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WEIGHTED COMPOSITION OPERATORS BETWEEN
H* AND a-BLOCH SPACES IN THE UNIT BALL

Songxiao Li and Stevo Stevi¢

Abstract. The boundedness and compactness of the weighted composition
operator between H> and the a-Bloch space 5% on the unit ball are discussed
in this paper.

1. INTRODUCTION

Let B={z € C": |z| < 1} be the open unit ball in C", and let dv denote the
normalized Lebesgue area measure on the unit ball B such that v(B) = 1. Let H(B)
denote the class of all holomorphic functions on the unit ball and H> = H*>(B)
the space of all bounded holomorphic functions on the unit ball.

For a holomorphic function f we denote

_(9f  of
v (220

For f € H(B) with the Taylor expansion f(2) = 3 550 ag?®, let Rf(z) =
218120 |Blagz” be the radial derivative of f, where 8 = (01, B2, ...,(y) is a

multi-index and 2° = zlﬂ Lo zﬁ" It is well known that
n
of
Rf(z) = szg(z)v
j

see, for example [12].
Let @ > 0. The a-Bloch space BY = B“(B) is the space of all holomorphic
functions f on B such that
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ba(f) = sup(l — [2*)* [Rf(2)] < cc.
z€B

It is clear that B is a normed space under the norm || f||g« = | f(0)| + ba(f). It is
well known (see, for example [12]) that f € B*(B) if and only if

(1) aa(f) = sup(l — |2[*)* [V f(2)| < oo
z€B

Moreover, in [1] it was shown that the quantities

[flls=and  |f(0)] + aa(f)

are equivalent.
Let BF denote the subspace of B consisting of those f € B* for which

(1= 1) Rf(2) = 0 as |z] — 1.

This space is called the little a-Bloch space.
Let v be a holomorphic function on the open unit ball. Define a linear operator
Cy, on H(B), called weighted composition operator, by

) ($Cof)(2) = ¥(2) - (f o ©)(2),

where f € H(B). We can regard this operator as a generalization of a multiplication
operator and a composition operator. It is interesting to provide a function theoretic
characterization when ¢ and ¢ induce a bounded or compact weighted composition
operator on various spaces. The book [3] contains much information on this topic.

In [4], Ohno has characterized the boundedness and compactness of weighted
composition operators between H* and the Bloch space B on the unit disk. In
Theorem 1 of [4], Ohno gave the following Proposition: The operator ¥C, : B —
H®° is compact if and only if ¢ € H* and for every sequence (z,)nen in the unit
disk U such that lim,, o |©(25)| = 1, lim,, o0 ¥(2,) = 0. However, in [5] we
showed that this result is in fact wrong.

In the setting of the unit ball, some necessary and sufficient conditions for a
composition operator to be compact on the Bloch space and the little Bloch space are
given in [8]. In the setting of the unit polydisk, we have given some necessary and
sufficient conditions for a weighted composition operator to be bounded or compact
from H™ to the Bloch space in [5] (see, also papers [2] and [10]).

In this paper, we study the boundedness and compactness of the weighted com-
position operator between H > and the a-Bloch space B®, generalizing some results
of [4]. Moreover, our method shows how one may improve Theorem 1 of [4].

Throughout this paper, constants are denoted by C, they are positive and may
differ from one occurrence to the other. The notation a < b means that there is a
positive constant C' such that ¢ < Cb. If both ¢ < b and b < a hold, then we say
that @ < b.
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2. THE BOUNDEDNESS AND COMPACTNESS OF 9 C,, : H*> — B

In this section, we will discuss the boundedness and compactness of weighted
composition operators ¢)C,, : B (or By ) — H*.
The following lemma was proven in [9].

Lemma 1. Let f € BY(B),0 < a < co. Then

1£1]5n L ae (o)
2
aln ——— =1
o Wlisng=ps o ,
11l
PR L L 1
=P 7

for some C' > 0 independent of f.

The next lemma can be proved in a standard way (see, for example, Theorem
3.11 in [3]).

Lemma 2. Let X and Y be B or H*. Then the operator yC, : X —
Y is compact if and only if YC, : X — Y is bounded and for any bounded

sequence (fi)ren in X which converges to zero uniformly on compact subsets of
B, YCy,fy —0inY as k — oo.

The next lemma which follows is standard, but we will give a proof for the
benefit of the reader.

