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ANALYTIC SPACES DEFINED BY SYMMETRIC NORMING
FUNCTIONS

Mark C. Ho and Mu Ming Wong

Abstract. Let ¢y be the space of sequences converging to 0. A symmet-
ric norming function (or briefly, s.n. function) is a function ® from ¢y into
nonnegative numbers with the properties of that in a norm, a normalizing crite-
ria: ®(1,0,0,---) = 1, and the symmetric condition: ®(z1, za,---) = ®(z7,
xd,--+), where 23, a3, - - - is the nonincreasing rearrangement of |z1 |, |za], - - -.
In this paper, we will define spaces of analytic functions based on s.n. func-
tions, which are generalization of the space B, in [2].

1. INTRODUCTION

Let H be a separable Hilbert space and B(7) be the space of bounded operators
on H. Let & be a proper (two-sided) ideal of B. It iswell-know that F C & C G,
where F = F(H) is the ideal of finite rank operators and & , is the ideal of compact
operators. A norm || - || defined on & is called a symmetric norm if it is a usual
norm with the additional properties:
Q) |1ATB||s < [JAIIT|Is|| B for A,B€ Band T € &;
(2) for any rank one operator 7', ||T||s = ||T'|| = s1(T).
We shall say that & is a symmetrically-normed ideal (or briefly, s.n. ideal) if & is
complete with respect to the norm || - ||s.

On the other hand, let ¢, be the space of real sequences which converge to
0, and ¢ = {(z1, 22, -+) € ¢ : x, = 0 for all but finitely many n}. A function
® : ¢ — R is called a symmetric norming function (or briefly, s.n. function) if

(@ ®(x) >0forxeé x+#0;
(b) ®(ax) = |a|®(x) forany a € R, x € ¢
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(©) ®(z+y) < O(x)+ (y), 2,y € &
)

(d) ®(1,0,0,---)=1;
) ®(x1,-,20,0,0,--) = ®(|zo)|, -+ s [To(m)], 0,0,---), for any n, and
any permutation o of 1,2,---,n.
Now consider & = (x1,z,---) € ¢o. Write 2" = (z1,---,2,,0,0,---) and
define

cp = {x € co : sup ®(z) < oo} )

It is well-known that ®(z(™)) is nondecreasing (Lemma 3.2, Chap. 1lI, [4]), and
therefore we may define ®(x) = lim,, .o ®(z(), 2 € ¢p. Now let T € B. The
singular values of T is the nonincreasing sequence of nonnegative numbers {s, (") }
(n=1,2,--)

sn(T) = inf{||T— S| : rank(S) <n}, n=1,2,--.

Note that s, (7) N\, 0 if and only if T" € &,. There are other alternatives to
describe the s, (T')’s. For instance, one can show that the s, (7")’s are in fact the
eigenvalues of |T| = (T*T)'/2. We say that 7" is in the symmetrically-normed ideal
G4 generated by @ if (so(T"), s1(T),---) € ce, with norm

ITle = ®(s0(T), s1(T), - -)

since ® induces a symmetric norm on G4 (Theorem 4.1, Chap. Ill, [4]), and we
use 6((13) to denote the closure of F in &4, which is itself a s.n. ideal.

The concept of s.n. functions is introduced for the purpose of classifying operator
ideals on Hilbert spaces with norms invariant with respect to unitary dilation (See
[4]). For example, the usual Schatten p-classes &, 1 < p < oo are defined by the
s.n. functions ®,(z1,22,---) = (3 |zn|P)/P and 6&0) = 6, and the so-called
binormalizing s.n. ideals &Gy are defined by the functions of form

21 7
Opi(z) = sup S,
n 1Tk
where z7, 23, - - is the nonincreasing rearrangement of |z], |x2|,---, and II =

{m,} is a nonincreasing nonnegative sequence with 7; = 1 and »_ m,, = +oc.

