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On Nonhomogeneous Elliptic Equations with Critical Sobolev Exponent and

Prescribed Singularities

Mohammed Bouchekif and Sofiane Messirdi*

Abstract. In this paper we consider a class of nonhomogeneous elliptic equations
involving multi-polar Hardy type potentials and a Sobolev critical nonlinearity in an
open domain of RN, N > 3. By Ekeland’s Variational Principle and the Mountain
Pass Lemma, we prove the existence of multiple solutions under sufficient conditions
on the data and the considered parameters.

1. Introduction

In this paper we study the existence of multiple solutions to the following problem:

k

k
i 22 Ai .
fAufE ———u=|u u+§ ——u+ in
(P) i=1 ‘:L’ - ai’2 ’ | i=1 |x - ai‘2_al d

u=0 on 0f),

where € is an open smooth bounded domain of RV, N > 3, k € N*; for i = 1,2,...,k,
a; € 2 with a; different from a; for i # j, A\; and j; are nonnegative parameters and o;

are positive constants; f is a given bounded measurable function. Here 2* = 28

= N3 denotes

the critical Sobolev exponent.

This model problem has a loss of compactness phenomena, since the nonlinearity has a
critical growth imposed by the critical Sobolev exponent and / or the presence of singular
potentials. In these situations, the classical methods fail to be applied directly which make
the study more harder.

This class of elliptic equations contains singular potentials which arise in many fields,
such as quantum mechanics, nuclear physics, molecular physics and quantum cosmology,
for more details we refer to [6] or [7].

We start by giving a brief historic.
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The regular case i.e., \; = pu; = 0fori =1,2,... k has been studied by Tarantello [14].
By using Ekeland’s Variational Principle [5] and the Mountain Pass Lemma [1], she proved
the existence of multiple solutions for f # 0 and satisfying a suitable assumption. They
are nonnegative if f is also nonnegative.

For k = 1, Kang and Deng [11] proved the existence of at least two weak solutions in

H () for the singular critical inhomogeneous problem:
u 292
—Au — MW — T
2(N—s)

under some sufficient assumptions on f, A and u, where 2,(s) = “y—5~ is the critical
Hardy-Sobolev exponent with 0 < s < 2.

+Au+f

In (3], Chen studied the following problem:

—Au—pV(z)u = K(z)|u)* 2u+0h(z) inQ,
u=0 on 012,

where the linear weight V' has m singular points, K is a positive bounded function defined

on Q and h € H™! (topological dual of HZ(Q)) is a positive function. Under some

hypothesis on V, 0 and u, he obtained the existence of at least m positive solutions.
Chen and Rocha [4] proved the existence of at least four nontrivial solutions in H}(£2)

for the following problem:

and showed that at least one of them is sign changing for 0 < a < 2.

The question is: can we have at least 2k solutions for the problem ? The answer is
affirmative. More explicitly, important informations for the existence of multiple solutions
of the considered problem are obtained. Our work generalizes the results obtained by
Chen [3] and Chen and Rocha [4]. In our knowledge they are new and interesting.

In what follows, we state the main results for which we consider the following hypoth-

esis

(F) Ay () = inf{cN(T(u>)<N+2>/4 - /qudx ‘ue Hg(sz),/Q f? dz = 1} >0

where A = (A, Ao, Av)s = (1 pizee )y On = 3 (%)wﬂm an
2 - k
T = | (!Vu\ D T DIt >dw.
Let @i := (NT) be the best Hardy constant. Now we are in measure to give our main

results:
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Theorem 1.1. Assume that the parameters \;, u; are nonnegative numbers fori =1,...,k
such that Zle A < AL Zle wi < @ oand f is a bounded measurable function which is
positive in each neighborhood of a; and satisfies @ Then the problem has at least
2k solutions in HE(Q) if 0 < oy < /I — ;-

The positive constant A\* will be given later.

This paper is organized as follows: in the forthcoming section, we give some prelimi-

naries used in our work. Section [3|is concerned by the proofs of our main results.

2. Preliminary results

We give some preliminaries which play important roles in sequel of this work.

