are satisfied:
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1 |J Ki=intKU{6};
1e(1,00)
(| Ki=cK.
ne(0,1)

Proof. (1) By using Lemma 4, we can show that U K} C intK U {0}
pe(1,00)
holds. Let x be an element of intK U{f}. If = = 0, it is clear that x € U K.
pe(1,00)

Assume that x # 0, then there exist a positive number « and p € int/ N P such that
x = ap. We can choose a radial open neighborhood U of 6 such that p + U C K,
and then there exists a positive number r such that r(p — ¢) € U. Therefore, we
obtain

ar « «
- = — - € —— U)CK.
9= 1w tre—a)e @ +U)
<£ , L — m> = 0 holds now, so we denote that
ar

oo )

Then, we have

ar T — {454 gl
- <£,x— 1+rq> <£7x_1+_q> + <£7x1i_ >

1+r 1+r

ar T — {454
(o) (g 0-m) eme Y

f,.’L‘ B 1+r pe(1,00)

(2) By using Lemma 5, we can show that clK C ﬂ K} holds. Let x be an
ne(0,1)
element of ﬂ K. If x = 0, it is clear that z € clK. Assume that z # 0
n€(0,1)
and let n € N, then there exist a positive number «,, and p, € P such that
x=anp,—(1—-(1- n#ﬂ))q) Calculating the value of (¢, z), we have

&)

anzl_

+
From this and = = oy, (p, — (1 — (1 — —)) ), we have
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_ n+1
Pn= o tar?
Therefore {p,} t ! d we h ! € clP ]
P N converges to ——x, and we have x € clP.
e (€, z) (€, z)

Let ¢ € intK N P and p € (0, 00), then we can consider flutter cones of K
with respect to uq since K is also an acute convex cone of E, P — (1 — u)q is

equal to {z € E | <%§, x> = 1} and is a base of K|}. Then we have the following
lemma, the proof is easy and omitted.

Lemma 8. For each q € intK NP, A € R and p € (0, 00),
(KZ)’;Q = Kgu.

Lemma 9. The following properties are satisfied:
1) A€ [0,00) = clK{ = (clK)4,

0,00) = intK§ U {0} = (intK U {6})4,
00, 0] = clK{ = (intK U {0})§;

00, 0) = intK{ U {6} = (cIK){.

Ae(
Ae(
Ae(

Proof. If A # 0, we obtain the properties by using Lemma 4 and Lemma 5.
If A\ =0, we obtain clK{ = (clK){ = (intK U {0}){ = {z € E| ({,2) > 0} by
using Lemma 1. n

We state representations of efficiencies by using flutter cones.

Theorem 1. The following properties are satisfied:
(1) Min(A|K) = Min(A|K7Y),
(2) K is closed = PrMin(A|K) = | ] Min(4|K2);
ne(0,1)
(3) WMin(A|K) = (] Min(4|KY);
1e(1,00)

Proof. 1t is clear that (1) holds. (2) Assume that K is closed, and let = be
an element of PrMin(A|K). Then there exists a convex cone L of E, which is
not the whole space, such that clK \ {#} C intL and x € Min(A|L). We show
that we can choose pp € (0,1) such that cIK C L. Assume that c1K} ¢ L for
each u € (0,1), and let n be a natural number. Then there exists x,, € clK i’_ L

2n
such that x,, ¢ L, and there exist a positive number «,, and p,, € clP such that
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£ = i (pn— (1= (1= 5))q). We denote y, = pn—(1— (1 - 25))q, and then y,, €

clK f_ 4 N(intL)¢. Since clP is compact, we can choose a subsequence {py, }icn of
2n

{Pn}nen and p € clP such that {p,, }icn converges to p. Then {y,, }icn converges

to p, and we have p € (intL)® C (clK)¢. This is a contradiction. By using
Proposition 2.4 of Chapter 2 in [9],

x € Min(A|L) C Min(A|K{) ¢ | ] Min(A|K}).
ne(0,1)

(3) It is easy to show that WMin(A|K) C ﬂ Min(A|K}) holds. Let = be an
1e(1,00)
element of ﬂ Min(A|K}). By using proposition 2.3 of Chapter 2 in [9], we

1e(1,00)
obtain

{z}= |J An@-KY))=4An|z- |J K}

1e(1,00) 1e(1,00)

By using Lemma 7, we have AN (x — (intK U {#})) = {z}. This means that
x € WMin(A|K). [

Before we state representation of ideal efficiency, we introduce new notions of
ideal efficiency, which are proper ideal efficiency and weakly ideal efficiency.

