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e-ENTROPY THEORETIC ASPECTS OF HOMEOMORPHISM
PROBLEMS OF ANALYTIC FUNCTION SPACES

Shigeo Akashi

Abstract. e-Entropy theoretic solutions to the homeomorphism problem of
the entire funcition spaces equipped with the compact open topology and the
homeomorphism problem of the analytic function spaces equipped with the
norm topology are given.

1. INTRODUCTION

In 1957, the theory of e-entropy was developed by Kolmogorov and Arnold to
solve the 13th problem formulated by Hilbert, which is closely related to the super-
position representation of continuous functions of several variables by continuous
functions of fewer variables (cf. [4, 5]), and in 1964, Vituskin solved the super-
position representation problem of continuously differentiable functions of several
variables by continuous functions of fewer variables (cf. [8]).

In 1958, Kolmogorov applied this method to the homeomorphism problems of
the topological vector spaces consisting of analytic functions defined on bounded
open domain (cf. [6]), which was based on the entropy theoretic classification of
analytic function spaces obtained by Babenko, Erohin and Vituskin (cf. [2, 3, 7).

In this paper, the method of solving the superposition representation problems of
analytic function spaces is applied to the solution to the homeomorphism problems
of entire function spaces (cf. [1]). More exactly speaking, for any positive integer n,
let A,, denote the set of all analytic functions which are bounded on the closed unit
ball of C™ and analytic on the open unit ball of C™. Then, A,, can be topologized
if A, is equipped with the norm topology induced from the uniform norm on the
closed unit ball. Let £,, denote the set of all entire functions of n variables. Then, we
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can topologize &, if &, is equipped with the compact open topology, and moreover,
from the point of view of the e-entropy theory, it is proved that A, (resp. &) is
not homeomorphically homomorophic to A, (resp. &) if n is not equal to m.

2. e-ENTROPY OF CoMPACT SUBSETS OF ANALYTIC FUNCTION SPACES

Let /C be the set of all compact subsets of C™ and for any K € K, let || - ||x be
the norm on &, defined as

Hf‘KHK = sup ‘f(zlv 7zn)‘7 fegn
(317...7;5")6](

Then, a topology over &, is called the compact open topology, which is denoted by
Tn, if its fundamental system of open neighborhoods is equal to {{f € &.; || fl x|l x <
e}; K € K,e > 0}. Let U be the closed unit disc of C and, for any positive number
s that is greater than 1. let sU denote {sz;z € U}. For any positive integer n, let
&y be the set of all entire functions of n variables defined on C”, and let || - ||,
denote the norm defined as

Hf‘(sU)"”n,s = sup  [f(z1,- - z)ls f € &n

21, ,2n€8U

Especially, for any positive number M, &, (s, M) denotes as the subset of &,, defined
as

Enls, M) = {f € &n; Hf‘(sU)"”n,s < M} .
Moreover, d, (-, -) denotes the metric on &, defined as

o0

_ Hf_an,k
W09 = L gl PO

Then, it can be proved that (£, 7,,) is homeomorphically homomorphic to (&,, d,,)
and the metric space (&, d,,) is complete and &, (s, M) is a nonempty closed subset
of &,.

Let X' be a metric space. Then, for any positive number ¢ and for any relatively
compact subset F of X, the e-entropy of F, which is denoted by S(F,e), is
defined as the base-2 logarithm of the minimum number of the cardinal numbers
corresponding to all e-nets of F, and the e-capacity of F, which is denoted by
C(F,e), is defined as the base-2 logarithm of the maximum number of the cardinal
numbers corresponding to all 2¢-separated sets of F.

For any positive integer n and for any positive number s that is greater than 1, let
A, (s) be the set of all complex valued functions of n variables which is continuous
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on (sU)™ and analytic on the interior of (sU)™. It is known that (A, (s), || - |n.s)
is a Banach space. Then, K. |. Babenko [2] and V. D. Erohin [3] had proved that,
for any positive number M, the following equality:

lig S 2 f € Ao(s)i [l flozllzn < Mbe) - 2

mm 3 = 2

e—0 (log 1) 3!(logs)
holds. After the above equality had been proved, A. G. Vitushkin [5] gave the
following generalization:

SUSlun; | € An(s); | flunlng < M}, €) 2

1’ = .
Py (log 1)”+1 (n+ 1)!(logs)"

€

Here we have the following:

Lemma 1. For any positive integer n that is greater than 1 and for any two
positive numbers r and s, if » < s holds, then the following equalities:
S ({ ey f € Enls, M)} )

) <{f‘(rU)"§ feé&ns, jw)}l\'ﬂn,r7 e)
im . L n+1
e—0 (log %) e—0 (log %)
2

holds.

