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NONDIFFERENTIABLE MULTIOBJECTIVE SECOND ORDER
SYMMETRIC DUALITY WITH CONE CONSTRAINTS

Do Sang Kim, Yu Jung Lee and Hyo Jung Lee

Abstract. We introduce two pairs of nondifferentiable multiobjective second
order symmetric dual problems with cone constraints over arbitrary closed
convex cones, which is different from the one proposed by Mishra and Lai
[12]. Under suitable second order pseudo-invexity assumptions we establish
weak, strong and converse duality theorems as well as self-duality relations.
Our symmetric duality results include an extension of the symmetric duality
results for the first order case obtained by Kim and Kim [7] to the second
order case. Several known results are abtained as special cases.

1. INTRODUCTION

Symmetric duality for quadratic programming was introduced by Dorn [5], who
defined symmetric duality in mathematical programming if the dual of the dual is
the primal problem. Applying these results to nonlinear programming, Dantzig et
al. [4] formulated a symmetric dual and established symmetric duality relations.
The notion of symmetric duality was developed significantly by Mond and Weir
[14], Chandra and Husain [3] and Mond and Weir [15]. Also Mond and Weir
[15] presented two pairs of symmetric dual multiobjective programming problems
for efficient solutions and obtained symmetric duality results concerning pseudo-
convex or convex functions. Later, Mond and Schechter [13] first introduced a
symmetric dual programs where the objective function contains a support function.

On the other hand, Bector and Chandra [2] studied Mond-Weir type second
order primal and dual nonlinear programs and established second order symmetric
duality results. Mishra [11] considered second order symmetric duality under second
order F'-convexity, F'-pseudo-convexity for second order Wolfe and Mond-Weir
models, respectively. Recently, Yang et al. [19] introduced a symmetric dual for
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a class of multiobjective programs, which is Mond-Weir type. Then in Yang et
al. [20] formulated a pair of Wolfe type second order symmetric dual programs in
nondifferentiable multiobjective nonlinear prigramming and presented duality results
for these programs. Very recently, Kim et al. [8] gave a pair of nonfifferentiable
multiobjective generalized second order symmetric dual programs as unified models
and established duality relations.

In this paper we focus on symmetric duality with cone constraints. Bazaraa and
Goode [1] established symmetric duality results for convex function with arbitrary
cones. Nanda and Das [17] formulated a pair of symmetric dual nonlinear program-
ming problems for pseudo-invex functions and arbitrary cones. In the multiobjective
case, Kim et al. [9] formulated a pair of multiobjective symmetric dual programs
for pseudo-invex functions and arbitrary cones and established duality results. Sub-
sequently, Suneja et al. [18] formulated a pair of symmetric dual multiobjective
programs of Wolfe type over arbitrary cones in which the objective function is op-
timized with respect to an arbitrary closed convex cone by assuming the function
involved to be cone-convex. Recently, Khurana [6] introduced cone-pseudo-invex
and strongly cone-pseudo-invex functions and established duality theorems for a
pair of Mond-Weir type multiobjective symmetric dual over arbitrary cones. Very
recently, Kim and Kim [7] studied two pairs of non-differentiable multiobjective
symmetric dual problems with cone constraints over arbitrary closed convex cones,
which are Wolfe type and Mond-Weir type.

In the second order case, Mishra [10] formulated a pair of multiobjective second
order symmetric dual nonlinear programming problems under second order pseudo-
invexity assumptions on the functions involved over arbitrary cones and established
duality results. The concept of cone-second order pseudo-invex and strongly cone-
second order pseudo-invex functions was introduced by Mishra and Lai [12]. They
formulated a pair of Mond-Weir type multiobjective second order symmetric dual
programs over arbitrary cones.

In this paper, we consider two pairs of nondifferentiable multiobjective second
order symmetric dual problems with cone constraints over arbitrary closed convex
cones, which are Mond-Weir type and Wolfe type. These are slightly different from
Mishra and Lai ([10], [12]). Weak, strong, converse and self-duality theorems are
established under the assumptions of second order pseudo-invex functions. Our
results extend the results in Kim and Kim [7] to the second order case. Moreover,
we give some special cases of our symmetric duality results.

2. PRELIMINARIES

Definition 2.1. A nonempty set K in R” is said to be a cone with vertex zero,
if x € K implies that Az € K for all A = 0. If, in addition, K is convex, then K



Second Order Symmetric Duality 1945

is called a convex cone.
Consider the following multiobjective programming problem:

(KP) Minimize f(z)
subject to —g(z) € Q,x € C,

where f : R* — R* ¢g:R"” — R™ and C C R”, Q is a closed convex cone with
nonempty interior in R"™.
We shall denote the feasible set of (KP) by X = {z]| — g(z) € Q,x € C}.

