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ON A SPECIAL GENERALIZED VANDERMONDE MATRIX
AND ITS LU FACTORIZATION

Hsuan-Chu Li and Eng-Tjioe Tan

Abstract. We consider a special class of the generalized Vandermonde ma-
trices and obtain an LU factorization for its member by giving closed-form
formulae of the entries of L and U. Moreover, we express the matrices L and
U as products of 1-banded (bidiagonal) matrices. Our result is applied to give
the closed-form formula of the inverse of the considered matrix.

1. INTRODUCTION

Nonsingular Classical Vandermonde matrices are square n X n—matrices of the
form

1 1 1
U1 V2 Un,
V= . ,
n—1 n—1 n—1
vy Vg vy,

and solutions of the linear system of equations V& = b have been discussed in
connection with numerical applications, such as approximation and interpolation
problems, also in confluent problems (see for instance [1, 2, 9]); the solutions x =
V~1b involve in finding explicit factorizations of V ~!, such as LU factorizations and
1-banded factorizations. In a recent paper [7], H. Oru¢ and G. M. Phillips obtained
an explicit formula of the LU factorization of V' and expressed the matrices L and U
as a product of 1-banded matrices, and later Sheng-liang Yang [10] gave a simpler
alternative approach and proofs of their results.

In the recent literature great interests have been revived on generalized Vander-
monde matrices which also arise naturally in problems, among others, on differential
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equations and difference equations, and on their determinants, explicit factorizations
and inverses(see e.g. [12], for treatments of various types of generalized Vander-
monde matrices); another type (totally positive generalized Vandermonde matrices)
has been studied by J. Demmel and P. Koev [3] and they gave explicit formulae for
the entries of the bidiagonal factorization and the LDU factorization.

In this paper we consider a special class of another type of generalized Vander-
monde matrix which was introduced by C. L. Liu ([6] p.90): It arises while solving
a recurrence equation

(1.1) ap = ClOn—1 + C20n—2+ -+ Cpan—p, n>p. (p fized)
where c1, ¢z, - - -, ¢p are constants and ¢, # 0. If the characteristic function of (1.1)
has distinct roots vy, vo, - - - , v, € R with multiplicities w1, ua, - - - , ug, respectively,

and Y7 | u; = n, then the corresponding generalized Vandermonde matrix has the
form

1 0 0
U1 %1 U1
V{q;ul,ug,...,uq} = .
v?_l (n— 1)1)?_1 (n —1)m—lyn=t
1 0 0
Vq Vq Vq
vg_l (n— 1)1)3_1 o (n— 1)“‘1_11)3_1

and its determinant has also been calculated as follows ([5, 8]):

q u;i—1 a7
(1.2). detV{q;u1,u2,~~~,uq} = H( H ]l) X [H ’UZ(Q )] « H (’Uj _ ,Ui)uiu]-
i=1 j=0 i=1 1<i<j<q

A special class of generalized Vandermonde matrices which is the main subject
of investigations in this paper will be denoted by V2.1 ,,_1} and defined as follows:
Forup =1,ug =n —1,q9 =2, Vi1 ,,_1) is the transpose of Vi .\, o, .. 4.} 1€

(1 v 0P e T ]
1 vy 03 e vyt
2 _ n—1
Vigan-1) = 0 va 205 (n—1)v]

0 vy 27203 .o (n—1)""203!]
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The above-mentioned type of generalized Vandermonde matrix Vi ., ... u,} has
also occured in the literature: It is an n X n generalized geometric progression(GP)
block matrix, B, introduced by Y. Yang and H. Holtti[12], p.54, Definition 1. In
[12], the authors’ main results are a non-unique decomposition of the (GP) block
matrix(Theorem 1, p.56) and its determinant formula, but not the determination of
its inverse.

Related to his above-mentioned paper [10], Yang’s another paper [11] treated
the LU factorizations of two special classes of generalized Vandermonde matrices,
different from ours. Yang’s paper [11] prompts us to investigate the feasibility of
the LU factorization and the 1-banded factorization of the above-defined matrix
Vi2:1,n—1}- Our two main results are Theorem 2.1 and Theorem 3.1 on the LU and
the bidiagonal(1-banded) factorizations of Vis.1 ;1.

As an application of our result Theorem 3.1, we give in our last Section 4 the
closed-form formula of V{;}l’n_l as product of triangular matrices; such closed-
form formulae are possible thank to the fact that the explicit formula of the inverse
of a tridiagonal matrix has been calculated in the literature (see e.g.[4]).

