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A PERTURBATION THEOREM OF MIYADERA TYPE FOR LOCAL
C-REGULARIZED SEMIGROUPS

Ti-Jun Xiao, Jin Liang and Fang Li

Abstract. In this paper, we investigate the perturbation problem for local
C-regularized semigroups on a Banach space and establish a Miyadera type
perturbation theorem.

1. INTRODUCTION AND PRELIMINARIES

The Miyadera perturbation theorem for C; semgroups was established in 1966
([4]). Since then, there have been some generalizations (cf., e.g., [1, 3, 5, 9] and
references therein). The aim of this paper is to extend this theorem to local C-
regularized semigroups (introduced in [8]) and present a Miyadera type perturbation
theorem. This result contains the classical Miyadera perturbation theorem as a
special case. Moreover, it is also suitable for non-exponentially-bounded regularized
semigroups, while the Cy semigroup and the other operator families concerned in
[1, 3, 5, 9] are all exponentially bounded on [0, o). For more information on local
regularized semigroups and regularized semigroups, we refer the reader to [2, 6, 7,
8, 10] and references cited there.

Throughout this paper, all operators are linear; X is a Banach space; £(X,Y)
denotes the space of all continuous linear operators from X to a space Y, and
L(X, X) will be abbreviated to £(X); £s(X) is the space of all continuous linear
operators from X to X with the strong operator topology; C' is an injective operator
in £(X); C([0,t], Ls(X)) is the space of all strongly continuous £(X)-valued
functions, equipped with the norm

[Flloc = sup [[F(r)].
rel0,¢]
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Moreover, for an operator A, we write D(A), R(A), p(A), respectively, for the
domain, the range, the resolvent set of A, and we denote by [D(A)] the space D(A)
with the graph norm.

Definition 1.1. ([8]) Assume 7 > 0. A one-parameter family {7'()},c(o,- C
L(X) is called a local C-regularized semigroup on X if

() T(0)=Cand T(t+ s)C =T(t)T(s) (Vs, t, s+te]0,7]),
(ii) T(-)z : [0,7] — X is continuous for every z € X.

The operator A defined by
DA)={z e X: li%n+ %(T(t)x — Cz) exists and is in R(C)}
t—

and

1
Az =C7 ! lim ~(T(t)z — Cz), Yz € D(A),

t—0+ ¢
is called the generator of {T'(t) },¢(o,-- Itis also called that A generates {7'(t) };c[o,-)-

Remark 12. When C' = I, {T'(t)}c[0,- Can be extended uniquely (in an
obvious way) to a Cy semigroup {T'(¢) }+>0 with A as its generator.

The following two lemmas will be used freely in the proofs of our results below.
Lemma 1.3 comes from [8] and Lemma 1.4 is implied in [2].

Lemma 1.3. Let A generate a local C-regularized semigroup {7'(t)} ;c0,-] ON
X. Then
(i) Forz € D(A), t € [0,7], T(t)x € D(A) and AT (t)x = T'(t)Ax.
(ii) Forx € X, t€[0,7], [i T(s)zds€D(A) and A [} T(s)zds=T(t)x—Cu.
(iii) For z € D(A), t € [0,7], [; T(s)Axds = A [ T(s)zds = T(t)x — C.

Lemma 1.4. Suppose an extension of 4, A, generates a local C-regularized

semigroup. Then C(D(A)) C D(A) is equivalentto C~1AC = A.
2. REsuLTS AND PROOFS
Theorem 2.1. Assume that a densely defined linear operator A in X generates

a local C-regularized semigroup {7'(t)} ;cj0,-) ON X. If P € L(X) satisfying
(H1) p((1+ P)A) £0,
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(H2) for all z € D(A), and ¥ € C([0, 7], Ls(X)),

/t U(s)CLPAT(t — s)zds
0

< BNV loollll, ¢ €0, 7],

where (3(-) is a function with lim sup,_,o+ 8(t) < 1,

(H3) there exists an injective operator C'; € £(X) such that R(P) C R(C1) C
R(C), C1(I+ P)A C (I+ P)ACy, and C~1Cy(D(A)) is a dense subspace
in D(A),

then (I + P)A generates a local C'-regularized semigroup on X.

Proof. Let 7 > 71 > 0, such that 5(¢t) < k < 1, for all ¢t € [0, 71]. Define
t
(HU)(t)x = / U(s)CTIPAT(t — s)zds, t€ 0,7, z € D(A),
0

for any strongly continuous operator function ¢/ : [0, ] — £(X).

Clearly, (HU)(t)z is continuous in ¢ on [0, 7] and depends linearly on = €
D(A). Since

I(HU) ()| =

C7'PAT(t — s)xds

s [Uloolll

for every ¢ € [0, 7], and D(A) is dense in X, we can extend the operator (Hl/)(t) to
a continuous operator on X, and the extended operator function (H/)(-) is strongly
continuous on [0, 71]. Hence H maps C([0, 7], Ls(X)) into itself. Since

It — Hik) (1) < B(1)[th — Uslleo < KllLh — Un oo,
there exists a unique U € C([0, 1], £L5(X)) satisfying
(21) U(t)z x—l—/ U(s)CTIPAT(t — s)zds, t€[0,71], 2 € D(A).

