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ADDITIVITY OF JORDAN MULTIPLICATIVE MAPS ON JORDAN
OPERATOR ALGEBRAS

Runling An and Jinchuan Hou

Abstract. Let H be a Hilbert space and N a nest in H. Denote by S*(H)
the Jordan ring of all self-adjoint operators on H and Alg\ the nest alge-
bra associated to A/. We show that a bijective map ® : S*(H) — S%(H)
satisfying (1) ®(ABA) = ®(A)®(B)P(A) for every pair of A, B, or (2)
®(AB + BA) = ®(A)P(B) + ®(B)P(A) for every pair of A, B, or (3)
®(3(AB+ BA)) = 1(®(A)®(B) + ®(B)®(A)) for every pair of A, B must
be additive, that is, a Jordan ring isomorphism. We also show that if a bi-
jective map @ : AlgN — AlgN satisfies the Jordan multiplicativity of the
form (2) or (3), then ® must be a Jordan isomorphism. Moreover, such Jordan
multiplicative maps are characterized completely.

1. INTRODUCTION

It is a surprising result of Matindale [13] that every multiplicative bijective
map from a prime ring containing a nontrivial idempotent onto an arbitrary ring is
necessarily additive. Thus the multiplicative structure determines the ring structure
for some rings. Recently Matindale’s result has attracted attention of many authors
working on operator algebras. For example, it was utilized by Semrl in [17] to
characterize the semigroup isomorphisms of standard operator algebras on Banach
spaces. Recall that a standard operator algebra on a Banach space X is a subal-
gebra of B(X) (the algebra of all bounded linear operators on X') which contains
the identity and all finite rank operators. Some other results on the additivity of
multiplicative maps between operator algebras can be found in [2, 3, 8, 9. 11, 14,
15]. Besides ring homomorphisms between rings, sometimes one has to consider
Jordan ring homomorphisms. Note that, Jordan operator algebras have important
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applications in the mathematical foundations of quantum mechanics. So it is also
interesting to ask when does the Jordan multiplicative structure determine the Jordan
ring structure of operator Jordan rings (or algebras).

Let R and R’ be Jordan rings and let ® : R — R’ be a map. Recall that ® is
called a Jordan (ring) homomorphism if it is additive and Jordan multiplicative, i.e.,
P(A+ B) =P(A)+ ¢(B) and (AB + BA) = &(A)@(B) + (B)P(A) for all
A, B € R. Infact, there are three basic forms of Jordan multiplicative maps, namely,
(1) (ABA) = ®(A)®(B)P(A) for all A, B, (2) (AB + BA) = ®(A)®(B) +
®(B)®(A) for all A, B and (3) ®(3(AB + BA)) = 1(®(A)®(B) + ®(B)®(A))
for all A, B. It is clear that, if ® is unital and additive, then these three forms of
Jordan multiplicativity are equivalent. But in general, for a unital map, we do not
know whether they are still equivalent without the additivity assumption.

The question of when a Jordan multiplicative map is additive was attacked by
several authors. Let ¢ be a bijective map on a standard operator algebra. Molnar
showed in [14] that if ¢ satisfies p(ABA) = ¢(A)p(B)p(A), then ¢ is additive.
Later, Molndr in [15] and then Lu in [11] considered the cases that ¢ preserves the
operation %(AB + BA) and the operation AB + BA, respectively, and proved that
such a ¢ is also additive. The additivity of Jordan t-skew multiplicative maps was
proved in [4]. Thus the Jordan multiplicative structure also determines the Jordan
ring structure of the standard operator algebras. In this paper, we consider the same
question and give affirmative answer for the cases of Jordan multiplicative maps on
the real Jordan algebras of all self-adjoint operators and the nest algebras on Hilbert
spaces.

Let us fix and recall some notations. Let H be a Hilbert space over C, B(H ) the
algebra of all bounded linear operators on H. Let F(H) denote the subspace of all
finite rank operators in B(H ) and I the identity operator on H. We denote by St (H)
the real linear space of all finite rank self-adjoint operators in 7 (H) and S*(H ) the
real linear space of all self-adjoint operators in B(H ), which are obviously Jordan
rings. A nest on H is a chain N of closed (under norm topology) subspaces of H
contain {0} and H, which is closed under the formation of arbitrary closed linear
span (denoted by \/) and intersection (denoted by A). Alg\ denotes the associated
nest algebra, which is the set of all operators 7" € B(H) such that TN C N for
every element N € N. When N/ # {0, H}, we say that N is nontrivial. If N/
is trivial, then AlgN = B(H). Let AlgzN = AlgN (" F(H ), the subalgebra of
all finite rank operators in AlgN. In [7], Erdos proved that Alg,/\ is dense in
Alg\ in the strong operator topology. A subalgebra of AlgA/ is called a standard
subalgebra if it contains Alg,/A. In particular, Algz N is a standard subalgebra.
Note that (nontrivial) nest algebras are important non-self-adjoint operator algebras
that are neither prime nor semi-simple.