Definition 2.2. A feasible point T is a K-weakly efficient solution of (KP),
if there exists no other x € X such that f(T) — f(z) € intK.

Definition 2.3. The positive polar cone K* of K is defined by

K*={2eRF | 27220 forall z¢ K}.

Definition 2.4. ([10]). Let f: X(C R") x Y(C R™) — R be a twice
differentiable function.

(i) f is said to be second order invex in the first variable at u for fixed v, if there
exists a function 77 : X x X — X such that for r € R,

fz,v) = f(u,v) 2 an(x, W[V f(u,v) + Voo f(u, v)r] — %rTme(u, V).

(ii) f is said to be second order pseudo-invex in the first variable at u for fixed
v, if there exists a function 71 : X x X — X such that for »r € R™,

(@, 0)[Vaf (u,0)+Vao f (u,0)r] 2 0 = f(z,v)—f(u, v)%rTme(w v)r 2 0.

Definition 2.5. ([13]). The support function s(z|B), being convex and every-
where finite, has a subdifferential, that is, there exists z such that

s(y|B) > s(x|B) + 2T (y — x) for all y € B.
Equivalently,
2To = s(x|B).
The subdifferential of s(x|B) is given by

ds(z|B) :={z € B: 2z = s(x|B)}.
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For any set S C R", the normal cone to .S at a point x € S is defined by
Ng(z) :={y e R": ¢y (2 —x) <0 for all z€ S}.

It is readily verified that for a compact convex set B, y is in Np(z) if and only if
s(y|B) = zTy, or equivalently, z is in the subdifferential of s at y.

Definition 2.6. ([14]). A function f(z,y),z € R™ y € R" is said to be
skew-symmetric if

f(fL', y) - _f(yv (L‘)

for all x and y in the domain of f.

3. MoND-WEIR TYPE SYMMETRIC DUALITY

We consider the following pair of second order Mond-Weir type non-differentiable
multiobjective programming problem with k-objectives :

(MP)  Minimize
Pz, y, A, w,p)

k
1
= (fl(xvy) + S(fI,"Bl) - yTwl - 5 E )\zpvayyfz(xvy)pza Ty
i=1

k
1
fila,y) +(a1Be) == 5 3 Al Vil vn:)

k

(1) subjectto — Z)‘z‘[vyfz‘(xv y) —w; + Vyy fi(z,y)pi] € C5,
=1

(2) TZA Vo fi(@,y) — wi+ Vo filz, y)p] = 0,

xECl, w; € D;, MeintK*, Me=1,

(MD)  Maximize
D(u,v, A, z,r)

k
1
= (fl(uvv) — s(v|D1) +ul'zy — 3 Z;)\ir?vmmfi(uvv)riv R

k
1
fr(u,v) = s(v|Dg) + u” 2, — 5 Z N Vv fi(u, v)m)

=1

(3) subject to Z)\ [V fi(u,v) + z; + Vo fi(u,v)r) € CF,
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(4) TZ)‘ J:fz u, 'U + 2 +va:a:fz(u ’U)?“Z] § 0,
vE Cg, z € B, MeintK*, MNe=1,

where
(i) f:R" x R™ — RF is a three times differentiable function,

(ii) Cy and Cy are closed convex cones in R” and R™ with nonempty interiors,
respectively,

(iii) C7 and Cj are positive polar cones of C; and Cs, respectively,

iv) K is a closed convex cone in R* with intK # () and R* c K,
+

(v) ri,zi(t = 1,--- k) are vectors in R™, p;,w;(i = 1,---,k) are vectors in
Rm
(vi) e =(1,---,1)T is a vector in R¥,
(vii) B;and D;(i =1, -, k) are compact convex sets in R" and R™, respectively.

Now we establish the symmetric duality theorems of (MP) and (MD).

Theorem 3.1. (Weak Duality). Let (z,y, A\, w,p) and (u,v, X, z, 1) be feasible
solutions of (MP) and (MD), respectively. Assume that,

Z Xl fi(y ) zi] is second order pseudo-invex in the first variable for

f xed y with respect to 11,

Z il fi(z () T'wy] is second order pseudo-invex in the second vari-
able for fixed x with respect to 12,
(iii) mi(z,u) +u e Cq,
(iv) m2(v,y) +y € Cy. Then

D(u,v, A, z,r) — P(z,y, \,w,p) ¢ intK.
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Proof. From (3) and (iii), we obtain

[771(957 ’U,) + u]TZk: )‘z[vmfz(uv ’U) + 2 + vma}fz(u7 'U)rz‘] 2 0.
i=1
From (4), it implies
m (2, u)” Zk: XilVafi(u,v) + 2 + Vaa fi(u, v)r;] 2 0.
i=1
k
By the second order pseudo-invexity of Z Nl fi (-, y) + ()T 2], we have
i=1
k

(5) ;)"i[f’i(xv v)+ "z — fiu,v) —ulz + %TZ‘Tmez‘(uv v)r] 2 0.

