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THREE-STEP ITERATIVE CONVERGENCE THEOREMS
WITH ERRORS IN BANACH SPACES

Yen-Cherng Lin

Abstract. Let ¢ > 1 and E be a real g-uniformly smooth Banach space, K
be a nonempty closed convex subset of £ and T : K — K be a single-valued
mapping. Let {u,}>2,, {v,}>2,, {w,}22, be three sequences in K and
{an 2y, {8}, and {v,}22, be real sequences in [0, 1] satisfying some
restrictions. Let {x,,} be the sequence generated from an arbitrary z; € K by
the three-step iteration process with errors: 11 = (1—ay)xn + @ Tyn + Uy,
y‘n = (1 - ﬁn)xn + ﬁrLTZn + Uny Zn = (1 - ’Yn)xn + ,)/TLTJ/"!L + Wnp, N Z 1
Sufficient and necessary conditions for the strong convergence {z,} to a fixed
point of 7' is established. We also derive the corresponding new results on the
strong convergence of the three-step iterative process.

1. INTRODUCTION AND PRELIMINARIES

Let £ be an arbitrary real Banach space and let J,(¢ > 1) denote the generalized
duality mapping from E into 2%" given by

Jo(@) ={f € E*: {w, ) = ||=]|* = [l=[[|[ F1I}

where E* denote the dual space of E and (-, -) denotes the generalized duality pairing
between E and E*. In particular, Js is called the normalized duality mapping and
it is usually denoted by .J. It is known (see e.g. [10]) that J,(z) = ||z||7 2] (=) if
x # 0 and that if £ is strictly convex, then J, is single-valued. The single-valued
generalized duality mapping will be denoted by j, in the sequel.

Definition 1.1. Let E be a normed space and K be a nonempty subset of F.
Let T: K — E be a single-valued mapping.
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(i) T is said to be Lipschitzian mapping with constant L if Vz, y € K,
(1.1) [Tz =Tyl < Lijz -yl
(if) T is said to be accretive [12] if Vz, y € K, there exists jo(x —y) € Jao(z —y)

such that

or equivalently there exists j,(x —y) € J,(x — y) such that
(1.2) (Tz =Ty, jo(z —y)) = 0.
(iii) T is said to be strongly accretive [12] if Vx, y € K, there exists jo(z —y) €
Ja(z — y) such that
(Tz =Ty, ja(z —y)) > kl|lz -y’
or equivalently there exists j,(x —y) € J,(x — y) such that
(1.3) (Tx =Ty, jo(x — y)) = kllz — y|*

for some k£ > 0. Without loss of generality, we can assume that &£ € (0, 1) and such
a number k is called the strong accretive constant of 7.

(iv) T is said to be (strongly) pseudocontractive [12] if I — T (where I denotes
the identity mapping) is a (strongly) accretive mapping. That is Vz, y € K, there
exists jo(z —y) € Jo(x — y) such that

(I=T)z—(I-T)y, ja(z—y)) > 0 (vesp., (I-T)z—(I-T)y, jo(x—y)) > kl|lz—y*)
or equivalently there exists j,(x —y) € J,(x — y) such that
(1.4) (I -T)e— (I-T)y, jolx —y)) >0

(resp., (I =Tz — (I = T)y, jo(z — y)) = kllz — y||9).
The constant & is said to be a strongly accretive constant with respectto I — T

(v) T is said to be strictly pseudocontractive if Va, y € K, there exists A > 0 and
jo(x —y) € Jo(x — y) such that

(1.5) (Tx =Ty, jo(x —y)) < |z —yl* = M(z = Tz) — (z = Ty)|I*,
or equivalently there exists A > 0 and j,(z — y) € J,(« — y) such that

(Tz — Ty, jo(z —y)) < |z —yl|* = M|(z — Tz) = (y — Ty)|*||l= — y[*7>.
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We note that the strictly pseudocontractive single-valued mapping has been dis-
cussed in [4, 11]. Without loss of generality we may assume A € (0,1). We note
that (1.5) can be written in the form

(1.6) (& =Tz) = (y = Ty),j(x—y)) 2 A|(z — Tw) = (y = Ty)||*.

