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ON APPROXIMATE ISOMORPHISMS BETWEEN
BANACH x-ALGEBRAS OR C*-ALGEBRAS

Chun-Yen Chou and Jez-Hung Tzeng

Abstract. In this paper, we study some problems about approximate isomor-
phisms between Banach x-algebras or C*-algebras.

1. INTRODUCTION

The problem of the stability of functional equations has been first studied by
Ulam in 1940 (see [7]). He posed the following problem: “Give conditions in order
for a linear mapping near an approximately linear mapping to exist”.

In 1941, Hyers [3] showed that:
If§>0and f: E; — E5 is a mapping between Banach spaces such that

I[f(x+y) = flz) = fWII <9, Va,ye By

then there exists a unique 7' : E; — Es such that T'(xz + y) = T'(x) + T'(y) and
27’L
||f(x) =T (x)|| <¢forall z,y € Ey. Infact, T'(z) = lim f(an). Furthermore,
n—oo

If for any x € FEy, f(tz) is continuous in scalar variable ¢, then T is a linear
mapping.

In 1978, a generalized solution was given by Rassias [5]:

Let f : E1 — E5 be a mapping between two Banach spaces £'1 and E such
that for any x € FE;, f(tx) is continuous in scalar variable t. If there exists
0 > 0and p € [0,1) such that || f(z +y) — f(z) — f)I| < O(lz||” + [[y]IP)
for every x,y € FE1, then there exists a unique mapping 7' : E1 — Fs such that

flz)—T(x)|| < 20 z||P, V x € Ey. Indeed, T(z) = lim € x)
2-—2p n—oo 27
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The proof of Rassias [5] is also valid for p < 0.

In 1991, Gajda [1] gave a solution for p > 1:

Let f: E1 — FE5 be a mapping between two Banach spaces £1 and E5 such
that for any = € E;, f(tx) is continuous in scalar variable t. If there exists
0 > 0and p > 1 such that [|f(z+y) — f(z) — f(y)Il < O(|z||" + [[y|[*) for
every x,y € FEq, then there exists a unique mapping T' : E; — Fs such that

If(2) — T(z)|| < Qﬁ Sl[z|l”, ¥ @ € By, Indeed, T(x) = lim 2" f(27"2).

For the case p = 1, Rassias and Semrl [6] gave an example of a continuous
real-valued function f : R — R satisfying |f(xz +vy) — f(x) — f(y)| < |z| + |y,
=T
V z,y € R such that linbM = oo. Hence the set { f@ 7] (z) | « # 0}
T— X
is unbounded for any linear mapping 7' : R — R. In other words, an analogue of
Rassias’s result [5] can not be obtained for p = 1.

In 1992, Gavruta [2] genelized the result of Rassias as follows:
Let (G, +) be an abelian group and (X, ||-||) be a Banach space. ¢ : G xG —

: . . 1 &
[0, 00) is called an admissible control function if ¢(z, y) = - D 2R (2, 2Fy) <

oo forall z,y € G. If f: G — X is a mapping such thatlhfo(er y) — f(x) —
FWIl < ¢(x,y) for all z,y € G, then there exists a unique mapping 7' : G — X
suchthat T(x +vy) = T(z)+ T (y) and || f(z) = T(x)|| < ¢(z, x) forall z,y € G.
f(2"z)

2n

Indeed, 7'(z) = lim

In 2003, Park [4] establishes the stability of algebra x-homomorphisms on a
Banach x-algebra and the stability of automorphisms on a unital C*-algebra. His
proof actually gave the following two theorems.

Theorem 1.1. [(4)] Let A and B be two Banach x-algebras. Let f : A — B be
a mapping such that there exists an admissible control function ¢ : Bx B — [0, c0)
such that

(@) ||f(ux + py) — pf(x) — pf(y)|] < o(x,y) for all scalar || = 1 and all
x,y € A

(@) ||f(z*) = f(2)"]| < p(x,z) forall z € A .
(7i7) ||f(zw) — f(2) f(w)]| < ¢(z,w) for all self-adjoint z, w € A.