Similarly, using (1), (2), (ii) and (iv), we have
k
1
6) > Nilfilx,v) = vTwi = filz,y) + v wi + §p¢TVyyfz‘($7 y)pi] = 0.
i=1

From the inequality (5) and the inequality (6), we get

k
1
E il fi(u,v) — vl w; + yTwi — §rz~Tmei(u, v)ry]
i=1

k

1
=Y Ailfile,y) + 272 — ulz - §p¢TVyyfz‘($7 y)pi] < 0.
i=1
Using the fact that 272, < s(z|B;) and vTw; < s(v|D;) fori = 1,---,k, we
obtain
i 1
Z Nilfi(u,v) — s(v|Dy) +ulz; — §rz~Tmei(u, V)13
i=1
i 1
= > Ailfi(w,y) + s(@(By) =y wi — 50l Yy fir, y)pi] £ 0,
i=1
and hence

k k
Z Nilfi(u,v) — s(v|Dy) +u 2 — % Z NIV e fi(w, 0)7y]

2
1
=Y Nilfi(z,y) + s(xlBi) =y wi — 5 > AipE Vyy fila,y)pi] < 0.
i=1 =1
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But suppose that
D(u,v, A, z,r) — P(z,y, \,w,p) € intK.
Since A € intK™, it yields

k k
e _ voor, L To g A
ZE 1 Ailfi(u,v) = s(v|Dy;) +u 2 5 ;1 Air; Vo fi(u, v) 1]

k k
1
=Y Nilfilw ) + s(x|Bi) —y wi — 5 > Aip! Vyy fila, y)pi] > 0,
i=1 i=1
which is a contradiction to the inequality (7a). ]

Remark 3.1. If we replace (i) and (ii) of Theorem 3.1 by

() [fi(y)+()T2],i=1,---,k, is second order invex in the first variable for
fixed y with respect to 7,

(i) —[fi(z,")—()Tw;],i =1,--- , k, is second order invex in the second variable
for fixed x with respect to 7,

then the same conclusion of Theorem 3.1 also holds.

Lemma 3.1. ([7]). If T is a K-weakly efficient solution of (KP), then there
exist o« € K* and 3 € Q* not both zero such that

(@IVf@) +BIVg(@)(x—T) 20, forall x¢€C,
prg(@) =0.
Equivalently, there exist « € K*, f € Q*, (1 € C* and (o, 8, 1) # 0 such that
o'V (@) +5"Vg(@) - {1 =0,
prg@) =0
fiT =0.

Proof.  We can check that the first part of Lemma 3.1[1]. Now we prove the
latter part of Lemma 3.1. (Sufficiency) Substituting x = 0 and x = 2%, we get

(@"Vf(@) + 5T Vg(@)T = 0.
Since o'V f(Z) + BTV g(T) € C*, let p1 = oIV f(Z) + 8T Vg(Z). Then
o'V (@) +6"Vg(@) - BT =0,
prg@) =0
Bix =0.
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(Necessity) Since ol Vf(Z) + 8TVg(T) = 1 € C*, we get
(IVf(@) +p'Vg(@)r =0, forall zecC
and
piT = (a"V (@) + "Vy(T))T = 0.
Therefore,

(V@) +p'Vg(@)(x—T) 20, forall ze€C,

BTg(z) = 0. n

Theorem 3.2. (Strong Duality). Let (T, 7, \, W, D) be a K-weakly efficient
solution of (MP). Fix A\ = X in (MD). Assume that

k
(i) Vyyfi is positive definite for i = 1,-- -,k and ZE@T[Vyfi —w;| 2 0;0r
i=1

k
Vyy fi is negative definite for i =1, -,k and in@T[Vyfi —w;| £0,

(ii) the set {Vy fi = Wi+ Vy, fip;, i=1,---,k} isiﬁilzearly independent, where
f'i :f’t(fvg)for’[, = 1’ ’k.

