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Meridian Surfaces of Elliptic or Hyperbolic Type with Pointwise 1-type
Gauss Map in Minkowski 4-space

Kadri Arslan and Velichka Milousheva*

Abstract. In the present paper we consider a special class of spacelike surfaces in the
Minkowski 4-space which are one-parameter systems of meridians of the rotational
hypersurface with timelike or spacelike axis. They are called meridian surfaces of
elliptic or hyperbolic type, respectively. We study these surfaces with respect to their
Gauss map. We find all meridian surfaces of elliptic or hyperbolic type with harmonic
Gauss map and give the complete classification of meridian surfaces of elliptic or
hyperbolic type with pointwise 1-type Gauss map.

1. Introduction

The study of submanifolds of Euclidean space or pseudo-Euclidean space via the notion
of finite type immersions began in the late 1970’s with the papers [6,8] of B.-Y. Chen and
has been extensively carried out since then. An isometric immersion z: M — E™ of a
submanifold M in Euclidean m-space E™ (or pseudo-Euclidean space EI") is said to be
of finite type 6], if = identified with the position vector field of M in E™ (or EI") can be

expressed as a finite sum of eigenvectors of the Laplacian A of M, i.e.,

k
r =0+ § T,
i=1

where xg is a constant map, x1,xo,...,x; are non-constant maps such that Ax; = A\;x;,
N €ER 1 <i <k If A\df, \a,..., \p are different, then M is said to be of k-type. Many
results on finite type immersions have been collected in the survey paper [9).

The notion of finite type immersion is naturally extended to the Gauss map G on M
by B.-Y. Chen and P. Piccinni [11]. Thus, a submanifold M of an Euclidean (or pseudo-
Euclidean space) is said to have 1-type Gauss map G, if G satisfies AG = a(G + C) for

some a € R and some constant vector C' (see, for example, [3-5,17]).
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However, the Laplacian of the Gauss map of some well-known surfaces such as the
helicoid, the catenoid, and the right cone in the Euclidean 3-space E3, the helicoids of
1st, 2nd, and 3rd kind, conjugate of Enneper’s surface of 2nd kind and B-scrolls in the
Minkowski 3-space E3, the generalized catenoids, and Enneper’s hypersurfaces in E?H
takes a somewhat different form, namely, AG = A(G + C) for some non-constant smooth
function A and some constant vector C'. Therefore, it is worth studying the class of surfaces
satisfying such an equation.

We use the following definition: a submanifold M of the Euclidean space E™ (or
pseudo-Euclidean space E7) is said to have pointwise 1-type Gauss map if its Gauss map
(G satisfies

AG = \G +C)

for some non-zero smooth function A on M and some constant vector C'. A pointwise
1-type Gauss map is called proper if the function A is non-constant. A submanifold with
pointwise 1-type Gauss map is said to be of first kind if the vector C' is zero. Otherwise,
it is said to be of second kind [10].

Classification results on surfaces with pointwise 1-type Gauss map in Minkowski space
have been obtained in the last few years. For example, in [20] Y. Kim and D. Yoon
studied ruled surfaces with 1-type Gauss map in Minkowski space EJ* and gave a complete
classification of null scrolls with 1-type Gauss map. The classification of ruled surfaces
with pointwise 1-type Gauss map of first kind in Minkowski space E} is given in [18].
Ruled surfaces with pointwise 1-type Gauss map of second kind in Minkowski 3-space
were classified in [12]. The complete classification of flat rotation surfaces with pointwise
I-type Gauss map in the 4-dimensional pseudo-Euclidean space Ej is given in [19)].

Basic source of examples of surfaces in the four-dimensional Euclidean or Minkowski
space are the meridian surfaces. Meridian surfaces in the Euclidean 4-space R* are defined
in [13] as special class of surfaces, which are one-parameter systems of meridians of the
standard rotational hypersurface in R*. In [2] we studied the meridian surfaces with
pointwise 1-type Gauss map. We showed that a meridian surface in R* has a harmonic
Gauss map if and only if it is part of a plane. We gave necessary and sufficient conditions
for a meridian surface to have pointwise 1-type Gauss map and found all meridian surfaces
with pointwise 1-type Gauss map of first and second kind. The meridian surfaces of
Weingarten type are described in [1].

The meridian surfaces of elliptic or hyperbolic type in the Minkowski 4-space R} are
constructed in [14] similarly to the Euclidean case. They are two-dimensional spacelike
surfaces in R} which are one-parameter systems of meridians of the rotational hypersurface
with timelike or spacelike axis, respectively. Recently, some special classes of meridian sur-

faces of elliptic or hyperbolic type have been classified. For example, marginally trapped
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meridian surfaces of elliptic or hyperbolic type are described in [14]. The complete classi-
fication of meridian surfaces of elliptic or hyperbolic type with constant Gauss curvature
or with constant mean curvature is given in [16]. The Chen meridian surfaces and the
meridian surfaces with parallel normal bundle are also classified in [16].

In the present paper we study meridian surfaces of elliptic or hyperbolic type in Rf with
respect to their Gauss map. In Theorem and Theorem we describe all meridian
surfaces of elliptic or hyperbolic type with harmonic Gauss map. We give the complete
classification of meridian surfaces of elliptic or hyperbolic type with pointwise 1-type Gauss
map of first kind in Theorem [5.1] and Theorem [5.2] respectively. The meridian surfaces of
elliptic or hyperbolic type with pointwise 1-type Gauss map of second kind are classified
in Theorem and Theorem respectively.

