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STRONG CONVERGENCE THEOREMS OF ISHIKAWA ITERATION
PROCESS WITH ERRORS FOR FIXED POINTS OF LIPSCHITZ
CONTINUOUS MAPPINGS IN BANACH SPACES

Yen-Cherng Lin, Ngai-Ching Wong and Jen-Chih Yao

Abstract. Let ¢ > 1 and E be a real g-uniformly smooth Banach space, K
be a nonempty closed convex subset of £ and 7' : K — K be a Lipschitz
continuous mapping. Let {u,} and {v,} be bounded sequences in K and
{a,} and {B,} be real sequences in [0, 1] satisfying some restrictions. Let
{z,} be the sequence generated from an arbitrary x; € K by the Ishikawa
iteration process with errors: vy, = (1 — Bn)xn + BuTTn + Uny Tpt1 =
(1 —an)zn +anTyn +u,,n > 1. Sufficient and necessary conditions for the
strong convergence {z,} to a fixed point of 7" is established.

1. INTRODUCTION AND PRELIMINARIES

Let £ be an arbitrary real Banach space and let J,(¢ > 1) denote the generalized
duality mapping from E into 2%" given by

Jo(@) ={f € E*: (x, ) = |[=[|* = =[]l F]I},

where E* denote the dual space of E and (-, -) denotes the generalized duality pairing
between E and E*. In particular, Js is called the normalized duality mapping and
it is usually denote by J. It is well known (see [11]) that J,(z) = ||z|972J(z) if
x # 0, and that if £~ is strictly convex then J, is single-valued. The single-valued
generalized duality mapping will be denoted by j, in the sequel.

Recall that a mapping 7" with domain D(T') and range R(T) in E is called
strictly pseudocontractive [1] if for all z,y € D(T)), thereexist A > 0 and j(z—y) €
J(x — y) such that

(L1 Tz =Ty j(x—y)) < |z -yl = Mlz -y — (T2 - Ty)||*.
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The mapping T is said to be Lipschitz continuous with constant L > 0 if
[Tz — Ty| < Lljz — y|| Va,y € D(T).

We remark that a strictly pseudocontractive mapping is Lipschitz continuous with
constant greater than 1.

The Mann iterative process (with errors) and the Ishikawa iterative process
(with errors) have been extensively applied to approximate the solutions of nonlinear
operator equations or fixed points of nonlinear mappings in Hilbert spaces or Banach
spaces in the literature. See, e.g., [3-10]. In 1974, Rhoades [9] proved the following
convergence theorem using the Mann iterative process.

Theorem 1.1. Let H be a real Hilbert space and K a nonempty compact
convex subset of H. Let T : K — K be a strictly pseudocontractive mapping and
let {cv,,} be a real sequence satisfying the conditions: (i) ag = 1; (ii) 0 < o, <
I,n>1; (iii )Y "7 ay = 00; (iv) limy, 00 i, = @ < 1. Then the sequence {z,,}
generated from an arbitrary zo € K by the Mann iterative process

Tny1 = (1 — ap)zn + apyTxy,n >0
converges strongly to a fixed point of 7.

Let £ be a real Banach space. The modulus of smoothness of E is defined as
the function pg : [0,00) — [0, 00) :

1
pe(r) = sup{g(lz +yll + lle —yl) =1+ 2] < L [lyll < 7}

E is said to be uniformly smooth if and only if lim, o, (pr(7)/7) = 0. Let ¢ > 1.
The space F is said to be ¢g—uniformly smooth (or to have a modulus of smoothness
of power type ¢ > 1), if there exists a constant ¢, > 0 such that pg(7) < ¢,79. It
is well known that Hilbert spaces are 2-uniformly smooth while if 1 < p < 2, L),
l,, and the Sobolev spaces WPE are p—uniformly smooth. If p > 2, L, 1, and wk,
are 2-uniformly smooth.

Theorem 1.2. [11]. Let ¢ > 1 and E be a real Banach space. Then the
following are equivalent:

(i) E is g—uniformly smooth.
(73) There exists a constant ¢, > 0 such that for all z,y € E

(L.1) [+ yll* <[l + ¢{y, Jo(2)) + cqllyll.
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(13i) There exists a constant d, such that for all z,y € E and t € [0, 1]
(1.2) A=tz +ty|* = 0 =fzl|! + tyll? = we(O)dgllz =yl
where wy(t) = t9(1 —¢) +t(1 —t)9.