Then there exists z; € B;(i = 1,--- , k) such that (T,y,\,z,7 = 0) is a feasible
solution of (MD) and objective values of (MP) and (MD) are equal. Further-

more, under the assumptions of Theorem 3.1, (T,y, \,z,7 = 0) is a K-weakly
efficient solution of (MD).

Proof.  Since (T,7, \,w,p) is a K-weakly efficient solution of (MP), by
Lemma 3.1, there exist « € K*, 3 € Cy, p € Ry, 6 € Cf and p € K such that

k k
> ai(Vafi+2) + (B— 1) Y NV fi
(7b) =1 i =1
1 —
+ ;(ﬁ - §(aTe)1_7i - My)T)‘ivm(vyyfil_?i) —-0=0,
k B k B
> (i — phi)(Vyfi =) + > (8 = 1pi — 1) T AiVyy fi
(8) =1 i =1

£3°(0 — 5 (0" B, — 1) RV (Vi i) = 0,

=1
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1 _ _
(ﬁ - Mg)T(vyfi —w; + vyyle_%) - §(aTe)pvayyfipz‘ —pPi = 07

9)
1= 17 Tt 7k7
(11) (ﬁ - (O‘Te)z_ji - Mg)TXivyyfi = 0, 1= 1, s ,k,
k —
(12) ﬁT Z)\i(vyfz‘ —w; + Vyyfz‘]_?i) =0,
=1
k —
(13) 1Y N(Vyfi — Wi+ Yy fiF) =0,
=1
(14) Tz =0,
(15) pTA =0,
(16) z€Bi, ZT=sZB), i=1,---,k
(17) (0, B, 1,6, p) # 0.

Since A > 0, it follows from (15), that p = 0. As Vyy fi 1s positive or negative
definite for 1 = 1,--- , k, (11) yields

(18) B=(@ e +puy, i=1,-- k.
If a; =0 for¢=1,---,k, then the above equality becomes
(19) 8= 7.

From (8), we obtain

k
(20) szi(vyfi —W; + Vy, fiD;) = 0.
i=1
By the assumption (ii), we have p = 0. Also, from (7b) and (19), we get 6 = 0
and 3 = 0, respectively. This contradicts (17). So, o; > 0 for i =1,---, k. From
(12) and (13), we obtain

k
D8 = ) NV i = i+ ¥ fi50) = 0.

=1
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Using (18) and a”e > 0, it follows that

k
Z@TXi(vyfi — Wi + Vyy fiD;) = 0.
i=1

So,
koo koo
(21) Z@T)‘i(vyfi —w;) + ZT%T)‘ivyyfil_?z‘ =0.
i=1 i=1
We now prove that p; =0 for 7 = 1, - - - , k. Otherwise, the assumption (i) implies
that
ko ko
> NDH(Vyfi =) + Y N(P] Vi fiD7) # 0,
i=1 i=1

which contradicts (21). Hence p; =0 for ¢ =1,---, k. From (18), we have
(22) 8= 7.
Using (22) and p; =0, ¢ =1,--- , k, in (8), we obtain

k

> (s — i) (Vyfi — W) = 0.

i=1
By the assumption (ii), we get
(23) a;=pNi, i=1,--- k.

Therefore, u > 0 and 3y € Cs by (22). Using (19) and (23) in (7b), we have

k
(24) 1Y Xi(Vefi+2) =6 €C.

i=1
Also, since p > 0, it follows that

k

> Xi(Vafi+2) € CF.

i=1
Multiplying (24) by T and using equation (14), we get

k
Y N(Vafi+ 2) =0.

=1
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Taking z; := z; € B; fori = 1,--- , k, we find that (T, 7, A, Z,7 = 0) is feasible
for (MD). Moreover, from (10), we gety € Np,(w;) for i = 1,--- , k, so that
v w; = s(y|D;) for i = 1,- -, k. Consequently, using (16)

k
_ N _
fi+s(@B;) -y wi — 3 > NPV fip;
i=1
= f; +TT§Z‘ — S(g‘DZ)
k
I~ .
= fi —s(y|Dy) + 7'z — 5 S XN VaefiTi, i=1,---,k
i=1
Thus objective values of (MP) and (MD) are equal.
We will now show that (7,7, A\, z,7 = 0) is a K-weakly efficient solution of
(MD), otherwise, there exists a feasible solution (u, v, A, z, 7 = 0) of (MD) such

that _ _
D(u,v, A\, z,7=0) — D(Z,7,\,z,7T = 0) € intK.

