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EXISTENCE THEOREM OF IMPLICIT QUASIVARIATIONAL
INEQUALITIES WITHOUT CONTINUITIES

Shuechin Huang

Abstract. This paper is to establish an existence result (Theorem 3.1) for the
implicit quasivariational inequality without continuity assumptions in infinite-
dimensional normed spaces.

1. INTRODUCTION

Let X and C be nonempty subsets of R® and R™ respectively, I : X — 2%
and ® : X — 2¢ two multifunctions, 1 : X x C x X — R a single-valued
map. The implicit quasivariational inequality is to find (&, 2) € X x C such that
zel(z), 2e€ ®(z) and

¥(z,2,y) <0, forallye'(z).

The above implicit quasivariational inequality covers the classical variational in-
equality problem and most of generalized problems of the classical variational in-
equalities as special cases. See, e.g., [10, 15-18, and the references there]. As a
special case of the implicit quasivariational inequality, the quasivariational inequal-
ity problem was first introduced by Yao in [13]. It is remarkable that a great deal of
finite-dimensional results to the quasivariational inequality problem have been found
under continuity assumptions (see, e.g., [9, 13, 14]). Recently, the case involving
discontinuity functions has come to many authors’ attention and some interesting
results have been obtained (see, e.g., [2, 5, 17]).

In [5], Cubiotti and Yao studied the implicit quasivariational inequality without
assuming continuity of data mappings and gave some applications to generalized
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quasivariational inequalities with discontinuous fuzzy mappings. Their main exis-
tence result is the following [5, Theorem 3.2].

Theorem 1.1. Let X be a nonempty compact convex subset of R®, C a
nonempty subset of R™, I' : X — 2X and ® : X — 2¢ two multifunctions,
¥ : X x C x X — R asingle-valued map. Assume that:

(i) T is lower semicontinuous with nonempty convex values;
(ii) theset E = {z € X : x € T'(z)} is closed;
(iii) aff(I'(z)) = aff(X), for all x € E;
(iv) ®(x) is nonempty and compact for 2 € X and convex for = € E;
(v) foreach y € X the set {z € £ : inf cq(,) ¥(z,2,y) < 0} is closed;
(vi) for each x € E the set {y € X :inf cq(,) ¥(w, 2, y) < 0} is closed;
(vii) for each z € E one has inf cp(,) ¥ (7, z,7) < 0;
(viii) for each z € E and each z € ®(x) the function ¢ (z, z, is concave on I'(x);
X)

(i

for each z € F and each y € I'(x) the function ¥ (z, -, y) is lower semicon-
tinuous (in the sense of single-valued maps) and convex on ®(z).

Then there exists (2, 2) € X x C such that & € I'(z), 2 € ®(&) and
P(Z,2,y) <0 forallye'(z).

The purpose of this paper is to establish an existence result for the implicit
quasivariational inequality without continuity assumptions in infinite-dimensional
normed spaces. The approach is based on Theorem 1.1 and the proof of Theorem
1.2 in [7].

2. PRELIMINARIES

We recall that if S and V' are topological spaces and if ® : S — 2V is a
multifunction, then ® is said to be lower semicontinuous at = € S if for each open
set Q C V with ®(z) N Q # 0, the set

P (Q):={yeS:P(y)NQ#0}

is a neighborhood of x in S. We say that ® is lower semicontinuous in S if it is
lower semicontinuous at each point of S. We say that ® has open lower sections if
foreachy € V, the set ~({y}) isopenin S. If ® has open lower sections and A is
any subset of V, then the multifunction @ 4 : S — 2" defined by ® 4(z) = ®(x)NA
is lower semicontinuous in S.
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Let (N, | - ||~) be a real normed space. A multifunction ® : S — 2V is
said to be Hausdorff lower semicontinuous at = € S if given € > 0 there exists a
neighborhood U of x in S such that

d(z) C ®(y) + B(0,¢), forallyeU,

where B(0, €) denotes an open ball in N centered at O with radius e. We say that
® is Hausdorff lower semicontinuous in S if it is Hausdorff lower semicontinuous
at each point of S. In particular, Hausdorff lower semicontinuity implies lower
semicontinuity and the converse is true if each set ®(z) is nonempty and compact;
see [11, Theorem 7.1.14].

For z € N and r > 0, let

B((L‘,’I"):{’yGNi ”y—fEH <’I"},

B(z,r)={y e N :|ly—z| <r}.