Furthermore, it was shown in [12, Remark 5] that if E is g—uniformly smooth
(¢ > 1), then for all z,y € E, there exists a constant L, > 0 such that

lia(x) = Gl < Lullz =y 7~

Recently, Osilike and Udomene [13] improved, unified and developed the above
Theorem 1.1 and Browder and Petryshyn’s corresponding result [1] in two aspects:
(i) Hilbert spaces are extended to the setting of g—uniformly smooth Banach spaces
(¢ > 1); (ii) Mann iterative process is extended to the case of Ishikawa iterative
process.

Theorem 1.3. [13, Theorem 2]. Let E be a real ¢g—uniformly smooth Banach
space which is also uniformly convex. Let K be a nonempty closed convex subset
of Fand T : K — K be a strictly pseudocontractive mapping with a nonempty
fixed-point set F'(T"). Let {«,} and {53, } be real sequences in [0, 1] satisfying the
conditions:

()0<a<all<b< (gAY /ey)(1 — B,),¥n > 1 and for some constants
a,be (0,1);
(1) Y02 Br < oo, where 7 = min{1, (¢ — 1)}.

If {x,,} is the sequence generated from an arbitrary =, € K by the Ishikawa
iterative process

{ Yn = (1 - ﬁn)xn + /BnTxnv

Tny1 = (1 — ap)zn + o Tyn,n > 1.

then {x,,} converges weakly to a fixed point of 7.

Let F be a real g—uniformly smooth Banach space, K be a nonempty closed
convex (not necessarily bounded) subset of E with K + K C K,and T : K — K
be a Lipschitz continuous mapping with constant L > 0 such that F(T') # (). Let
{u,} and {v,} be bounded sequences in K and {«a,}, {5,} be real sequences
in [0, 1] satisfying certain restrictions. Let {x,} be the sequence generated from
1 € K by the Ishikawa iterative process with errors:

{ Yn = (1 - ﬁn)xn +ﬁnTxn + Un,

(1.3)
Tpy1 = (1 —ap)zn + anTyn + up,n > 1.
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We note that the Ishikawa iterative process with errors (1.3) was introduced by Liu
[3] for approximating solutions of a nonlinear equation in Banach spaces. In this
paper we will establish the sufficient and necessary conditions for the strong con-
vergence of {z,} to a fixed point of T". The case where v,, equal to the zero vectors
was studied in [14] under the assumption that 7" is a strictly pseudocontractive

mapping.
The following lemma will be useful in the sequel.

Lemma 1.1. [10]. Let{a,}>>; and {b,}5°, be sequences of nonnegative real
numbers such that >, b, < oo and an41 < ay + by, Vn > 1. Then lim, . ap
exists.

2. MaIN REsSuULTS

Lemma 2.1. Let E be a real ¢g-uniformly smooth Banach space and K be a
nonempty convex subset of £ with K + K C K, and T : K — K be a Lipschitz
continuous mapping with constant L > 0 such that F(T) # 0. Let {u,}°,,
{vn}o2; be bounded sequences in K, and {a,}o2, {8}, be real sequences in
[0, 1] satisfying the following conditions: (i) > >°, [lun| < oo, (i) >°07; [Jva]| <
oo, and (iii) Y7, a,, < oo. Let {z,,} be the sequence generated from an arbitrary
x1 € K by the Ishikawa iterative process (1.3) with errors. Then

(1) |ens1 — %9 < (1 + 0p)||wn — 2*]|9 + 0,,Vn > 1,Va* € F(T),
where
6n = qan(1+ L+ L?) +alcy(1+ qL(1+ L) + ¢,LY(2+ L)7 ' (1 + L))

and
On = qanL|z, — ¥ on | + @bz LY(2 4 L)1 v, |7

+allunlllznss = un — 277 + cgllun |+ Jon llon — 2|47

(ii) There exists a constant M > 0 (e.g., M = e>n=1%) such that

n+m—1
[2npm — 2* |7 < Mllzn — 2|9+ M > 6k, Yn,m > 1,V2* € F(T).
k=n

Proof. (i) Let «* be an arbitrary element in F'(T"). Then it follows from (1.1)
and (1.3) that
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[Zne1 — 2|7 = [[(1 = an)zn + anTyn + uy — 2|9
< (1 — an)xpn + Ty — x|

(2.1) s g @t = tn — %)) + cgllug |2

IN

(1 = an)xn + anTyn — x|

+qllunlll#nsr — un — 277 + cqllun| .