Since objective values of (MP) and (MD) are equal, it follows that
D(u,v, )\ z,7 = 0) — P(Z,5, \,w,p = 0) € intK,
which contradicts weak duality. Hence the results hold. ]

Theorem 3.3. (Converse Duality) Let (u,7, \, Z,T) be a K-weakly efficient
solution of (MID). Fix A = X in (MP). Assume that

k
(i) Vaofi is positive definite for i = 1, -- | k and ZXﬁiT[mei + 7z 2 0; or
Vo fi is negative definite for i = 1,--- , k and ZXﬁiT[mei +7z;] £0,

(ll) the set {mez + Ez‘ + mefzfz, = 17 . 7k} is linearly independent’ where
fi = fi(wo) fori=1,--- k.

Then there exists w; € Di(i = 1,--- , k) such that (w,v, \,w,p = 0) is a feasible
solution of (MP) and objective values of (MP) and (MD) are equal. Further-
more, under the assumptions of Theorem 3.1, (@, o, \,w,p = 0) is a K-weakly

efficient solution of (MP).
Proof. It follows on the lines of Theorem 3.2. ]

A mathematical programming problem is said to be self dual if, when the dual
is recast in the form of the primal, the new program constructed is the same as the
primal problem.
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We now prove the following self duality theorem for the primal (MP) and the
dual (MD) on the lines of Mond and Weir [14]. We describe (MP) and (MD)
as dual programs, if the conclusions of Theorem 3.2. hold.

Theorem 3.4. (Self Duality) Assume that m =n, C1 = Cy and B = D. If
[ is skew-symmetric, then the program (MP) is self dual. Furthermore, if (MP)
and (MD) are dual programs with K-weakly efficient solutions as (. 7, \, @, p)
and (T,7, \, Z,T), respecively, then (7,T, \, Z,D) and (¥, T, \, W, T) are K-weakly
efficient solutions of (MP) and (MD), respectively. Also the common objective
value of the objective functions is 0.

Proof. Rewriting the dual as in [14], we have

(MD’)  Minimize

k
1
—<f1(uvv) — s(v|Dy) +u" 2 — 3 Z;Az‘?“z‘Tmez‘(uvv)?“zs cer

k
1
T T
Jr(u,v) — s(v|Dy) +u' 2z — 5 Z;)\iri Vaz filu, v)m)
k
subject to Z Xi[Vafi(u,v) + 2 + Ve fi(u, v)r;] € CT,
i—1

TZ)\ J:fz u, 'U + 2z +vmmfz(u 'U)rz] § 0

vng, z € Bi, AeintK*, MNe=1.

Since f is skew-symmetric, therefore, as in [14], f(u,v) = —f(v,u), V. f(u,v) =
—V.f(v,u) and V. f(u,v) = =V f(v,u). Hence (MD’) becomes

(MD’)  Minimize
k
1
(fl(v, u) + s(v|Dy) —ul 2 — 5 Z Nt TV e fi (v, @), - - -
i=1

k

1
T T
fr(v,u) + s(v|Dy) —u' 2, — 3 Z; Air; Vo fi(v, u)rz>
subject to Z Ai[Vafitv,u) = zi + Vg fi(v,u)ry] € CT,
k

uT Z)\z[vmfz(vv u) -z + vma}fi(vv ’U,)TZ] 2 0,

=1
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veCy, z€B;, MeintK*, MNe=1,

which is just (MP). Thus, if (7, 7, )\, Z,7) is K -weakly efficient solution of (MD),
then (7,7, \, Z, p) is K -weakly efficient solution of (MP), and hence by symmetric
duality, also (7,7, A\, w,T) is K-weakly efficient solution of (MD).

Therefore,

= (f1(Z,9) + s(Z|B1) =g w1, -, fu(Z,7) + s(T|Bx) — 7" wp)
= (17 T) + s(@D1) —T" Z1, -, fu(7,T) + s(g| Dy) — T Zx)
= (=f1(Z,9) — s(T|B1) + 5 w1, -, —fu(T,7) — 5(Z|By) + 5 wp,)

4. WOoLFE TYPE SYMMETRIC DUALITY

We consider the following pair of second order Wolfe type non-differentiable
multiobjective programming problem with k-objectives :

(WP)  Minimize
Pz, y, A, w,p)

= (fl(xjy)—i—s(x\Bl y w1 — Z)\ yfz x y)

1
—W; + vyyfz‘(xv y)pz) + _pz‘ yyfz‘(xv y)pz]v Ty

2
fu(@,y) + s(z[Br) — y w —ZA (Vy fi(z,y)

oY yfi<w,y>pz~])