Let A C N be nonempty. The closed convex hull of A is denoted by ¢6(A) and
the affine hull of A is denoted by aff(A), i.e.,

k k
aff(A) = {ka:keN,xieA,AieR,Z)\i:1}_

i=1 =1

A subset M C N is called an affine manifold if there exist z € N and a linear
subspace H of N such that M = = + H. It is known that the set aff(A) is the
smallest affine manifold containing A. If A Cc E C N, we will denote the interior
of Ain E by intg(A). Recall that if A is a nonempty finite-dimensional convex
set, then int,g(4)(A) # 0.

The following results will be used in the proof of Theorem 3.1.

Proposition 2.1. Let X be a topological space, (E, ||| ) a real normed space,
and ¢ : X — 2F a multifunction. If ¢ is Hausdorff lower semicontinuous, then its
closure ¢, defined by ¢(z) = ¢(z), is Hausdorff lower semicontinuous.

Proof. Let xyp € X. Given ¢ > 0 there exists a neighborhood U of zy in X
such that

¢(xo) C ¢(z) + B(0,¢/2), forall z € U.

Let y € ¢(x)+ B(0,¢/2). Then there exists z € ¢(x) + B(0,¢/2) such that
ly—z|| < €/2. Hence y—z € B(0,¢/2),andsoy € ¢(x)+B(0,¢/2)+B(0,¢/2) =
¢(x) + B(0,€). We have

¢(x)+ B(0,¢/2) C ¢(x) + B(0,€)
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from which it follows that

d(xg) C ¢(x) + B(0,€/2) C ¢(x) + B(0,€) C ¢(z) + B(0,¢), forall z € U.

Hence ¢ is Hausdorff lower semicontinuous. ]

Proposition 2.2. Let X be a topological space, (E, || - | ) a real normed
space, and M an affine manifold of E. Suppose that ¢ : X — 2 is a Hausdorff
lower semicontinuous multifunction such that ¢(z) is a convex set with nonempty
interior, for all x € X. Then for any ¢ € X and yo € intpsé(xg), there exists a
neighborhood U of z¢ in X such that

yo € intprop(z), forall z € U.

Proof. Since ¢ is Hausdorff lower semicontinuous, it follows from Proposition
2.1 that ¢ is also Hausdorff lower semicontinuous. Notice that for each = € X,
¢(x) is convex with nonempty interior; hence

intpré(x) = intprdp(x), forall x € X,

by [12, p.38, Ch.Il, Theorem 1.3]. For any ap € X and yo € intar (o), apply
Proposition 2.4 [3] to ¢ to choose a neighborhood U of zy in X such that

yoeintM<ﬂ M)

zelU

Therefore yo € inty¢(x), for all z € U. n
3. THE EXISTENCE RESULT

The main result is stated and proved as follows.

Theorem 3.1. Let M and N be real normed spaces. Let X be a nonempty
closed convex subset of M, C' a nonempty subset of N, I' : X — 2% and & :
X — 2¢ two multifunctions, ¢ : X x C x X — R a single-valued map. Let
K, and K5 be two nonempty compact subsets of X such that K1 C K, K; is
finite-dimensional and @K 5 is compact. Suppose that the following conditions
hold:

(i) T is Hausdorff lower semicontinuous with nonempty convex values.
(ii) Theset E = {x € X : x € I'(x)} is closed.
(iii) D(x)N Ky £ 0, forall z € X,
(iv) int,gx\['(x) # 0, for all z € X.

(v) @(z) is nonempty and compact for € X and convex for z € E.
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(vi) For any finite-dimensional subset A of X, there is a finite-dimensional linear
subspace 7' of N with the projection map p : N — T such that p(C) Cc C
and ¢¥(z,p(2),y) = Y(z, z,y), forall z,y € A and z € ®(z).

) Foreach y € X the set {x € E: inf .cq(,) ¥ (z, 2,y) < 0} is closed.
viii) For each x € F the set {y € X :inf ,cqp) ¥ (z, z,y) < 0} is closed.
€d(z)

) For each x € E one has inf .cq () ¥ (z, 2, 2) = 0.

) For each =z € E and each z € ®(x) the function v (z, z, -) is concave on
I'(x).
(xi) Foreach z € E and each y € I'(x) the function ¢ (z, -, y) is lower semicon-
tinuous (in the sense of single-valued maps) and convex on ®(z).

(xii) Foreach z € X \ Ky and each z € ®(z), onehas sup ¢(z,z,y) > 0.
yel'(z)NKy

Then there exists (z, 2) € X x C such that & € I'(z), 2 € ®(&) and
¥(z,2,y) <0 forall y € T'(2).