2.1. Definitions and notations

In what follows we denote the norms of L*(), (1 < s < co0) and H~! by ||, and ||-]|_
respectively, fQ udx by fQ u, B] is the ball in © with center a and radius r, 0,(1) is any
quantity which tends to zero as n goes to infinity and O(e®) verifies |O(e®)| /e® < C for
some a positive constant C'.

Problem is related to the Hardy inequality [9]:

2 1
/“23/ IVu|?, forallaeRY, ue CRY),
RN |z — al B JRN

where 1z is the best Hardy constant.
We define for p € (0,72) and a € €2 the constant:

Vuls = 1| gt
S,.(Q) ;= inf =

ueH\{0} Jul3.

From [10], S, is independent of any © C R¥ in the sense that S, () = S,(RY) = S,. In
addition, it is achieved by a family of functions
[4e(@ — )N/ (N — 2)] N2

Uz o(z) == , >0,
(6 |z — a|7_/‘/ﬁ + |z — a|7+/‘/ﬁ) (=272

where v~ = /i — /i — pand v = i+ VIiL — p.
Moreover the functions U; , satisfy
A it = i RV {a)

u—0 as |z] — oo




434 Mohammed Bouchekif and Sofiane Messirdi

2% 2 Uaz,a _ aN/2
Ueal = [ (VU = p—205 ) = 52
RN RN ’.’L‘ — CL|

In the sequel of our work we consider A;, u; > 0 for i = 1,2,..., k such that Z,’f:l i < AL
and Zle Wi < .
Denote H by the completion of C§°(€2) with respect to the norm

& 1/2
122 2
ull == Vul? — E — .
vl (/Q <| | perll a;l? >>

1/2
Using Hardy’s inequality, this norm is equivalent to the usual norm ( Jo |Vu\2> .

and

For any u € H \ {0}, define the positive value

1/(2-2)
tmax = tmax(u) = <(2*f(1u))>

and the functional J: H \ {0} — R by

J (1) = tumaxT () — t20 0 [uf2

max

= CONT(u) NTD/4 1y J N2
The energy functional associated to is given by the following expression:
1
I(u)::§Tu—— /fu

We see that I is well defined in H and belongs to C'(H,R).
A function v € H is said to be a weak solution to the problem if (I'(u),p) =0,
for all ¢ € H, where

k 1L k s
<I/(u),g0> = /Q (Vquo — Z ﬁug@ — Z ’|2_azug0>

i=1 ai =1 |l —ai

—/ \UIQ*_%s@—/fw-
Q Q

More standard elliptic regularity argument implies that a weak solution u € H is indeed
in C2(Q\ {a1,as,...,a;}) N C%Q\ {a1,a9,...,ar}) and we can say that u satisfies

in the classical sense.

Definition 2.1. A functional I € C'(H,R) satisfies the Palais-Smale condition at level
¢, ((PS) for short), if any sequence (u,) C H such that

I(u,) —c¢ and I'(uy,) — 0 in H™' (dual of H),

contains a strongly convergent subsequence.
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As I is not bounded from below on H, we consider it on the Nehari manifold:
N ={ueH\{0}: (I'(u),u) =0}.
Thus u € N if and only if:
T(u) — |ul3 — /Q fu=0.
It is natural to split A/ into three subsets:
Nt ={ueN:(I"(u),u) >0}, N ={ueN:{I"(u),u) <0}
and
N ={ueN :{I"(u),u) =0},

with

(I"(u),u) = 2T (u) — 2" [uf2. — /qu

= T(u) = (2 = 1) [uf3.

= (2 VT (u) + (2 — 1) /Q fu.

2.2. Eigenvalues problem

Due to the Hardy inequality, the operator
k

LHUZ—A’U,—ZMZ‘QQ,L Wlthﬁ: (/,Ll,/J,Q,,,U,k)
i=1 1T~

is positive definite on H. Moreover the following eigenvalues problem with Hardy poten-

tials and singular coefficient, for j fixed in {1,2,..., k},
Ay =R g =\ in Q,
(&) i T

u=0 on 0f).

u
|z—a,|*%

where 0 < oj < 2, A € R, has a sequence of eigenvalues {A%(!x - aj|a7_2)} for k € N*
such that

0 < Ai(lz —aj[¥ %) < A(lw —a;|%7?) <+ < Ai(lz —ay[¥7?) -+ 5 00 as k — oo,
The first eigenvalue of is simple, positive and given by

2 k i
Ja (’VU‘ =izt ‘xfai‘2“2)
I ——— |
@ Jg—ay|*

1.1 jo—2y .
Aj = Ap(le — az|™ )7u€gl\f{0}

1 1
(2.1) A= i {\}.
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2.3. Some lemmas

Lemma 2.2. Define

M :=inf {(T(u))l/2 :
then M 1is positive.