Then there exists a unique algebra «-homomorphism 7" : A — B such that || f(z) —
T(2)|| < p(z,x) forall z € A.
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Theorem 1.2. [(4)] Let A and B be two unital C*-algebraand o : A x A —
[0, 00) be an admissible control function. If f : A — B be a bijective mapping
with f(xy) = f(z)f(y), and satisfying condition

(¢) of Theorem 1.1 and

(id") ||f(w*) = f(u)*|| < ¢(u,w) for all unitary elements « of A.
Assume that nh_)rglo %
actually an automorphism.

In this paper, we explore further variations of the above results.

is invertible where 1 4 is the identity of A. Then f is

2. MAIN RESULTS

We use the following notations through out this paper.

Let A and B denote Banach x-algebras or C*-algebras.

Let T denote the unit circle.

Let 14 denote the identity of the corresponding algebra if it exists.
Let A,, denote the set of self-adjoint elements in A.

Let 2/(A) denote the group of unitary elements in A.

We will first apply similar techniques as in [4] to get the following lemma.
Then we will use the lemma and other things to have our results.

Lemma 2.1. Let f: A — B be a mapping between two C*-algebras A and
B. If there exists an admissible control function ¢ : A x A — [0, o) such that

(@) [1f (uz 4 py) — pf(x) —pf@l < o(2,y),VpeT z,yc A
(@) [[f(z*) = f(@2)*]] < p(z,2),Vz € A
(i

iii) || f(afuv) — flou) f(Bv)]| < plau, Bv), V a, B € R, u,v € U(A)

then T'(z) = lim f(;nx) defines the unique *-homomorphism such that

n—oo

||f(z) —T(x)|| < g(x,x), ¥z € A

Proof. Let n = 1 in (i), by Gavruta’s result, there exists a unique additive
function T : A — B such that ||f(z) — T'(z)|| < ¢(z,z), V x € A. Indeed,

T(x) = lim f(2”x)

n—oo 2N

Substitute the x, y in (i) by 2"~ 1z, then

£ (2 ) —2uf (2" 2)|| < (2" 2, 2" M), Ve T, x € A
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Therefore,

|uf (2") = 2pf (2" )| < |pll| f(2"2) — 2f (2" 2)[| < (2" 12, 2" ).
We have
12" n2) = nf (2 )] < [f(2"pa) = 2uf (2" @)l + (120 (2" ) — pf (272)|
< 2p(27 1w, 27 ).
Hence
27| £(2"uw) — pf (2"w)|| < 27" D27 e, 27 ) — 0.

Thus we have

M: lim M:MT(@.

n—00 an

VueT xeA T(ux)= lim

n—00 2

Now for any A\ € C, there exists an M € N such that || < %, Therefore,

there exist p1, o, s € T such that % = p1 + po + ps (by considering the case
% =r € [0,1) with uy = 1 and @y = ps). Also, from additivity, T'(x) =
T(3- z) = 3T(3x), we have T(3z) = T (). Hence, by the above,

~—

TOx) = T(% 5

132
3 M

I
<

T(
T (> + pox + pzz)

(T (@) + poT () + p3T(x))

S ERIERNE

That is, T" is C linear.
Similaryly, by (ii), Vz € A, ||f(2"z*) — f(2"2)*|| < p(2"z, 2"x). Therefore,
27| f(2™a*) — f(27x)*|| < 27"p(2"x,2"x). Hence,

VeeA T(x")= lim J2a7) = lim J@2)” =T(x)"

n—00 2 n—00 an

In (ii7), take o = 8 = 2", we have

[1f (4 uv) = f(2"u) f(2"0) || < (2", 2"0).
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Therefore,

4n 2"u) f(2"v

Hf( uv)_f( u) f( )H<4 "o(2™u, 2") — 0, as n — oo.

4qn on 2m

Thus F(4mu) f(2Ma) f(2"u)
. oy . "u "u
T(uv) = lim == = lim = ==
= lim f(; Y iy f(;nu) =T (uw)T(v).