—w; + Vyy fi(z, y)pi) + 5

subject to Z)\ Vyfi(z,y)—wi+Vyy, fi(x, y)pi) € C5,

xECl, w; € D, AeintK*, MNe=1,
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(WD) Maximize
D(u,v, A, z,r)

k
_ (fl(u, v) = s(v|D1) + w21 = Y Nfu” (Vafi(u, v)

i=1
+2i + Vaz fi(u, v)r;) + %riTmei(u, v)ril, e,
(26) k
fr(u,v) = s(v|Dy) +ul 2z — Z Ne[u (Vo fi(u, v)

i=1
1
+2z; + Vo fi(u, v)r;) + §rz~Tmez~(u, v)rﬂ)

k
subject t0 Y~ \i[ Vo fi(u, v) + 2i + Vo fi(u, v)r] € CF,
i=1
veCy, z €B;, MeintK*, MNe=1,
where

(1) f:R™x R™ — R¥ is a three times differentiable function,

(2) C} and Cy are closed convex cones in R™ and R™ with nonempty interiors,
respectively,

(3) Cf and C5 are positive polar cones of C; and C, respectively,

4) K is a closed convex cone in R* with intK # () and R* c K,
+

(5) r4,2zi(i = 1,--+, k) are vectors in R™, p;,w;(i = 1,---,k) are vectors in
Rm

(6) e=(1,---,1)T is a vector in R¥,

(7) B;and D;(i = 1,-- -, k) are compact convex sets in R” and R™, respectively.

Now we establish the symmetric duality theorems of (WP) and (WD).

Theorem 4.1. (Weak Duality). Let (z,y, A\, w,p) and (u,v, \, z,7) be feasible
solutions of (WP) and (WD), respectively. Assume that,

k
27 Z Nl fi(y) + ()72 is second order invex in the first variable
i=1

fgr fixed y with respect to n1,
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(28) Z il fi(z (:YTw;] is second order invex in the second variable
for f xed x with respect tono,

(29) m(z,u)+u e Ch,

(30) n2(v,y) +y € Ca. Then

D(u,v, A\, z,r) — P(z,y, \,w,p) & intK.

Proof. By assumptions (27) (28) (29) and (30) and applying constraints (25)
and (26), we obtain

k
Z il fi(u, v) — vTw; +ulz

- Z)\ {’U, a:fz u, 'U) + Zq + vmmfz(u 'U)rz) + 17“ vmmfz(u ’U)?“Z}]

k
=S Nilfil,y) + 2z -y ws
i=1

—ZA (T (Vo fi(ny) — wit Vo fil, 0)pi) + ~plV g fi (2, )pi}]

2
<0.
Using 27'2; < s(z|B;) and vTw; < s(v|D;) fori=1,--- k, we get
k
ZX filu,v) — s(v|D;) +u” 2
1
- Z)‘ {u J:fz U, ’U) +z + vma}fz(u ’U)rz) + §rvaJ:a:fz(uv ’U)?“Z‘}]
(31)
—ZA [fi(z,y) + s(z[Bi) =y w,
1
- Z Aily" (Vyfi(w,y) = wi+ Yy fia,9)p0) + 507 Vg fi2, y)pi)]
< 0.

But suppose that
D(u,v, A, z,r) — P(z,y, \,w,p) € intK.
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Since A € intK*, it becomes AT [D(u, v, \, z,7) — P(x,y, \,w, p)] > 0, which is
a contradiction to the inequality (31). Hence the result holds. ]

Theorem 4.2. (Strong Duality). Let (T, 7, \, W, D) be a K-weakly efficient
solution of (WP). Fix A\ = X in (WD). Assume that

(i) Vyyfi is positive definite for i = 1,-- -,k and Z Np! Vo fi — i) = 0s0r

Vyy fi is negative definite for i =1, -- , k and Z NPL[Vyfi —wi] £0

(ii) the set {V,f; —w;, i = 1,---,k} is linearly independent, where f; =
fz(f,ﬂ)forz = 17 7k'