Proof. We know that

2 k
U Hi 2
)\1/ . S/ Vul? — E U
B N R Q [Vl — |3 — a;)? ’

=1
we deduce that

k .
T(u) (1 - = Z)\ > /Q <|Vu|2 - z; \mflailﬂﬂ) dx.

Thus by Hardy’s inequality, we get

/ \Vul* > T(u) > K/ \Vul?,
Q Q

with
1 1o
=(1-=S" N [1-=2 " |-
(o) (i)
Then
T(u)/? > KY/25y > 0, for all u € H such that |u],. = 1.
Here Sy is the best Sobolev constant for the embedding of H into L?" (). O

Let 6 > 0 and ¢, be a smooth cut-off function centred at a such that

0 if |z —a| > 26,
0<@a(z) <1, walz) = and  |Vu(z)| < C.
1 if jz —a| <9,

Put ue; = 9o, Uz q, for i € {1,2,... k}.

Proposition 2.3. Let w € H be a solution of the problem . Then, for e > 0 small

enough, we have

0 / ( P B > SN2+ 0 (4v2r2),
Q 7 ‘l’ - CL1|
(ii) / w2, = 5N2 _ 0 (gN/2),
Q
(ii) / w1 =0 (E(N *2)/4),
e,
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(iv) /|azal]a12 2 = ( aiﬁ/QVH_“") when 0 < a; < 24/ — ;.

Proof. The proofs of (i), (ii) and (iii), (iv) are similar to the proofs of [§, Lemma 11.1]
and [4, Proposition 2.4] respectively. O

Lemma 2.4. Let f # 0 satisfying the condition @ then NO = @

Proof. Suppose that N # @. Then for u € NV we have
T(u) = (25 — 1) [ul2 |

- () = (2~ 1)

(2.2) 0="T(u)— |ul> —/ fu=(2"=2) |ul2 —/ fu.
Q Q

From @ and we obtain

0 < O (T (u))N+D/1 / fu

Q

(N+2)/4
_ (2 — ) e | (T 1l —o
@ — 1) [u !

which yields a contradiction. O

Lemma 2.5. Suppose that f # 0 satisfies the condition @, then for each u € N* (or
u € N7 ), there exist ¢ > 0 and a differentiable function t: B(0,e) C H — Rt such that
t(0) =1, t(v)(u —v) € NT for ||v|| < € and

Jo {2 (VUVU e <|xf;|2 mir= a)“Q %) uv) — 2 u* P uw — fv}

<t/(0)7v> = 2%
T(u) = (2 = 1) [ul5-
Proof. Define the map F': R x H — R, by
/ flu—v)

3* # 0 and applying the implicit function

F(s,v) = sT(u —v) — s

Since F/(1,0) =0, 2E£(1,0) = T'(u) — (2* — 1) |u
theorem at the point (1,0), we get the desired result. O

Define, for i € {1,2,...,k},

ot vl
il = S

where ¢;(z) = min {4, |x — a;|} and § > 0. Take ro = % with < fmin,£; |a; — a;| and let
F={ueNt:Biu) <ro} and N ={ueN :Bi(u) <ro}.

Denote

m} = inf I(u) and m; = inf I(u).
ueN; ueN;”
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Lemma 2.6. (3] Let 6 > 0 and r¢ defined as above. If B;i(u) < ro then

/\w? 23/ V.
Q Q\B?

Lemma 2.7. Let f satisfy the condition (F)). Then for any w € H \ {0} there ezists a
unique t+ =t (u) > 0 such that tTu e N,

, (N-2)/4
tt > (7102* = tmax(u) = tmax
(2 = 1) |ul3-

and I(tTu) = maxy>q,,,, [(tu).
Moreover, if fQ fudx > 0, then there exists a unique t= = t (u) > 0 such that
tu € N, t7 < tmax and I(t"u) = ming<<t,,,, I (tu).