The problems of characterizing special classes of operators in various s.n. ideals,
especially in the Schatten classes, have always attracted the attentions from the
functional analysts. In our case, the class of interest here is the Hankel operators
on H? = H?(D), the Hardy space on the unit disc D. Let f € H?, then the
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operator hy on H? is called a Hankel operator if the matrix of h with respect to
the standard basis {1, z, z2,---} in H? is given by

ag aj as as

al a9 as

as Az e e e ,
az

where f(z) = " a, 2" is the Taylor series of f. For the detail of Hankel operators,
we refer the readers to [7]. In [6], Peller proved a remarkable result stating that
hye 6, 1<p<ooifandonlyif f € B,, where B, is the analytic Besov space
defined by

{f analytic on D : / L (2)[P(1 = |2]?)?P2dady < oo} )
D

Later, in [2] and [3], the spaces B and By, are defined based on the s.n. function
17 to describe f for which the corresponding Hankel operator ; belonging to
S, when 1T satisfies a so-called regular conditions. Our goal for this paper is to
generalize these analytic spaces for all s.n. functions.

2. SpACES oF ANALYTIC FuncTioNns RELATED TO SYMMETRIC NORMING FUNCTIONS

Let D = {z € C: |z| < 1} be the unit disc and z,w € D. Let p(z,w) be the
hyperbolic distance between z and w, i.e.,

zZ—w

1+ =

(zw)—llo 1 -z
P \Z, _2 gl 2 —w
1—-2w

Also, for » > 0, we denote the hyperbolic ball with center at z and radius r by
D(z,r), ie, D(z,r) = {w : p(z,w) < r}. On the other hand, let K(z,w) =
(1 — zw)~2 be the Bergmann kernel on D and dv(z) = %dxdy the normalized
Lebesgue area measure on . The followings are some useful facts in analytic
function theory on D concerning the hyperbolic metric that will be considered in
our later discussion:

Given r, s > 0, there is a C > 0 depending only on » and s so that

FL. C71(1 —a|®)? < |D(z,7)| < C(1 — |al?)?, where |D(z,r)| is the area of
D(z,r), forall z € D(a,r) and a € D.
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F2. C7YD(z,7)| < |D(w,s)| < C|D(z,7)| if p(w,2) <.
F3. C™'K(a,w) < K(z,w) < CK(a,w) forall w € D if z € D(a,r).

F4. (Subnormality)

C
hia) < —
@ = BN o

for any nonnegative subharmonic function 4 on .

h(z)dv(z)

F5. There is a sequence {w,} in D and measurable sets D,, C D so that (1)
lwn| — 1and U,y Dy =D (2) D(wn, §) € Dy € D(wy,r) forn > 1 (3)
D, ND,, =0if n#m and (4) there isa N € N depending only on r such
that any z in D belongs to at most IV of the sets { D(w,, 2r)}.

The reader can find details about these properties in, for instance, [8].

Now let H(DD) denote the space of all analytic functions on D and & be a s.n.
function, as mentioned earlier. Pick » > 0, and choose a cover D = {D,,} of D
with respect to some sequence {w, } in D, as in F5. Fixing a nonnegative integer
k, and let us consider the space of analytic functions on D as follows:

Bop ={f € H(D) : (M(f), Xa(f), ) € ca},

where A, (f) = sup{|f"(2)|(1 - |2|*)? : z € D,}, equipped with norm

I£lle.p = 1£O)]+ [£O)] + A (f), Ao ), - ).

It is clear from the definition that Bs p C By, where By is the little Bloch space. It is
also clear that if f — f uniformly on compact subsets of D, then A, (fx) — An(f)
for each n.

Theorem 2.1. Bg p with the norm above is a Banach space.

Proof. Let {f;} be a Cauchy sequence in By p and K C DD be compact. Choose
no large enough such that |, D(z,7) C U;2, D,. Hence, by the subnormality
of | f”| and F1-F5, for any = € K, we have

T(z) = fl(z _c "(w) — f(w)|dv(w

- " — _w22 w
cK;/DnWw) @)1 = w])2dA(w)

< CkCing  fnax An(fi = f5)

IN
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for some C, Cy > 0 depending only on r, with (inf.cx \D(z,f)\)CK > (. Here
d\(z) = K(z, z)dv(z). It follows that for all ¢, j, there exists Cx > 0 such that

