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ALMOST CONVERGENCE OF SEQUENCES IN BANACH SPACES
IN WEAK, STRONG, AND ABSOLUTE SENSES

Yuan-Chuan Li

Abstract. We introduce concepts of o-lim sup and o-lim inf for bounded se-
quences of real numbers and show a Cauchy criterion for sequences of vectors
which converge in the sense of ac-limit (i.e., absolute almost convergence).

Then a sufficient condition on a bounded sequence {{z4™}5° , }2°_, C ¢>(X)
is given for the following equality to hold:

ac- lim o- lim x,g'”) = ¢o- lim ao- lim x,g'”).
m— 00 n—oo n—oo m— 00

Finally, applying this result we show that o- lim f(sin(nf)) and o- lim

n—0o0

f(cos(nh)) exist whenever f is a weakly continuous function on [—1, 1] with
values in a reflexive Banach space.

1. INTRODUCTION

Let X be a real or complex normed linear space. Let m, denote the set of all
Banach limits on £°°, the space of all bounded sequences in C with the sup-norm.
Recall that a Banach limit ¢ is a positive linear functional on £°°, which satisfies

¢ ({antr}t) = ¢ {an}) forall {a,} and k =1,2,...

and maps convergent sequences to their limits. It is known that 7, is a weakly*-
compact set.
In 1948, Lorentz [5] defined the o-limit for a bounded sequence {a,,} € £*° as

o-lima, :=a

if » ({an}) = aforall ¢ € m,. Some related researches on o-limit can be found in
[1, 5, 6, 7, 8, 9]. In this paper, for convenience we shall sometimes write ¢ (a,,) or
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¢n(ay) instead of ¢({a,}).

In [4], we generalize the definition of o-limit from ¢°° to ¢*°(X ), the space of
all bounded sequences in a general normed linear space X, equipped with the sup
norm. A bounded sequence {x,} in X is said to have a o-limit z € X (cf. [4])
if o-lim(x,,,2*) = (x,2*) for all * € X*. It was shown [4, Theorem 3.2] that
a bounded sequence {z,} in X has a o-limit z € X if and only if it is weakly
almost-convergent to z, i.e., for every z* € X*

n

Z <xk+m7 $*> = <1‘, .’L‘*>

k=0

1
im
n—oon + 1

uniformly on m > 0. In the same paper, we showed that if o-limz, = x, then
x € co{xp;n > 0}. {x,} is said to be strongly almost-convergent to = (cf. [3]) if

n
> @kym =z (convergence in norm)
k=0

s- lim 1
n—oon + 1
uniformly on m > 0. If o-lim ||z, — z|| = 0, we will say that {z,,} is absolutely
almost convergent or ac-convergent to x, and will use the notation ao-limz,, = x
(Note that in [3] we have used the notation so-lim. To distinguish absolute almost-
convergence from strong almost-convergence, in this paper we adopt the notation
ao-lim instead of so-lim). It is known [3] that
strong convergence = absolute almost-convergence
= strong almost-convergence
= weak almost-convergence.
These implications are strict. Related counter-examples can be found in [3] and
[4]. It is known [2] that {x,,} strongly converges to = € X if and only if {x,} is
strongly almost-convergent to = and ||z, +1 — || — 0 as n — oo. Clearly, strong
almost-convergence implies (C, 1)-convergence. But there is no relation between
(C, 1)-convergence and weak almost-convergence.

Let X, := {{z,} € (*°(X);0-limz,, = z for some z € X}, and X,, :=
{{zn} € £>°(X);a0-limz, = = for some z € X }. These two spaces are closed
linear subspaces of ¢°°(X). In particular, the space C,, is a unital Banach sub-
algebra of ¢°° and every Banach limit on C,, is a multiplicative linear functional
on C,, [3, Corollary 2.9].

Now we define notions of lim sup and lim inf in the sense of o-limitand Cauchy
sequence in the sense of ac-limit.

Definition 1.
(@) Let{a,} be abounded sequence of real numbers. We define o- lim sup a,, :=

sup ¢({an}) and o-liminfa, := inf ¢({a,}).
olsu n—00 peTo
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(b) A sequence {x,} € ¢>°(X) is said to be a ac-Cauchy sequence if

o-limsup o-limsup ||z, — z,|| =0,
n—oo m—00

which, by (a), is equivalent to
Un(bm(||zn — zm|])) = 0 for all ¢, ¢ € m,.