Since every element in C*-algebra A can be expressed as a linear comblnatlon

of elements in U/(A), V 2,y € A, we may assume z = Zazuz and y = Zﬁjvj
=1 7=1
for some w;, v; € U(A) and «, 5 € C.

n

T(zy) = T(Z aiBjuivy)
=1

1=
n

i85 T (uiv;)

17
=22
i=1 j=1
= Z ZaiﬁjT(ui)T(vj)

i=1 j=1

= T(Z aiui)T(Z ﬁj’l)j)
i=1 j=1
= T(x)T(y)-
Therefore, T is indeed a x-homomorphism. [ ]

Our first result is as follows.

Theorem 2.2. Let f: A — B be a mapping between two C*-algebras A, B
such that
(@) [f (px + py) — pf (x) = pf I < O[] P + [[y[[P), Vp €T, z,y € A
(@) |[f(z") = f(@)*[] < O([||[” + [[y|]"), V= € A
(1) Hf( y) = f@)f Wl < 0(][«[[” + [ly[lP), ¥V =,y € A, where 6§ > 0 and
€[0,1)
then T'(z) = lim o defines the unique *-homomorphism such that

0
@) = T@)| < 555 el ¥ w € A

Moreover, we have



224 Chun-Yen Chou and Jez-Hung Tzeng

1 If A is unital, then T'(1 4) is a projection satisfing T'(z) = T(1 4)f(z) =
f(@)T(14),V z € A.

2 IfU(B) C f(U(A)), then T'(14) is a central projection in B, and T'(A) is
an ideal of B. In particular, if B is simple then 7" is a x-epimorphism.

3 If the range of 7" contains an invertible element in B, then f =T.
Proof. Let p(x,y) = 0(||z||P+||y||P), then ¢ is an admissible control function.

Conditions (i) and (zi) are exactly the conditions (z) and (iz) as in Lemma 2.1.
Vo, € R, u,v € U(A), let z = au, y = P, then (iii") becomes (iii) as in

2n . .
Lemma 2.1. Therefore, by Lemma 2.1, T'(z) = lim f(2nx) defines the unique
«x-homomorphism such that
- 20 »
1£(2) = T@)|| < ¢z, 2) = 55 llall", ¥ @ € A,

If A is unital, since T(1%) = T'(14) and T'(14)* = T(1%) = T(14), T(14) is
a projection. By substituting y = 214 in (i4i’), since n € N, p > 0, we have

1 (2"2) = f(2) f(2"La)[] < O(][][” + [|271al[) < O([[27[[P + []2"Lal[?).

Hence, by the convergence of p(xz, 14) = ZQ k(| |22 P + |25 14]P),
2=
2" 2"
1252 — L0 < ommozralp + 127141P) ~ 0, 50— o
We have

T(z) = f(z)T(1a), Yz € A.
Similarly, we have T'(z) = T'(14) f(z).
For any y € B, y can be written as a linear combination of elements in 2/(B),
k

ie., Yy = E o, 4o € C, vy € Z/[(B) If U(B) C f(U(A)), then Yy =
=1
k

Zaif(ui), 3 a; € C, u; € U(A). Therefore,
=1

T(lA)y:T(l,ﬁl)z:o%f(uZ Zaz (1a)f Zaz u;) = Z:(chuZ
i=1
a) =Y aif (u)T(1a) = Zaif(ui) Zaz (us) Zazuz
i=1 i=1
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Hence T'(14) is central in Band V y € B, T(14)y C T(A) and yT'(14) C T'(A).
Thus yT(A) = yT(1a - A) = yT(14)T(A) C T(A)T(A) C T(A). Similarly,
T(Ay C T(A).

Similarly, by substituting = by 2"z in (i), since n € N, p € [0, 1), we have

1F 2" ey) = F(2"2) F ()l < OC1[2"2|” + [[ylI7) < O([[2"=[[” +[12"y][")

1 o0
Hence, by the convergence of @(x,y) = - > 27 Fg(|[25 P + | 128y P),
k=0

on on — 0, as n — oo.