Definition 4. Let A be a subset of a topological vector space F and K a
convex cone of £ which is not the whole space. We say that

(1) € A is a proper ideal efficient point of A with respect to K if there exists
a cone L of E, which does not consist only the null vector, such that clL is
contained in K and x is a ideal efficient point of A with respect to L;

(2) = € A is a weakly ideal efficient point of A with respect to K if x is a ideal
efficient point of A with respect to clK;

The set of all proper ideal efficient points (resp. weakly ideal efficient points) of A
with respect to K is denoted by PrIMin(A|K) (resp. WIMin(A|K)). Note that

PrIMin(A|K) C IMin(A|K) € WIMin(A|K)
C PrMin(A4|K) € Min(A|K) € WMin(A|K)

hold. In the following figure, x; is a component of WIMin(A;|K), but is not a
component of IMin(A;|K). On the other hand, x5 is not a component of PrIMin
(A2|K), but is a component of IMin(As|K).

We obtain results concerned with ideal efficiency, which is similar to Theorem 1.
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r//f/%/'

0 e Z1

Theorem 2. The following properties are satisfied:
(1) IMin(A|K) = IMin(A|K7);
(2) K\ {0} is open = PrIMin(A|K) = | ] IMin(A|K});
1e(1,00)
(3) WIMin(A|K) = ()| IMin(A|Kf).
ne(0,1)

Proof. 1t is clear that (1) holds. (2) Let z be an element of PrIMin(A|K),
there exists a convex cone L of E, which does not consist only the null vector, such
that cIL C K and « € IMin(A|L). We show that there exists 1o € (1,00) such
that clL C K/},. Assume that cIL ¢ K] for all 4 € (1,00). Let n be a natural
number, then there exists z,, € clL such that z,, ¢ K f+ 1 - Because of the condition
of K, there exist oy, > 0 and p,, € intK N P such that Ty = Qpppn. There exist
a subsequence {py, }ien of {pn}nen and p € clP such that {p,, }ien converges to
p, since clP is compact, and then we obtain p € cIL C K. On the other hand, we
also obtain

pe (K], ) =K
neN "
by K = intK U {6} and using Lemma 4 and Lemma 7. This is a contradiction.
Therefore,

z € IMin(A|L) C IMin(A|Kf) € | ] IMin(A|K}).
1e(1,00)

By using Lemma 5, we obtain U IMin(A|K}) C IMin(A|K). (3) By using
n€(1,00)
Lemma 6 and Lemma 7, we can show that WIMin(A|K) = ﬂ IMin(A|K})
ne(0,1)
holds. "

Equivalent definitions of efficiency and weakly efficiency are as follows:
e r € Min(A|K) <= AN(z—K) ={z};
e v € WMin(4|K) < AN (z —intK) = 0;
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see [9]. By using the flutter cones, we obtain equivalent definitions of ideal effi-
ciency which are the same as the above.

Theorem 3. An equivalent definition of ideal efficiency:
(1) z e IMin(4|K) < An(z—K%,) ={z};
(2) 2 € WIMin(A|K) < AN (z—intK?,) =0.

Proof. (1)
ze€IMin(A|K) < ACz+ K
— AN(z+K) =10
= An(z+KU{0}) ={z}
<~ An(z- K%)= {z}.

The proof of (2) is the same as (1). ]

Next, we redefine the notions of ideal efficiency without convexity of the cone,
and we consider IMin(A|K}}) when p < 0. Then by using the flutter cones, we
also have representations of notions of efficiency by ideal efficient points.

Theorem 4. The following properties are satisfied:
(1) Min(A|K) = IMin(A|K?);
(2) K is closed = PrMin(A|K) = | ] IMin(A|K});
ne(—1,0)
(3) WMin(A|K)= (] IMin(4|KY).
ne(—o0,—1)

Proof. (1) Let = be an element of Min(A|K'), and we show that A C 2+ K?;.
Assume that there exists ag € A such that ag ¢ = + K 31, then we have ¢ — qg €
K\ {6}. Since x € Min(A|K) and K is acute, AN (z — K) = {z}. This means
that ap = z, and this is a contradiction. Therefore, we have x € IMin(A|K?,. Let
z € IMin(A|K?,) and y € A with 2 € y + K. Since x € IMin(A|K?,), we have

x —y € K°U{0#}. And then, we obtain x = y since z —y € K. The proofs of (2)
and (3) are given by using Lemma 8, Theorem 1 and Theorem 4(1).