It is clear that « = o-lima,, exists if and only if o- limlimsup a, = o-

hmhm mf a, = a. In particular, for a,, > 0, o-lima,, = 0 if and only if o- lim sup
n—oo

an = 0. Thus, for {z,,} € £*°(X), where X is a real Banach space, x = o-limx,,
exists if and only if

o-limsup(x,, z*) = o-liminf(x,, z*) = (x, z")
n—oo n—00

for all z* € X*; and « = ao-limz, exists if and only if o-lim sup ||z, — z|| = 0,

i.e., o({||xn, —z||}) =0 for all ¢ € 7,.
If {x,,} is a sequence in X, it is easy to see that {x,,} is a Cauchy sequence if
and only if

lim sup lim sup ||z, — 2 || = 0.
n—oo m—00

In Theorem 2.3 we prove an analogous Cauchy criterion in the sense of ao-limit.

In Theorem 2.4, we give a sufficient condition on a sequence {{xf{”) Rl Sl [
¢>°(X) for the following equality to hold

ao- lim o- lim ™ = o- lim ao- lim (™.
m—00 n—oo n—oo m—00

In Section 3, we first give two examples showing the existence of - lim sin™
n—oo

(n@), o- hm cos™(nd), and o- hm e forall @ € R and m = 0,1,2,.... Us-

ing these facts and applying Theorem 2.4, we show (Theorem 3.3) that for any
weakly continuous function f : [—1,1] — X both o- lim f(sin(nf)) and o-

lim f(cos(n#)) exists. It is also shown that if a function f : A — C is continuous

n—oo

on the closed disc A of C and is analytic in the interior of A, then o- lim f(e*%)
n—oo

exists.

2. Main Result

Recall that the canonical mapping J : X — X** is defined by (z*, J,) :=
(x,2*) = x*(x) for all z € X and 2* € X™.
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Lemma 2.1. Let {z,} and {y,} be two bounded sequences in X. Suppose
there is a ¢ € 7, such that

Un(dm(||2n — yml|)) = 0 for all Y € 7.
Then ac-limz,, = z for some z € X and (z, z*) = ¢, ((Ym, z*)).

Proof. Define h(z*) := ¢m((ym, z*)) for * € X*. Itis clear that h € X**.
Then we have for every m =1,2,...and z* € X*

(2", Ja, = W) = [, 27) = m((Ym, 7))
< ¢m(‘<xn _ymvx*H)
< dm[|zn = ym D] |2*]]-

This implies that ||J.,, — h|| < ém(|lym — zx||). By the assumption, we have for
every ¢ € m,

wn(”‘]ﬂb‘n - hH) < wn(¢m(“ym - an)) = 0.

Therefore we have ao-lim J,,, = h and hence {.J,, } is strongly almost-convergent
to h. This shows that h € J(X). Hence h = J, for some = € X, which implies
that

Om((Ym, 7)) = h(2*) = (27, Jo) = (2, 27).
Since ||J,, — hl| = ||Jz,, — Jz|| = ||z, — || for all n > 1, we must have
o-lim||z, — z|| = o-lim ||J,, — J.|| = 0.

This proves that ao-lim z,, = z and the proof is complete.

If we take z,, = y, for all n in Lemma 2.1, we obtain the following Cauchy
criterion for the existence of the ac-limit.

Corollary 2.2. Let {z,} be a bounded sequence in X. Suppose there is a
¢ € m, such that

Un(Dm (|2 — zm||)) = 0 for all ¢ € 7.
Then ac-lim z,, = x for some z € X.

If the sequence {x,} € X, has the ac-limit z, then ¢({||z,, — z||}) = 0 for
all ¢ € n,, so that o-limsup ||z,, — z|| = 0. Hence

n—oo

o-limsup o-limsup ||z, — ||

n—oo m—00

< o-limsupo-limsup||z, — z|| + o-limsup o-limsup ||z — @, ||
n—oo m—00 n—oo m—00

= o-limsup ||z, — z|| + o-limsup ||z — x,,|| = 0.
n—oo m—00
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So, a ao-convergent sequence {z,} must be a ao-Cauchy sequence. Combining
this fact and Corollary 2.2, we have the following theorem.

Theorem 2.3. A sequence {z,,} € £>°(X) is ac-convergent if and only if it is
a ac-Cauchy sequence in X.