Lemma 3. [f f € H®, then there exists a constant C such that |f||p <
Cllf lloo-

Proof. By Proposition 3.1.3 of [7], we have

f(w)
= —d .
f(Z) L (1 - <sz>)n+1 I/(w)
From this and by [7, Proposition 1.4.10], we have that

JREATOEA Y

(1 = (z,w))"t2
<o [ Wl < gl

(2, w) [ +2 1— |22

(Rf(2)] =

From this and since | f(0)| < || f||c, We can obtain

1flls = 1£(0)] + Sup [Rf(2)I(1 = |2*) < Cllfllo-
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Theorem 1. Let ¢ = (p1,...,¢n) be a holomorphic self-map of B and
@ € H(B). Then the following statements are equivalent:

(1) ¥C, : By — H™ is a bounded operator;
(2) ¥C, : B— H™ is a bounded operator;
3)

2
3) K :=sup |Y(2)| In ————5 < o0.
A Bk
(4) Moreover, if YC,, : B— H™ is bounded, then

2
“4) |10 Copl| B—mo = Sup [9(2)|In oo

Proof. (2) = (1) is obvious.
(1) = (3). Suppose ¢C,, : By — H> is a bounded operator. For A\ € B, put

2

() f(z) =In = o0

Since f(0) =1n2 and

C2R)IRf(2 L) VA = (1 o) | P
(L= =P)RFE)] < (1= [2) [VF()] = (1= [2) 1_<W(A)>‘
(1=
ST e =2

we get that || f||g <2+ 1In2.
On the other hand, we have
(1= ) < U B2ED

1= (2N~ 1= e

as |z| — 1, hence f € By. Thus

@)Y C, = > [VC,f o = sup [¥(2)f (p(2))] > [¥(A) | In — .
o = eV

Therefore

© s 0] Iy < (24 MY UC i < .
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(3) = (2). Assume that (3) holds. For any f € B, by Lemma 1, we have that

[(Cof) ()] = D () f(p(2))]

(7
< Cl(z)|In——|flls < CK| f|s5,
(=)l 1_@(2)‘2!! I 171l
for any z € B. Taking the supremum in (7) over z € B, it follows that
(®) [¥Co flloe < CK| fl5.

Thus yCy, : B — H is bounded. By (8), we get

) WCellB—r= = sup [PCyfle < sup CK|f|s < CK.
I flls<1 I £lls<1

Combining (6) and (9), we obtain (4). This completes the proof of the theorem.

Theorem 2. Let o € (0,1), ¢ = (1, ..., n) be a holomorphic self-map of
B and ) € H(B). Then, the following statements are equivalent:

(1) ¥C, : By — H*™ is a bounded operator;
(2) YC, : B* — H*™ is a bounded operator;
(3) v e H™.
Moreover, if pCy, : B* — H™ is bounded, then

(10) [Co |2~ o = [[9]]oo-

Proof. (2) = (1) is obvious.
(1) = (8). Suppose YC, : By — H> is bounded. Choose f(z) = 1, then
f € B and | f||g« < 1. Thus

(A1) [¢llee = 14 Coflloo < [19CollBa—moell fllse < Y Copllpa— proe.

Hence ¢y € H*™.
(3) = (2). Suppose 1) € H*, then for any f € B%, by Lemma 1, we have

(12) [(Cof) () = [ () f (e ()] < Clo ()N flls> < Cllebllooll fll e

where C' depends only on «. Taking the supremum in (12) over B we obtain

[¥Coflloo < Cllellooll £l B,

from which the boundedness of ¥ C, : B* — H follows.
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From this and (11), we get

19 CollBa— e = (|9 ]lco,

finishing the proof of the theorem.

Theorem 3. Let o > 1, ¢ = (p1,...,¢n) be a holomorphic self-map of B
and v € H(B). Then, the following statements are equivalent:
(1) ¥C, : B — H*™ is a bounded operator;
(2) YC, : B* — H™ is a bounded operator;
(3)

(13) M :=sup [(2)| < 00.

zeB (1= lp(2)[)* !
Furthermore, if vC', : B* — H is bounded, then

_ [¥(2)]
(14) [V CollBe—p= = igg (1— |p(2)|2)> 1

Proof. (2) = (1) is obvious.
(1) = (3). Suppose Y C,, : By — H> is bounded. For A € B, let

1
(1= {z,o(A)))t
It is clear that f € B* and that || f|| g« < 2%(a — 1) + 1. Moreover,
(1— |z
(1 =le)D*

as z — JB. This implies that f € B{. Similar to the proof of “(1) = (3)” in
Theorem 1, we have

9(2)
15 Rl me = Sy )]

< (2%(a = 1)+ DY Cyllse—n < 5,

f(z) =

(1= )2V f ()] < 2%(a 1)

hence (13) holds.
(3) = (2). Assume that (13) holds. Then, by Lemma 1, for every f € B* and
z € B, we obtain

[(Cof)(2)] = 1L (I f(p(2))]
< Ol ()| = () " fllse < CMi] fl5e
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and consequently

(16) [¥Co flloo < CM| £
Thus yCy, : B* — H™ is bounded.