3. EVALUATE FUNCTION OF EFFICIENT POINTS
By representations of efficiencies, we know the following relations between
flutter cones and efficiencies.

e x € WMin(A4 | K) <= A C xz+ K for each X € (—o0, —1);
e xeMin(d|K) < Acz+ K’
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e Supposing that K is closed, + € PrMin(A | K) <= there exists A €
(—1,0) such that A C = + K7,

e z € IMin(A|K) <— AcCz+ K{.

Since IMin(A|K) C PrMin(A|K) C Min(A|K) C WMin(A|K), as the condition
of efficiency which has z € A is stronger, a real number A which keeps A C z+ K7
is higher. Moreover, as A which keeps A C = + K7 is higher, the condition of
efficiency which has x € A is stronger. So, we can consider that the supremum of
all real number A which keeps A C x + K determines value of « as efficiency in
vector optimization.

Under this consideration, we define the following evaluate function of efficient
points:

Definition 5. Let EV{ be a function from E to [—oc0, 0o defined by

EVi(z) :=sup{A e R| A Cz+ K|} for each z € E.

Example3. Let E =R% A=B(0,1),K=R2, P={(1-a,a) | a €[0,1]}

and ¢ = & = (%,7) Then, we have
o EVi(—75.5) = EVq(f —%) = —o0,
o EVI(-1V24+v2,3V2-v2) = EVIAV2 - V2, -1V2+V2) = -
o EVI(—1, ):qu(o ~1) = 1,
¢ BV-1VIRVE VI VD) = BV} VB ~1VEE VD) =
1
-1
EVi(—L,-L)=0
o A( V27! \/5)

V2,-3V2+V2)
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We state a fundamental relation between the evaluate function and efficiencies.

Theorem 5. Let x be in A. The following properties are satisfied:
(1) EVi(z) > -1 <= z € WMin(4 | K),
(2) K is closed = (EVi(z) > —1 <= z € PrMin(4 | K)),
(3) EVi(z) >1 < 2z € WIMin(4 | K);
(4) K\ {0} is open = (EV{(z) >1 <= z € PrIMin(A | K)).

Proof. (1) Assume that EV{(z) > —1 holds. Because of the definition of
EVi, we have A C = + K ¢, = = + (K?,)"}?. By using Theorem 4 and
Theorem 1, we obtain z € (,-; Min(A | Kj;) = WMin(A | K). Next, assume that
x € WMin(A | K) holds. Let p < —1. By using Theorem 1 and Theorem 4, we
have A C 2+ (K? )"} = x+K}]. Therefore, we obtain EV{(x) > p. (2) Assume

that EV{(x) > —1. Then, there exists A € (—1,0) such that A C = + (Kg/\)_i\q
By using Theorem 1, we have z € [Jy¢(o 1) Min(4 | KY) = PrMin(A | K).
Next, assume that + € PrMin(A | K). By using Theorem 1 and Theorem 4,
there exists A C z + (K7, )7} M= gy K. Therefore we obtain EVj(z) >
Ao > —1. (3) Assume that EVq( ) > 1L Let A be in (0,1). Then, there exists
px > —\ such that A C z + K|},. By using Lemma 1 and Theorem 2, we have
T € Mxe(o,) IMin(4 | K3) = WIMin(A | K). Next, assume that WIMin(4 | K).
Let A be in (0,1). By using Theorem 2, we have = € IMin(A | K}). Therefore,
we obtain EV{(z) > A. (4) Assume that EV{(z) > 1. Then, there exists u > 1
such that A C x + K. Since clK}}, we obtain € PrIMin(A | K). Next, assume
that z € PrIMin(A | K). By using Theorem 2, we have [Jy¢(; o) IMin(4 | Kjf).
Therefore, there exists 4 € (1, 00) such that EV{(z) > p. u

We could show that points, which has superior values with respect to the evaluate
function, is strongly efficient points. Next, we state other merits which are had their
points.

Theorem 6. Let o be in A and EV](xg) € (—o0,0]. Assume that

(1) L C mt(KqEVq(
()ACBCA—i—mt(KqEVq )U{H}

)U {0} and L is a convex cone;

Then, x¢ € Min(B | L) holds.

Proof. At first, suppose that EV {(x() <0. Since ACaco—i—KMqu( o) We have
—-EV{
ACuzo+ ﬂ —Evg(mo)) Ao
HE(—00,1)
= xo+ CI(KEVQ( ))
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by using Lemma 8. Since (intK? U {0})_; “BVA@)  _pey {0}, we obtain

Vi
B C ao+ (inth U {0})‘” (o) (im0 ULOD)
= o + (intK? EV(g) Y {0})
= 20+ (—L)° u{e}.