The present paper is organized as follows. Section 2 is devoted to proving the
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additivity of three kinds of Jordan multiplicative maps on the spaces of self-adjoint
operators. Let & : S*(H) — S®(H) be a bijective map. We show precisely that
® satisfies P(ABA) = ®(A)P(B)P(A) for every A, B € S%(H) if and only if
there exists a unitary or conjugate unitary operator U such that ®(A) = eUAU*
for all A € S%(H), where e = &1 (Theorem 2.1); ¢ satisfies ®(3AB + 1 BA) =
19(A)®(B)+10(B)®(A) ifand only if ®(AB+BA) = ®(A)®(B)+®(B)®(A)
for every pair A, B € S*(H), and in turn, if and only if there exists a unitary
or conjugate unitary operator U such that ®(A) = UAU* for all A € S%(H)
(Theorem 2.2). In Section 3, we consider the additivity of Jordan multiplicative
maps on standard subalgebras of nest algebras. Let A be a standard subalgebra
of a nest algebra AlgN on a Hilbert space H, and ® : A — A be a bijective
map satisfying ®(AB + BA) = ®(A)®(B) + ®(B)®(A) for all A,B € A, or
®(3AB + 1BA) = 10(A)®(B) + $®(B)®(A) for all A, B € A, then & is
additive (Theorem 3.1); and moreover, if A = AlgN, then there is a bounded
linear or conjugate linear invertible operator 7" with certain property concerning N
such that ®(A) = TAT ! for every A € AlgN or ®(A4) = TA*T~! for every
A € AlgN (Theorem 3.2).

2. JORDAN MULTIPLICATIVE MAPS ON S*(H )

In this section, we characterize the Jordan multiplicative maps on self-adjoint
operator space S®(H) by checking their additivity.
The following is one of our main results.

Theorem 2.1. Let H be a complex Hilbert space with dimH# > 1 and
d : S*(H) — S%(H) be a bijective map. Then @ satisfies

(2.1) B(ABA) = B(A)D(B)(A)

for every A, B € S®(H) if and only if there exists a unitary or conjugate unitary
operator U such that ®(A) = eUAU* for all A € S*(H), where e = +1.

Proof. The “if” part is obvious. We divide the proof of “only if” part into a
few steps.

Step 1. ®(0) = 0.
There exists an operator A € S%(H) such that ®(A) = 0 by the bijectivity of
®. Thus ®(0) = ®(A0A) = P(A)P(0)P(A) = 0.

Step 2. ®(I) = +I and ®(P)? = ®(P) for all projections P.
Take A = I in the equation (2.1), we get ®(B) = ®(I)®(B)®(I) which
implies that (1) is invertible. Let A = B = I in (2.1), we see that &(I) = &(I)3.
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Multiplying this formula by ®(7)~!, we have ®(I)? = I. Therefore ®(I) = £1
according to the fact that ®(7) is self-adjoint.

If (1) = —1, let ¥ = —®&. Then ¥ meets the equation (2.1) and ¥(I) = I.
So, with no loss of generality, we assume that (1) = I.

Now, letting A = P,B = I in (2.1) yields that ®(P)? = &(P)for all pro-
jections P.

Step 3. @ preserves the order and the orthogonality of the projections in both
directions.

If projections P, @ satisfy P < @, thatis, PQ = QP = P, then ®(P)®(Q)®(P)
= ®(PQP) = &(P) = ®(QPQ) = ¢(Q)P(P)®(Q). Multiplying this formula by
®(Q) from both sides, we obtain that ®(P)®(Q) = ¢(Q)P(P) = ®(P), that is,
® preserves the order of projections. If PQ = QP = 0, then PQP = QPQ = 0.
By (2.1) we have

Therefore ®(P)®(Q) = ®(Q)P(P) = 0 and ® preserves the orthogonality of
projections. Considering ®~! we see that ® preserves the order and the orthogonality
of the projections in both directions.

Step 4. P preserves the rank of projections in both directions.

We show that for every P € S*(H), rank(P) = rank(®(P)). Let P € S*(H)
be a rank-1 projection. Then rank(®(P)) is at least 1. If the rank of ®(P) is greater
than one, then there exist two mutually orthogonal rank-1 projections Q1, @2 such
that Q1,Q2 < ®(P). Let P, = &7 1(Qq) and P, = ®~1(Q2). Then, by Step
3, L < P, B, < Pand PP, = P,P, = 0, which is contrary to the fact that
rank(P) = 1. Suppose now that ®(P) is a rank-k projection if and only if P € §°
is a rank-%k projection, £k = 1,2,...n — 1. Let P be a rank-n projection, then
rank(®(P)) is at least n. If the rank of ®(P) is greater than n, then there exist two
projections Q1 # Q2 with rank(@1) = n, rank(Q2) = n such that Q1, Q2 < ®(P).
Let P, = @ 1(Q1), P» = ®7(Q2), then rank P; > n and by Step 3, we have
P, < P, P, < P, P, # P», which is contrary to the fact that rank(P) = n.

Step 5. @ is orthogonally additive on the finite rank projections.
If P,Q € S%(H) are orthogonal finite rank projections, we know that ®(P),
®(Q) are orthogonal finite rank projections. As & preserves the order, we have
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d(P), ®(Q) < (P + @), which implies that ®(P) + ®(Q) < ®(P + Q). Since
® preserves also the rank of projections, it follows that

(2.2) O(P)+P(Q)=P(P+ Q).