Theorem 2.4. Suppose X is a Banach space. If {w(™}>_ (w(™ .=
{xﬁ{”)}gozl € X,) is a sequence in X, such that

ao- lim w(™ = w for some w = {x,} € {>(X).

m—00

For each m € N let y,,, := o- lim x%m). Then ac- lim x%m) =z, foralln e N,

n—oo m—00

w e X,, and ao- lim y,, = o- lim x,, that is,
m—0o0 n—oo

(2.1) ao- lim o- lim (™ = o- lim ao- lim 2(™.
m—oo n—oo n—oo m—oo

In particular, if {w(m)};’;’:l is a sequence in X, converging to a bounded sequence
W = {z,} € £°°(X) in sup-norm, then w € X, and

(2.2) s- lim o- lim 2™ = o- lim =,.
m—00 n—oo n—oo

Proof. Since Hx%m) — x| < W™ —w|| for all m, k= 1,2,...and ao-

lim w(™ = w, we have ao- lim x%m) =ux, forall n = 1,2,.... It follows

m—00 m—00

from the closedness of X, (cf. [3, Theorem 2.6]) that w = ao- lim w(™ =¢ X,,.
m—00

Hence z := o- lim ,, exists. By Theorem 2.3, {w("™)} is a ac-Cauchy sequence.
n—oo
Therefore we have for all z* € X*, m,n,l=1,2,...

(Ym — 2, 2%) = (Y — 2™, 2*) + (@™ — 2O %) 4 (2O — 2, 2*) + (2, — z, 2¥).
This implies
Re(yy, — z, x*)
< Re(ym — o™, %) + || — || [2*]
—|—Re(x§f) — Tp, %) + Re(z, — z, %)
< Re(yan — i, %) + W0 — W |og - [
—|—Re(x§f) — Tp, ") + Re(x, — z, x*).

Therefore we have for every ¢,y € 7,
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Re(ym, — z, x*)
< ¥n(Refyn — 211", 2%)) + o= lim [0 — | - [|a*]
+hn (Rer((xl!) — 0, 2%))) + Yn(Re(a, — 2, 27))
= Retn ((ym — 2™, %)) + | WO — W]l - [[2*]|
+Ren ({2l — 20, 27))) + Revy ((zn — 2, 27))
=0+ ||W™ —w||s - ||z*]| + 04 0.

Since z* € X* is arbitrary, it follows from the Hahn-Banach theorem that (2.3)
implies

(2.4) [y — ]| < []W™ — w]| for all m > 1.

By the assumption ao- lim w("™ = w, we have that

m—00

o-limsup ||y, — z|| < U'limSUpHW(m) — Wl = 0.

m—00 m—00

Therefore ao- lim y,,, = . This proves (2.1). If the sequence {w("™} converges
m—00

to w = {x,} in sup-norm, then s- lim 2™ = x, and (2.4) implies s- lim vy, =

m—00

x, i.e., (2.2) holds. This completegntﬁgoproof.

3. APPLICATIONS

In this section, for a nonempty compact subset Q of C, we shall denote by
C(€2) the Banach space consisting of all continuous complex-valued functions and
Cr(Q) :={f € C(Q)|f is real-valued } equipped with the sup-norm || - || .

Example 1. (a) If 6 € 27Z, then ¢ = 1 for all n € Z, 0 o- lim e = 1.
n—oo
(b) If 6 & 277, then e? # 1 and we have for every ¢ € =,

ez@¢n(ezn6’) _ ¢n(ez(n+1)6’) _ ¢n(ezn6’)'

This implies ¢,,(e) = 0 for ¢ € 7, and hence o- lim e™? = 0.
n—oo
Example 2.  For every m = 0,1,2,... and for every 6 € R, both o-

lim sin™(nd) and o- lim cos™(n#) exist.
n—oo n—oo
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It is obvious for the case m = 0. So, we may assume m = 1,2, .... By Example
1, we obtain that

o- lim sin™(nf)
n—oo

' ezn@ _ e—zn@
=o0- lim ( )™
n—00 21
m
— - i < ) m—l—j znjﬂ —zn(m 7)0
n—oo m
Jj=0
m
— o- lim Z m—l—j zn(2j m)6
n—oo (21)M £
- =
Z m m+j0__ lim ezn(2j—m)6’
m ] n—oo

I§
=)

J
exists. Similarly,

1 — ,
o- lim cos (n@ = _mz< >J_ lim ezn(2j—m)9

n—oo n—oo

exists.
Now, we consider the case that 6 € R is such that k0 ¢ 2xZ for every nonzero
integer k. If m is a positive odd integer, then

n—oo n—oo

BT . + BT (2‘_ )49_ .
o- lim sin™(nf) 21m2< ) )™= lim e™23—m)0 —

if m is a nonnegative even integer and m = 2k, then

o 1 2% L1 (2%

Similarly, we have

y ") = 0 if m is a positive odd integer
o= AL CosTnY) = 1 (2’“) if m = 2k is a nonnegative even integer.

Theorem 3.1. Forevery 6 € R, both o- hm f(sin(n#)) and o- hm f(cos(nh))
exist for all f € C[—1,1]. In particular, o- Tim | sin(nf)| and o- “lim | cos(nf)|
exist.