1f1(z) = £ ()| < Ck |l fi = Fillop

by properties of s.n. functions. This shows that {f;} is uniformly Cauchy on
compact subsets of D. Therefore f; converges uniformly on compacts to an analytic
function on D. The fact that f € Bg p is clear. Indeed, for any fixed n, we have

((A(f) Aa(f),--)™) <
(NS = i), A2(f = fi), -+ )) + (M i), Aol fi), - ) ™)

for any 4. Since f; converges uniformly on compact subsets of I, we have, by
letting ¢ — oo, that for all n,

S((M(f), Aol f),-)™) < M,
where M > sup; || fille,p. This means that (A1(f), A2(f), ) € ca. [

As much as the fact that By p being a Banach space is now established, it may
appear, at least in the surface, that the space Bg p depends on both the s.n. function
¢ and D. We will show, in the next result, that the “dependence” of By p on D
can be removed:

Proposition 2.2. Bg p does not depend on r, or the cover D.

Proof. In order to prove this, we need a couple of lemmas, which also turn out
to be very useful throughout the remaining of this article:

Lemma 23. Letp > 0, r,7# > 0 and D = {D,}, D = {D,} be the
corresponding decompositions of D (see F5), with the interpolating sequences {w ,, },
{@,}, respectively. Let » > 0 be subharmonic on D. Then

n

” su z —2221’*% 2)(1 = |2]?)?PdA(z )
;<ze£h”“ m) S (f, me - )

where a,, ~ b,, means that there exists a C' > 0 such that C ~1a,, < b,, < Cb,, for all
n (Recalling that =7, 23, - - - is the nonincreasing rearrangement of |x 1|, |x2], - - -).

Proof of Lemma 2.3. Since the hyperbolic metric p is invariant under Mobius
transformation, there exists M € N, depending only on r, 7, such that there are at
most M points in D(z, 2¢) that are at least ¢ apart, in the hyperbolic metric p, for
any z € D, where e > max(r,7) and 0 < § < min(%, £).
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For each n, let I(n) be the cardinality of the set A,, = {Dy, : Dy, N.D(wy, 2r) #
@}. Theni(n) < M, and we may write A, = {D,,; : 1 <i < M}, where D,,; = 0)
if i > I(n). Since h is continuous, there exists z,, € D,, (the closure of D,,) for
each n so that

sup h(2)(1 = [21) = h(za)(1 = |2a|*)*
z€Dy

This means, by the subnormality of ~ and F1, F2, that there is a C' > 0, depending
only on r and 7, so that

sup h(z)(1 - |z[*)* < C h(2)(1 — |2*)*dA(2),
2€Dy D(zn, %)

which implies that

sup h(2)(1— |22)2 <CZ/ — 22)%dA(2)

z€D,,

< CM max {/D 'h(z)(l—\z\Q)de)\(z)}.

1<i<M

Now for each fixed i, f)m can appear at most M times in D as n runs through N.
Thus

; <Sup h(2)(1— |2]?) ) < CMQZ (/ )(1 = |2[2)%PdA (= ))

z€Dy,

for each n. The other half of the inequalities, i.e.,

S ([ nea-rrae) <onry: <sup h(z)(1 - \zP)?p)
k=1 Dk k=1 ZeDk
for each n, and for some C; > 0, can be derived similarly. n

The second lemma, due to K. Fan (See [1] or Lemma 3.1, Chap. IlI, [4]), is
stated as follow:

Lemma 2.4. Suppose that x = (z1,22, ), ¥y = (y1,y2,--+) € & If x1 >
x9 > 20,y >y >--->0and

S Y n= 120
k=1 k=1

then for any s.n. function ® we have ®(z) < ®(y).
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Proof of Proposition 2.2. By applying Lemma 2.3 to the subharmonic function
| /"], we have

YoM LCY M) m=1,2,,
k=1 k=1

where A, (f) = sup{|f”(2)|(1 — |2|2)? : z € D,}. Therefore, as a consequence of
Lemma 2.4

DAL(f), Aa(f), - +) < CRAL(F)s Aa(f)s )

for some C' > 0. This means that | f|[5,, < Cillflls, , for some C1 > 0.
On the other hand, it is also clear that we can show, by similar argument, that
1fllBy 5 < C2llfllBs» for some Co > 0. This proves that Bg p is isomorphic to

&P |

From now on we shall replace By p by By, in view of Proposition 2.2.
Example Let 1 < p < oo and pick a decomposition D of D described in F5.