This means that ® is orthogonally additive on the set of all finite rank projections
in S*(H).

Step 6. @& maps finite rank self-adjoint operators into finite rank self-adjoint
operators.

Every finite rank self-adjoint operator can be written as a real linear combination
of mutually orthogonal rank-one projections. Therefore, if A is a finite rank self-
adjoint operator, we can find a projection P with rank(P) =rank(A) such that
PAP = A. Since ®(A) = &(P)P(A)P(P), by (2.1) and Step 3, we see that $(A)
has finite rank, as desired.

Step 7. ®(AA) = AD(A) forevery A€ Rand A € S*(H).
If P is a rank-1 projection and X\ € R is a scalar, then we have

®(AP) = ®(P(AP)P) = ®(P)®(AP)®(P) = hp(\)®(P)

for some scalar hp(A) € R. It follows from the fact that ®(P) has rank 1, we have
that

hp(Np)®(P) = ®(A\*uP) = ®(AP)®(uP)®(AP) = hp(A)*hp(1)®(P),
which gives that
(2.3) hp(\p) = hp(A)*hp(u)

for every A\, u € R. Choosing p = 1 entails hp(A2) = hp(\)2. Thus from (2.3)
we obtain that hp is a multiplicative function.

We now assert that 2 does not depend on P. Let Q € S*(H) be a rank one
projection with the property that PQP # 0. Then

BAPLQAP) = S(uP)B(N*P)®(1P) = hp(1)*hg (A2)®(P)B(Q)B(P).
This yields that
hp(\)2ho(i?) = hp(1)?ho(A2).

Hence we have that hp = hg. If PQP = 0 then we can choose a rank one
projection R such that PRP # 0 and QRQ # 0, which implies that hp = hg =
hr. Thus hp does not depend on P. So there exists a multiplicative function
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h : R — R such that ®(AP) = h(A\)®(P) holds for every rank one projection
P € S*(H) and every A € R. Note that

(2.4) h(=X) = —h()\)

for every real number \.

Forany A € S*(H) we have ®(PA\2AP) = ®(P)®(\2A)®(P) = ®(A\P)®(A)
®(AP) = h(N\)?®(P)®(A)®(P). Since this holds for every rank one projection
P and ®(P) runs through the whole set of rank one projections, we obtain that
®(A\2A) = h()\)2®(A) for every X € R. This yields that

B(A\A) = h(\)D(A)

for every A € S*(H) and every X € R.

We further prove that & is additive. Let x,y € H be vectors with the property
that ||z|| = |lyll =1and (z,y) =0. Let A= Mz +py) @ Az +uy), P=zxx
and Q = y®y, here A, € R. Then we have h(\? + p?)®(A) = &((\2 +
i2)A) = B(AP + Q)A) = (A)[B(P) + B(Q)|(A) = D(A)D(P)B(A) +
D(A)D(Q)P(A) = P(APA) + B(AQA) = B(N\2A) + ®(u2A) = (h(N2) +
h(u?))®(A). So h is additive on R*. If A\ > 0, p < 0, then h(\ + (—pu)) =
h(X\) + h(—p) = h(X) — h(p). Thus h is additive and then is an automorphism of
R. Therefore h is the identity on R.

Step 8. @ is additive.

Let A, B € S%(H) be arbitrary. For any rank one projection P = z®x on H, by
Step 7, we have ®(P)®(A+ B)®(P) = ®(P(A+ B)P) = ((A+ B)x,z)®(P) =
(Az, z)®(P)+(Bx,z)®(P) = ®(PAP)+®(PBP) = ®(P)®(A)®(P)+®(P)®
(B)®(P) = ®(P)(®(A) + ©(B))®(P), which forces that (A + B) = ®(A) +
®(B), i.e., @ is additive on S%(H).

Step 9. There exists an unitary or conjugate unitary operator such that ®(A) =
UAU* for all A € S*(H).

By Step 8, @ is a Jordan ring isomorphism of S*(H). Thus, the conclusion
follows from Corollary 4 in [6] directly, completing the proof. ]

Next let us consider other two forms of Jordan multiplicative maps.

Theorem 2.2. Let H be a complex Hilbert space with dim H > 1 and let
¢ : SY(H) — S*H) be a bijective map. Then the following statements are
equivalent.

(i) ®(3AB+3BA) = 10(A)0(B)+1®(B)®(A) forevery pair A, B € S%(H).
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(ii) ®(AB+ BA) = ®(A)®(B) + ©(B)P(A) for every pair A, B € S“(H).
(7i7) There exists a unitary or conjugate unitary operator U such that ®(A) =
UAU* for all A € S(H).

Proof. (iii)=-(ii) and (iii)=-(i) are obviously. (i)=-(ii) or (ii)=-(i) is not easily
checked directly. So we will show that (i)=-(iii) and (ii)=-(iii).
Let us show that (i)=-(iii) by several steps. Assume that (i) holds true.

Step 1. ®(0) = 0.
Indeed, there exists some A € S%(H) such that ®(A) = 0. Thus we have

B(0) = @(%(AO +04)) = %((I)(A)@(O) + B(0)B(A)) = 0.

Step 2. & preserves projections in both directions and ®(I) = I.