From (1.6) we have
Iz —yll = Mz —y = (Tz = Ty)l| = ATz — Ty|| — ||z -yl

so that (1))
+
|7 = Tyl < =Sl —yl

Vz, y € K. Hence a strictly pseudocontractive mapping is also a Lipschitzian
mapping with constant greater than 1.

In 1967, the concept of a single-valued accretive mapping was introduced by
Browder and Kato independently (see e.g. [12]). Browder stated that the following
initial value problem

du(t)
dt
is solvable if T" is locally Lipschitzian and accretive on E.

(1.7)

+ Tu(t) =0, u(0) = uy

In Hilbert spaces, (1.5) (hence,(1.6)) is equivalent to the following inequality
|Tz — Ty|l? < o — y|® + kll(z — Tx) — (y = Ty)% k= (1-A) <1.

Let E be a real ¢g—uniformly smooth Banach space with ¢ > 1, K be a nonempty
closed convex subset of £ with K + K C K, and T : K — K be a single-valued
mapping with F(T') # 0. Let {u,}, {v,} and {w,} be three sequences in K and
{an}, {6} and {~,,} be real sequences in [0, 1] satisfying certain restrictions. Let
{z,,} be the sequence generated from z; € K by the three-step iterative process
with errors:

Zn = (1 - Vn)xn + P)/nTxn + W,
(18) Yn = (1 - ﬁn)xn + ﬁnTzn + Un,

Tny1 = (1 —ap)zn + anTyn + up, n > 1.
Especially if v, = 0, v, = 0 and w,, = 0 for n € N, then {z,} is called the
three-step iterative sequence which was suggested and analyzed by Noor [12]. If
vn = 0 and w, = 0 for n € N, then {x,,} is called the Ishikawa iterative sequence

with error; if v, = 8, = 0 and v,, = w, = 0 for n € N, then {z,,} is called the
Mann iterative sequence with error.
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In this paper by using Jensen’s inequality and new approximation methods,
we construct some simplified conditions to establish the sufficient and necessary
conditions for the strong convergence of {x;, } to a fixed point of 7. The uniqueness
of the fixed point of 7" is also discussed. We note that to compare with [11,Theorem
2 and Corollary 2] our results have the following features: (i) The uniform convexity
of E is removed. (ii) The Ishikawa iterative process is replaced by the three-step
iterative process with errors. (iii) Our restrictions imposed on { v, } are much weaker
than those in [11, Theorem 2 and Corollary 2]. Our results also improve and extend
the corresponding results in [1, 8, 12, 13].

Now we give some preliminaries which will be used in the sequel. Let FE be
a real Banach space. The modulus of smoothness of E is defined as the function
pE : [0,00) — [0,00) :

1
pe(1) =sup{S(lz +yll + |z —y[) = 1: [z <1, llyll < 7}

E is said to be uniformly smooth if and only if lim, o, (pr(7)/7) = 0. Let ¢ > 1.
The space F is said to be ¢g—uniformly smooth (or to have a modulus of smoothness
of power type ¢ > 1) if there exists a constant ¢ > 0 such that pg(7) < c7?. It
is well known that Hilbert spaces, L, and [, spaces, 1 < p < oo as well as the
Sobolev spaces, Wh,1 < p < oo are p—uniformly smooth. Hilbert spaces are
2-uniformly smooth while if 1 < p <2, L,, [, and W}, are p—uniformly smooth.
If p>2, L, [, and WP, are 2-uniformly smooth.

Theorem 1.1. [10]. Let ¢ > 1 and E be a real Banach space. Then the
following are equivalent:

(1) E is g—uniformly smooth.
(2) There exists a constant ¢, > 0 such that for all z,y € E

(1.9) [+ yll* < {1zl + ¢{y, Jo(2)) + cqllyll.