Setting
V() =U@)CICy, telo,m),

we have, from (2.1),

t
V(t)e = T(#)C~1Crat / V(s)CT PAT(t—s)C L Chads, « € D(A), t € [0, 1],
0
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Hence, for x € D(A),

t t
/ V(s)xzds :/ T(s)C~'Czds
0 0

t s
- / / V(0)C'PAT (s — 0)C™ ' Cxdods, t € [0,7].
0 JO
It follows that for x € X,
t t
V(s)xzds :/ T(s)C~1Cixds
2 “°
/v T(t—0)C Cho—C\Craldo, te[0,m),

due to the density of D(A). Note D(A) € D(C; ' PACY), since AC, = (AC)(C~1Cy)
and C~1C; maps D(A) into D(A). So, for = € D(A),

t t
/ V(s)Cy ' PAC zds = / T(s)C ' PAC zds
0 0

+ /Ot V(o)C{'P[T(t — 0)C*PAC,2 — PAC:z]do,
by (2.2). Thus, we see that for x € D(A),
/0 V()L + P)Ads
_ /t (5)C"Y(I + P)ACyzds
/ V(o T(t—o)C (I + P)AC1z — (I + P)AC,x)do
@3) _ T(t)C Crx — Crz + /0 tT(s)C_lPAClxds

t t
+ / V(o)C'PAT(t — 0)C~1Cxds — / V(o)C PAC 2ds
0

/ V(o —0)C7'PACz — PAC z]do
t)r — Cyx.

Now we consider the integral equation

(2.4) h(t)x = Cyz + /t h(s)(I + P)Axzds, x € D(A), t € [0,7],
0
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for h(t) € C([0, 7], Ls(X)). Let h(t) be a solution of (2.4). Then from (2.4) it
follows that for x € D(A),

/ h(s) (I + P)A / T (o) Cyadods

0 0

— / t / w h(s)(I + P)AT(0)C~ ' Cizdsdo
0 JO

t
= / h(s)T(t — s)C~ Crads — Cy / T(s)C~ Chads.
0 0
On the other hand, for z € D(A),

/ Ch(s)(I+ P)A / (o) Cyrdods
0 0

t t t—s
_ / h(s)[T(t — $)C~Crar — Cralds + / h(s)PA / T(0)C~'Cyzdods.
0 0 0
Hence, for x € D(A),
t t t t—s
/ h(s)Cizds = C, / T(s)C~'Crxds + / h(s)PA / T(0)C™ Czdods,
0 0 0 0
that is,
t
(h(H)C)C~1Crz = CLT(H)CCra + / (h(s)C)C~ PAT(t — $)C~'Cyds.
0

Noting that C—1C1(D(A)) C D(A) is dense in X, and the solution h(t) of the
equation

h(t)y = ClT(t)y—i—/Ot h(s)CTYPAT(t —s)yds, ye€ C'Ci(D(A)), t €[0,7]

in C([0, 11], £Ls(X)) is unique, we see the solution of (2.4) is also unique.
By the equality (2.3), (H3), the uniqueness of solution of (2.4) and the density
of D(A), we obtain

(Ao—(I+P)A) V(1) = V(t) (Ao~ (I+P)A), te[0,m], Ao € p((I+P)A),
and therefore

(I +P)AV(t)z = V(t)(I + P)Az, € D(A), t € [0, 7.
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Since p((I + P)A) # 0, (I + P)A is a closed operator. Thus from (2 3), the
denseness of D(A) and the closedness of (I + P)A, it follows that fo s)xds €
D(A) and

(2.5) V(t)r = Cix+ (I + P)A/t V(s)xds, xe X, tel0,m].
0

Let x € D(A). Then for ¢, h € [0, 7],
V(h)V(t)z
= V(h / V(o)(I + P)Axdo + V(h)Cix

/ V(h I—i—P)Ade—i—C’lx—i—/ V(s)(I + P)AC zds,

and that for ¢, t + h € [0, 7],

V(t+ h)Cix
t+h
= V(s)(I + P)ACzds 4+ C3x
0
t+h

h
= V(s)(I + P)AC zds + / V(s)(I + P)AC zds + Cix
h 0

t h
= / V(s + h)Ci(I + P)Azds + Cix + / V(s)(I + P)AC)zds.
0 0

As a consequence,
V(h)V(t)z — V(h+t)Crz = /t[V(h)V(a) — V(o +h)Ci](I + P)Azdo.
0

It follows from the uniqueness of the solution of (2.4) that
V(t)V(h)=V(t+h)C1, t, h, t+hel0,7].