Since ®(P) = ®(1(P? + P?)) = 1(®(P)% + ®(P)?) = ®(P)?, we see that &
preserves projections. Since ®~! has the same properties as ®, it follows that ®
preserves projections in both directions. For every A € S*(H) we have ®(A) =
O(F(AI +1A)) = L(@(A)®(I) + ©(I1)P(A)). Multiplying this equality by ®(I)
from the right and the left sides respectively, we have ®(A)®(I) = ®(I1)P(A).
Hence ®(I) = \I for some A € R. Since ®(I)? = ®(I) and ®(I) # 0, we have
(1) = 1.

Step 3. P preserves the order and the orthogonality of projections in both
directions.
If projections P, Q € S*(H ) are orthogonal to each other, then we have
1 1
0=9(0) = 9(5(PQ + QP)) = ; (2(P)B(Q) + B(Q)(P)).
Multiplying this equality by ®(Q) from the left and from the right respectively,
we have $(Q)®(P)2(Q) = —(P)®(Q) and &(Q)2(P)B(Q) = —~B(Q)®(P).
Hence
B(P)2(Q) = 2(Q)P(P) =0
and ® preserves the orthogonality of projections in both directions.
We assert that ¢ preserves the partial order relation < between projections. If
P,Q € S%(H) are projections and P < @, then we obtain
1 1
(P) = (5(PQ + QP)) = S (2(P)B(Q) + B(Q)%(P)).
Multiplying this equality by ®(Q) from both sides, we get that ®(Q)®(P)P(Q) =
O(P)®(Q) and (Q)B(P)2(Q) = B(Q)®(P), thatis, &(P)®(Q) = B(Q)®(P) =
®(P). Thus ® preserves the partial order.
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Step 4. P preserves the rank of projections in both directions, ® is orthogonally

additive on the finite rank projections.
The argument is similar to that of Step 4 and Step 5 in the proof of Theorem

2.1.

Step 5. @& maps finite rank self-adjoint operators into finite rank self-adjoint

operators.
If A € S%(H), then there exists a finite rank projection P such that PA =

AP = A. A simple computation gives

L(@(A)0(P) + B(P)B(A)),

B(A) = @(%(AP +PA) =

which implies that ®(A) is also finite rank.

Step 6. ®(—P) = —d(P) for every finite rank projection.
Let P, P, -, P, € S*(H) be pairwise orthogonal finite rank projections and
A1, A2, ..., Ay € R, Using the orthoadditivity of & we have

O, AuFr) = @(%((Zk AeBr) (32 Pr) + (O P (g Ai)))
Z)\kPk ZPz )+ & ZPz (O~ wPr)
k

(2.5) Z)‘kpk Z<I> P) +Z<I> P)® Zxkpk))
—Zz 2(® (Zk)\kpk) (Pz)+¢’(Pz) (Zk)‘kpk))
= > (5((C, AePe) P+ B Yo AkPr)))
=2 2(NR).

Let P be of rank 1, we have

BOAP) = @(%((AP)P + PO\P)))

_ %((I)()\P)@(P) + B(P)D(AP).

Multiplying this equality by ®(P) from both sides, we have that &(P)®(A\P)®(P) =
(P)B(AP) = ®(AP)®(P). It follows that

D(\P) = ®(P)D(AP)D(P).
Since ®(P) is of rank 1, the equality above ensures that

(2.6) B(\P) = pud(P)
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for some € R. So, we obtain that &(—P) = ¢®(P) for some scalar ¢ € R. Since
*®(P) = (c@(P))* = ®(—P)* = &(P),

we have ¢ = +1. By the injectivity of ® we get ®(—P) = —P(P). Thus, (2.5)
implies that

(2.7) o(—P)=—-P(P)
for every finite rank projection P € S*(H).

Step 7. ®(PTP) = ®(P)®(T)P(P) for every T' € Si-(H) and every projec-
tion P € Si(H).
For any A, B € S*(H) we write

AoB = %(AB+BA).

With this notation the condition (i) can be restated as
®(AoB) =P(A)od(B)

for every pair A, B € S*(H)

Let T € S%(H) be arbitrary and let P € S¢(H) be a projection. Choose a
finite rank projection @ € S¢.(H) such that QP = PQ = Pand TQ = QT =T.
It is trivial to compute that

(2P —Q)o (T o P) = PTP.
Thus we get
®(2P — Q) o (®(T) o ®(P)) = ®(PTP).
We prove that (2P — Q) = 2®(P) — ®(Q). Indeed, since Q — P is a projection
which is orthogonal to P, by (2.5) and (2.7) we see that
P(2P-Q) =2(P—-(Q-P)=2(P)+2(—(Q—P))
= ®(P) — &(Q — P) = ®(P) - &(Q - P)
=O(P) — (2(Q) — ©(P)) = 22(P) — 2(Q).

So, we have
(20(P) — ®(Q)) o (®(T) 0 B(P)) = ®(PTP).