Proof. Without loss of generality, we can assume that r is equal to 1. Since
the following inclusion:

{flon; f € En(s, M)} C {flum: f € An(s), I flunlln1 < M}
and Babenko-Erohin-Vituskin’s theorem shows that the following inequality:

. S<{f‘Un;fng(st)}H'Hm’e) ;
lim ) |
e—0 (log 1) = (n+ Dl(logs)"

€

Therefore, we have only to prove the converse inequality. Let N (e) be the positive
integer defined as

1
N(e) = [log— —|—1] )
€
Moreover, let D(e) be the subset of Z7; defined as

D(e) = {(/ﬁ,--- Jhn) € 21 ki < i\g—g}
i=1
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Let ¢ be a mapping defined on D(e) with values in C satisfying

‘Re<¢<k1,---,kn>>‘62+,‘Rew(m,---,kn»‘gl M/v2 g(lﬂ

2¢ 2¢ e [, (ki+1)2 L1 \ s

‘zmw(kl,---,knn‘ezﬁ‘fmw(kl,---,kn))‘gl 1/\/2 H(lﬂ

2¢ 2¢ 2ntle [T, (ki+1)2 o \s

where (ki,---,k,) is an element belonging to D(e), and let ®(e) be the set of
all mappings satisfying the above conditions. For any ¢ € ®(e), gy (-) denotes the
polynomial of n complex variables which is defined as

n

9¢(217"'7Zn): Z ¢(k177kn)szklv Zl,"',Zne(C.

(1, kn)€D(€) i=1

If (21, , 2n) € sU holds, then we have

n

196(21, - 2)| < ST bk k) T 5

(K1, kn)€D(e) i=1

IN

Z M
) 2n [T, (ki +1)2

(K1, ,kn)ED(€

M < "
< 2 -
= 2n< +;k(k+1)>
< M.

Therefore, g, is an element belonging to &£, (s, M). Let ¢; and ¢, be two elements
belonging to ®(¢). Then, there exists an element (k1, - - -, k,) € D(e) satisfying

[P1(k, - k) = ga(kn, -+ S k)| > 26
This inequality implies that
1961|um — ggolunllng = 2e

holds, and {ge|un; ¢ € ®(€)} is a 2e-separated set of {f|yn; f € E,(s, M)}. Let
A(e) be the subset of R’} defined as

Ale) = {(ml,---,xn) ER”;Zn:x < N(e)}'

i S
P log s

If (k1,---,ky) is an element belonging to D(e), then, for any sufficiently small e,
we obtain the following inequalities:
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[T+ 1< (1) v,

i=1
card(D(e)) < // dx
Ale)
n!(log s)™
and
n 1 n
Z log (H st> = — Z logsZki

(K1, kn)€D(e) i=1 - kn)ED(e) i=1

| \/

—nN ()" -
~ (n+ 1)!(logs)”

O (N(e)")-

/ / log s Z(mi—i—l)dxl---dxn
Ae)
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Therefore, a lower bound of C({fly=; f € E.(s, M)}, €) can be estimated as fol-

lows:

C{flun; f € Enl(s, M)}, ¢)

Y

log card(®(e))

Y

2M n
oo T (g I
n+1 n . 2 ki
(K1, kn)ED(€) 2 GHizl(k'L + 1) i=1 s
2N ()" 1 2nN (e)"+!

— nl(logs)” %8 (n+ 1)!(logs)"

" 1
+0 <<1og E> loglog E> .

These results imply that the following inequality:

CUluif €M} 2
l)”+1 ~ (n+1)/(logs)”

€

lim inf
e—0 (log

holds, and therefore, we can conclude the proof.

3. THE HOMEOMORPHISM PROBLEM OF ENTIRE FUNCTION SPACES

2
1
+1)

Let s be any positive number that is greater than 1. Then, in this section, for

any positive number M, G, (s, M) denotes the subset of &, defined as

gn(va) = {f € &n; Hf‘(sU)"”n,S < M} :

Here, we can prove the following
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Theorem 4. For any two positive integers m and n, There does not exist
any homeomorphic homomorphism on (&,,, 7,,) with values in (&, 7,,,), if m is not
equal to n.