Recall the s.n. function ®,, defined in the previous section. Then the space Bg, is
precisely the analytic Besov space B,,. Indeed, for 1 < p < oo, since

/ PP = 22PN (2) < CAn(f)?

Dn,

for some C' > 0 depending only on r, we have B, C Bg,. On the other hand, since
| [P is subharmonic for p > 0, we have

n *p n " |P _222]2 . * .
>l SC;(/Dk\f()\ (1~ |2P)PdA >) for all n,

by Lemma 2.3. This shows that Bs, C By. When p = oo, we have By, = By
since @, is given by @ (2) = |||/, = € co.

As a consequence of the above examples, we have
Corollary 2.5. Let ® be a s.n. function on é. Then B; C By C By.

Proof. Since by the properties of s.n. function, we have ¢ (z) < ®(x)
4 (x) for any z € ¢.

m N

In the theory of s.n. ideals, it is known that two s.n. ideals are the same if and
only if their norms are equivalent. An analog of this fact can also be derived for
these spaces of analytic functions associated with s.n. functions:
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Corollary 2.6. Let ®; and ®, be s.n. functions on ¢. Suppose that By, = B,
elementwise. Then Bg, is isomorphic to B, .

Proof. Fix a decomposition D of D as described in F5, for all the spaces
involved. Let B be the set of elements of Bg, or, what is the same, By,. Equip B
with the norm

IfIF = max{[| flle,, | flle, }-

It is clear that || - || is the same with the norm generated by the s.n. function
®(z) = max{®y (), Pa(x)}, x € ¢,

i.e., B is in fact the space Bg, which is, by Theorem 2.1, complete. On the other
hand, we see that, by the open mapping theorem, the identity map is an isomorphism
from (B, ||-]|) onto (Bs,, ||-||o,) and in the same time an isomorphism from (B, ||-||)
onto (Bg,, || - [|o,). This completes the proof. |

Another well-known fact about the s.n. ideals is that G¢ is separable if
®(2py1, Tny2,---) — 0 (or, equivalently, ®(xy |, 27 5,---) — 0) as n — oo
for every (xy,z9,--+) € ¢, and that F is dense in G¢. Here we would like to
prove a similar result for Bg:

Proposition 2.7.  Suppose that & is a s.n. function such that for every
(z1,x2,-++) € cp We have ®(z,11,2p42,--) — 0 @S n — oo. Then By is
separable. Moreover, the disk algebra A(D) is dense in Bg.

Proof. In view of Proposition 2.2, let us first introduce a special decomposition
of D satisfying the conditions in F5: Let I = [a,b) C [0,1) and |I| = b — a.
Associate I a subset W (I) (a “window”) in D defined by

1
W(I):= {z : 5\[\ <1—|z| <|I|and arg(z) € 27rI}.

A w e W(I) is called the center of W (1) if 1 —|w| = 3|I| and arg(w) = (a+b)
(or, the geometric center of W (I)). Now let us consider an interval I C [0, 1) with
dyadic endpoints, then the associated 1/ (I) has the form

1 1 k—1 k
Wk = {z TEe) <1l-Jzl < on and = <arg(z) < 2n_17r}
where 1 < k& < 2™ and n > 0. It is known that the collection ® = {W,,}
forms a decomposition of the unit disc D with their centers (The so-called dyadic
decomposition of D) satisfying the conditions described in F5 with suitable » > 0
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(see, for example, [5]). We shall rewrite © = {D,, : n = 1,2,---}, with the
corresponding centers {w, : n =1,2,---}.