2. THE LU FACTORIZATION OF V{2;1,n—1}

The main goal of this section is to obtain an explicit formula of the LU factor-
ization of the special generalized Vandermonde matrix Vis.1,_1}. Our first main
result is the following theorem:

Theorem 2.1. Vio.q , 1y can be factorized as V(3.1 1y = LUy, where L, =
[Ly (i, )] is a lower triangular matrix with unit main diagonal and U ,, = [Uy (i, j)]
is an upper triangular matrix, whose entries are defined as follows:

Qi ;U2 — Gj—1,;—1V1

Ln(i,j):O,i<j; Ln(i,i): — =1,i1>1;
A V2 —Qj—1 j-101

Ln(’Lv]) = vy — vy

@i =(j—1Dai_1j+ai—1-1,1>3,7>2,i>],

and

where a;; =1,i > 0; ai1 = 0,i>2; aja = 1,0 > 3; aip1i =Yy ki > 2.
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Proof. 'We use mathematical induction on n, the size of Vo1 ;,_1).
(1) The case n = 2:

Cfr o] e ][ own]
L2U2 - [1 1] [0 ’1)2—’1)1] - [1 ’Ug] - V{2;1’1}'

(2) The case k = k+1 with k > 1: Assume V(o1 1} = LUy holds, we want to
prove V{2;1,k} = Lk+1Uk+1, 1e. V1§d§k+1,

k+1

(2.1.1) Vioamk+1,d) =Y Liga(k+ 1, f) Uk (£, d),
f=1
and
k+1
(2.1.1) Voo (d k+1) =Y Lira(d, f)Ussa(f, k+1).
f=1

First, it is easy to verify that (2.1.1) holds for d = 1, 2, by definitions.
Next we show (2.1.1) for 3 < d < k. To this end, we start with our assumption:

k
V{Q;l,k—l}(kv d) = Z Lk(kv f)Uk(fv d)7 3<d<k.
f=1

We have by definitions:
(d - 1)k_2vg_1 = V{Q;l,k—l}(kv d)

= vy X (V872 + 0§ Bug + - ou3 4 0 ?)

d—f

d—1
+ 3 an g (F = 20 > (e
f,

m=0

d—3
—’U2’U1 Z 1+m m )—m]
m=0
d—f
2 d—f)—
—Zak Li—1(f = 2)ld v [Z(§_2+m)vglv§ P

m=0

+ak,d X (d 2)!’[)2 — Qkg—1,d-1 X (d 2)!vg_2v1.
Next, by partially differentiating to v, on both sides, we obtain

(d— 1)"“_11)3_2 = (vg_2 + vg_gvl + -4 ’U2’U1 34 U1 )

+vg X [(d = 2)v873 + (d — 3)vd 4y 4 - - - 4 2vp0P ™t 4 973
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d—1 d—f
-2 —24my,_ m, (d—f)—-m
+3 an(f = DY el
f=3 m=0
d—1 d—f
-1 —24+m m— d— —m
£ an s (F = 2 1Y G ey oD
=3 m=0
d—3 J d—3 J
my,,m —3)—-m m m— 3)—m
—or[ D el T e[Sy my el
m=0 m=0
d—1 d—f
—24+my m_ (d—f)—m
> apor g (f = 2DUf =208 P Y (e
f=4 m=0
d—1 d—f
— —24m m— d—f)—m
=S a1 (f = 2 oY G mep el
f=4 m=0

Faga % (d = D = ap1,g1 % (d = 2)d = 2)e8 B0,
and, by multiplying v, to both sides, we yield the left hand side of (2.1.1):
(d _ 1)k_1’l)g_1

= V{Q;Lk}(k +1,d) = (vg_1 + vg_Qvl 4+ -+ v%vf‘g + vgvf_Q)

+[(d = 2)v5 " + (d = 3)og o1 + -+ 2030] + wdu{

d—1 d—f
-1 —24+mN m (d—f)—m
+ 3 an (f = DY Gl
f=3 m=0
d—1 d—f ( )
f—l f—2+m m d—f —m
(2_1_2) +f23akaf(f_2)!v2 [Z:O(f—2 )mv2 vl ]
a d—3 J d—3 J
my, m —-3)—m m m 3)—m
—opu1[ Y (o™ — v [ (Mm@
m=0 m=0
d—1 d—f
> apr 1 (f = 2US =208 el Y (e
f=4 m=0
d—1 d—f
— m m d —m
~ S aacr g (f = 2 oY GI T ymuge DT
f=4 m=0