We assert that ®(Q)®(T)®(Q) = ®(T') and ¢(Q)P(P)®(Q) = ®(P). In fact,
these follow from the equalities

T = S(@T)BQ) + 2(Q)B(T))
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and .
©(P) = 5(2(P)2(Q) + 2(Q)2(P))

after multiplying them by ®(Q) from both sides. Similarly, one can now easily
check that

(20(P) = ©(Q)) o (B(P) 0 (Q)) = &(P)B(T)2(P).
Therefore, we have ®(PTP) = ®(P)®(T)®(P).

Step 8. ®(AA) = AP(A) for every A€ R and A € SL(H).
Fix a rank 1 projection P € S%(H), by Step 6, there is a bijective function
hp : R — R such that

(2.8) ®(A\P) = hp(\)®(P) (A €R).
Now we claim that i p is multiplicative. To see this, let P € S%(H) be a rank 1
projection. We have
1
hp(Ap)@(P) = &(5((AP)(kP) + (1P)(AP)))

= (e B(PYhp(p)B(P) + hp(1)2(P)hp(N)2(P)
— hp(\)hp(n)®(P)

and this shows that & p is multiplicative. Therefore, hp(—\) = —hp(A).
We show that hp does not depend on P. If QQ € S%(H) is another rank-1
projection not orthogonal to P, then we have

e(3((A\P)Q+ Q(AP))) = %(hp(k)‘I’(P)‘I’(Q) +hp(M)(Q)2(P))
1

= ShP(N)(2(P)2(Q) + 2(Q)2(P)).

Similarly,

2(5(POQ) + (AQ)P)) = Sho(N)(R(P)2(Q) + 2(Q)(P))

Since PQ # 0, we must have PQ+ QP # 0 and hence ®(P)®(Q)+P(Q)P(P) #
0. It follows that hp = hg. If @ is orthogonal to P, then we can choose a rank-1
projection R € S%(H) such that R is neither orthogonal to P nor orthogonal to Q).
By what we just proved, we get hp = hg = hg. Therefore, there is a bijective
function & : R — R such that

®(AP) = h(\)®(P)
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for every A € R and every rank-1 projection P € Sh(H).
Next we show that

(2.9) B(AA) = h(\)B(A)

for every A € S.(H) and A € R. By (2.5), we see that (2.9) holds if A is any
finite rank projection. Let A € S%.(H) be arbitrary, then there exists a finite rank
projection P such that PA = AP = A. A simple computation gives

D(AA) = B((S(ANP) + (AP)4))
1

= S(@(ARN)B(P)+ h(N)B(P)B(A)) = h(\)B(A).

We claim that A is the identity map on R. Let x,y € H be orthogonal unital
vectors and A, € R besuch that A2+ 2 = 1. PP =z ®z, Q = y ® y and
R = Az + py) @ (Ax + py). Itis obvious that R, P, () are rank-1 projections and
P is orthogonal to ). By Step 7. we have

B2+ p2)®(R) = B((A2 + p2)R) = B(R(P + Q)R) = S(R)®(P + Q)B(R)
(R)®(P)®(R)+ ®(R)?(Q)P(R) = ®(RPR) + ®(RQR)

(A2R) + ®(12R) = (h(A2) + h(u2))B(R).

[
Ay

By the multiplicativity of h, we get h(A)?+h(u)? = 1 whenever A2 + u? = 1. This
equality implies that, for any 0 < a < 1, we have 0 < h(a) < 1, h(a)+h(1—a) =1
and h preserves the order. In particular, h(1) = 1 and h(1) = 1. Next we show that
the restriction of A to the rational numbers is the identity. By the multiplicativity
of h we have h(2) = 2. Assume that h(n) = n. It follows form 1 — h(15) =
h(1—25) = h(;25) = nh(;47) that h(n+1) = n+1. By induction, this implies
that ~(n) = n for all natural numbers n. Hence, h(r) = r for every rational r.
Because & is also order preserving, we see that ~(\) = A holds for all A € R, as

desired.

Step 9. P(AA) = AD(A) forevery A€ Rand A € S*(H).
Let A € S*(H) be arbitrary and A € R, a computation gives that

%(@(AA)@@ ©2) + (2 ® 2)B\A)) = @(%A(A(x ©2) + (2 ® ) A))
_ %@(A)(b()\x © ) + %cp(m © 2)B(A)

_ %A((I)(A)(b(m ® ) + Dz ® 2)B(A)),
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which implies that (A®(A) — ®(AA))P (2 ®@ 2) = (2 ® ) (AP(A) — P(NA)) for
every rank 1 operator. Hence A®(A) = ®(\A).

Step 10. @ is additive on S%(H ), and thus a Jordan ring isomorphism.
The proof is the same as that of Step 8 in Theorem 2.1.

Step 11. There exists an unitary or conjugate unitary operator such that ®(A) =
UAU* for all A € S*(H).