2. Preliminaries

Let R} be the four-dimensional Minkowski space endowed with the metric (,) of signa-
ture (3,1) and Oejeseseq be a fixed orthonormal coordinate system such that (e, e;) =
(e9,€9) = (e3,e3) =1, (eq,e4) = —1. The standard flat metric is given in local coordinates
by dz? + da + da3 — da?.

A surface M in R{ is said to be spacelike if {,) induces a Riemannian metric g on M.

Thus at each point p of a spacelike surface M we have the following decomposition:
4
Rl = TpM EB NpM

with the property that the restriction of the metric (,) onto the tangent space T,M is of
signature (2,0), and the restriction of the metric (,) onto the normal space N,M is of
signature (1,1).

We denote by V’/ and V the Levi Civita connections on R} and M, respectively. Let
x and y be vector fields tangent to M and £ be a normal vector field. The formulas of
Gauss and Weingarten giving the decompositions of the vector fields V.,y and V’.¢ into

tangent and normal components are given, respectively, by

Viy=V.y+o(z,y);
V;f = —A§$ + Dxf,

where o is the second fundamental tensor, D is the normal connection, and A¢ is the
shape operator with respect to &.

The mean curvature vector field H of M is defined as H = %tr 0. A submanifold M
is said to be minimal (respectively, totally geodesic) if H = 0 (respectively, o = 0). A
surface M in the Minkowski 4-space is called marginally trapped [7], if its mean curvature
vector field H is lightlike at each point, i.e., H # 0, (H, H) = 0.
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The Gauss map G of a submanifold M of E™ is defined as follows. Let G(n,m) be
the Grassmannian manifold consisting of all oriented n-planes through the origin of E™
and A"E™ be the vector space obtained by the exterior product of n vectors in E™. In
a natural way, we can identify A"E™ with the Euclidean space EV, where N = (Z‘) Let
{e1,. .. €n,€nt1,...,em} be alocal orthonormal frame field in E™ such that ej,eq,..., e,
are tangent to M and e,i1,€n42,...,€n are normal to M. The map G: M — G(n,m)
defined by G(p) = (e1 Aea A -+ Aey)(p) is called the Gauss map of M. It is a smooth
map which carries a point p in M into the oriented n-plane in E” obtained by the parallel
translation of the tangent space of M at p in E™.

In a similar way one can consider the Gauss map of a submanifold M of pseudo-
Euclidean space E*.

If M is a spacelike submanifold of E7*, then for any function f on M the Laplacian of
f is given by the formula

Af == (VLS =V, of)

%

where V' is the Levi-Civita connection of E* and V is the induced connection on M.

3. Meridian surfaces of elliptic or hyperbolic type

Meridian surfaces in the Minkowski space E% are special families of two-dimensional space-
like surfaces lying on rotational hypersurfaces in R} with timelike or spacelike axis, which
are constructed as follows.

Let f = f(u), g = g(u) be smooth functions, defined on an interval I C R, such that
(f'(u))? = (¢'(u))® > 0, u € I. We assume that f(u) > 0, u € I. The standard rotational
hypersurface M’ in R$, obtained by the rotation of the meridian curve m: u — (f(u), g(u))

about the Oey-axis, is parameterized as follows:

M Z(u,w', w?) = f(u) cosw! cosw? e + f(u) cosw' sinw? eq
+ f(u)sinw! ez + g(u) e4.
The rotational hypersurface M’ is a two-parameter system of meridians. If w! = w!(v),

w? = w?(v),v € J, J C R, we can consider the two-dimensional surface M., lying on M’,

constructed in the following way:
M 2(u,v) = Z(u,w (v),w?(v), wel, vel

Since M}, is a one-parameter system of meridians of M’, it is called a meridian surface

of elliptic type [14].
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1 1

If we denote I(w!, w?) = cos w! cosw? e1 + cosw! sin w? ey + sin w! e3, then the surface

M/ is parameterized by
(3.1) M z(u,v) = f(u)l(v) +g(u)es, uel,veld

Note that I(w!,w?) is the unit position vector of the 2-dimensional sphere S?(1) lying in
the Euclidean space R? = span {e1, €2, e3} and centered at the origin O.

We assume that the smooth curve ¢ : [ = I(v) = I(w!(v),w?(v)), v € J on S%(1) is
parameterized by the arc-length, i.e., (I'(v),l'(v)) = 1. Let t(v) = I'(v) be the tangent
vector field of ¢. Since (t(v),t(v)) =1, (I(v),l(v)) = 1, and (t(v),l(v)) = 0, there exists a
unique (up to a sign) vector field n(v), such that {l(v),¢(v),n(v)} is an orthonormal frame

field in R3. With respect to this frame field we have the following Frenet formulas of ¢ on

S2(1):

U=t
(3.2) t'=kn—1I;
n = —kt,

where x(v) = (t/(v),n(v)) is the spherical curvature of c.
Without loss of generality we assume that (f’(u))? — (¢'(u))? = 1. The tangent space
of M/ is spanned by the vector fields:

2 =fl4+9g e 2z =[t,

so, the coefficients of the first fundamental form of M/, are E =1; F = 0; G = f?(u) > 0.
Hence, the first fundamental form is positive definite, i.e., M/ is a spacelike surface.