We have

T(ay) = T(x)f(y), ¥ 2,y € A.
If T(A) contains an invertible element T'(xo) in B, then from T'(z¢)T(x) =
T(xoz) = T(x0)f(x), ¥V z € A, we have T'(z) = f(x), ¥V z € A. ]

Actually, the argument above can be modified to prove the following lemma.

Lemma 2.3. Let f: A — B be a mapping between two Banach x-algebras
A and B. If there exists an admissible control function ¢ : A x A — [0, c0) such
that

(@) [|f(px + py) — pf(z) —pfWI < @z, y),VpeT z,yc A
(@) |[f(z*) = f(@)*]| < p(z,2), V2 € A
(idi") || f(zy) — f(@) W)l < p(ay,2y), V 2,y € A

then T'(z) = lim % defines the unique *-homomorphism such that

1f(z) =T(@)|| < (x,x), Vo € A
Proof. Since conditions (i) and (ii) are exactly the conditions (i) and (i) as
27’L
in Lemma 2.1, the proof there shows that 7'(z) = lim f(2nx)

additive x-preserving function such that || f(z) — T(2)|| < ¢(z,x),V x € A. We
only have to prove that 7" is also multiplicative.

defines the unique

Substituting z, y in (i) by 2"z, 2"y, we have

[ f(4"zy) — f(2"2) f(2"y)[| < (4" 2y, 4 2y),V =,y € A.
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Then, V z,y € A, by the convergence of ¢(zy, zy) Z 27k p(2Fy, 2Fay), we

have
4n on 2"y
Therefore, T'(zy) = T(x)T(y), Va,y€ A -

Example 2.4. Let A = C x C = B with norm ||(a, b)|| = |a| + |b|, involution
(a,b)* = (a@,b), and multiplication (a,b)(c,d) = (ac,bd), then A, B are both
Banach x-algebras. Let f : A — B be f(a,b) = (a,1 —el’l). Letp: Ax A —
[0, 00), ¢(x,y) = c. Then the corresponding

e iE ey -
k=0 k=0
If ¢ > 3, then we have as in the above lemma
(1) Vo= (a,b),y=(c,d) € A, peT,
f (e + py) — pf (@) — pf ()]
= [|f(na+ pe, pb + pd) — pf(a,b) — pf(c, d)||
= |l(na+ pe, 1 — e otmdl) — (a1 — el — p(e, 1 — 71|
=[]0, 1 — e7Wotrdl — 241 4 pie= Pl 4 =1 |
< ’1 — e lmbtndl| |2 — eIl — e—|d|’

<3<c=9(z,y)

1) = 1)) = 1@D) — @1~ e |
= |@1— e ) — (@ 1—e M)
=1<c=yp(z,2)
(1i") ¥V x = (a,b),y = (c,d) € 4,
f (zy) = f(2) f (W)l
= [|f(ac,bd) = f(a,b) f(c,d)|]
= ||(ac, 1 — e Py — (a,1 — e71Pl) (¢, 1 — el

= H(ac, 1- e_|bd|) — (ac, 1 — =1l — ¢—ldl 4 e—|b|—|d|)H
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— Jelbl gl _ glbdl _ o—lbl=ld]

<2< c= p(ay, zy)
Therefore, V = = (a,b) € A,

T(x) =T(a,b) = lim
is the unique *-homomorphism such that vV z = (a, b) € A,

1f(@) = T(@)| = ll(a,1 = ") = (a,0)[| = 1 = 7P| <1 < 5(2, 2).

Similarly, we can get sufficient conditions when the «-homomorphism is actually
an inner automorphism.