This follows from [6, Corollary 4]. Here we give a direct proof. By Step 5 and
the additivity of @, it is easily seen that & preserves adjacency in both directions
on S%&(H). By [6] there exist a unitary or conjugate unitary operator U : H — H
and a real number ¢ such that ®(z ® z) = cUzx ® 2U* for all z € H. By Step 9
we see that ¢ = 1. For every A € S%.(H ), applying the claims in Step 7 and 9, one
gets (Az,2)P(2@2) =@((z@2)A(z®@2)) =Pz @ 2)P(A)P(z®@2) =Uz ®
2U*®(A) Uz @aU* = (P(A) Uz, Uz)Uz @2U* = (U*®(A) Uz, 2)®(x®x). SO,
(U®(A)Ux, z) = (Az, x) holds for all z € H and consequently, ®(A) = UAU*
as H is a complex Hilbert space. If A € S*(H) is not of finite rank, the following
equality

1 1
§U(A(x Rz)+ (z@x)A)U" = ®(§(A(x @)+ (x @ x)A))
1
= §(<I>(A)U(x Rz)U*+U(x @ 2)UP(A))

implies that (UAz — ®(A)Uz) @ Uz = Uz ® (P(A)Ux — Ax). Hence, for every
x € H, there exists some A, € R such that UAz — ®(A)Uzx = N\, Uz. This
entails that UA — ®(A)U = AU for some A € R. So there exists a functional
¢ : S%(H) — R such that

B(A) = UAU* + o(A)]

for every A € S*(H). Thus we have

%U(A(x ©2) + (z© 2) AU

_ %(@(A)U(x @ 2)U" + Ulz @ 2)U*D(A))

= L(UAU* + p(A))Uz & Uz + Uz © Uz) UAU* + p(A)T)).

It follows that 2 (A)Uz @ Uz = 0, and hence ¢(A) = 0 for every A, as desired.

(if)=-(iii). To do this, we need a claim which is also interesting of itself.
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Claim. Let H be a complex Hilbert space. If A € S%(H) is such that
BA + AB > 0 holds for every 0 < B € S*(H), then A is a nonnegative scalar
multiple of the identity.

We first observe that A is positive. Indeed, for I € S*(H), we have AT+1A >
0, thatis A > 0. If 0 # x € H is arbitrary, then we have x ® Az + Az ®@x > 0. It
follows from this inequality that for each y € H, we have ((z@ Az + Az ®x)y, y) =
(y, Az)(x,y) + (y, x) (Az,y) > 0, which implies that

(2.10) Re((y, z) (Az,y)) > 0.

We can write Az = Az 4 u, where A € C and u € x- € H is a vector orthogonal
to x. Lety = px + v with p € C and v € H a vector orthogonal to z. It follows
from (2.10) that Re((Az|z||? + (u, v))u) > 0. This implies that

|ul*Re(A[|z[|) + Re(u(u, v)) = 0

holds for all » € C and v € x*. It is easy to see that we necessarily have ||u|[> = 0,
that is, u = 0.

The above observation shows that, for every © € H, the vectors Az and z are
linearly dependent. Therefore, A is a scalar multiple of the identity. This completes
the proof of the claim.

Now let us turn to the proof of (ii)=-(iii).

Note that, if A € S*(H ) is positive, then there is a positive element B € S%(H)
such that 2B = A. Thus ®(4) = ®(2B?%) = 2®(B)? > 0. Since ®~! has the
same properties as ®, we see that ® preserves the positivity in both directions.

Let A € S“(H) be positive. We have ®(A)®(I)+ ¢(I)P(A) = ®(24) > 0.
Since ®(A) runs through all positive elements of S%(H), by the above Claim,
we infer that ®(7) = A\I for some scalar A > 0. Considering the transformation
U : SY(H) — S%(H) defined by W(A) = 1&(A). Since ®(A) = d(14 +41) =
2)\® (%), one can easily check that U (3 AB+1BA) = 1U(A)¥(B)+1¥(B)¥(A).
Now by (i)=-(iii), there exists a unitary or conjugate unitary operator U such that
P(A) = N\UAU™ for every A € S*(H). Since \U(AB + BA)U* = ®(AB +
BA) = ®(A)®(B)+ ®(B)®(A) = NU(AB + BA)U*, we must have A = 1. So,
(iii) holds true, completing the proof. ]

3. JorDAN MuLTIPLICATIVE MAPS ON NEST ALGEBRAS

Let H be a (real or complex) Hilbert space and A be a nest on H. It is well
known that z ® f is in Alg /A if and only if there exists an element NV € A such
that z € N and f € (I — N_)H. It follows that Alg,/\ contains no idempotents
if N_ = N for every N € N. For more information on nest algebras, we refer to

[5].
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The following is our main result in this section which states that every bijective
Jordan multiplicative map on nest algebras is in fact a Jordan isomorphism.

Theorem 3.1. Let A be a standard subalgebra of a nest algebra Alg(\') on
a Hilbert space H with dim H > 1, and ® : A — A be a bijective map satisfying

(3.1) ®(AB+ BA) = (A)P(B) + ¢(B)P(A),
then @ is additive.

Proof. As AlgN = B(H) is a standard operator algebra if N' = {0,1}, we
always assume in the sequel that the nest A/ is not trivial.

Our idea is similar to that in [11] for the case that ® acts on a standard operator
algebra. The main technique we will use is the following argument which will
be termed a standard argument. Suppose A, B,S € A are such that ®(S) =
®(A) + ®(B). Multiplying this equality by ®(T") (T' € A) from the right and the
left, respectively, we get ®(T")®(S) = ®(T)P(A) + ¢(T)P(B) and ®(S)P(T') =
O(A)P(T) + ®(B)®(T"). Summing them, we get

O(S)D(T)+ P(T)P(S) = P(A)P(T) + &(T)P(A) + D(T)P(B) + ®(B)P(T).
It follows from (3.1) that
O(ST+TS)=P(AT +TA)+ (BT +TB).
Moreover, if
(AT +TA)+ (BT +TB) =P(AT+TA+ BT +TB),
then by the injectivity of ®, we will reach that
ST+TS=AT +TA+ BT +TB.
We give the proof by several Steps.