Denote x = z,, y = ZTU =t and consider the following orthonormal normal frame field:
n1 =n(v); n2=g'(u)lv)+ f(u)es.

Thus we obtain a frame field {z,y,n1,n2} of M/, such that (ny,n1) =1, (ng,ng) = —1,
<n1, n2> = 0.
Taking into account (3.2)) we get the following derivative formulas [16]:

V;x = Km N2; V;nl =0;
K
Viy = 0; Vym = =5
3.3 !
(8:3) V;af = “Lffy; Ving = km x;
fok g / g
Vyy ===z + —n1 + =ng; Vyna = =y,
Y o f f Y f
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where K, (u) = f'(u)g”(u) — ¢'(uw)f”(u) is the curvature of the meridian curve m, and
k = k(v) is the spherical curvature of c.

In a similar way one can consider meridian surfaces lying on the rotational hypersur-
face in R} with spacelike axis. Let f = f(u), g = g(u) be smooth functions, defined in
an interval I C R, such that (f'(u))? + (¢'(u))? > 0, f(u) > 0, u € I. The rotational hy-
persurface M” in R}, obtained by the rotation of the meridian curve m: u — (f(u), g(u))

about the Oej-axis is parameterized as follows:

M Z(u,w, w?) = g(u) e; + f(u) coshw! cosw? ey

+ f(u) coshw! sinw? e3 + f(u) sinhw' ey.
If w! = w!(v), w? = w?(v), v € J, J C R, we consider the surface M, in R} defined by
M 2(u,v) = Z(u, wh(v), w?(v), wel, vel

M is a one-parameter system of meridians of M” and is called a meridian surface of
hyperbolic type [14].
If we denote I(w!,w?) = coshw! cosw? ey + coshw! sinw? e3 + sinhw! ey, then the

surface M is given by
(3.4) M z(uyv) = fu)l(v) +g(u)er, wel, ve

I(w!, w?) being the unit position vector of the timelike sphere S7(1) in the Minkowski space
R} = span {ez, e3,€e4}, i.e., S7(1) = {V € R} : (V,V) =1}. S7(1) is a timelike surface in
R? known also as the de Sitter space.

Assume that the curve ¢ : [ = [(v) = l[(w!(v),w?(v)), v € J on S3(1) is parameterized
by the arc-length, i.e., (I'(v),’(v)) = 1. Similarly to the elliptic case we consider an
orthonormal frame field {I(v),¢(v),n(v)} in R3, such that t(v) = I’(v) and (n(v),n(v)) =
—1. With respect to this frame field we have the following decompositions of the vector
fields I'(v), t'(v), n/(v):

(3.5) t'=—kn—1;

which can be considered as Frenet formulas of ¢ on S?(1). The function x(v) = (#'(v), n(v))
is the spherical curvature of ¢ on S?(1).
We assume that (f'(u))? + (¢'(u))? = 1. Denote z = 2z, = f'l+ g e, y = % =tand

consider the orthonormal normal frame field defined by:

n1 =g ) l(w) — f(u)er; ne=n(v).
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Thus we obtain a frame field {z,y,n1,n2} of M/ | such that (ny,n;) =1, (ng,ng) = —1,
<n1, TLQ) =0.
Using (3.5)) we get the following derivative formulas [16]:

V;:U = —KmN1; Vgnl = Km T;
/
Viy=0; Vyn = Y
(3.6) /
V;m = J}y; Ving =0;
f! g K / K
Viy=—"w—2n) — —ng; V,no = —=y,
Y f 7 f Y f

where kp,(u) = f(u)g”(u) — ¢'(u)f”(u) is the curvature of the meridian curve m, and

k = k(v) is the spherical curvature of c.

4. Meridian surfaces of elliptic or hyperbolic type with harmonic Gauss map

In the present section we give the classification of the meridian surfaces of elliptic or
hyperbolic type with harmonic Gauss map.

Let M, and M! be meridian surfaces of elliptic and hyperbolic type, respectively,
and {x,y,n1,n2} be the frame field of M/, (resp. M) defined in Section 3| This frame

field generates the following frame of the Grassmannian manifold:
{z Ny,x Ani,x Ana,y Ani,y Ana,ng Ana}.
The indefinite inner product on the Grassmannian manifold is given by
(€i, N €y, fji A fia) = det ((eqy., f) -
Thus we have

(x ANy, z ANy) =1; (x Anj,x Ang) =1, (x Ang,x Ang)

—1;
(yAni,yAm)=1;  (yAnz,yAng)=-1  (n1Ang,ni Ang)=—1,
and all other scalar products are equal to zero.

The Gauss map G of M (resp. M” ) is defined by G(p) = (z Ay)(p), p € M.,
(resp. p € M!)). Then the Laplacian of the Gauss map is given by the formula

(4.1) AG = -V, V.G + Vi G~ VI VG + Vi G.