Proof. First observe that the set E is nonempty from part (c) of this proof.
Let H = aff(X) be the affine hull of X and let H, be the linear subspace of M
corresponding to H. Assumption (iv) implies that intzI'(z) # 0, for all x € X.
For each a € T6 K>, choose any point u, € intgI'(a). It follows from Proposition
2.2 that there exists an open ball V, centered at « in M such that

(3.1) ug € intyl(z), forallzeV,NX.

Since To K5 is compact, there exist aq, ao, . . ., a, € €0K5 such that
n

(3.2) @Ky C | J(Va, N H).
i=1

Let Wy = U, (V,, N H) so that W, is bounded and hence H \ W, is nonempty
and closed in H. From (3.2) we have

(3.3) r = inf{d(x, H\ W) : x € GoKs} > 0.
Let
(3.4) Wy = @Ky + [B(0,7/2) N Hy).

Then W5 is convex and closed in H and W,y C W;.

We assume without loss of generality that K U {ug,,...,uq,} C B(0,k),
for all & € N. Let F be the family of all finite-dimensional linear subspaces
of M containing the set K; U {uq,,...,uq,}. Fix k € N and S € F. Let
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Yir, = X N B(0,k) and consider the set Y, N.S N W, which is nonempty since

K CcY.NnSNWy C Y NS N W, Define the multifunctionT's : Y, NS N Wy —
2YkﬂSﬂWQ by

Fg(x):F(x)ﬂYkﬂSﬂWQ.

Assumption (vi) states that there is a finite-dimensional linear subspace T's of N with
the projection map p : N — T such that p(C) € C and ¥(x, p(2),y) = ¥(z, z,y),
forall z,y € Yy NS and z € ®(x). Note that Y, NSNW,y C Y NS. Let the
multifunction &g : Y, NS N W,y — 2¢77s be defined by

Og(z) = p(P(x)), forxzeYynSnNWs.

We now consider the finite-dimensional implicit quasivariational inequality prob-
lem corresponding to (Y, NSNW,y, CNTs,T's,®g,v) and prove conditions (i)
through (ix) in Theorem 1.1 are satisfied.

(@) The set Y NS N W5 is a nonempty compact convex subset of S.

(b) To prove the multifunction I's : Y, 0.8 N Wy — 2YNSW2 i Jower semi-
continuous, observe that

(3.5) intyD(x) Yy NSNWy#£0, forallzeY,nNSnNWs;

hence I's has nonempty convex values. In fact, let z € ¥; NS N W5 and choose
¢ € Vi, N SN Wy such that ||z — ¢|| < r/4. Then x — ¢ € B(0,r/4) N Hy. We
obtain from (3.4) that

c € @Ko + [B(0,7/2) N Hyl,
so (3.3) implies that
r € 0Ky + [B(0,3r/4) N Hy] C Wh.

Thus = € V,,, for some 1 < i < n. Especially (3.1) shows that u,, € intyI'(z)
and hence
Ug, € intgl(z) MY NS # 0.

By assumption (iii), I'(z) N Ky # 0, for all z € X. Fix v € T'(z) N K. By the
convexity of I'(z) we have

(3.6) v+ t(ug, —v) €intgl(z)NY NS, forallte (0,1].
On the other hand, it follows from (3.4) that

+ [E(O,T/Q) N HQ] C Wo,
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and so there exists o € (0, 1] such that
(3.7) v+ t(ug, —v) € Wo, forallt e (0,0].
Hence we obtain from (3.6) and (3.7) that

intyl(z) N Y NSNWy # 0

as claimed.
Next let zg € Y, N.SN W5 and let U be an open set in H such that

Fg(xo)ﬂU#@.

By (3.5) we can choose a point vy € intgI'(x) N Y, NS N Wy C Tg(xzg). Fix
v € I'g(zp) NU. The convexity of I'(xy) assures that

(38) w1 +t(vg—v1) €intyl(zg) NYzNSNWo, forallte(0,1].
Since U is open in H, there exists p > 0 such that

(3.9) vy + [B(0, p) N Hy] C U.

By (3.8) and (3.9), there exists . € (0, 1] such that

(3.10) v1 4 p(vg — v1) € intyl(29) N Y, NS N Wy U.

Proposition 2.2 implies that there is an open neighborhood D, of =y in X such
that
(3.11) v + p(vg —v1) € intyl(z), forall x € D,,.