Similar to the proof of Theorem 1, combining (15) and (16), we have

_ 0(:)
WGl = 2 Tl BT

Next, we will discuss the compactness of the operator ¥C,, : B* — H™ or
YCy, : B — H™.

Theorem 4. Let ¢ = (p1,...,¢,) be a holomorphic self-map of B and
W € H(B). Then, the following statements are equivalent:

(1) ¥C, : By — H*™ is a compact operator;
2 C,: B— H® is a compact operator,
( P pact op

(3) v € H® and

(17) lim  [ob(2)|Tn—>

L E——
lp(2)|—1 1 —[p(2)]2

Proof. (2) = (1) is obvious.
(1) = (3). Suppose ¥C,, : By — H> is compact. We have that ¢ = C,1 €
H®°. Assume that (zj)ken is a sequence in B such that limy_. [¢(2;)| = 1. Let

(18) 9r(2) = [ln m]_l [ln mr

For any z € B,

o) =2 i () T o

Thus for any z € B,

In —2 1
(1= [22)|Rgu(z)] < 2(1 — |2 ~——2pte)
Iy L 1
1—]p(z)]
C+ln—2—
< g Gl o o

2

In oo
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On the other hand,

2

lg(0)] < <ln W>_ (In2)? <In2.

Thus ||gklls < M, where M is a constant independent of k. It is obvious that

gr € H(B), thus gi € By for every k € N. Since for |z| = r < 1, we have

2 2
2 2
l96(2)| = — < -0 (k— o),
1—Tfeo(2k)[? 1—leo(2k)[?

that is, g — 0 uniformly on compact subsets of B as k — oo. Since ¢C,, is
compact, by Lemma 2, we have limy, .o ||/Cy,0k||cc = 0. On the other hand, the
following estimate holds

2

[9Cogtllo0 = sup [4()llg8(p(2)] = () [ In T~

Thus

lim |9 (z)|1n =0,
k—o00

1 — Jio(zx)[?
which implies (17).
(3)=(2). Suppose ©» € H*° and condition (17) hold, then it is easy to see that

2
su z2)| In ——m——— < 0.
R A POk
By Theorem 1, ¢/C,, : B — H™ is bounded. Assume that ( f1)xcn is a bounded se-
quence and fj, — 0 uniformly on compact subsets of B. Denote K = supcy || fx||5-
For any € > 0, by (17), there exists a § € (0, 1) such that if § < [p(2)] < 1,

2

[(2)] lnw < €.

Thus if |¢(z)| > 0, for every k € N, we have

(19) [ ()| fr(e(2)] < Cllfrllsle(2)|In 5 < CKe.

2
1—|e(2)|

On the other hand, since f; — 0 uniformly on the compact {w : |w| < 0} as
k — o0, there exists a kg such that | f5(¢(2))| < € if |p(2)] < § and k > k. Hence
for |p(2)| < d and k > ko, we have

[P el (2))] < [[9]oce.
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This and (19) imply that limy_,« ||#0C, fi|lcc = 0. By Lemma 2, it follows that
YCy, : B — H™ is a compact operator, as desired.

Theorem 5. Let o > 1, ¢ = (1, ...,¢n) be a holomorphic self-map of B
and 1) € H(B). Then, the following statements are equivalent:
(1) ¥C, : By — H™ is a compact operator,;
(2) YC, : B* — H™ is a compact operator,;
(3) v € H® and

(2]

lim =0.
l(z)|—1 (1 = Jeo(2)[2)ot

(20)

Proof. (2)=-(1) is obvious.
(3)=(2) Assume that ¢ € H* and condition (20) holds, then
[Y(2)|

sup — < 0.

zeB (1 —|p(z)[?)*!
By Theorem 3, ¥C, : B* — H is bounded. Now assume that (fj)ren is
a bounded sequence and fr — O uniformly on compact subsets of B. Denote
K1 = supyen || fi||Be. From (20) we have that, for every € > 0, thereisa § € (0, 1)
such that if § < [p(2)] < 1,

(2]
(1= fe(z)P)t

This shows that if |p(z)| > 0, for any k£ € N, we have

[ (2)]
(1= lep(z))t

The rest of the proof is similar to the corresponding proof of Theorem 4 and will
be omitted.