Using (3.3)), (3.6) and (4.1]), we obtain that in the elliptic case the Laplacian of the
Gauss map is expressed as

2 2 2,2 / l / 10
—9°— [k K Kf f(fEm) = f'g
f2 mx/\y—:L“/\nl—2y/\nl—}—(m;2

K
(4.2) AG = 7 ;

Yy N na,
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and in the hyperbolic case the Laplacian of the Gauss map is given by

—k%+ g% + [k, ' J'9 — [(fEm)

Ay + ox A+ Ly A+ 5
TANY+ —5 T ANy Yy AN
f? f? f?

(4.3) AG = 72

Yy A ng,

where k' = %(/i)

Theorem 4.1. Let M., be a meridian surface of elliptic type, defined by (3.1). The Gauss
map of M., is harmonic if and only if M., is part of a plane.

Proof. First, we suppose that the Gauss map of M/ is harmonic, i.e., AG = 0. Then,
from (4.2)) it follows that
K2 = g%~ 22 =0
kK =0;
kf'=0;
f(fem) = f'g =0.
In the elliptic case we have f/? > 1, since f"? — g’ = 1. Hence, the above equalities imply
k=0; ¢=0; kKy=0.

Using (3.3]) we get that M/, is totally geodesic, i.e., M/ is part of a plane.
Conversely, if M/ is totally geodesic, then AG = 0. O

Theorem 4.2. Let M/ be a meridian surface of hyperbolic type, defined by (3.4]). The

Gauss map of M., is harmonic if and only if one of the following cases holds:
(i) M. is part of a plane;

(ii) the curve ¢ has spherical curvature k = +1 and the meridian curve m is determined
by f(u) = a; g(u) = tu + b, where a = const, b = const. In this case M is a

marginally trapped developable ruled surface in Ef.

Proof. Suppose that the Gauss map of M/ is harmonic, i.e., AG = 0. Then, from
it follows that
K2 — g% — PRl = 0;
K = 0;
wf =0
f(fem) = f'g =0.

In the hyperbolic case we have f’? < 1, since f?2 4+ ¢g’> = 1. Hence, from the third equality
of (4.4) we get the following two cases:

(4.4)
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Case (i): kK = 0. Then, the first equality of implies ¢’ = 0; K, = 0. Using
we get that M/ is totally geodesic, i.e., M) is part of a plane.

Case (ii): © # 0. Then f' =0, i.e., f(u) = a = const, and g = 1, i.e., g(u) = £u + b,
b = const. In this case k,, = 0. The second equality of implies Kk = const. From
the first equality of we obtain k2 = ¢’2. Hence, k = e¢g’, where € = +1. In this case
derivative formulas take the form:

Vix = 0; Ving =0;
1
Viy=0; V;nl =£-y;
(4.5) a
v,z =0; Ving = 0;

1 €
Vyy = ¢g(n1 +eng);  Vyng = v

M! is a ruled surface, since the meridian curve m is a straight line. From we
have that V/ny = 0; Ving = 0, i.e., the normal space is constant at the points of each
generator. Hence, M! is developable. Moreover, the mean curvature vector field H is
given by

1
H = :F%(nl =+ 6112),

which implies that (H, H) = 0. Hence, M/ is a marginally trapped surface.
Conversely, if one of the cases (i) or (ii) holds, then by straightforward calculations we

get AG =0, i.e., M” has harmonic Gauss map. O

Remark 4.3. In the Euclidean space E* planes are the only surfaces with harmonic Gauss
map. However, in the Minkowski space E{ there are surfaces with harmonic Gauss map
which are not planes. Theorems and show that in the class of the meridian surfaces
of elliptic type there are no surfaces with harmonic Gauss map other than planes, while
in the class of the meridian surfaces of hyperbolic type we obtain surfaces with harmonic

Gauss map, which are not planes.

5. Meridian surfaces of elliptic or hyperbolic type with pointwise 1-type Gauss
map of first kind

In this section we classify the meridian surfaces of elliptic or hyperbolic type with pointwise

1-type Gauss map of first kind, i.e., the Gauss map G satisfies the condition
AG = )\G

for some non-zero smooth function A.
First, let us consider the meridian surface of elliptic type M/, defined by (3.1)). So,
the Laplacian of the Gauss map is given by formula (4.2)).
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Theorem 5.1. Let M/ be a meridian surface of elliptic type, defined by (3.1]). Then M,
has pointwise 1-type Gauss map of first kind if and only if the curve ¢ has zero spherical
curvature and the meridian curve m is determined by a solution f(u) of the following

differential equation

N
(5.1) f(m) PV —1=0,

g(u) is defined by ¢'(u) = /f?(u) — 1.
Proof. From (4.2) it follows that AG = A\G if and only if

K = 0;
(5.2) kf' =0;
f(f’im)/ - f'g=0.

Let M/, be of pointwise 1-type Gauss map of first kind. Since f’ # 0, from the second
equality of (5.2) we get that x = 0. If we suppose that ¢’ = 0, then x,, = 0 and (4.2))
implies AG = 0, which contradicts the assumption A # 0. Hence, g’ # 0. Then using that

% — ¢’ = 1 we obtain Kk, = \/J%_l So, the third equality of (5.2)) takes the form (5.1)).

Conversely, if K = 0 and f(u) is a solution of (5.1), then AG = \G. O

In the next theorem we give the classification of the meridian surfaces of hyperbolic

type with pointwise 1-type Gauss map of first kind.