Fara X (4= D5 = apra % (4= 2)1(d = 2)05
On the other hand, the right hand side of (2.1.1) is

k+1

Z Lk+1(k + 17 f)Uk+1(f7 d)
=1
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_92 _ _ _
= vy X (V372 + 08B0 4 4 w3 )

d—1 d—f
-1 —2+ d—f)—
£ an s (F — DY Gl
f=3 m=0
d—3
+2[Y (el
m=0
d—1 d—f
-1 —2+ d—f)—
> an g (F — 2 1Y G e
f=4 m=0
d—3 J
—3)—
T TID DI MO V % eal
(2.1.3) =
d—1 d—f J
_2 _2 — —
ST = Dar-r g1 (f = 2 P> (e
f=4 m=0
d—4
2 G eg e
m=0
d—1 d—f
-2 -2 d—f)—
=St (F = 2 oY (G e DT
f=5 m=0

+ag g X (d — 1)!v§l_1 + ag,d-1 X (d — 2)!v§l_1 — Qk—1,d—1
X(d — 2)(d — 2)!v§l_2v1 — Qkg—1,d-2 X (d — 2)!vg_2v1.

It remains to prove the equations (2.1.2) = (2.1.3).
To this end, we compare the ten terms (2.1.2.7), 1 < i < 10, of equation (2.1.2) with
those twelve terms (2.1.3.5), 1 < j < 12, of equation (2.1.3). Apparently, by direct
calculations, the following eight terms are equal: (2.1.2.1) = (2.1.3.1),(2.1.2.2) =
(2.1.3.3),(2.1.2.3) = (2.1.3.2),(2.1.2.5) = (2.1.3.5),(2.1.2.6) = (2.1.3.7), (2.1.
2.7) = (2.1.3.6), (2.1.2.9) = (2.1.3.9), (2.1.2.10) = (2.1.3.11).

For the rest, it remains to check term by term, using direct calculations that
(2.1.2.4) = (2.1.3.4) + (2.1.3.10) and (2.1.2.8) = (2.1.3.8) + (2.1.3.12):

(2.1.2.4)
-1 d—f
= ans(F =2 Y G muge D
(2.1.2.4') /=5 =
_ Cond [ S U =2Em)t ()= ()
= akaf(f 1)"02 mZ:l (f—l)!(m—l)!v2 U1
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Now, the crucial step is to show that (2.1.2.4') = (2.1.3.4) + (2.1.3.10): Let
g =m — 1, then

(2.1.2.4)
d—2 d—(f+1) J
— — 1)]— _
=S ars(F - DI S gl I g g (d - 2)lg
f=3 g=0
d—1 d—f 4
=S a1 (f = 201 G DT ¢ agar (d - 2) g
f=4 m=0
= (2.1.3.4) + (2.1.3.10).

Similarly, we also have (2.1.2.8) = (2.1.3.8) +(2.1.3.12). This completes the proof
of the equality (2.1.2) = (2.1.3).

To prove the equality (2.1.1'), it can easily be shown that (2.1.1") holds for
d =1,2,3, by definitions.

Using the same technique as in the case of equation (2.1.1), we can obtain that
(2.1.1") holds for 4 < d < k + 1, proving the equation (2.1.1') and completing the
proof of Theorem 2.1.

Example. To illustrate our result, we give an example for n = 7: Vio, 61 =
L;U7, where

1 vy o? v} vt v} v§ ]
1 vy 02 v3 V5 v3 vs
0 vo 203  3v3 4v3 5v3 60§
Visep = 0 wvo 4v2 9v3  16vy 2505 360§
; 0 vy 82 270 64vd 12503 21608
0 vy 16v3 8lvi 256v; 62505 129605
0 vy 32v3 243v3 1024vs 312505 777605
1 0 0 0 0 0 0]
1 1 0 0 0 0 0
0 2 1 0 0 0 0
2—V1
0 Y2 BSw-u 1 0 0 0
L _ V2 —U1 V2 —U1
vy — U1 V2—V1 V2—V1
0 (%) 15v9—vy 25’[)2 — 7’[)1 10’[)2 — 6’[)1 1 0
V2 —U1 V2 —U1 V2 —U1 V2 —U1
0 V9 31’[)2 — V1 90’[)2 — 15’[)1 65v9—25v, 15’[)2 — 10’[)1 1
L Vo —v1 Vo —v1 V2 —V1 V2—U1 V2—U1 |
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and