We obtain from (3.10) and (3.11) that
v1 + pu(vg —v1) € intgl(z) NY,NSNWeNU, forall z € Dy,
In particular, Tg(z) NU # 0, forall € Dy, N Y, NS NWs.

() Let Es ={z € YxNSNWy:z € I'g(x)} so that it is nonempty by [5,
Proposition 3.1]. Also

Es ={zeYynSnWy:zelgx)}={zreX:zecl(z)}nYy,NnSNW,
=FENnY,NnSnNnW,

is closed by assumption (ii).
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(d) To prove
aff(Tg(x)) = aff(Y, N SN W), forall z € Eg,
fix z € Eg. Since the set intz'(x) N S is open in S, and since, by (3.5),
0 #intgl(z)NY,NSNW,

C (intgT(z) N S) NY, NS NWs =intygl(z) N Y, NS NWo

CTs(z) C YN SN W,
it follows from [4, Proposition 2.1] that
aff (Y, N SN Wa) = aff(intgT'(z)NY, NS NWa) C aff(Tg(x)) C aff(Y, NS N Wa).
Therefore

aff(Tg(z)) = aff (Y, NS NWy).

(e) It follows directly from assumption (v) and the definition of Eg that ®¢(z)
is nonempty and compact for = € Y, N.S N Wy and convex for z € Es. Moreover,
assumption (vi) implies that each ® ¢(z) is a finite-dimensional subset of C, for all
ze€Y,NSNWs.

(f) For each y € Y, N .S N Wy, assumption (vii) shows that the set

{r € Eg: inf 9Y(x,z,y)<0}={zeY,NSNWy: inf ¢(z,z,y)<0}NE
ze®s(x) zeds(x)

={zeYyNnSNW;y: ig(f )w(x,z,y)SO}ﬂE
zeP(x

={z€FE: ig(f )w(x,z,y)SO}ﬂYkﬂSﬂWQ
zeP(x

is closed.

(9) For each x € Eg, assumption (viii) implies that the set
{yeYrnSNWy: inf ¢(x,z,y) <0}
zedg(z)

={yeYrnSNnWwy: ig(f)w(x,z,y)g()}
zeP(x

={yeX: ig(f)w(x,z,y)SO}ﬂYkﬂSﬂWQ
zed(x

is closed.
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(h) For each z € Eg, assumption (ix) implies that

inf r,zZ,x) = inf x,z,x) < 0.
ze<1>5(m)w( ) ze<1>(m)¢( )

() Let z € Eg and z = p(z) € ®g(x). For any y,y2 € I'g(z) = T'(x) N
Y, N SNWyand ¢ € [0, 1], assumption (x) implies that
P(x, z,tyr + (1 —t)y2) = (@, 2, ty1 + (1= t)ya)
> (@, z,y1) + (L= )(2, 2, 42)
= t(z,z,y1) + (1 = )(z, 2, ).
Hence the function v (z, z, -) is concave on I's(x).

() For each x € Eg and each y € T's(x), assumption (xi) implies that the
function 1 (z, -,y) is lower semicontinuous and convex on ®(z). Thus it follows
from the definition of ®¢ that the function v (z, -, y) is lower semicontinuous and
convex on ®g(z).

Therefore, by Theorem 1.1 there exists (g, zs) € (Y NS NW2) x (CNTs)
such that g € I's(zg), zs € Ps(zg) and

Y(rs,Zs,y) <0, forallyes(xs).
Let zg € ®(xg) such that zg = p(zg). Then we conclude that z¢ € E and
3.12) Y(rs,2s,y) <0, forally e s(zs).

It is also immediate from assumption (ix) that ¢ (zg, zs, x5) > 0and hence ¢ (xg, zg,
xg) = 0 by (3.12). Moreover, xg € K, for all S € F by assumption (xii). We
shall prove that

Y(xg,zs,y) <0, forallyeT(zg)NYpNS.
Let y € I'(xs) N Y N S. Notice that
s € KoNY, CwoKkKoNY, CYr, CH

and
yeF(mS)ﬂchchH.

Since Y}, is convex and H — H C Hy, there is a sufficiently small number ¢ € (0, 1)
such that

zs+t(y — xs) € Y N [coKa + (B(0,7/2)N Ho)| = Yi N Wo.
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Moreover, since zg € I'(xg) NY;, NS and T'(zg) is convex, we have
rs+t(y —xs) €T(zs) Ny NSNWy CT(zs)NYe N SN Wy =Tg(xs).
We obtain from (3.12) and assumptions (ix), (X) that
0 >¢(xs, 25,25 +t(y —25))
> t(xs, zs,y) + (1 = )Y (xs, 25, x5) = th(zs, 25, ),

S0 Y(xg, zs,y) < 0 as desired. Consequently, given any fixed £ € N, for each
S € F, there exist zg € Y, NSNW; and zg € ®(xg) such that xg € I'g(xg)
and

(3.13) Y(xg,zs,y) <0, forallyeT(zg)NYpNS.