Theorem 5.2. Let M/ be a meridian surface of hyperbolic type, defined by (3.4). Then
M has pointwise 1-type Gauss map of first kind if and only if one of the following cases
holds:

(i) the curve ¢ has zero spherical curvature and the meridian curve m is determined by

a solution f(u) of the following differential equation

R

g(u) is defined by g'(u) = \/1 = f(u);

(ii) the curve ¢ has non-zero constant spherical curvature k (k # £1) and the meridian
curve m is determined by f(u) = a; g(u) = +u + b, where a = const, b = const.
Moreover, M, is a developable ruled surface lying in a constant hyperplane E3 (if
k2 —1>0)orE3 (if > —1<0) of Ef.
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Proof. Let M!" be a meridian surface of hyperbolic type, defined by (3.4). So, the Lapla-
cian of the Gauss map is given by formula (4.3). From (4.3) it follows that AG = A\G if
and only if

(5.4) kf' =0;

f'g - f(f'“@m)/ =0.
Let M be of pointwise 1-type Gauss map of first kind. From the second equality of ([5.4))
we get the following two cases:

Case (i): K = 0. If we suppose that ¢’ = 0, then k,, = 0 and (4.3) implies AG = 0,
which contradicts the assumption A # 0. Hence, ¢’ # 0. Then using that f? + ¢’ = 1 we
obtain K, = — \/1{7 Thus, the third equality of (5.4) takes the form (5.3]).

Case (ii): k # 0. Then f' =0, i.e., f(u) = a = const, and ¢’ = +1, i.e., g(u) = fu+0b,
b = const. In this case K, = 0. The first equality of (5.4) implies k = const. Then the

Laplacian of the Gauss map takes the form:

AG = 1_72&2 x Ay,
a
which implies that the surface M” has 1-type Gauss map, since A = 1;—§2 = const. If
k?> = 1 then AG = 0, which contradicts the assumption A\ # 0. Hence, s # 1, i.e.,
k # +1. In this case derivative formulas take the form:

Vix =0; Vini = 0;
1
Viy =0; V1 = iay;
y$ — Yy L2 = 07
1 K K
Vyy=TF-ni——ng;  Vyng=——y.
a a a

M! is a developable ruled surface, since the meridian curve m is a straight line and
V/n1 = 0; V.ny = 0. Now we shall prove that M! lies in a constant hyperplane of E}.

An arbitrary orthonormal frame {n, nL} of the normal bundle is determined by

n = cosh @ nq 4 sinh 6 noy,

€1

(5.6)
n— = sinh O ny + cosh 0 no,

for some smooth function #. Note that n is spacelike and n* is timelike. Using (5.5)) and

(5.6) we get

4 1
Vin =60, n"; Vyn = Ev nt — a($ cosh 6 + ksinh 0)y;
(5.7)
0! 1
Vint =6, n; V;nJ‘ = —n— —(Fsinh 0 + x cosh 0)y.

a a
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In the case k> —1 > 0 we choose 0 = :l:%ln (:—ﬂ) Then Fcoshf + xksinhf = 0.
Hence, from (5.5) and (5.7)) it follows that

Viy = 0; V;n:0;
Vyr =0; Vint =0

2_1 1) %2 21 1) %2
V’y:_l€ cosh In ft nl; V'nl:—li cosh In Al Y.
Y k—1 4 akK k—1

The last equalities imply that n = const and the surface M/ lies in the constant hyper-
plane E} = span {a:, Y, nJ-} of E‘ll.

In the case k2 — 1 < 0 we choose 0 = :l:%ln (%) Then Fsinhf + kcoshf = 0.
Hence, formulas and imply that

Vix =0; Vin=0;
2 +3
K 1 . K+1\"2
Viy = 0; V;n:— - smhln(l_/{) Y;
Vi = 0; V! nt = 0;
2 +3
1 1\ *2
Vyy = E T sinhln (H + ) n; V;nl =0.
aK 1—k

From the last equalities we get that n' = const and the surface M, lies in the constant
hyperplane E? = span {z,y,n} of E{.
Conversely, if one of the cases (i) or (ii) holds, then by straightforward calculations it

can be seen that AG = \G, i.e., M!' has pointwise 1-type Gauss map of first kind. [

6. Meridian surfaces of elliptic or hyperbolic type with pointwise 1-type Gauss
map of second kind

In this section we give the classification of the meridian surfaces of elliptic or hyperbolic
type with pointwise 1-type Gauss map of second kind, i.e., the Gauss map G satisfies the

condition
(6.1) AG=\NG+(O)

for some non-zero smooth function A and a constant vector C # 0.
First we consider meridian surfaces of elliptic type with pointwise 1-type Gauss map

of second kind. They are classified by the following theorem.
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Theorem 6.1. Let M. be a meridian surface of elliptic type, defined by (3.1). Then
M. has pointwise 1-type Gauss map of second kind if and only if one of the following

cases holds:

(i) the curve ¢ has non-zero constant spherical curvature k and the meridian curve m
is determined by f(u) = u + a; g(u) = b, where a = const, b = const. In this case

M. is a developable ruled surface lying in a constant hyperplane E* of Ef.

(ii) the curve c¢ has constant spherical curvature k and the meridian curve m is deter-
mined by f(u) = au+ay; g(u) = bu-+by, where a, ai, b and by are constants, a*> > 1,
a’? —b? = 1. In this case M., is either a marginally trapped developable ruled sur-
face (if K2 = b?) or a developable ruled surface lying in a constant hyperplane E3 (if
k% —b2>0) or E3 (if s2 —b% < 0) of Ef.