Observe that

1A= ) o Typ—a* || = |[2n—2* = o (20 =Tyn)||*

< Hxn_x*Hq_qan<xn_Tynvjq(xn_x*»
(2.2) tadcqllzn—Tyn||?
< Hxn_x*”q‘i‘qan‘<xn_Tyn7jq(xn_x*)>‘

+atcqllzn — Tyn |2

[(@n = Tyn, Jg(@n — )| < llzn = Tynlldg(2n — 27)||

= [|(zn — 2*) = (Tyn — Ta*)|l[|wn — 277
< (lzn = 2*|| + Lllyn — a*[)l|zn — ¥
= |lzn = 2*|?+ Lllyn — 2*|[[lzn — 2177,

and

lyn — 2| < [(1 = Bn)@n + BnTwn + vn — 2|
= [|(1 = Bn)(@n — @) + Bn(Tan — T2*) + vy|
(1= B)llzn — 2*|| + Bul Tzn — Ta*|| + [Jonl
1= Bn + LBp) lan — 2| + [lvn]]
1+ L)|Jxn — 2*[| + [Jonl,

IN

< (
<(
we have

[(#n = TYn, jq(zn — 27))]
(2.3) < lzn = 217+ Lllzn — 2* 19711 + L) 2 — 2*]| + [[vnl])
(L+ L+ L)z — a*[|7+ Llan — 2*[[ 77 |[on]l-
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Also since
|20 — Tynll? = [|(zn — 2*) — (Tyn — Ta*)||4
< lzn — 2*|7 = ¢(Tyn — T2*, jg(xn — %)) + cql| Tyn — Tz||?
< zn — 29+ ql| Ty — Tx*||||jg(xn — )| + cqLyn — 2*(|4
< lan — 2% 4 qLllyn — 2*||Jzn — 2* 97" + ¢ L9 lyn — 2*]|,
and

[gn — 2% < (1 + L)[|zn — 2] + [Joa])?

1+ L 1
— (24 L) ay — 2| 4 ——on]))
R P e )
<2+ L)q(ﬂHx — |7+ lvnl|9) (by Jensen’s Inequality)
- 2+L"" 2+L""

= 2+ L) 1+ L)flag — 2|7+ (2+ L) o4,
we get

lon=Tynll < llon =219+ qL((1+L)llzn—a* ||+ lvn]]) 2 —2*]|47

(2.4) +eg L2+ L) T (14 L) o —a*[| 7+ (2 + L) 7 H|vp |1
(1+qL(1+ L) +cqL4(2+ L) (14 L)) | —* ¢

Consequently from (2.1) -(2.4), we have

lzn1—a*[[7 < [lon =214 gon[(1+ L1+ L)) |zn—2*[| 7+ Ll|n —2*(|97 g
+aincg[(1+qL(1+ L) + ¢ L2+ L)' (1 + L)) [l — 27|
+eqL4(2 + L) on||7 + lJonlllzn — 2*[197]
Hal|unllZnt1 — un — 2|97 + cql|unl|

= (14 0p)||l@n —2*||9 + 6y,

Therefore (i) is valid.

(i) It follows from conclusion (i) that for all n,m > 1 and 2* € F(T)
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[#n4m — 2|7 < (1 + Ongm—1)[[Tngm—1 — 2*[|? 4 Onsm—1
< (1 + 5n+m—1)(1 + 5n+m—2)”£n+m—3 - x*Hq
+(1 + 5n+m—1)0n+m—2 + 0n+m—1
< (1 + 5n+m—1)(1 + 5n+m—2)(1 + 5n+m—3)”£n+m—2 - x*”q
+(1 + 5n+m—1)(1 + 5n+m—2)0n+m—3
+(1 + 5n+m—1)0n+m—2 + 0n+m—1
<.
n+m—1 n+m—1 ntmtl
< eXk=n 0|z, — a*||9 4+ eXk=n Ok Z Ok
k=n
n+m-+1
< M||zy, — ™9+ M Z Ok,
k=n

where M = e>k=1%_ This shows that conclusion (ii) is also valid.