This means that zo € Min(B | L) holds. Next, suppose that EV{(zo) = 0. Since
A Cao+K?, for pu e (0,1), we have A C xo—i—ﬂue(m) K1, = xo+K{ by using
Lemma 5. Since K] C (—L)°U {#}, we obtain B C z¢ + K{ + intK{ U {6} C
xo + (—L)°U {6}. [

Theorem 7. Let x be in A, EVi(xg) € (0,00), n be in E*, H:={z € E |
(n,z) >0} and H C int(K? BV ) U {0}. Assume that

(1) Lc KY BV (z0)

(2) Ac BC A+ N, where N = |U{M C E | M is a half-space, M C
(int(K2 ) U{OH N (L) U{OD)}.

Then, x¢ € Min(B | L) holds.

and L is a pomted convex cone;

Proof. Since A C xg + K o) for each p € (0,1), we have

REV](x
Acay+ [V Klpyagy =20+l )
ne(0,1)

by using Lemma 9 and Lemma 8. Therefore, we obtain

BC A+ K! )Cxo—i—cl(Kq )O)Cxo—i—(—N)CU{H}—i—N.

EVi(z EVi(z

Since K C (int(K? BV(a0) YUu{6})N((—L)°U{6}), we have N is nonempty, and
(=)0} is a pointed convex cone. Therefore we obtain (—N ) C {0 }HN =(—NN)°
C {0}, also BCx + (—L)°U{0}. This means that x¢€ Min(B|L) holds. |

4. PROPERTIES OF THE EVALUATE FUNCTION AND EXISTENCE FOR MAXIMA OF THE
EVALUATE FUNCTION

In this section, we state some properties of the evaluate function which was
defined in the previous section. And, by using given properties, we obtain existence
theorems for the maxima of the evaluate function.

Proposition 1. Let e be in E, x in A and « a positive number. The following
properties are satisfied:
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(1) EVYg ,(r+0q) = —oo;
(2) EVY, (x+e) = EVi(),
(3) EVI (o) = EVi(x)

Proof.

(1) Since —q ¢ K7 for each A, z is not belong to (z+ «q) + K3 for each A € R.
Therefore, we have EVY{ (z +aq) = —oc.

(2) This proof is easy and omitted.

(3) Since K7 is a cone, we have that €A C ax + K73 holds if and only if
A C z + K holds. u

Theorem 8. The evaluate function EV'{ is upper semi-continuous on A.

Proof. Assume that there exist z € A and a net {z,, }nes of A suchthat {z,}aecr
converges at z and EV{(z) < limsup,c; EV{i(z,). When EV(x) = oo holds, it
is clear that EV{(z) < limsup,c; EV{(z,) is a contradiction. Next, suppose that
EVi(z) # oo, and let a real number X be EVi(z) < A < limsup,c; EVi(z4).
Since EV§(x) < A, there exists a € A such that a ¢ = + cI(K{). On the other
hand, there exists ap € I such that X < sup, >z EVj{(2) for each a > ag since
A < limsup,c; EV{(za). For each o > o, we can choose ., > « such that
a € xg, + cl(KY). It is clear that {xg,}aes converges at z, then we obtain
a —x € cl(KY). This is a contradiction. [

If A is convex, x € A is important for value of evaluate function

Theorem 9. Let E be a normed space, x in A, r positive number and
y € AN B(x,r), where B(w,r) :={z € E'| ||z —z|| <r}. If Ais convex, then
EVi(y) = EVXQB(m r)(y) holds, where B(x,r)(y) is the closure of B(x,r) in E.

Proof. At first, we show EVi(z) = EV,ZmB(a; (). Since AN B(x,r) C A,
we have EV{(z) < EVY

AQB(m’T)(x). It is clear that EV](z) > EVXmB(m’T)(x

when EV(z) = oo, so we suppose that EV{(z) # oo. Assume that EV§(z) <

A< EVXHB(M)(QC). Since EV{(z) < A, there exists a € A such that a €

xz + K{. Let a = max{r,||a — z||}, then we have = € (0,1). Since A is

convex and A < EVXQB(W)(QC), we obtain = + 3=(a —x) € AN B(x,r) C

T+ Kg. Therefore we have a — x € Kg, and this is a contradiction. Next, we

show EVi(y) = EVXQB(W) (y). Since y € B(x,r), we have there exists 7’ > 0

such that AN B(y,r) € AN B(z,r) C A. Therefore we have EV,ZmB(y r/)(y) <
EVXQB(M) < EV(y). Moreover we have EVXQB(y’r/)(y) = EVi(y) by the

above proof, and the proof is finished. [
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Lemma 10. Let x be in A. Then, we have
EVi(z) = EV],p (%)
Proof. This proof is easy, and omitted. ]

Lemma 11. Let E be a normed space, A a nonempty convex subset of E, x
in A, r>0andyin AN B(x,r). Then, we have
EVZ(ZJ) = Evzng(m’r)(y)'

Proof. There exists v’ > 0 such that B(y,r’) C B(x,r). By Lemma 9, we

have EVXQB(y’r/) (y) = EVi(y). Since ANB(y,r") C ANB(x,r) C A, we obtain

EVi(y) < BV 5,0 (¥) < BV n

ANB(y,r')"

In the rest of this section, we state existence theorems for maxima of the evaluate
function.