Lemma 1.1 [9]. Let{a,}>>, and {b,};>; be sequences of nonnegative real
numbers such that > >, b, < oo and an41 < ay + by, Vn > 1. Then lim, . an
exists.

2. MaIN REsuULTS

Throughout this section, L stands for the Lipschitzian constant of 7', A and ¢,
are the constants appearing in inequalities (1.5), (1.6), (1.9), respectively.

Lemma 2.1. Let E be a real g—uniformly smooth Banach space with ¢ > 1
and K be a nonempty convex subset of £ with K + K C K and T : K — K be a
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Lipschitzian mapping with Lipschitzian constant L and the set F'(T") of fixed points
of T is nonempty. Let {u,}o°;, {v,}52; and {w,}5, be three sequences in K,
and {a, }22, {6}, and {v,}>2, be real sequences in [0,1]. Let {x,} be the
sequence generated from an arbitrary 1 € K by the three-step iterative process
(1.8) with errors. Then

(2.1) |Xnt1r — 2|7 < (1 + 6p)l|zn — 2|7+ Op, YV > 1, V2™ € F(T),
where

On = —an + o (1 = B) LY + B (1 — 7)) L?? 4 v By L3,
and

On = qonBnL?|lwnllll2n — 2* — wn |77 + o B Lcq]|wn|

+qan L |vnllyn — vn — 2|71 + an Licg[lon [ + gl un|

ln1 = wn = 2*[[ 971 + cq|un 7.

Proof. Let z* be an arbitrary element in £'(T"). Then it follows from (1.8) and
(1.9) that

[Zn1 — 2|9 = (1 = an)@n + anTyn + un — 2%
< (= an)wn + anTy, — 2|7
(2.2) +q(un, Jo(Tnt1 — un — %)) + ¢ql[unl|?
< (= an)wn + anTy, — 27|
+allunlllEner — un — 2] 77 + cqflun -

By Jensen’s inequality, we have

(X —an)an+anTyn—2*||* = [[(1-an)(@n =) +on(Tyn—a*)|*

IN

(2.3) (1—an)llzn—a*|[?+an || Ty, —a*|*

IN

(1—an)l|zn—2* ||+ an L9y —2*||9

and by (1.9) and Jensen’s inequality, we have
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[y — (|7 = [|(1 = Bn)zn + BT zn + vp — 2|7

= (1= Bn)(wn — 2%) + Bn(Tzn — %) + val|?
11 = Bn) (&0 — 2%) + Bn(Tzn — 2¥)[|?
(2.4) +q(vn, Jg(Yn — vn — %)) + cqllvnl|?

IN

< (1= Bp)llzn — 2|7 + Ll xn — 2|7
+qllonllllyn — vn — 2|77
+cqllvnll?,
and
llzn — 2|9 = (1 = yn)xn + Tz + wy, — ||
= (L =) (zn — %) + yn(Ton — %) + wn?
< (1= m)(zn — %) + yn(Ton — Ta¥)||?
(2.5) < +q{wp, Jg(2n — wn — %)) + cqllwn|?
< (I =n)llen = 2|9 + v Lz — 27|

+allwallllzn — wn — ¥ |77
el wnl |7
Hence form (2.4) and (2.5), we have
[gn =2 < (1=Bp) 20— 2|9+ Bn LA (1 =yn) [l — 2|7
Ay L2 — 27|
+allwnllzn — wn — 2971 + cqllwn |7}
(2.6) +allvallllyn — v — 2*[[ 77 + cqllvnll?
= {1 = B+ BaL9(1 = ) + Bp1a LW} |2y — 2|9
+fn L[ wallll2n — 2% — w71 + B Licq|wnl|
+allvallllyn — v — 2*[[ 77 + cqllvall,
From (2.2)-(2.6), we derive that
[Zn1 — 2| < (1+ 0n)llwn — 27[|* + 6n
where

5n = —Qp + an(l - ﬁn)Lq + anﬁn(l - 7n)L2q + anﬁn’)’nqu
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and
On = qanfnLl?|wpllllzn — 2% — wal| 7 + an BrL9cq||w, ||
+qon L[ vplllyn — vn — ¥ 77 + i Licq|vn||?