Step 1. ®(0)=0

Obvious.

Fix an element £ in A/ with 0 < E < I. For the sake of simplicity, we
write A = A1 @ Ao @ Agg, Where Ay = FAE, Ao = EA(I — F) and
Agy = (I — EYA(I - E).

Step 2. The following statements are true.

(i) Toy € Agg, A12T5o = 0 implies Too = 0. Dually, T11 € Aq1, T11A12 = 0
implies 771 = 0.
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(ii) Let T1o € Aqo. Then Aq1T12 = 0 implies T12 = 0 and T12.420 = 0 implies
T12 = 0.
Obvious.

Step 3. (I’(All + Alg) = (I)(All) + (I)(Alg)
Since @ is surjective, we may find an element S = S1; + S12 + S22 € A such
that

(3:2) P(S) = (A1) + 2(Ar2).

For Txe € Asgo, applying a standard argument to (3.2), we get that ®(STho+T7525) =
(I)(A11T22 + T22A11) + ‘I)(A12T22 + T22A12) = (I)(Alngg). Therefore,

(3.3) STog + T92S = S12T92 + S22T%9 + T22522 = A12T».

Multiplying Eq.(3.3) by E from the left side, we get that S19759 = A15Ts. Thus
S12 = Ao by Step 2.(ii). It follows that Soo = 0 by Step 2.(iii). For T12 € Ajo,
applying a standard argument to (3.1) again, we have ®(ST19+712S) = ®(A11 T2+
Ti2A11) + ®(A12T12 + Ti2A12). Hence, STip + T12S = S11T12 + T1252 =
S11T12 = A11T19, this implies that S1; = A1; by Step 2.(i). Consequently, S =
A + Ajo.

Similarly, one can check the claim of Step 4.

Step 4, (I’(A12 + A22) = (I)(Alg) + (I)(AQQ)

Step 5. (I’(Alg + B12A22) = (I)(Alg) + (I)(B12A22).
A simple computation giVGS Ao+ BigAgy = (E + Blg)(Alg + Agg) + (A12 +
Ago)(E + Bi2). Then, by Step 3 and 4, we have that

D(A12 + B1aAz) = ®(A1g + Az)®(E + Bia) + ®(E + Ba1)®(A12 + Aga)
= (®(A12) + ©(A22))(2(E) + ®(Bi2))
+((P(E) + ©(B12))(2(A12) + ¢(A2))
= O(A12)®(E) + ®(A12)®(Bi2) + ®(A22)®(E)
+P(Ag2)P(B12) + O(E)P(A12)
+O(B12)P(A12) + P(E)P(Az2) + P(B12)P(A)
= ®(A1pE + EAyz) + ®(Ag2B12 + BiaAg))
+®(A12B12 + Bi2 A1) + (AL + EAg)
= ®(A12) + ¢(B12A22).
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Step 6. @ is additive on A;s.
Let A9, Bio € Ajo and choose S = Si1 + Si2 + S99 € A such that

(3.4) B(S) = B(A1s) + (Bra).
For Thy € Asg, applying a standard argument to (3.4), we get that
D(STop + Tp2S) = ©(A12T2 + T2 A12) + ®(B12T22 + TroBr2)
= ®(A12To2) + ©(B12T22) = P((A12 + B12)T32).
Hence,
TS + STy = T22522 + S12T52 + S22T52 = (A12 + Bi2) 1.

Multiplying the above equality by I — E from the left side, we see that 752559 +
S29T52 = 0 and Syo = 0. Furthermore the equality S19752 = (A12 + Bi2)T2e
implies S1o = A1 + B2 by Step 2.(ii).

Now there remains to prove that S;; = 0. For T15 € A;q9, applying a standard
argument to (3.4) again, we get that 7725 + ST = T12522 4+ S11T12 = 0. Since we
have proved that Sy, = 0, we have that S11772 = 0 for every Ti5 € Aj5. Hence,
by Step 2.(i), S11 = 0.

Step 7. @ is additive on A;;.
Let A1, Bi1 € Az, and choose S = S11 + S12 + S99 € A such that

For Ty, € Ase, applying a standard argument to (3.5), we get that ®(STse +
T92S8) = ®(A11To2 + T A11) + ®(B11To2 + TheBi1) = 0. Hence SThy + 1925 =
S19T99 + SooTo0 + TooS99 = 0. By a simple computation, we see that S;o = 0
and Syo = 0. For T15 € A;9, applying a standard argument to (3.5) again, we get
O(STio + T125) = (A1 T2 + Ti2A11) + (Bi1Th2 + Ti2B11) = ®(AnTh2) +
@(BHTH) = @((All—f—Bn)le) by Step 6. Hence STio+1712S = (A11+311)T12.
Since we have proved that Sp; = 0, by Step 2.(i), we get S1; = A11 + Bi1.
Similarly, one can prove

Step 8. @ is additive on Ass.