Then there exists Z; € B;(i = 1,--- k) such that (%,y,\,Z,7 = 0) is a feasible
solution of (WD) and objective values of (WP) and (WD) are equal. Further-
more, under the assumptions of Theorem 4.1, (T,7, \, Z,7 = 0) is a K-weakly

efficient solution of (WD).
Proof.  Since (T,7, )\, w,p) is a K-weakly efficient solution of (WP), by
Lemma 3.1, there exist « € K*, 3 € (3,6 € C} and p € K such that

k
Vafi+2) + (B8 (aTe)y)” invymfi
i1

k
> i
i=1
k
F30(8— (77 — 5 (0T eB) RNV ) — 6 =0,
i=1

(32)
K
;(ai — (TN (Vy fi — ;)
(33) + Zk;(ﬁ — (@"e)p; — (")) NV yy fi
+Z (aTe)y - %(a e)5:) " NiVy(Vyy fiB;) = 0,
(34) (8= (@Te )P (Vyfi — Wi + Vyy iB;) — ;(aTe) V[ — pi = 0,

i=1,k

(35) o+ (B — (@Te)y)N € Np,(w,), i=1,---k,
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(36) (B~ (a"e)g = (aTe)p) " AiVy i =0, i=1,--k
(37) st Zk;Xi(vyfz‘ —W; + Vyy [iB;) = 0,

(38) } 6Tz =0,

(39) p"X=0,

(40) 2z €By, 2 T=s(TB), i=1,---,k,

(41) (a, 8,0, p) # 0.

As X\ > 0, it follows from (39), that p = 0. Hence from (34), we obtain

(5 (@) (Vs — Wi+ Yy fi8) = (7B Vi B, = 0,

(42)

i=1,--- k.
As V, f; is positive or negative definite for 7 = 1,-- -, k, it follows from (36),
(43) B=("e)F+P) i=1-.k

Ifo=0fori=1,---,k, then § =0 and § = 0 from (32) and (43), respectively.
This contradicts (41). So, a; > 0 for ¢ =1,---, k. Using (43), (42) implies

_ 1 ~ ~ .
(Oé e)pz ( yfz w; + Vyyf’ipi) - §(OCTe)pvayyfipz‘ =0, i=1,---,k.
Since a’'e > 0, the above equality becomes
_ 1 ~ .
pzT(vyfz _wz“f’ivyyfz‘pi) =0, i=1,---,k.

Using A > 0, it follows that

k
1 _
(44) Z A ( Vyfi —w;) + Z 5)‘i(pvayyfipz‘) =0
i=1
We now prove that p; = 0 for ¢ =1, - - - , k. Otherwise, the assumption (i) implies
that i

1—
Z NP (Vyfi =) + Y SMi(BL Y fiB) # 0.



1960 Do Sang Kim, Yu Jung Lee and Hyo Jung Lee

which contradicts (44). Hence p; =0 for i =1, .-+, k. Thus (43) implies
(45) B = (ale)y.

Consequently, 7 € C5. From (33), we obtain

k

> (i = (aTe)X)(Vyfi — ;) = 0.

=1

By the assumption (ii), we get

(46) o= (ale), i=1,--- k.
From (32),
k
(47) Z%‘(mez‘ +2z;) =6 € Cy.
i=1

Using (46) and a”e > 0, it follows that

k
> Xi(Vafi+2) € C;.
i=1
Taking z; := z; € B; fori = 1,--- , k, we find that (7, 7, N Z,7 = 0) is feasible
for (WD).
Moreover, from (35), we get y € Np,(w;) for i« = 1,---, k, which implies
ylw; = s(y|D;) for i = 1,-- -, k. Multiplying (47) by Z and using (38), we get

k
TTZXz‘(mez‘ +%;) =0.
=1

And from (37) and (45), we obtain

k
ﬂT ZXZ(Vny —w; + Vyyfz‘]_?i) = 0.
i=1
So, using (40)
- —T— L T — - l_p -
fi+5@B) =7 w = Y NG (Vyfi — Wi + Vyy fiBi) + 5Pi Vyy fipi]
i=1

k
- 1
= fi = s(@D) + 7% = D N (Vafi + 7+ Vao fiTs) + 57 Van fiTi,
i=1
i=1,- k.
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Thus objective values of (WP) and (WD) are equal.

We will now show that (Z,7, A\, Z,7 = 0) is a K-weakly efficient solution of
(WD), otherwise, there exists a feasible solution (u, v, , z, 7 = 0) of (WD) such
that

D(u,v,\ z,7 =0) — D(T, 7, \, %, 7 = 0) € intK.

Since objective values of (WP) and (WD) are equal, it follows that
D(u,v,\ z,7 = 0) — P(Z,5, \,w,p = 0) € intK,
which contradicts weak duality. Hence the results hold. ]
Remark 4.1. ([19]). If we replace (i) and (ii) of Theorem 4.2 by
(i) the matrix V,, (XT f) is non-singular,
(ii) the vectors V, fi — w1, - -+, Vyfi, — Wy are linearly independent,

iii) the Vectorp Vy A f)p;) = 0 implies that p, = 0(¢ = 1,2, --- , k), and
Z/Z/ 1 7
then the same results also hold.