+qllunlll#nsr — un — 277 + cqllun| . m

Lemma 2.2. Let E be a real g—uniformly smooth Banach space with ¢ > 1
and K be a nonempty convex subset of £ with K + K C Kand T : K — K
be a Lipschitzian mapping with Lipschitzian constant L and the set F'(T') of fixed
points of 7" is nonempty. Let {u,}>2, {v,}52, and {w,}>°; be sequences in K,
and {a, }22, {6}, and {v,}>2, be real sequences in [0,1]. Let {x,} be the
sequence generated from an arbitrary 1 € K by the three-step iterative process
(1.8) with errors. Furthermore, if > | a;, < oo, then there is a constant M > 0

(e.g. M = &™) such that

n+m—1
(2.7) @ntm =217 < Ml — 2|17+ M( Y 6,)
k=n
VYm, n € N, Va* € F(T). In particular,
n
(2:8) @t =27 < Mlay —a*||7+ M Y 6
k=1

Vn € N, Va* € F(T).
Proof. Since > >° | o, < 00, by Lemma 2.1, >, §,, < co and Vn € N,

[enp — 2|9 < (14 6n)llzn — 2|7+ 0

IN

||, — 2*]|7 + 6,,.

Hence by induction, we have

IN

[n41 — 2% |z — 2*[17 + On

IN

r et |zp1 — 2¥||? + 1] + O

IN

eEkzlék |21 — 2|7+ eZk:15k (37, 0k)
Mz — a7 + M (S, 6k)

IN

IN

for all n € N and
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n+m—1
s = 29 < Mlf —a*7+ M 4
k=n
for all m, ne€ N. [ |

Theorem 2.1. Let E be a real g—uniformly smooth Banach space with ¢ > 1
and K be a nonempty convex subset of £ with K + K C Kand T : K — K be a
Lipschitzian mapping with Lipschitzian constant L and the set F'(T) of fixed points
of T is nonempty. Let {u,}>>,, {v,}22, and {w,}32, be three sequences in
K and {a,}52 ., {Bn}o2; and {y,}>2; be real sequences in [0, 1]. Also suppose
Sy o < 00, ooy lunll < 00, 3302 ol < 00 and 52 [lwn|| < oo
Let {z,,} be the sequence generated from an arbitrary x, € K by the three-step
iterative process (1.8) with errors. Then the sequence {z,} is bounded and

liminfd(x,, F(T)) =0

n—oo
if and only if the sequence {x,} converges strongly to a fixed point of 7" where
d(xy, F(T)) is the distance of z,, to set F(T), i.e., d(wy, F(T)) = infyxcpryl|2n—
u*| .

Proof. If the sequence {x,} converges strongly to a fixed point of 7', say,
y* € F(T), it is easy to deduce that the sequence {z,,} is bounded. Note that
d(z,, F(T))= inf |z, —u"|| < ||z, —y" 0 as n — oo.
(o F(T)) = 0kl = '] < flon =y = 0 as =
Therefore lim inf,, .~ d(zy, F(T)) = 0.
Suppose that the sequence {x,,} is bounded and lim inf,,,~ d(z,, F(T)) = 0.
Since the sequence {z,} is bounded and the series > [[uall, D02 [lvall and

Y et llwy]| are finite, from (2.8) there is a M > 0 such that ||z, — z*|| < M,
|Tnt1 — up — x*|| < M, |Ju,l| < M and ||lv,|| < M. Then

o0 o0 o0 o.]
Z 0, < Z o, L2+ L) 1M + ¢ Z [wn || M7 + ¢, Z [[tn|” < oo

n=1 n=1 n=1 n=1

Hence the sequence {||z,+1 — «*||} is bounded, so is {||z,+1 — z*||}. Also from
(2.1) and Lemma 1.1, we know that lim,,_, ||, — 2*|| exists. Furthermore, from
(2.1) we have

(d(@n41, F(T)))? < (d(wn, F(T)))? + 6, M + 0.