Hence {V(t)}:e(0,-) is a local Cy-regularized semigroup on X. Denote by Ay the
generator of {V(t) }¢(0,-,)- We see easily from (2.3) that D((I + P)A) = D(A) C
D(Ap). On the other hand, for any = € D(Ay), we have

1

lim m [ V(s)xds = Cix,

m—00 0

1
/ V(s xds] = lim m [V <R) T — Clx] = C1Agx,

lim (I + P)A

m—)oo




A Perturbation Theorem of Miyadera Type for Local C-Regularized Semigroups 159

by (2.5). It follows that C; (D(Ag)) C D((I+P)A). Consequently, Ay = C;* (I +
P)AC, by Lemma 1.4. But

Oy I+ P)AC, = (I + P)A,
since p((I + P)A) # (). This ends the proof.

Corollary 2.2. Suppose that a densely defined linear operator A in X gen-
erates a local C-regularized semigroup {7'(t)} scjo,-j ON X. If B € L([D(A)], X)
satisfying
(H1) p(A) # 0 and p(A+ B) # 0,

(H2') there exist 71 € (0, 7], v € (0, 1) such that

/Oﬁ |C7'BT(s)z||ds < y||z|, =€ D(A),

(H3') there exists an injective operator C; € £(X) such that R(B) C R(Cy) C
R(C), C1(A+ B) C (A+ B)Cy, and C~1C1(D(A)) is a dense subspace
in D(A),

then A + B generates a local C-regularized semigroup.

Proof. Take Ao € p(A). Then A— X\, generates a local C-regularized semigroup
{e T (t) }reo.,) ON X. Setting P = B(A — Xg)™!, we have P € L(X). It’s
clear from (H5) that for « € D(A), and ¥ € C([0, 7], Ls(X)),

t
/ ()OI P(A = X)e T (¢ — s)ads|| < || ¥|sollzll, ¢ € [0, 7],
0

for some € (0,7], 1 € (v,1). Thus making use of Theorem 2.1, we infer
that (I + P)(A — Xo) generates a local Cy-regularized semigroup {V (%) }+¢o,-,], and
therefore A+ B = (I + P)(A— \o) + Ao is the generator of the local C-regularized
semigroup {e’\otV(t)}te[om]. This completes the proof. [ ]

Remark 2.3. Corollary 2.2 is a generalization of the Miyadera perturbation
theorem ([4]). Actually, when A generates a Cy semigroupon X, and C = Cy = 1,
Corollary 2.2 is just the Miyadera perturbation theorem (see also Remark 1.2).

Finally, we present a concrete example to show how our results can be used.

Example 2.4. Let X; = L%(Q), X2 = Cy(7), where Q is a bounded domain
in R™ with smooth boundary, and

= {s+i652; s > 0}.
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Define
Ay i=iA, D(A) = H*(Q)N Hg(9),

(A29) (&) = Ep(§),  with ¢ € D(Ag) := {p € Co(7); £ Ep(§) € Co(7)}-

Then, A; generates a strongly continuous group {7i(t)}icr On Xi, D(As) =
X5 and A, generates (cf. [2, p. 110, Ex. 18.2]) an Agl-regularized semigroup
{T>(t) }+>0 on X2 given by

1

Tr(t)p(§) = Eet%(ﬁ)-

Let q1, Q2 € CC(Q), r] € D(Al), ro € D(Ag) Define P:Xo— X1, P X —
X9 by

(Pro)(€) = r1(6) / 21(0)¢(0)do,

Q

(Pap) (&) = 7r2(8) / q2(0)p(0)do.

Q
Set

X = X1 X XQ;

a0 ith D(A) = D(A1) x D(As);
_:(O A2>’ with D(A) = D(A1) x D(Asz);

(0 P : B
P'_<P2 0 ), with D(P) = X.

Then R(P) C D(A). Writing C = A~!, we see that A generates a C-regularized
semigroup {7'(t) }+>0 on X given by

[ AT 0
T = ( 0 1 Ty(t) ) ’

z1

andforx::< )eD(A),O§s§t<1,

Z2

CYPAT(t - s)a == ( APATH{E — )2 )

A2P2T1 (t — 8)1‘1

It is not hard to see that the operators A, P; As and A, P, have bounded extensions,
and therefore there exists M > 0 such that

|CT'PAT(t —s)| <M, 0<s<t<l.
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Put 7 = min{1, (2M)~'}, we get

t
1
/\P(s)C‘lPAT(t—s)xds < I ¥lecliell, 1€ 0.7,
0

forz € D(A), ¥ € C(]0, 7], Ls(X)), which means (H2) holds. Next, we let P, =0
for simplicity. Then

(I+P)" = (é - ) e £(X).

Therefore, 0 € p((I + P)A). Set Cy = A~Y(I + P)~!. Then
R(C1) =D(A), C'Ci=(I+P)""

Thus, we see that Theorem 2.1 is applicable to this situation, and yields that
<A1 P1A2

0 A ) generates a local C;-regularized semigroup on X.
2
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