(1)=(3). Let (z)ken be a sequence of B such that limy_. |©(2x)] = 1.
Choose

< €.

2D [P fule(2))] < Cll fell 5

S CKle.

(1= (2, 0(zk)))"
It is easy to see that fi, € BY, suppey || fil|se < C and fi, — 0 uniformly on
compact subsets of B as k — oo. Since ¢C,, is compact, by Lemma 2, we have
limy 0 ||Cy fi|loc = 0. From this and since

|9 (21|
(1= Jeo(zk)[2)ot

19 C flloo = Sup [ () fr(ep(2))] =
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we obtain

lim |9 (21|
k—oo (1 — [ip(2k)[?)> !

:07

which implies (20).
Similar to the proof of Theorem 4, the following theorem can be obtained.

Theorem 6. Let 0 < o < 1, ¢ = (1, ..., pn) be a holomorphic self-map of
B, ¢ € H®(B) and lim,(;)|—1 [¢(2)| = 0. Then, C, : B* — H* is a compact
operator.

Remark 1. Note that if |||/ < 1, then similar to the proof of Theorem 5, it
can be proved that the compactness of the operator 1/ C,, : B* — H® implies that
limy,(2) -1 [¢(2)] = 0. However, if [|¢||oc = 1, we do not know, at the moment, if
this is true.

3. THE BOUNDEDNESS AND COMPACTNESS OF ¢ C, : H* — B¢

In this section, we characterize the boundedness and compactness of the operator
YCy, : H* — B®. For simplicity of notation, we restrict ourselves to the case of
a = 1. We will begin by introducing some preliminary notation.

Let ¢ = (¢1,- .., pn) be a holomorphic self-map of B, denote

Op1(z)  Opi(z)
821 ﬁzn
Dg(z) =
&pn( ) &pn( )
07 0z,

and Dy(z)T be the transpose of the matrix Dip(z) (see [11]). Here

1/2

peta) = | 30 [ 229

k=1

Theorem 7. Let ¢ = (p1,...,¢n) be a holomorphic self-map of B and

Y € H(B). If
(a) Y €B
(b)
(1—z[*
(22) SUp \«p(Z)PWz)‘ |Dp(2)| < o0,
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then, YC,, : H* — B is bounded.

Conversely, if C,, : H* — B is bounded, then
(c) weB
(d)

e3) sup LN L) ) 77 <

Proof. Suppose that (a) and (b) hold. For a function f € H*°(B), we have

IV@CoH)I(1 = [2*)
< (1= [2P)VY (I f ()] + [¢(IV(F o o) (2))](1 = |2])

= (1= |2V ()| f(0(2)]|+]w(2)|(1-]2]?) <Z‘Za§l gf}j ‘2>1/2
< (1= 2PV ()| £ ((2)]
+H(2) (1= |2]%) (ZZ‘?Z ‘)/<Z‘8Q ‘)/

< (1= [PV ()1 f (ol ))HW( )| = [2)De(2)] (V) (#(2))]

2
< Clllalflloe + Ol o=l D)l

By Lemma 3 we know that || f||z <C/|| f||~ for every f€ H*(B). This along with
conditions (a) and (b) show that the operator ¢»C,, : H*°(B) — B(B) is bounded.

Conversely, suppose that ¢C,, : H>*(B) — B(B) is bounded, i.e. there exists
a constant C' such that

(24) 19 Co flls < C| flloo

for all f € H*°(B). Taking f(z) =1 and f(z) = 2z, l =1,...,n, it follows that
Y € B(B) and ¢ € B(B).
For fixed \ € B, we define the test function

1— (M)

1&) = Tty
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It is easy to see that f € H>(B) and || f||sc < 2. Therefore we have
204 Cll s = [[0C 15
2 sup(1 — [2P)| V() /(o(2)) + ()Y (S o @)(2))]
> (1= PWP)| TS0 (0) + V(S 0 9)(V)

> (1= BT 0 D)) - (1= AR THAS ()
(25) n n 2\ 1/2
=<1—|A|2>|w>|(z\Zg—gw(m)g—i(x)\ ) e
=1 =1

—

k
=PRI 3 g @) - Aiweo)

< | = |<p
Do (2)"e(NT| = [V (1 = [A]%).