By Lemma 1.1, we have limy, o (d(zy, FI(T')))? exists. Since liminf,, .~ d(z,
F(T)) =0, limy,—,o0 d(zp, F(T)) = 0. By using the same argument in [2, Theorem
2.1], we have the sequence {z,} converges strongly to a fixed point of 7. ]
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As mentioned in (1.6), a strictly pseudocontractive mapping is also a Lipschitzian
mapping, we have the following corollary.

Corollary 2.1. Let E be a real ¢g—uniformly smooth Banach space with
g > 1 and K be a nonempty convex subset of £ with K + K C K and T :
K — K be a strictly pseudocontractive mapping and the set F'(T') of fixed points
of T is nonempty. Let {u,}>2,, {v,}22, and {wy,}52, be three sequences in
K, {an}52,{6n}52, and {v,}52, be real sequences in [0,1]. Also suppose
D onet @n < 00, 22y flunll < oo, 300 fluall < oo and 302 fwn| < oo
Let {z,,} be the sequence generated from an arbitrary x, € K by the three-step
iterative process (1.8) with errors. Then the sequence {x,} is bounded and

liminfd(x,, F(T)) =0
if and only if the sequence {x,} converges strongly to a fixed point of 7.

Proof. The conclusion of Corollary 2.1 follows immediately from Theorem
2.1 and the fact that a strictly pseudocontractive mapping is also a Lipschitzian
mapping. ]

Theorem 2.2. Let E be a real g—uniformly smooth Banach space with ¢ > 1
and K be a nonempty convex subset of £ with K + K C Kand T : K — K
be a Lipschitzian strongly pseudocontraction mapping with Lipschitzian constant
L and strongly accrective constant k& € (0,1) with respect to I — 7. Assume
that the set F'(T") of fixed points of 7" is nonempty. Let {w,}°,, {v,}22, and
{wp}52, be three sequences in K and {o,}5°,{8,}32, be real sequences in
[0,1]. Also suppose > 07 o < 00, >0 |lunll < oo, D02y |lun]l < oo and
Y2y lwnll < oo. Let {z,,} be the sequence generated from an arbitrary 2, € K
by the three-step iterative process (1.8) with errors. Then the sequence {z,} is
bounded and

liminfd(x,, F(T)) =0
n—oo

if and only if the sequence {x,,} converges strongly to the unique fixed point of 7.

Proof. Since all conditions of Theorem 2.1 hold, from Theorem 2.1 we have
that the sequence {x,,} is bounded and lim inf,,_, d(z,, F(T)) = 0 if and only if
the sequence {x,,} converges strongly to a fixed point, say «*, of T". Actually the
fixed point 2* is unique. Indeed if there is another fixed point z, we have

Z=Tz% and z* = Tz*.

If we choose that z = T'z and x* = T'z* from the strongly pseudocontraction of T,
there is j,(z — 2*) € J,(z — «*), such that

0={(0-0,jy(x—2") = (I =T)z = (I = T)a", jo(x — z7)) = K[|z — ="*.
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This implies that z = x* and the proof is complete. ]

We can deduce similar conclusion of Theorem 2.2 for a Lipschitzian strongly
accrective mapping as follows whose proof will omitted.

Theorem 2.3. Let E be a real g—uniformly smooth Banach space with ¢ > 1
and K be a nonempty convex subset of £ with K + K C Kand T : K — K
be a Lipschitzian strongly accrective mapping with Lipschitzian constant L and
strongly accrective constant & € (0,1). Assume that the set F'(T") of fixed points
of T is nonempty. Let {u,} >, {v,}22, and {wy,}>>, be three sequences in
K and {a,}52 ., {Bn}22; and {7,}>2, be real sequences in [0, 1]. Also suppose
S an < 00, 102 flunll < 00, 20 flvall < 00 and 52, [l < oo
Let {x,} be the sequence generated from an arbitrary z; € K by the three-
step iterative process (1.8) with errors. Then the sequence {x,} is bounded and
liminf,, .~ d(x,, F(T)) = 0 if and only if the sequence {x,} converges strongly
to an unique fixed point of 7.