(iii) the curve ¢ has zero spherical curvature and the meridian curve m is determined by

the solutions of the following differential equation

<1n /2 =1 (f(flz —D)(ff"Y - f2f/f//2 . f/(f/Q . 1)2))’ 134

(F2 =12+ F2 = TP =D BN
g(u) is defined by ¢'(u) = /f?(u) — 1.

Proof. Let M. be a meridian surface of elliptic type, defined by (3.1]). Suppose that M/,
has pointwise 1-type Gauss map of second kind. Then equations (4.2)) and (6.1]) imply

2 12 r2,.2 ! / I gl )
(6.2) (R 9 5 S Him —)\) J:/\y—%x/\nl—%y/\nl—i—f(‘fw—me/\nQ = \C.
f f f f
Since A # 0, from we get
K2 — g% — f242 W K f!

— m _1. —___ . —___“ .

63 (Cyx Ny) NE ;o (Cox Ang) VEk (Cyy Any) Wik
' _ fUEm) =19 s B
(C',y/\n2>——)\—fg, (Cyz Ang) =0; (C,n1 Ang) = 0.

Differentiating the last two equalities of with respect to u and v we obtain
Km (Cyx Any) = 0;
(6.4) g (Cox Ay) + f(Coy Ang) =05
g (Coy Any) + k(C,y Ang) = 0.

Hence, equalities and imply
K km = 0;
(6.5) K(frm) = 0;
gL+ w2 = fPrp) = [ (frm) = A2
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We distinguish the following cases.
Case I ¢/ = 0. Then k # 0 (otherwise the Gauss map is harmonic). From (6.2)) we get

K2 K kf!
(6.6) C—(AJCQ—1>x/\y—)\fzx/\nl—)\fzy/\nl.

Using (3.3)) and we obtain

v,c_ ) 1 / , 1 / f, / ‘
0 =K )72 TAY—K sz TANL — K )72 Yy Ani;

K 1 3 2 2
V;C— N2 f3 (3&’)\—&)\;) T ANy + N2 f3 (—R”)\—Fk/)\;-i-li A+ RBA—RAf ) x Ang
f/
+ VIE (=26'A + KX,) y Amy
The last formulas imply that C' = const if and only if kK = const and A = ””?{1. In this
case )
ke +1
where C = —K%H(:B/\y—i—/@f’ yAny). From ¢’ = 0 it follows that ., = 0 and the meridian

curve m is determined by f(u) = *u + a; g(u) = b, where a = const, b = const. The
surface M/ is a developable ruled surface lying in the hyperplane E3 = span {z,y,n1},
since Ving = 0; Ving = 0.

Case II: ¢’ # 0. Then the last equality of (6.5 implies

1
A= s (U4 W7 = P0) = FF (from))
It follows from the first two equalities of (6.5)) that there are three subcases.
1. Ky = 0. In this subcase the Laplacian of G is given by

I£2 _ g/2 Py Iif/ [V
6.7) AG=——F"—xANy— —sxAn— —5yAny— y A ng
( 7 7 P 7
and the function A is expressed as A = % Now, equalities (6.1)) and (6.7]) imply
(6.8) C=- (fPeAy+rzAn+rf'yAn+ g yAns)
. B Y 1 Yy AT gynnz).
Using formulas (3.3) in the case k,, = 0 and we obtain
1
vgtcvz_l—i_l‘{/2 (2f/f//$/\y+/ff//y/\nl+(f/g”+g/f”)y/\n2);
V,C = Kiﬂ/(Zf/Z—i- L+ xHae Ay + . (26K — K"(1 + K%)) @ Amy
T iy F+ e
2’€/f/ 2I€I€,f,g,
-5 YAN ——= Yy A na.
At ? "Mt et
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The last formulas imply that C' = const if and only if x = const and f” = 0. Hence,
the meridian curve m is determined by f(u) = au + a1; g(u) = bu + by, where a, aj, b
and by are constants, a® > 1, a> — b?> = 1. Hence, M., is a developable ruled surface,
since V/,n; = 0; V/.ny = 0. We shall prove that in the case k? = b? the surface M/, is
marginally trapped and in the case k% # b? the surface M/, lies in a constant hyperplane
E3 or E} of IE‘ll. Indeed, if Kk = eb, € = +1, then from we get that H = %(enl + ng)
and hence, (H, H) = 0, which implies that M/, is a marginally trapped surface. In the
case k2 — b? # 0 we consider an orthonormal frame {n, nL} of the normal bundle which

is determined by equalities ([5.6)) for some function §. Hence, the derivatives of n and nt

satisfy
0/
Vin =60, n"; Vyn—Tn —I—f(bs1nh0—/<;cosh9)
Vin® =0, n; Vit = %01 Lbcosho - xsinng
Int=0,n; yn 7n+f( cosh § — ksinh 6)y.
In the case x% — b> > 0 we choose § = 1 5 In (:"’2) Then bcoshf — ksinhf = 0 and
Vint =0, ny = 0. In this case the surface M/, lies in the constant hyperplane

K

bsinh® — kcoshf = 0 and Vin = 0, Vyn = 0. In this case the surface M, lies in the
constant hyperplane E} = span {:r, v, nL} of Ef.