Now we fix £ € N and consider the net {xg : S € F} with F ordered by the
set inclusion C. It follows from the compactness of K that the net {zgs: S € F}
has a cluster point z; € K5. Since the set E is closed, we have &; € F and thus
Zp € T'(2). Assumption (iv) states that int zI'(Z) # 0. We next claim that

(3.14) g%f )w(aﬁk, z,y) <0, forall y€intyl'(2x) N Ys.
z2eP (T

On the contrary, assume that there exists yo € intgI'(2) N Y; such that

(3.15) inf (&g, z,y0) > 0.
2€®(iy,)

By Proposition 2.2 there exists ¢ > 0 such that
(3.16) yo € inty(z), forall x € B(Zg,e) N X.

It is seen from (3.15) and assumption (vii) that there exists a positive number o« < ¢
such that
(3.17) B(@g,a)NX C{z e E: ig(f )w(x,z,yo) > 0}.

zed(x
By construction there exists Sy € F such that yo € Sp and zg, € B(ix, ). Then
we have y € intgI'(xg,) N Yr N Sp by (3.16). Therefore (3.13) implies that

(3.18) (2,5 2555 Yo) < 0.

However, (3.17) shows that

inf TSy, 2, > 0.
zE‘P(J:SO)w( So yO)

In particular,
V(25,5 250, Yo) > 0
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which contradicts (3.18). Hence (3.14) holds.

Next consider the sequence {z} of points in K. By the compactness of Ko
there exists a subsequence of {Z}, still denoted by {Z}, which converges to a
point 2 of K. We will prove that

(3.19) ig(fA) (&, z,y) <0, forally e intyl(z).
zed(x

Suppose on the contrary that there exists y; € intyI'(Z) such that

(3.20) inf (&, z,y1) > 0.
z2€P(2)

Again, by Proposition 2.2 there exists § > 0 such that
(3.21) y1 € intyl(z), forall z € B(z,0)N X.
By (3.20) and assumption (vii) there exists a positive number 3 < ¢§ such that

(3.22) B, p)nX c{zeE: i f)w(x,z,yl) > 0}.

n
z€P(x

Choose an integer &k such that @, € B(z, ) and y; € Yj. It follows from (3.21)
that

y1 € intgT'(2x) N Yg;

hence by (3.14) we have

inf Tk, 2, <0.
Ze‘b(ik)w( k yl)

However, (3.22) implies that

inf Tk, 2, > 0,
Ze‘b(ik)w( K yl)

a contradiction. Consequently, (3.19) holds. Therefore

sup inf (2, 2,y) <O0.
yeint yT'() 2€2(2)

As the supremum of a family of lower semicontinuous functions on ®(z), the
function 2 — supycine,, r(z) ¥(2, 2, y) is lower semicontinuous on the compact set
(), so there exists 2 € ®(&) such that

(3.23) sup (& 2,y)= inf  sup (& zy)
yeinty T'(2) 2€®(%) yeinty I'(2)



150 Shuechin Huang

Applying [8, Theorem 2]fan and assumptions (v), (X) and (xi), it follows that

(3.24) inf sup  Y(&,z,y) = sup inf ¥(z,z,y).
2€®(%) yeinty T'(2) y€eintyT'(#) 2€2(2)

Hence (3.23) and (3.24) imply that

sup (&, 2,y) < 0.
yeintgT(2)

Let y € I'(2). Choose a point w € intyT'(z). We infer from the convexity of I'(z)
that
tw+ (1 —t)y € intygl(z), forallte (0,1].

Since the function v (z, 2, -) is concave on I'(z), we have
1 (&, 2,w) + (1= )b (#, 2,y) < (@, 2, tw+ (1—t)y) <0, forall t € (0,1];
hence ¢ (z, z,y) < 0 by letting ¢ approach 0. Therefore

sup (&, 2,y) <0.
yel(&)

This completes the proof. ]

Remark. (a) The reader may notice that the set ¢o(K>) is compact when M
is a Banach space; see [1, Theorem,p. 174].

(b) If N is a finite-dimensional space, then condition (vi) of Theorem 3.1 is
satisfied by letting 7= N and p the identity map.
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