We note that if we take v, =0, v, =0 and w,, = 0 Vn > 1 in Theorem 2.1
and 2.2, then we can obtain the corresponding new results on the strong convergence
of the three-step iterative process:

Zn = (1 - P)/n)xn + P)/nTxnv
(2'9) Yn = (1 - ﬁn)xn + BT 2y,
Tony1 = (1 — ap)zn + anTyn, n > 1.

Corollary 2.2. Let E be a real ¢g—uniformly smooth Banach space with ¢ > 1
and K be a nonempty convex subset of £ and 7' : K — K be a Lipschitzian map-
ping with Lipschitzian constant L and the set F'(T") of fixed points of 7" is nonempty.
Let {a,}5% 1, {6n}52, and {7,}5°, be real sequences in [0,1]. Also suppose,
Y on an < oo. Let {z,} be the sequence generated from an arbitrary =, € K by
the three-step iterative process (2.9). Suppose that lim inf,, .~ d(z,, F(T)) = 0.
Then the sequence {x,} converges strongly to a fixed point of 7". In addition, if T
is also a strongly pseudocontractive mapping, then the sequence {x ,} converges
strongly to an unique fixed point of T'.

Proof. It follows from Lemma 2.1 that

2;215]',

6.
|21 =" |17 < (14+80) |2 —a* (|7 < 9= ||z 2|7 < e |z1—2"[|? < o0

This shows that {x,} is bounded. The conclusion of the corollary follows from
Theorem 2.1 and Theorem 2.2. ]
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From Theorem 2.3 we have a sufficient and necessary condition for three-step
iterative approximation of solutions to equation Tz = f in K as follows.

Theorem 2.4. Let E be a real g—uniformly smooth Banach space with ¢ > 1
and K be a nonempty convex subset of £ with K + K C K andT : K — K be a
strongly pseudocontractive mapping such that I — T : K — K is Lipchitzian with
Lipschitzian constant L and strongly accrective constant & € (0, 1) with respect to
T. For any given f € K, define S: K — K by

Sr=f—-Trx+z, Ve € K.

Let {u,}22,, {vn}02, and {w, }52, be three sequences in K and {cv, }5° 1, {Bn}02
and {~,}52, be real sequences in [0, 1]. Also suppose Y 7, a, < 00, Y o7y [lun|| <
00, oo |Junl| < oo and 3707 |lwy|| < co. Let {x,} be the sequence generated
from an arbitrary z1 € K by the three-step iterative process with errors:

zn = (1 = ) Tn + Y STy + Wy,
(2'10) Yn = (1 - ﬁn)xn + BnSzn + vy,
Tny1 = (1 — o)y + anSyn + up, n > 1.

If the set F'(.S) of fixed points of .S is nonempty, then the sequence {z ,,} is bounded
and
liminfd(z,, F(S)) =0

n—oo

if and only if the sequence {z,} converges strongly to an unique solution of the
equation Tz = f in K.

Proof. Since T : K — K is a strongly pseudocontractive mapping with
strongly accrective constant & € (0,1) such that I — 7' : K — K is Lipchitzian
with Lipschitzian constant L, .S is a Lipchitzian strongly accrective mapping with
constant £ € (0,1) and with Lipschitzian constant L. From Theorem 2.3, the
sequence {z,} is bounded and liminf, .~ d(x,, F'(S)) = 0 if and only if the
sequence {z,} converges strongly to an unique fixed point, say &, of S. For this
fixed point  of S, we have © =Sz = f —Ta+z, thatis, f=T2. Hence the sequence
{z,,} is bounded and lim inf,, .~ d(x,, F/(S)) = 0 if and only if the sequence {z,,}
converges strongly to an unique solution of the equation Tz = f in K. ]
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