Theorem 4.3. (Converse Duality). Let (W, v, \, Z,7) be a K-weakly efficient
solution of (WD). Fix A\ = X in (WP). Assume that

k
(i) Vaofi is positive definite for i = 1,--- | k and ZXﬁiT[mei + 7z 2 0; or
; pa—
Vaafi is negative definite for i = 1,-- -k and Z NFLVofi + 2] 0,

(ii) theset{N ,fi+Z;, i =1,---,k} islinearly independent, where f; = f;(u,7)
forv=1,--- k.

Then there exists w; € D;(i = 1,--- k) such that (u,v,
solution of (WP) and objective values of (WP) and (W
more, under the assumptions of Theorem 4.1, (u, ,X w,
efficient solution of (WP).

M\, W, p = 0) is a feasible
D) are equal. Further-
p = 0) is a K-weakly

Proof. 1t follows on the lines of Theorem 4.2. ]
Remark 4.2. ([19]). If we replace (i) and (ii) of Theorem 4.3 by
(i) the matrix VM(XT f) is non-singular,

(ii) the vectors V. f1 +Z1, -+, V. fi + Zi are linearly independent,
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(iii) the vector 77 V,(V M(XT f)7i) = 0 implies that 7 = 0, and then the same
results also hold.

We now prove the following self duality theorem for the primal (WP) and the dual
(WD) on the lines of Mond and Weir [14]. We describe (WP) and (WD) as
dual programs, if the conclusions of Theorem 4.2 hold.

Theorem 4.4. (Self Duality). Assume that m =n, C; = Cy and B = D. If
[ is skew-symmetric, then the program (WP) is self dual. Furthermore, if (WP)
and (WD) are dual programs with K-weakly efficient solutions as (. 7, \, @, p)
and (T,7, \, Z,T), respecively, then (,T, \, Z,D) and (J,T, \, W, T) are K-weakly
efficient solutions of (WP) and (WD), respectively. Also common objective value
of the objective functions is 0.

Proof. Rewriting the dual as in [14], we have
(WD’)  Minimize
(fl(v, u) + s(v|Dy) —ul 2

— Z )\ g;fz v u) zi + va:a:fi(vv ’U,)TZ)

%r?vmfi(v, W o)+ s(olDg) — Tz
K

=Y N (Vafi(v,w) = 2 + Vi fiv, u)rs) + %TiTmez‘(vv u)ﬁ‘])
i1

subject to Z)\ Vifi(v,u) — zi + Vg fi(v,u)ry) € CF,

vng, z € B;, MeintK*, MNe=1,

which is just (WP). Thus, if (T, 7, A, Z, 7) is K -weakly efficient solution of (WD),
then (7, T, \, Z, p) is K-weakly efficient solution of (WP), and hence by symmetric
duality, also (v, T, A\, w,T) is K-weakly efficient solution of (WD). Therefore,

P(Z,y,\,w,p = 0)
= (f1(z,y) + s(T|B1) =y w1, - , (T, Y) + s(T|Bx) — 7" w)
= (1T, %) + s(|D1) —F 21, -, fx(U,T) + s(y|Dy) — T 2,

(
(
(—A@7) — s@By) + 7 w1, —fu(Z,7) — s(Z|Bk) + " wi)

D(Z,y, )\, Z,7 = 0).
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This implies

P(x,y,\,w,p) =0 = D(T,7, \, Z,7). m

5. SpeciaL CASES

We give some special cases of our symmetric duality.

(1) If ¢y = R} and Cy = R7, then (MP) and (MD) become the pair of
Mond-Weir symmetric dual programs considered in X.M. Yang et al.[20] for
the same B and D.

(2) If B;={0} and D;={0}, i=1,- - - ,k, then (MP) and (MD) reduced to the
second order symmetric dual programs in S.K. Mishra and K.K. Lai [12].

(3) If p = r = 0, then we get the first order symmetric dual programs which
studied by M.H. Kim and D.S. Kim [7].

(4) If B, = {0}, D; = {0} and p, =r; =0, ¢ =1,---,k, then (MP) and
(MD) become the pair of symmetric dual programs considered in Seema
Khurana [6].

(5) If B; = {0}, D, = {0} and p;, =r; =0, i = 1,---,k, then (WP) and
(WD) reduced to the first order multiobjective symmetric dual programs in
D.S. Kim et al.[9].

(6) If C1 = R} and Cy = R, then (MP), (MD), (WP) and (WD) become
the pair of Mond-Weir and Wolfe type symmetric dual programs considered
in D.S. Kim et al.[8] for the same B, D, p and 7.
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