Theorem 2.1. Let ¢ > 1 and E be a real g—uniformly smooth Banach space,

K be a nonempty closed convex subset of £ with K + K C K,and T : K — K
be a Lipschitz continuous mapping with constant L > 0 such that F'(T") # (). Let
{u,} and {v,} be bounded sequences in K. Let {«,,} and {5,,} be real sequences
in [0, 1] satisfying > ">, |lun|| < 0o, D02 |lun|l < oo and >°>°, ay, < oo. Let
{z,,} be the sequence generated from an arbitrary x; € K by the Ishikawa iterative
process (1.3) with errors. Then {z,} converges strongly to a fixed point of T' if
and only if {x,} is bounded and

lim infd(z,, F(T)) =0,

n—oo
where d(z,,, F'(T)) is the distance of ., to set F'(T), i.e., d(zn, F(T)) = infyxcpp)
[ an — ™.

Proof.  The necessity is rather straightforward. We verify the sufficiency.
Suppose that {z,, } is bounded and lim,, ,~, infd(x,,, F(T')) = 0. First, from Lemma
2.1(i), we obtain

[Zn1 — 2|7 < (1+0n)llen —2™[[" +0n,  Vn 21,27 € F(T),
where
6n = qan(1+ L+ L% +alc,(1+qL(1+ L) + ¢,L(2+ L)T ' (1 + L)

and
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On = qonLljzn — a* [T on]| + @hefLU(2 + L) |og |19

+allunlll|znis = un — 297 + cqllunl|? + Jon lon — 2|47

Since Yooy Nlun|l < oo and Y07 [ju, || < oo, we have Y7 lu,||?7 < oo and

met [lvn||9 < co. Note that {z,,} and {u,} are both bounded. Thus, there is a

number 17 > 0 such that ||z41 — u, — 2*|| < M and ||z, — 2*|| < M,Vn > 1.
Hence

xD xD
D0 < D@L D) M o || +c2LI(2+ L) o |4 g an | M9+ un [ 9)

n=1 n=1

o o
< (qL+1D)MEY 7 on]l +cGLU2+ L)Y fon]?

n=1 n=1

xD x
MY | + ¢ D un||? < 0.
n=1 n=1
On the other hand, we have

Z(S q(1+L+L?) Zan—i—cq (14+qL(14+L)+¢, LI(2+ L) 1 (1+L) Zoﬂ < o0.

n=1 n=1

Also, observe that
(25) llonsr =27 < (U 80 an = a7+ O < = 2|+ 6,507 + 6.
This implies that

(d(n 1, F(T))? < [d(wa, F(T))) + 6,17 + 6.

From Lemma 1.1 we know that the sequence {||z,, — 2*||?} converges, so does the
sequence {||x,, — z*||}. By Lemma 1.1 again, we infer that lim,, . (d(z, F(T))?
exists, so does lim,, .~ d(x,, F(T)). Since lim,,_, infd(x,, F(T)) = 0, we have
limy,, 00 d(xy,, F(T)) = 0.

Now, we claim that {x,} is Cauchy sequence. Indeed, according to Lemma
2.1(ii), we deduce that there exists a constant M > 0 such that

n+m-+1
[2nim — 2| < Mllzn —2*|"+ M > 6k, Yn,m > 1,2 € F(T).
k=n

Since lim,, o0 d(z, F(T)) = 0and Y, 6, < oo, for an arbitrary ¢ > 0, there
exists an integer Ny > 1 such that for all n > Ny

€ 1 € 1
d($n7F(T))<(3W) /q'm#md ;9k< 6M 201
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Hence, d(zn,, F(T)) < (BLM)l/q . ﬁ This implies that there exists an 2% €
F(T') such that

5 o (Eyifa, L
d(xNle) < (3M) 2(a-1)/q"
In view of Jensen’s Inequality, we conclude that
(2.6) |Zn4m — 2all? < 297 (|2 — 2T + |2 p4m — 27]19).-

Since for all » > N7, we have

n
|l — 25|19 < Mllzn, —2il|7+M ) 0

k=N,
xD
< Moy, — 237+ M ) 6k
. k=N,
3 3
< S -
- M3M 2(g-1) +M6M 2¢—1
€ 1
= 5 5T
and
n+m—1
[2nim — 257 < M2y, =257+ M Y 6k
k=N,
xD
< Moy, — 237+ M ) 6k
1 oy
(3 3
< M—. M— . —
— 7 3M 2¢-1 T ME 2
€ 1
= 5 5T

so, from (2.6), we get

15 1 5 1
2 201 T3 9¢1

|Zngm — o7 < 297 Y )=¢€, Vn>Ny,m>1.

This shows that {z,,} is Cauchy sequence. Since the space E' is complete, lim,, .~ =,
exists. Thus, we may assume that lim,, ,~ x,, = u* and it is easy to show that u*
is a fixed point of T. This completes the proof.
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