(1 v1 v} v§ v}

0 wva—v1 (v2—v1)(vatv1) (vg—v1)(v§+v2v1 —Hﬁ) (vg—v1)(vg+v§v1 +v2v%+v?)
0 0 v (v2—v1) va (v2—v1)(2v24v1) Vg (vg—v1)(3v§+2v2v1 +v%)

Ur=10 0 0 203 (va—v1) 203 (v2—v1 ) (3v2+v1)

0 0 0 0 603 (v2—v1)

0 0 0 0 0

0 0 0 0 0

vy v} ]

(v2—v1) (V3 +vavitvdv +vdvd+vavi+e?)  (va—v1)(v3+vdvi+v3vE +uavd i)

v (v2—v1) (5vs+4vdvy +3v3v2+2vav3 +0f)  va(va—v1 ) (4v3+3v3v1 +2vav3 +03)

203 (v2—v1 ) (1003 +6v3v1 +3v2v +03) 203 (v2—v1 ) (6v3+3v2v1 +07)
611% (v2—v1)( 1011%—}—4112 U1 +v% ) 611% (va—v1)(4dva+v1)
24v§(v2—v1)(5v2+v1) 24v§(v2—v1)
12003 (va—v1) 0 J

3. FACTORIZATION OF V{2;1,n—1} INTO 1-BANDED (BIDIAGONAL) MATRICES

Motivated by previous results by several authors (see [3,7,10]), we now formu-
late our second main result on the 1-banded factorizations of the special generalized
Vandermonde matrix V{215, 1}

Theorem 3.1. V(9.1 ,, 1) can be factorized into n—2 I-lower banded matrices
and n — 1 1-upper banded matrices such that

Va2 3, Vigaaoy = LD - LE-D0-D00D...U),

whereV1<[<n-—3

1, 1= 7;
LG, ) =4 j—(n—1-1), i=j+1ln—1<j<n—1

0, otherwise.
1, 1= 7;
1 i=2,j=1;

L2 )y =4 (i 0
R A

0 otherwise.

and

1 |1 U1
U2 _[0 ’1)2—’1)1]7
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1 0

oT yW¥

vi<i<n-2 UV = (
n—1

)

where 0 denotes the appropriate zero row vector,

1, i=j=1;
v1, i=1,7=2
B o
U(n_l) Sy ’U2. V1, 1 J N
n (’L?]) (]_2),027 123237
v2, t=7—-1,723;
0, otherwise.

Hence
L,=LWL® ... =2

U, = Ufln_l)UfI”_Q) .. -Uq(ll)-
Before proving Theorem 3.1, we need the following lemma:

Lemma. Forn > 4,

L@ ... =3 —

where
B 1, i=7;
Ln(’Lu]) = a”i—l,j—17 7> .] Z 37 )
0, otherwise.

where a; ; are defined as in Theorem 2.1.

Proof. We use mathematical induction on n.
(1) The case n = 4:

LV =

oSO O =
OO Rk O
_—_ 0 O
_ o O O
SO O =
OO R O
L = O O
—_ o O O
t

(2) The case k = k + 1 with k > 4:
Assume L;ﬁl)Lgf) . -L;ﬁk_g) = Ly holds, we want to prove L§§1421L§§2l1
= Lj41. Observe that

() 12 k2 _ |1 O (k2
w1 = Lo Ly Ly = [OT Ek] L™

1659

(k—2)
oLy
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since the matrices Lg), 1 <1 <n-3, in Theorem 3.1 are all of the form [OlT ]\04] .

To show E;m = E;Hl, we calculate Vi > j > 3,
~ o ~ . E=2), . o~ . T . N7 (k=2), . .
L§§+1(’Lv]) = Lk‘(’t - 17.] - 1)L§§+1 )(.]7.]) + Lk‘(’t - 17])L§<:+1 )(-] + 17.])

= aj—2j—2 X 1+ aj_2j_1 X (j —2) = aj_1,j-1,

1.e.
- 1, i=7;
Ly (,5) =% ai—1j-1, i>35>3;
0, otherwise.

yielding L, | = Ly11.

Thus by induction, we complete the proof of this lemma.
Now we are in a position to prove Theorem 3.1.