Now suppose that f € Bg and r; " 1. Set f;i(z) = f(r;z). We will show that
fi — fin Bg. Let e > 0 be given. Then there exists ny € N so that

(I)()‘n(f)v)‘n—l—l(f), e ) <e€

if n > ng. Pick 1 < R< lsuchthat{z € C:R<|z] <1} C Unsng Dn-
Furthermore, choose n; > ng so that if n > ny, then p(¢,2z) > 2r whenever
¢ € D, and |z] < EE. Since ' — f” uniformly on compact subsets of D, we
may choose large ¢ such that 1 —r; < &,

S((AM(fi — f Mol fi = ), )™y < e

and r;(R+1) > 2R. Now choose z, € D,, such that A\, (f;) = | f/"(zn)|(1—|2n|?)?%,
one has

M(fi) < C |17 (2)]dv(2)
D(zn, Z)

< C z)|dv(z
R

for some C' > 0 depending only on r, where again, the cardinality of the set
A, ={Dy : D N D(wy,r) # 0} does not exceed M for some M € N. Also note
that by the choice of A,,, Dy C {z € C: £ < |2| < 1} if Dy € A, and n > ny,
which means that there exists ng < ny < mnj so that Dy, € {D,,, : m > ngo} C {z:
% < |z| < 1} if Dy € A, and n > n;. It follows then from the definition of f;
that

Mlfi) < o2 / F1(2)|dv(2)
D}gE.A 7 Dy,
<20 Y [ ifEe
DyeA,

< 20M max /T'Dk | f"(2)|dv(z).

However, since the {r;Dy} are pairwise disjoint and the set By, = {D,, : D, N
r;Dy, # (0} has at most two elements, we see that

%?(1@J PN <2%?(/ @)

k=no n=ng



10 Mark C. Ho and Mu Ming Wong

for j =1,2,---, by the choice of n, and ;. Now each D appears in at most N
different A,,’s (see F5). Therefore

ni+j no+j * no+j
> Anlfi)T <ACMN Y ( /D \f”(z)\dv(z)) <ACIMN > Aa(f)*

n=ni n=nyg n=nyg
for j =1,2,---, and for some C; > 0 depending on r. Hence, by Lemma 2.4, we
have

(N, ()" Mgt (F1)%5 -+ +) SACTMN® Ny (£)*, Ang11(f)*, ) < 4Cy M Ne.
This implies that

QAi(fi = f), Aa(fi — ), ) <2(14+2C1 M N)e,
or, |lfi = flle < (If(0)| + 2(1 + 2C1 M N))e. This completes the proof. n

Conjecture. By is separable if and only if ®(xy,41,2p42, ) — 0.

REFERENCES

1. K. Fan, Maximum properties and inequalities for the eigenvalues of completely con-
tinuous operators, Proc. Nat. Acad. Sci. U.S.A. 37 (1951), 760-766.

2. M. C. Ho, Operators on spaces of analytic functions belonging to £*:°), J. Math.
Anal. and Appl., 268 (2002), 665-683.

3. M. C. Ho and Mu Ming Wong, Function spaces analog of binormalizing symmetri-
cally normed ideals, preprint.

4. |. C. Goldberg and M. G. Krein, Introduction to the Theory of Linear Nonselfadjoint
Operators in Hilbert Space, Translations of Mathematical Monographs, 18, AMS,
1969.

5. D. Lueking, Trace ideal criteria for Toeplitz operators, Journal of Functional Analysis
73 (1987), 345-368.

6. V. V. Peller, Hankel operators of class ¢, and applications (rational approximation,
Gaussian processes, majorization problem for operators), Mat. Sh. (N.S.) 113 (155),
1980, 538-581; translation in Math. USSR Shornik 4 (1982), 443-479.

7. V. V. Peller, Hankel Operators and Their Applications, Springer-Verlag, New York,
2002.

8. K. Zhu, Operator Theory in Function spaces, Marcel Dekker, New York, 1990.



Analytic Spaces Defined by Symmetric Norming Functions

Mark C. Ho

Department of Applied Mathematics,
National Sun Yat-Sen University,
Kaohsiung 804, Taiwan

E-mail: hom@math.nsysu.edu.tw

Mu-Ming Wong

Department of Information Technology,
Meiho Institute of Technology,

23, Ping-Guang Road,

Nei-Pu Village, Ping-Tong 912,
Taiwan

E-mail: x2119@mail.meiho.edu.tw

11