Proof. The lemma is proved in the same way as in [14]. O

3. Proof of Theorem

From now we consider j fixed in {1,2,...,k}.

3.1. Existence of solutions in N

Using Ekeland’s Variational Principle we will prove the existence of k solutions in N'T.

Proposition 3.1. Let f be a bounded measurable function, locally positive in each neigh-
borhood of a; and satisfying @ Then mj =inf _\+ I(v) is achieved at a point u; € M+

which is a critical point and even a local minimum for I.

Proof. We start by showing that I is bounded from below in N. Indeed, using Holder’s
inequality and the fact that © € N we get
3* — / fu
Q

(N +2) [|£]|_]?

() = 5T(w) ~ o Ju
~1

>
~ 16NK

in particular
-1

16NK

(N +2)[1f]_]°

mi >mg >
where mg = inf,en I(u).
We claim that mj < 0. In fact, we have for some 0 < € < €1, fB§ fue; > 0.

Let 0 <1t_; < jmax defined in Lemma such that t_uc; € N. Since B;(t_ jue ;)
tends to 0 as € goes to 0, we get for 79 > 0 the existence of 3 such that f; (t;jug,j) <ry
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for 0 < e < e9 < e7. Then t;jug,j € /\/]-Jr whence

_ (t-;)? t=;)* _
It e ) =~ T(uey) — 22— Jue 2 — / fuey
Q
(t_)2 N+2 _ * 2%
= 85 T'(ue ;) + ON (tg,j)Q |u€,j|2*
(tz;)°

< *TT(UEJ) < 0,

this leads to —oo < mg < mj < 0.
Claim 3.2. ./\fj"' is a closed set in H(Q), j € {1,2,...,k}.
Proof. By Lemma we deduce that N' = N~ UN* (N* are closed subsets in H} () \
{0}).

We have /\fjJr =NTn BJ-_I([O, r9]). For this, it suffices to prove that j; is a continuous
function on N'T.

Let (u,) C N such that u, — u in H}(Q) i.e.,, Ve > 0, INg(e) > 0, Vn > Ny,
[V (un —u)ly <,

185 (un) — B(w)] < Wl‘g [ @) Vo @) = Va2 do
Up |

+ [ v Vul)?

Using the Holder inequality, we obtain

1 1
2 2
un’z ’VU‘Q

oe
IV o

18 (un) — Bj(u)| < =

Ekeland’s Variational Principle gives us a minimizing sequence (u;5)n, C /\/]-Jr with the

following properties:
. 1

(i) I(ujn) < m;r + -

.. 1

(i) T(w) > I(ujn) = — [V(w = ujn)ly, for all w € N
By taking n large, we have for some ¢ € (0, e2)

1 N +2 1 ()’
I(ujn) = NT(UJ’ / fujn < m —|— < — 5 ——T (ue ).

This implies that
2 _
/quj,n > m(ts,j‘)ZT(Uaj) > 0.
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Consequently, u;, # 0 and we get

2 (ts_j)2 N—|—2
— = T(ue ) < ||ujnl| <
N+2 HfH_ ( 57]) — ” ]:TLH

LIl

Thus there exists a subsequence labeled (ujn)n such that u;, — u; weakly in H.

Lemma 3.3. Let f satisfy the condition (F), then ||I'(u;y)| tends to 0 asn goes to +oc.

Proof. Assume that ||I'(u;)|| > 0 for n large. By applying Lemma 2.5 with v = u;,, and

= I'(u;n) (ujn)
w = Sypyy, 6 > 0 small, we find £,(6) =t |3 (42 | such that

I’(u'n) }
=1t,(6 ‘n—5¥ e NT.
ws ”{“‘” T wy)]

Thus there exists dg such that ws € /\/'jJr for any 0 < § < 4.
From (ii), we have
1
lws = wjnll 2 I(ujn) — I(ws)

I'(ujn)
1 ()

Dividing by § and passing to the limit as § goes to zero we derive that

= (1= 13,(00) (1 (s, ) + 3t50) (1) )+ on(d)
L0 [ O gl =~ 0) (g i) + | P )| = 7 Ci)]

where t; ,(0) = <t’ (0), H%% "§H> As (u;) is a bounded sequence, we conclude that

17l < S (14 18,000

Claim 3.4. The sequence <

t;n(O)D is bounded uniformly on n.