Proof. Assume that m < n holds and there exists a homeomorphic homomor-
phism h,, ,, on &, with values in &,,. Then, there exist two positive numbers r and
L satisfying

Gm (1, L) C hpm(Gn(1,1)).

because £, (Gn(1,1)) is an open subset of £,,. Since h,, 7, (Gm(r +1, L)) is also
an open subset of &, there exist two positive numbers s and M satisfying

b (Gn(s, M)) C Gu(r+1,L).

For any sufficiently small positive number «, there exists a positive number e,
satisfying the following three inequalities:

<{9‘Um g€ gm(“: 1’L)}’6> 5 <(m + 1)!(120g(ri—1))m +a> <1og%>m+l

) <(n * 1)!(1354(8 +1)" _a> <1og 9”“
< S{gluni g € Guls, M)}, €)

where ¢ is any positive number that is less than e,. Then, there exists a positive
integer /. satisfying the next estimation from above:

2 1\
logte < <(m +1)! (log (rril))m —|—a> <10g E)

and the following inclusion:

0
{Fflovyms £ € Gm (r + 1, L)} € | Filgoym + € {Flpvyms £ € Gm (1, L)},

=1

where {fi:1 < i < ¢} is a finite subset of &,,(r + 1, L). It follows from the
unicity theorem that the following inclusion:

Le
G (r +1,L) C | fi + G (r, L),

i=1
holds. Therefore, we have

Le
L (Gm(r+1,L) cUh;}n (fi) + eyt (Gn (r, L)),
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Since the following two inclusions:

hom (Gn (s, M)) C G, (r +1, L)

and
gm(r7 L) C hn,m (gn(lv 1))

hold, we obtain
Le

Gn(5, M) C | bt (f1) + €Gn (1,1).

i=1
Therefore the following inclusion:

e
{glun: £ € Gals, M)} € | o (fr)loe + {glumi g € Ga (1,6}

=1

holds. This inclusion assures that there exists a finite open e-covering of {g|yn; g €
Gn(s, M)} whose cardinal number is equal to ¢.. Therefore, this fact implies that
£, satisfies the next estimation from below:

ogle = <<n+ oo T I O‘) (k’g%)nﬂ'

Actually, these two estimates contradict each other. ]

4. THE HOMEOMORPHISM PROBLEM OF BANACH SPACES CONSISTING OF ANALYTIC
FuNcTIiONSs OF SEVERAL VARIABLES

In this section, for any positive integer n, A, (1) is abbreviated to A, and || - [|,, ;
is also abbreviated to || - ||, ; for simplicity. Then, we can prove the following

Theorem 5. For any two positive integers m and n, if m is not equal to
n, there does not exist any norm-preserving homomorphism on (A, || - |,,,) with
values in (A, || - ||,,) satisfying the condition that, for any element f € &,,, the
image of f|y= under the homomorphism has the analytic extension whose domain
is C™.

Proof. Assume that m < n holds and that there exists a norm-preserving
homomorphism #,, ,, on A,,, with values in A,,. Then, we have

{flvm; £ € Gu(1, 1)} C hinn({flomGm (1,1)}),

because h,,, is norm-preserving. Therefore, for any positive number ¢, we can
obtain,
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S{flom: f € Gn(L, 1)} 6) < S flum: f € Gm(1,1)}, ).

Actually, for any sufficiently small positive number «, Babenko-Erohin-Vituskin’s
inequalities and Lemma 1 assure that there exists a positive number ¢, satisfying

S{flom; feGm(l, D} e) < S{flums f € AnR); [flumllm <1}, €)

9 m—+1
§<<m+1>!<log2>m+“)<1°g2> et

and

(@i ‘“) (k’gé)m =9 <{f 3 £ € & (2%)}>

< S({flon: f € Gu(1,1)}.2), 0<e<cal

These inequalities show that Babenko-Erohin-Vituskin’s inequalities and Lemma 1
contradict the condition that A, ,, is norm-preserving. |

Remark 1. It can be proved that, for any two positive integers m and n, there
does not exist any homeomorphic homomorphism on (A, || - ||,,) with values in
(A, || - 1I,,), if m is not equal to n, because the condition that a homomorphism
hm,n 1S homeomorphic is equivalent to the condition that there exists two positive
numbers a and b satisfying

al[fllm < IA()lln SO0 fllms | € An.

Remark 2. For any positive integer n, It is known that (A,, || - |,,) is a Banach
space. Therefore, Banach’s open mapping theorem and Theorem 5 assure that there
does not exists any bijective continuous mapping on (A,, || -,,) with values in
(A, || - 1I,,,) if 7 is not equal to m.
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