_ I =P

L= lp(V)[?

n n

Since ¢ € B(B), we obtain

6) qup PONA=AD), )25 < oo,

xeB 1 — “P()‘)P

Which completes the proof of the theorem.

Theorem 8. Let ¢ = (p1,...,¢n) be a holomorphic self-map of B and

Y e H(B). If
(a) limy, (1 = |2*)|Ve(2)| = 0;
(0)
1z _
27) |l|1§1 WW(Z)HD@(Z)\ =0,

then, YC,, : H* — B is compact.

Conversely, if C,, : H* — B is compact, then
(€) limyp(zy—1 (1 = |2*)[ Ve (2)| = 0;
(d)

28) i PR oy

— 0.
le(z)l—1 1 —|p(2)?

Proof. Suppose that conditions (a) and (b) hold. Then it is clear that ¢/C', :
H* — Bisbounded. Let ( f1)ren be a sequence in H > such that sup ey || fxlloo <
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L and fi converges to 0 uniformly on compact subsets of B as k — oco. By the
assumptions, for any € > 0, there is a 6 € (0, 1), such that

29) (1 |2P)IVe(e)] < e
and

2
30) 1‘”Pwuman<e

1—e(2)

whenever 0 < |z| < 1. Let K = {w € B : |w| < §}. Note that K is a compact
subset of B. Then, by employing (29), (30) and Lemma 3, we have that

[9Co fill 5
= sup [V fi)|(1 = [2°) + [$(0) fi (2 (0))]
< flelg(l — 21|V (2)]]fr((2))]
+sup [W()IV (e 0 ) (2)|(L = |2[%) + [4(0) fr((0))]

< sup (1= [2)|[ Vo) Ifu(e()] + sup (1 —[2*)|V(2)|| file(2))]

(31) zeK 0<|z|<1
2 (1— 12
+§EI€'(1 - |(p(2)| )lvfk(@(z)” 1 — |(,0(Z)|2 |¢(Z)||D(p(2)|

# st (1=l )V ol LBl 0 (o)
5<|z|<1 ‘P(Z)l

< sup |fe(w)[[[¢lls + sup M(1— [w]?)|V fi(w)]
wep(K) wep(K)

+[1(0)fr(0(0))] + Ce,

where
M = sup L 1D ()
=sup ——|¥(z 2)|.
2eb 1= [p(:)P? v
Note that M is finite in view of (27). Cauchy’s estimate gives that |V f(w)| — 0
as k — oo on compacta, in particular on ¢(K). Hence, letting k¥ — oo in (31) we
obtain

lim [[YCipfills = 0.
k—oo

From this and applying Lemma 2 the result follows.
Now, suppose that C, : H> — B is compact. Let (2x)ren be a sequence in
B such that |p(z;)| — 1 as k — oco. Let
1 —Jo(z)|?
fr(z) = —————————.
R e
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Then f, € H*, supsen || frlloo < 2 and fi, converges to 0 uniformly on compact

subsets of B as k — oo. Since yC, : H* — B is compact, we have
lim [[Cpfi 5 = 0.
k—o0

Therefore, similar to the proof of Theorem 7, we obtain

2 .
6o fills 2 | 2l IDea) o] - (1 - )T el
Hence
lim (1 — |2]?) |V (2k))|
lo(zk)]—1
(32) L 1— |z ? T T
lim 7‘2\1#(%)“17@(%) o(z1)T],

leCer)—1 1= |o(zg)

if one of these two limits exists.
Next for a sequence (z)ken in B such that |¢(zx)] — 1 as k — oo, we take

Cl-le)? (1= lelE? )
92 = T o) (1—<z,¢<Zk>>> hen

We notice that gj, is a sequence in H > and g converges to 0 uniformly on compact
subsets of B as k — co. Note also that gx(¢(2x)) = 0 and

()

\Y% 2E)) = ———————.
wEE) = 30 o)
Similar to (25), we obtain

1— |z
2(1 — [(21)[?)

as k — oo. Therefore we get the condition (d) and so by (32), we obtain (¢).

¥ () |IDe (k)" o (2)T] < ¥ Cogills — 0,
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