E3 = span {z,y,n} of Ef. In the case k? — b> < 0 we choose = 1 5 In <b+”>. Then

2. kK = 0. In this subcase the Laplacian of G is given by

9%+ [Py f(fEm) = f'g
and the function \ is expressed as A = —im (¢(1 = f262,) = ff'(frm)’). Hence, from

g'f
equalities (6.1)) and ( we get

Yy Ang

/2 2 2 / ! !
9=+ [k f(fEm) = f'g
Denote v = —%—1; o= %ﬁl‘q,. Then C = Y x Ay+ @y Ang. Using formulas

(3.3) in the case k = 0 and ((6.10)) we obtain

V,C = —prm)z Ay + (¢ — Vkm)y Ang;

(6.11)
V., =

Using the expression of A we calculate that ¥ = <p 7 7,// — PRy = f—,(go — YKp,). Hence,
formulas | - ) take the form

f/

V,C = 7 (@ = Em) ANy + (¢ — Vhm) y A ng;

V,C = 0.
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The last formulas imply that C' = const if and only if

!/

T
(6.12) (Inp) = g

Using that fr,, = ];{2// -, we get

_ VPR DU = PP PR 1)
(2175 PP P DY
Now, formulas (6.12)) and (6.13)) imply that C' = const if and only if the function f(u) is

a solution of the following differential equation

<ln /2 -1 (f(flz —D)(ff") - F2p1 2 f/(f/2 _ 1)2))’ B £

(6.13)

(P2 =17+ P2 =P (= D) Ry

3. k =const # 0 and fr,, = a = const, a # 0. In this subcase the Laplacian of G is
given by
2 2 2 ! i
K- —a”—g kf f'g
———— T ANY— 5 Y AN —
12 2
and the function A is expressed as A = Lin—a®  Gince A #0, we get a®> # 1 + k. Now,

f2
equalities (6.1]) and (6.14]) imply

(6.14) AG = y A\ na

1 2 / 1
:m(—f e ANy —&fyAn—fgyAns).
Then the derivatives of C' are expressed as
1
VO=—— " (ff'2A "o A A :
(6.15) z 1+ K2 — a2 (f " eny+rf"yAn+d "y Ang)
v,C = 0.

It follows from formulas that C' = const if and only if f” = 0. But the condition
f"” = 0 implies k,, = 0, which contradicts the assumption that fk,, # 0.

Consequently, in this subcase there are no meridian surfaces of elliptic type with point-
wise 1-type Gauss map of second kind.

Conversely, if one of the cases (i), (ii) or (iii) holds, then it can easily be seen that
AG = MG+ O), i.e., M) has pointwise 1-type Gauss map of second kind. O

The next theorem classifies the meridian surfaces of hyperbolic type with pointwise

1-type Gauss map of second kind.

Theorem 6.2. Let M be a meridian surface of hyperbolic type, defined by (3.4). Then
M has pointwise 1-type Gauss map of second kind if and only if one of the following

cases holds:
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(i) the curve ¢ has non-zero constant spherical curvature k # +£1 and the meridian curve
m is determined by f(u) = £u + a; g(u) = b, where a = const, b = const. In this

case M. is a developable ruled surface lying in a constant hyperplane E3 of ]E‘ll.

(ii) the curve c¢ has constant spherical curvature k and the meridian curve m is deter-
mined by f(u) = au + a1; g(u) = bu + by, where a, aj, b and by are constants,
a’? +b* = 1. In this case M is either a marginally trapped developable ruled sur-
face (if K* = b?) or a developable ruled surface lying in a constant hyperplane E3 (if
k2 —b2>0) or E® (if k2 —b> < 0) of Ef.

(iii) the curve ¢ has zero spherical curvature and the meridian curve m is determined by

the solutions of the following differential equation
n /1 _ f/2 (f(l _ f/2)(ff//)/+f2f/f//2 +f/(1 o f/2)2) /: B f/f//
(= F52+ P27+ T = (7Y -7
g(u) is defined by ¢'(u) = /1 — f?(u).

Proof. Let M be a meridian surface of hyperbolic type, defined by (3.4). Suppose that
M! has pointwise 1-type Gauss map of second kind. Then equations (4.3) and (6.1))

imply

(6.16) <g’2 — ’i; I*Fim - A) a:/\y—i-;; x/\m—i—W y/\nl—i-’}j; yAng = AC.
Since A # 0, from we get
(CoxAy) = glg_%jf;r £t —1; (C,z Ang) 2—;;2;
(6.17) (C.ynmy) =17 —;;(mem)’; (Cry A ) = _;JJ:;;
(Cyx Anp) = 0; (Cynq Ang) =0.

Differentiating the last two equalities of (6.17)) with respect to u and v we obtain

!/
K Ky = 0;

(6.18) K(frim) = 0;
g (L= r*+ f2r5) = ff (fam) = Af2d
Similarly to the elliptic case, we distinguish the following cases.