Proof of Theorem 3.1. First, we show that L,, = W@ .. pn=3pn=2)
Let L/, = LVLP . L0902 — T 1" (by Lemma), then Vi > 3,

U2

L' (i,2) = L (i, 2) L 2(2,2) + Ly, (i, 3) L 2)(3,2) = :
V2 — U1

andVi>3, j>2 1>7,

.. ~ .. _ - ~ .. _ . . a; ;7 V9 — Aj—1 -1V
L1y (6,5) = Ln(i, ) L2, 5)+Ln(i, j+1) LD (41, j) = —oL 2L

V2 — U1
SO
0, 1< J;
i’ i=J;
L) =1 b i=2,j=1; |
D= j=1i>3
Tl ZBLI g > 00
V2 — U1
thus L', = Ly,.

Next, we claim that U,, = ulnHyn=2) -Uq(ll); we use mathematical induc-
tion on n.
(1) The case n = 2:

o_ (I w |
U2 _[0 Ug—vl]_U2'

(2) The case k = k + 1 with k& > 4:
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Assume Uy, = UF DU .UM holds, we claim that Uy = UM, U% Y

M "
U
Observe that
(k) 7-(k—1 (1
Uk+1 _Uk—f—)lUk—f—l) Uk+)1
w |1 0 1 0 1 0
k1) 1oT gD 1oT yFP | eT yM

1 0
(k1) 10T U~

by definition and inductive hypothesis. To prove U}, 41 = Ukt1, we calculate
Vk+1>j>12>3,

Uty (i) = UL (D) UG — 1,5 = 1) + UE, Gy i 4+ DU, 5 — 1)

j—i
= (’L — 2)’[)2(’i — 3)"[}% 1)2 _ 'Ul Z Z 3+m ’U ’U§j i)— m]
m=0
+ua(i — 2)!v (vg — 1) Z (§:§+m)v§”v§3_’_1)_m]
j i . It ..
= (i—2)wi 2 (v —v1)| Z(’ myy _Z)_m+2(§ g-hfl) 9y §J—Z)—g]
m=0 g=1
; i—2 3 —2+m i
= (i = 2)ly (02— v)[o] +ZZ (=)o
J—1
= (1 —2)!1); (vg — v1) Z i 2+m )y v%j i)— ™,
m=0
hence
0 0> J;
y i=j=1
- . .
U (ing) =4 U1 - i=1j>2
j—i
(i = 2)Wws (v — o)) [ (T3 eyl M, i,
m=0

thus U}, = Ups1.

So by induction, we conclude that U,, = Uy, (n=1)g7(n=2) -Uq(ll), and the proof
of Theorem 3.1. is completed.
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Example. For n = 5, we have Vigq 4y = LsUs, then Ly = LI LEY),
where

100 00 100 00
01000 01000
=100 10 0|, %=l0o 01 0 of,
00010 00110
00 011 000 21
10 0 0 O]
1 1 0 0 0
LY=10 =2 1 0 0
I
o o To" =
And Us = U UP UL UD | where
1 V1 0 0 0 1 0 0 0 0
0 V2 — V1 V9 0 0 0 1 1 0 0
UY=10 0 vy vy 0, UP=100 vo—v; v 0],
0 0 0 2’[)2 V2 0 0 0 V2 V2
0 0 0 0 3v 0 0 0 0 2uy
1 00 0 0 1 0 00 0
010 0 0 0100 0
vP=1001 vw ofl,uP=]o0o10 0
0 0 0 Vo2 — U1 V2 0 0 01 1
0 00 0 V2 0 00 0 vo—u
4. APPLICATION TO THE CLOSED-FORM FORMULA OF V{_2;11,n—1}

As a first application, the calculation of the determinant of V5.1 ,, 13 is obvious,
by Theorem 2.1: It is equal to the product of the entries of the main diagonal
of U, which is equal to the product of the products of the main diagonals of
Uq(ll), 1 <1 < n—1, and this coincides with the corresponding formula (1.2).
Furthermore, using our result of 1-banded factorizations we can get, as an application
of Theorem 3.1, the closed-form formula of the inverse of V(o,1 , 1. This is
feasible, since the explicit formula of the inverse of a tridiagonal matrix had been
calculated in the literature (see e.g. a recent result [4], P.713, by M. El-Mikkawy
and A. Karawia). For convenience’s sake we reproduce the result on the inversion
of a general tridiagonal matrix in the following: Let T' = (;;)1<i j<n be a general
tridiagonal matrix, i.e.
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di  a; 0 0 7
by do ay --- 0
0 b3 d a 0
- | ‘3 ‘3 ‘3
0 -+ - bpq dp-1 Qn_1
0o 0 -+ 0 b, dy |