Proof.  Since the o-limit is linear, we may assume that f is a real-valued
function. Define h(0) :=sin(6) or cos(d) for 6 € R. Let E := {f € Cr[—1, 1]|o-
lim f(h(nf)) exists }. By last two examples, E contains all polynomials and E
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is a linear subspace of C'r[—1,1]. Since the set of all polynomials is dense in
Cr[—1, 1] by the famous Weierstrass theorem, it suffices to show that E is closed.
Let {f,,} be a sequence in E convergent to some element f € Cr[—1,1]. Then
{fm(h(n8))}>2,, m =1,2,..., is a sequence in R, convergent to { f(h(nh))} in
sup-norm. It follows from Theorem 2.4 that { f(h(n#))} € R, and

lim o- lim f,,(h(nf)) = o- lim lim f,,(h(nd)) = o- lim f(h(nh)).
This completes the proof.

Theorem 3.2.  Let A be the closed disc {\ € C; |A\| < 1} and let A(A)
be the algebra of all continuous functions f : A — C that can be approximated
uniformly by polynomials on A (cf. [10, p. 410]). Then o- lim f(e*™) exists for

all @ € R. Furthermore, if, in addition, k0 ¢ 2xZ for every nonzero integer k, then
o-lim f(e™?) = £(0).

Proof. Let @ € R be arbitrary. If f is a polynomial, it follows from Example
1 that o- lim f(e*?) exists. Suppose f is continuous on A and is analytic in the
n—oo

interior of A. Then there is a sequence { f,,, } of polynomials such that f,,, — f uni-
formly on A. Therefore for every m > 1 {£,(e)}>, € C, and {f,(e™?)}>2,

converges to {f(e™?)}>°, uniformly as m — oo. Since C, is a Banach space,

n=1
this implies {f(e**?)}>2, € C,. Therefore o- lim f(e'?) exists. Now, we sup-
n—oo

pose kO ¢ 2xZ for every nonzero integer k. By Example 1, we have we have
o- lim fm(em‘g) = fm(0) for all m > 1. It follows from Theorem 2.4 that
n—oo

o- lim f(e") =o- lim lim f,(e)
n—oo n—oo Mm—0o0

= lim o- lim f,(e"?)
m—00 n—oo

= lim_f,,(0) = £(0).
This completes the proof.

Remark. Indeed, A(A) = {f: A — C| f is continuous on A and is analytic
in the interior of A}. For, if f: A — C is continuous on A and is analytic in
the interior of A, and if 0 < r < 1, then the function f,(z) := f(rz) is analytic
on {z € C;|z| < 1}. Therefore f. can be approximated (uniformly on A) by
a sequence of polynomials. Since f, — f uniformly on A as » 1, we must
have that f can be approximated by a sequence of polynomials uniformly on A.
In Theorems 3.1 and 3.2, we have ‘J-nliglo f(h(nB))| <||f||co, the sup-norm of f

(see [4, Theorem 3.2]). This fact is used in the proof of the next theorem.

Theorem 3.3. Suppose X is a reflexive Banach space and 0 € R.
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(i) If f:[-1,1] — X is weakly continuous, then both ¢- lim f(sin(nf)) and
o-lim f(cos(nf)) exist.

(i) If f: A — X is weakly continuous on A and f is analytic in the interior of

A, then
o- lim f(e™?) exists.
n—oo

Furthermore, if, in addition, k0 ¢ 277 for every nonzero integer k, then
o-lim f(e™?) = £(0).

Proof. Fix a @ € R. Suppose a function f is as mentioned in part (i) (resp.
(ii)) and suppose h(t) := sin(t) or cos(t) (resp. h(t) := e*), t € R. For every
x* € X*, we define

F(z*) := o- lim (f(h(nd)),z*).

n—oo

By Theorems 3.1 and 3.2, F' is well-defined. Since the o-limit is linear, so is F.
On the other hand, we have

[F(27)] = |o- lim (f(h(n8)), 2] < |[f]loo - |||

for all z* € X*. Since X is reflexive, this implies that F* = J, for some z € X.
Therefore we have for every o* € X*

o- lim (f(h(nB)),z*) = (¥, J;) = (z,x7).

n—oo

This proves that
o- lim f(h(nd)) = x.

Now, we suppose k6 ¢ 2x7Z for every nonzero integer k. It follows from
Theorem 3.2 that for every 2* € X*
o lim (f(e™?), 2*) = {f(0),z").

n—oo

Therefore o- lim f(h(nf)) = f(0). This completes the proof.
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