Theorem 25. Let f : A — A be a mapping on a Banach x-algebra A.
Suppose there is an invertible element f(x() in A. If there exists an admissible
control function ¢ : A x A — [0, 0o) such that

(@) [f(uz + py) — pf(x) —pfWI < p(z,y), VpeT z,yec A
(@) |[f(z*) = f(@)*]| < p(@,2), V2 € A
(iid) ||f(x) — f(zo)xf(zo) 7 || < p(x,2), V2 €A

then T'(z) = lim f(2 2 _ = f(wo)xf(x0)~ " defines the unique *-homomorphism
such that

||f(z) —T(x)|| < g(x,x), ¥z € A

Proof. From conditions (¢) and (i), we know T'(z) = 1‘ defines

f(2")
2m
the unique additive x-preserving function such that ||f(z) — )H < §(z, x),
vV x € A. We only have to prove that T'(z) = f(xo)xf(xo) , Vo e A

That is 7" is an inner automorphism. Thus 7' is multiplicative since inner au-

tomorphisms must be multiplicative. (To see this, T'(xy) = f(xo)zyf(wg)™t =

flzo)zf (o)~ fzo)yf(zo) ™t = T(x)T(y).)
Now, by substituting = by 2"« in (¢ii""), we have

I1f (2" — f(20)2"xf(z0) V|| < p(2"x,2"), ¥V z € A.

Therefore, V « € A, by the convergence of (xz, ) 22 (2%, 2% ), wi
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have

f(2"z)

I o flzo)xf(xg) Y| < 27"p(2", 2"z) — 0, as n — oo.

Hence T'(x) = f(zo)zf(xo)™ !, Vo € A. ]

Example 26. Let A=C, f: A— A, f(x) =xz+1. Letp: Ax A — [0,00),
o(z,y) = ¢, a constant > 1. Then the corresponding ¢(z,y) = ¢, and f(1) =2is
invertible. Then, as in the above theorem,

(i) Ve,ye A, ueT,
| f(patpy) = pf (2) = pf (y)| = | (p 4+ pyHl)—po—1—py—1| =1 < c=p(z, y).

(ii) Vz € A,

lf(z*)— f@)|=2+1—-FT+1)|=lz+1-2—-1=0<c=¢(z,x).

(iii) Fix f(1)=2. V z € A,

@) =227 = e+ 12| =1 < e = p(a,a)

Therefore, V 2 = (a,b) € A,

2" 2" 1
T(x) = lim ") — fim 22

=z =212""
n—oo 2 n—00 n

is the unique x-homomorphism such that V = € A,
f(@) = T(@)| = |z +1-a] =1 < c= @z, 2).

On the other hand, we may relax the condition (iz7) in Lemma 2.1 a little bit and
consider further consider some sufficient condition for isometry and x-automorphism
as in the following theorem.

Theorem 2.7. Let f: A — B be a mapping between two C*-algebras A and
B. Lete: A — B beafunctionsuchthatV z € A, 27"||¢(2"z)|| — 0 as n — .
If there exists an admissible control function ¢ : A x A — [0, co) such that

(@) | f(px + py) —pwf(x) = pfWI < plz,y),VpeT z,yc A
(@) ||f(z%) = f(@)"]| < p(z,2), Vo €A

(i12) |[f(aBuv) — [f () + e(au)][f(Bv) + e(Bv)ll] < ¢lau, fv), ¥V o, § € R,
u,v € U(A)
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2n . . .
then T'(z) = lim f(2nx) defines the unique *-homomorphism such that

1f(z) =T (@)|| < (x,x), Vo e A
Furthermore, we have
LI fx)=fWll—llz—yll | < ¢(z,y),Yz,y € A, then T is an isometry.

2. If, in addition, A = B and V v € U(A), 3 u € U(A) such that ||f(2"u) —
2"|| < ¢(2"u,2™), V n € N, then T' is an automorphism.

f(2"z)
2n
unique additive x-preserving function such that || f(z) — T (z)|| < ¢(z, z),V = € A.

To prove T is multiplicative, substituting o = 2™ = 3, we have

Proof. From conditions (i) and (i7), we know T'(z) = lim defines the

[1f (4" uv) = [f (2"u) +e(2"u)][f (2"0) +e(2"0)]|| < 9(2"u, 2"0), ¥V u, v € U(A).