Case I: ¢ = 0. Then k # 0 (otherwise the Gauss map is harmonic). From (6.16]) we

get
2

K K

!/ /

A
T n2+)\f2

Yy A\ na,
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which implies

V/C_ ) 1 / 1 / f, / .
0 =—K NG Ay + K )\f2 T AN+ K N Yy A\ no;

V;C = /\2f3 (3/@')\ — IQ)\,) T Ay + N f3 (K;"A D T e /4;)\2f2) T Ang
f (2/<a')\ — /@A’) AN
)\2f3 v) Y 2-
It follows from the last formulas that C' = const if and only if K = const and A = f22‘
Since A # 0 we get k # +1. The Laplacian of the Gauss map is expressed as
1 — K2
where C' = (:c Ay — kf" y Ang). The condition ¢’ = 0 implies that x,, = 0 and the

meridian curve m is determined by f(u) = +u + a; g(u) = b, where a = const, b = const.
The surface M!", is a developable ruled surface lying in the hyperplane E3 = span {z,y,na}.
Case II: ¢’ # 0. Then the last equality of (6.18)) implies

1
I

Similarly to the elliptic case we have to consider the following three subcases.
2

1. Km = 0. In this subcase A = 1}5‘ , k # +1 and the Laplacian of G is given by

(1 =K+ f2rp) = Ff (fEm)) -

g/2_H2 k! f// !
(6.19) AG = 72 :c/\y+f2x/\n2+ 72 y/\n1+f Yy Ang.
So, equalities (6.1)) and (6.19) imply
1
(6.20) C’zl_ 2(—f’21:/\y+/£'a:/\n2+f'g'y/\n1+f{f’y/\n2).
Using (3.3)) and ( we obtain
1
V;C:l ( 2f f"x Ny + (f'g "—i—g'f”)yAn1+/£f"yAn2);
V/C_ _’fﬁ/ ) 12 1 2 1 9 2 " 1 2
Y —m('f -+ —H)xAy+m(NH +/€(—/€)).’L'/\7’L2
+ 2,€/€If// /\ + 2:“€lfl /\
JA—p2p VT A=

From the last formulas we get that C' = const if and only if x = const and f” = 0.
Then the meridian curve m is determined by f(u) = au + a1; g(u) = bu + by, where a,
a1, b and by are constants, a? + b? = 1. Hence, M/ is a developable ruled surface, since

V/n1 = 0; V/,ny = 0. Analogously to the elliptic case we prove that if K2 = b then M is
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a marginally trapped surface, and if x2 —b? # 0, then M” lies in a constant hyperplane E3
or E3 of Ef. Indeed, in the case k = eb, ¢ = +1, from (3.6]) we obtain H = —%(nl +eng),
which implies that (H, H) = 0, i.e., M! is a marginally trapped surface. If x? —b% > 0
we choose 6§ = %ln <z—i‘g> and find a suitable normal frame field {n,nL} such that M/,
lies in the constant hyperplane E3 = span {ac,y,nL} of E‘ll. If k2 —b?> < 0 we choose
=1 5 In <b+:> and get that M’ lies in the constant hyperplane E? = span {z,y,n}.

2. # = 0. In this subcase the Laplacian of G is given by

(6.21) AG:WMHWMM

L (g/(l + f?K2%) — ff’(f/-cm)’). Hence, equalities

and the function A is expressed as A =

(6.1) and (6.21]) imply that

Q
~

2 2.2 /> /
_ (9% + s f'9' = f(fEm)
C= (}\f2m —1> x/\y—l—)\—ny/\nl.
Denoting ¢ = % —1; ¢ = W, as in the elliptic case we obtain that
C = const if and only if
f/
(ln ()0) - ;ﬁm
In the hyperbolic case we have fr,, = — II"_ and the function  is expressed as follows:

/17f/2

VISR SO 4 PRI 40 2P
e R R R T IV T

Consequently, C' = const if and only if the function f(u) is a solution of the following

differential equation

(m VI T2 (= 2T + P74 (= 2)?) ) oy
)

(1— f/2)2 + 2712 + fra— f/Q)(ff// / 1 fr2
3. k =const # 0 and fk,, = a = const, a # 0. In this subcase we have
2

2 ) /
— K +a
g T Ay I'g Kf

(6.22) AG =

12 72 y/\n1+f2y/\n2
and )\ = 1= nf 2+a Since A # 0 we get a® # k? — 1. Equalities (6.1]) and (6.22]) imply
1
C= 1 P ny+ fldynm+rfyAng).

Then the derivatives of C' are expressed as

1
/ J—
(6.23) Vel =

v, C =0.

_f/fllx/\y-l-glf”y/\Th+/<6f”y/\n2);
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Formulas imply that C' = const if and only if f” = 0. But the condition f” =0
implies k,, = 0, which contradicts the assumption fk,, # 0.

Consequently, in this subcase there are no meridian surfaces of hyperbolic type with
pointwise 1-type Gauss map of second kind.

Conversely, if one of the cases (i), (ii) or (iii) holds, then it can be seen that AG =
MG+ C), i.e., M! has pointwise 1-type Gauss map of second kind. O

Meridian surfaces of parabolic type in E} are defined as one-parameter systems of
meridians of the rotational hypersurface with lightlike axis analogously to the meridian
surfaces of elliptic and hyperbolic type [15]. Similarly to the elliptic and hyperbolic type

one can classify the meridian surfaces of parabolic type with pointwise 1-type Gauss map.
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