Step 9. @ is additive on EA = A;1 + Ajo.
Let Aqq, B11 € Aq1, A12, B1o € Aqo. It follows from Step 3, 6 and 7 that

®((A11 + A12) + (Bi1 + Bi2)) = ®((A11 + Bi1) + (A12 + Bi2))
A1+ Bi1) + ®(A12 + Br2)
A1) + ®(B1) + ®(Ar2) + ®(Bi2)
A1+ Aro) + ©(B11 + Bia).
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Step 10. q)(All + Agg) = (I)(All) + (I)(AQQ)
Let S = Si1 + Si2 + Soo € A such that

(3.6) P(S) = ¢(A11) + P(As2).

For E, applying a standard argument to (3.6), we have that ®(SE + ES) = @
(AHE + EAH) + (I)(AQQE + EAQQ)) = (I)(QAH) and hence, SE + ES = 251 +
S12 = 2A1;. Multiplying this equality by I — E from the right side, we get that
S12 = 0 and S1; = Aq1. Similarly, for I — E applying a standard argument to (3.6),
we can show that Soy = Ago.

Step 11 (I)(Au + Ao + Agz) = (I’(All) + @(Alg) + @(Agg).
Let S = Si1 + Si2 + Soo € A such that

(3.7) B(S) = B(An) + (A1) + B(Ass).

For E, applying a standard argument to (3.7) we have that ®(SE + ES) = @
(2411) + ®(A12) = (2411 + A12). Hence SE + ES = 241, + Ay, that is,
2511 + S12 = 2411 + Aq2. By a simple computation, we get that S1; = Ay; and
S12 = Aie. Similarly, for I — E applying a standard argument to (3.7), one gets
Sag = Ao

Now let us complete the proof of Theorem 3.1. For any A = A1 + Aqo + Ao
and B = By1+ B1o+Bas in A, all steps are used in seeing the following equalities,

Hence @ is additive and hence a Jordan isomorphism. |

Theorem 3.1 still holds if ® is a Jordan multiplicative map of form (3) on a nest
algebra. The proof is similar to that of Theorem 3.1, and we omit it here. We guess
that every Jordan multiplicative map of form (1) on a nest algebra is also additive,
however we are not able to prove this in the present paper.

Theorem 3.1’.  Let A be a standard subalgebra of a nest algebra Alg(A\/) on
a Hilbert space H with dim H > 1, and ® : A — A be a bijective map satisfying

@(%(AB + BA)) = %@(A)@(B) 4 %@(B)@(A),
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then @ is additive.
The following results generalize the main results in [12] by omitting the addi-
tivity assumption.

Theorem 3.2. Let H be an infinite dimensional real or complex Hilbert space,
and AlgN be a nest algebra on H. Let ® : AlgN — AlgN be a bijective map.
Then the following are equivalent.

(1) @ satisfies ®(AB + BA) = ®(A)®(B) + ®(B)®(A) VA, B € AlgN.
(2) ® satisfies ®(2(AB + BA))=1®(A)®(B)+30(B)®(A) VA, B € Alg\.
(3) Either there exists a dimension preserving order isomorphism 6 : N' — M

and an invertible bounded linear or conjugate-linear operator T : X — Y
satisfying T'(N) = 6(N) for every N € N such that

®(A)=TAT forall A< Alg\N;

or there exists a dimension preserving order isomorphism 6 : N' - — M
and an invertible bounded linear or conjugate-linear operator 7' : X * — Y
satisfying T(N*) = (N ) for every N € N such that

®(A) =TA*T! forall Ac AlgA.

Moreover, in the latter case, X and Y are reflexive.

By M, (F) we denote the algebra of n x n matrices over F (the real field
or the complex field). For every finite sequence of positive integers ny, no, . . . 1k,
satisfying ny +no +. . .+ng, = n, we associate an algebra 7 (nq, . .., ny) consisting
of all n x n matrices of the form

0 A22 Ce Agk
A= : . .
0 0 ... A
where A;; is an n; x n; matrix. We will call such an algebra 7 (n1, ..., n;) a block

upper triangular algebra in M, (F). Let V(ni,...,nk) = {T = (Tij)exk | Tij =
0 whenever i + j > k 4 1}.

Theorem 3.3. Let 7 (ny, ..., nk) be a block upper triangular algebrain M, (F)
and ® : 7(ny,...,n,) — 7(ny,...,ng) be a bijective map. Then the following
are equivalent.

(1) @ satisfies B(AB+BA) = &(A)B(B)+3(B)®(A)VA, B € T(ny,. .., nx).



(2) @ satisfies ®(3(AB + BA)) =
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10(A)®(B) + 1 ®(B)®(A) VA,B €

T(ny,...,ng).

(3) There is a ring automorphism h : F — FF and either there is an invertible

10.

11.

12.

13.

matrix T € 7 (n1, ..., ng) such that @ is of the form ®(A) = TA,T~! for
all A € T(ny,...,ng); or there is an invertible matrix 7' € V(n1,...,nk)
such that ®(A) = TAIT~! for all A € A, where [a;;], = [h(a;;)] and AT
stands for the transpose of A.
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