in which ¢;; = 0 for |i — j| > 2, the inverse matrix T~ = (u;j)1<; j<n of the
matrix 7' is given by:

boayfs. _
Uil = (dl — ) 17
B2
bnap—100,—
Uppy = (dy — 21022y~
Qp—1
s = (d; — bigi—1ovi—2 H—lazﬁz—l—Z)_l’i 93 no1,
(o 7] ﬁi+1
J—i @t
—1)J—¢ Qi Z—_u‘», i < g
(=1) (H J k>0¢j-1 3J J
= k=1
U5 = i—j ﬁ 7
i—j i+1 . )
(-1)° J(H bik) o, i > .
where
1, i =0:;
o; = dl, i = 1; 7
dici—1 — bja;_10i—o, 1=2,3,---,n.
and
L, 1=n+1;
diﬁz‘—kl - bi+1aiﬁz~+2, 1=n — 17 n — 27 cee 1.

Now let us state our result in the following where the proof is based on direct
calculations and omitted.

Theorem 4.1. V n > 3,
Vighno1y = OO @) L) 7 T2 7 (D))

where

R
@it =y AT

vV2—U1
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1 0
V1 < l <n-— 27 (Uy))_l = [()T (U 0 )—1] )
n—1

where 0 denotes the appropriate zero row vector,

0 i > j;
17 1 :] — 17
(_1)j_1 ; "Ul , 1=1,7>2;
(U(n—l))_1(. ) (7 —2)(vg — 1)
i,7) = ‘
: : (1) , =222
(J —2)H(v2 — 1)
. (1—3)! .
_1)J—t
( 1) (j_2)!v27 'L>3,'L<]
and
% i< J;
L i =
_17 1= 27] — 17 :
(LO=D)1(;, j) = - L Y
n (—1)2 1(1_2)!(7}2327}W7 ’LZ?)"] :17
: 2)! o
(=17 Co2) v . i>j>2i>3.
(4 —2)! (v — 1)

0, 1 < J;
1, i=7;
(L), 5) =14 0, j<n-1l
i (i=n+0!
B L A >n—1.

Example. For n = 5, in Example in Section 3, we have ‘/{_211 5= U5_1Lg1,

_ D1 772N 1 77BN 1 77 (4)\ — _ By _1, 7 (2

then U5' = (U")1(U5) U5 (Ug) and L3t = (L)) (L)
(L(SI))_l. By Theorem 4.1, we obtain



On a Special Generalized Vandermonde Matrix

1000 0 L o0 o
01 0 O 0 01 0 0
vh)-1=lo 01 0 0 gOV-1_ 1o 0 1 ——u
( 5 ) - 7( 5 ) = 'U?l_'Ul
0001 —4 00 0
v% u V2 —V1
0 0 0 0 V2 —V1 0 0 0 0
[1 0 0 0 0 7
(U5 ) =10 0 v2—11 _v21_v1 2(112—11)1) 5
0 0 0 s _%Tg
000 0 7
1 V1 V1 _ vy vy _
vgl—m vz_f1 2(v12—v1) 6(1}2—1111)
(4)\—1 0 v2—U1 _vgl—m 2(v2—1v1) _W
(Us7) =10 0 o _%Tg @ 7
0 0 0 = _?TQ
_0 0 0 0 e
1 0 0 0 0]
-1 1 0 0 0
(L = | Ty ~w 1 0 ol
— 2'02 2’[}2 _ 2,02 1 0
(v2—v1)? (vo—v1)2 Vo —1
6v3 _ 6u3 6v2 B 1
L (v2—v1)3 (va—v1)®  (va—v1)2 pro— |
(10 0 0 0 100 0 0
01 0 0 0 010 0 0
L) t=100 1 0 of, LN T=]0 01 0 0
5 = , (L _
0O 0 -1 1 0 00 0 1 0
00 2 -21 000 -1 1
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0

_u
vV2—U1 )
1

B vgl—vl

V2

In conclusion, this example showed that our Theorem 4.1 provided us with the
explicit inversion formula for Vi1 13-
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