Proposition 2. Let o bein A. If EV{(x¢) > 0, then EV3(x) = max EV}(A)
holds.

Proof. 1t is clear that EVi(zg) = max EV(A) when EV(zg) = oo, so
we suppose that EV{(zg) # co. Assume that there exists yo € A such that
EVi(z0) <EV{(yo). Since EVj(xo)>0, we have zo€IMin(A | KY ). Also, we
have yp € IMin(A | K go) since Ao < EV{(y). By using Proposition 2.2 of Chapter 2
in [9], we obtain {zo} = IMin(A | K3 ) = {yo}. This is a contradiction. |

Proposition 3. If A is compact, then there exists x( € A such that EV 3 (xg) =
max EV{(A).

Theorem 10. Let E :=R", 0 < r and y in A. Assume that A C B(y,r) +
Rq and A is Ryqg-closed and R q-convex. Then, there exists xog € A such that
EVi(z0) = max EV{(A).

Proof. Since (A+ R, q) N B(y,r) is compact, there exists 29 € (A + R q) N
B(y, r) such that

EVY

_ q
(A+R1q)NB(y,r) (o) = max EV,

(A+R+q)ﬁB(y’r)((A +Ryg) N B(yv r)).

Let r < s. By using Lemma 9 and Lemma 10, we have

EVi(zo) = max EV((A+Riq) N B(y,s)).
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We show that EV{(z) < EV{(zo) for eachz € A. Leta € A. When = € B(y, r),
it is clear that EV{(z) < EV{(xzo) holds. Assume that x ¢ B(y,r). Since
A C B(y,r) + Rgq, there exists z € B(y,r) and a > 0 such that z = z + aq. For
each A € R, z is not in z + K. Therefore, we obtain EV](z) = —oc. n

5. A EVALUATE FuUNCTION FOR LocAL PROPERLY EFFICIENT POINTS

In the rest of paper, let E' be a metric space. We do not obtain a relation between
evaluate function EV] and local proper efficiency. In this section, we introduce
another evaluate function and consider a relation between this evaluate function and
local proper efficiency.

Definition 6. Let £V} be a function from F to [—o0, oo] defined by

EV{(z):= lim EV!{

ANB( r)(x) for each x € E.
r—00 ;

Since EVZQB(m "

EV}{(z) is well-define.

is non-increasing with respect to r» when r is sufficiently large,

Theorem 11. Let x be in A. The following properties are satisfied:
(1) EV{(z) > —1 = z € LPrMin(A|K),
(2) = € LPrtMin(A|K) = EV)/(z) > 1.

Proof. (1) Let r be a positive number. By the definition of EV;lq, there exists
€0 > 0 such that —1 < EVXQB(J; E)(x) for each € > g7. Assume that ¢g < 7.
Let —\ be in (—l,EVAqu(m’r)), then we have AN B(z,r) C z + K?,. By
using Theorem 4, we have x € Min(A N B(x,r)|KY). By using Lemma 4, we
obtain K C intK{ U {#}. On the other hand, assume that 7 < gg. Let —\ be in
(=L EVirp(scp)s then we have AN B(xz,r) C o+ K?,. By the same as gp <,
we obtain 2 € Min(A N B(x,r)|KY) and K C intK{ U {#}. (2) Let e > 0. Since
z € PrMin(A N B(z, €)|K), there exists A € (0, 1) such that z € Min(A|KY) by
using 1. By using Theorem 4, we have A N B(z,¢) C x + K?,. Therefore, we
obtain EVAqu(m’E)(x) > —1. [

We state relations between £V { and EV/. When A is a convex set, the evaluate
function for local proper efficiency is equivalent the previous evaluate function.

Theorem 12. Let x be in A.
(1) EVi(x) < EV (),

(2) If A is convex, then we have
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EVi(z) = EV,!(x).

Proof- (1) It is easy and omitted. (2) By Lemma 9, it is clear. ]
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