Then, V u,v € U(A), by the convergence of ¢(u,v) 22 (2 Fu, 2Fv), wi

have

Hf(4”uv) f(2"u)+e(2™u) f(2"v)+e(2™)

|| <47 "p(2"u,2"v) — 0, asn — oo.

Since 27"||e(2"u)|| — 0 as n — oo, and 27"||e(2™v)|| — 0 as n — oo, it
follows that T'(uv) = T'(u)T'(v), ¥V u, v € U(A). Since every element in C*-algebra
A can be expressed as a linear combination of elements in Z/(A), as in the proof of
Lemma 2.1, T is multiplicative. Hence 7" is a x-homomorphism.

I 1f () = FWI = llz = yll | < ¢, y),V 2,y € A, then substitute 2, y by
2™z, 2"y, we have

[ 1F2") = FR )l = 12" = 2"yl| | < (2", 2"y).

Therefore, ¥V z,y € A, by the convergence of 3(z, %) 22 28z, 2%), w

have

f(2rz)  f2" y)

Hence, ||T(x) — T(y)|| = ||z — y||, V =,y € A. Thatis, T' is an isometry.
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If, inaddition, A = BandV v € U(A), 3u € U(A) such that Hf(2” )—2"vl|| <
©(2™u, 2™), ¥ n € N, then by the convergence of ¢(u, v) 22 ©(2Fu, 28v),

we have
f(2")
155
Therefore, T'(u) = v. That is, U(A) C T(U(A)). Since every element in C*-
algebra A can be expressed as a linear combination of elements in /(A). We have
T is onto, hence a x-automorphism. |

— || <27"p(2"u) —, as n — oo.

Example 28. Let A=C =B, f: A — B, f(z) = z — |z[e 1?l. Let
p: Ax A—[0,00), ¢(x,y) = c. Then the corresponding

1 1
p=52 2 elwy) =35> 2=
k=0 k=0

Lete: A — A, e(z) = |z|e”1*l, then V @ € A, we have 27"|¢(2"a)| — 0 as
n — oo. From calculus, [te™f| < e7!, ¥Vt € [0,00). If ¢ > 3e7?, then as in the
above theorem,

(i) Ve,ye A, ueT,
| (pe + py) — pf (x) = pf ()]
= |uz + py — |pa + pyle™ T — pp 4 |palem T — py + |uylem |
= Hx + yleletul 4 |zle~l=l 4 ‘y‘e—lyll
= |z + yle T 4 jzlel*l + [ylem Wl < 37! < e = p(x,y)
(ii) Vz € A,
[f(@*) = f(@)*] = |f(@) = (x —|zle” )]
= ’(f — |zle Pl — 7 + \x\e"””"
=0<c=y(z,x)
(iii"") Y o, B ER, Y u,v € U(A),
[f(aufv) = [f(au) — elau)][f(Bv) — e(Bv)]|
= |(auBv — |auBule~louivl)
— [foe — owule 1) — rule 1] [( o — Bule~194) — | Boje157]|
= |(aupv — loauBule~lowsvly — auf|

= laufole” " < et < ¢ = p(au, Bv).
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Therefore, V z € A,

on oMy _ 9N —|2"z|
T(x) = lim f2") = lim =~ [2"z]e =2

n—oo 2 n—00 an

is the unique x-homomorphism such that vV = € A,
(@) = T(@)] = |(z = [ale”!) = | = Jale ™ < ™! < e < p(a,a).
Moreover, T is an isometry, and we check V =,y € A,
[1f @) = F)l =z =yl | = | [z~ |zle”) = (y — [yle ")) — & —y] |
= | [z —y) = (Jele” "+ |yle )| — |(z —y)| |
< lzle 4 Jyle=Wl < 2e7! < e = p(x, y).

Finally, 7" is automorphism. We check A = BandV v € U(B) = T = U(A), let
u=wv, then |f(2"u) — 2™v| =0 < ¢ = ¢(2"u,2™), V n € N,
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