Proof of Claim [3.2] Indeed, (ujy,) is a bounded sequence and w € By, we have

o
|t5:,(0)] < -
’T(uj, —(2*-1) ]u],n 2%

5+ | is bounded away from zero. Arguing

by contradiction, assume that for a subsequence still called (u;5), we have

Hence we must prove that ‘T(uj,n) — (2 =1) |ujn 2

(3.1) T(ujn) — (2 = 1) [ujnls = 0n(1).
From (3.1] o« > 7, for a suitable constant v and the fact that u;, € N

also gives

2+ on(1). 0

/ g = (2 —2) Juj
Q
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This together with (3.1]) imply that

0 <~A45;(f) < CN (T (ujn)) N2

2= [ = o1,
Q

which is absurd. Thus ||I’(u;)|| tends to 0 as n goes to co. O

From the previous lemma we deduce that
(3.2) (I'(uj),w) =0, forallwe H

i.e., u; is a weak solution of .

In particular u; € NV, and we have

. 2 -
/Qf uj = nEToo/Qf Uim 2 g (tey) T (ueg) > 0.

Thus u; # 0. Also, from Lemma and (3.2)) it follows that necessarily u; € N'*.
By the fact that 8;(u;) = limp—00 Bj(ujn) < 70, then u; € ./\/’j+. Hence

1 N +2
. _— . N — . 3 1 . —
m; < I(uj) = NT(u]) 9N / fu; < nhm inf I'(uj,) = m;.

Then w;, — u; strongly in H and I(uj) = mj By Lemma we deduce the existence
of k solutions to the problem . ]
3.2. Existence of solutions in N ™

In this subsection, we shall find the range of ¢ where I verifies the (PS). condition.

Lemma 3.5. The functional I satisfies the condition (PS). for all ¢ < %S,]X/Q, where

Si/? = min (Sp/% S0%, sl

Proof. Let (uy) be a (PS). sequence for I with ¢ < %55/2. We know that (uy,) is bounded
in H, and there exist a subsequence of (u,,) (still denoted by (uy)) and ug € H such that

Uy — ug weakly in H,
Up — ug  weakly in L2(Q, |z — a;| %) for 1 < i < k and in L¥(Q),
U — ug  strongly in L2, | — a;|* ) for 1 <i < k,

un, — up strongly in L*(Q2) for all s, 1 < s < 2*.

By a standard argument, we deduce that ug is a solution of problem . Thus

I'(up) =0 and /qun :/quo—i-on(l).
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Next we verify that ug # 0. Arguing by contradiction, we assume that ug = 0. By the
Concentration-Compactness Principle [12,/13], there exist a subsequence, still denoted by
(un), an at most countable set I of different (z;)jes C 2\ Ujeq (12, k) {a;} and sets of

nonnegative numbers Hajy Var; for j € S pa;, Ya;» Va; for 1 < i < k such that:

[un|?
= 5 — dy = Ya;0a;
T — a4

k
|vun|2 - d# Z ZMIJ'(SIJ‘ + Zﬂaiéam

jes = |
and
k
2*
‘Un‘ Ady: E V$j5$j + E Vai(sai
JES i=1
where ¢, is the Dirac mass at x.

By the Sobolev-Hardy inequalities, we get
(3.3) Mo, = BiYa, > Sl 1<i <k
Claim 3.6. The set S is finite and either vy; =0 or vy; > Sév/2 for any j € .

Proof of Claim [3.4 In fact, let £ > 0 be small enough such that a; & Bij forall1 <j <k
and BZ, ﬂBj,j =g fori # j,and i,j € 3.

Let QS? be a smooth cut-off function centred at x; such that

i< L if |z — ;| < 5, jl <
0<¢pl <1, ¢l= ' and ‘qua} <
0 if |z —zj;| > e,

o |~

then

hmmn(/|VuM2¢g:1m{/qﬂdu2;%W
0 e—0 Q 7

e—0n—o00

2
lim lim L’Q
e=0n—o0 Jo ‘x _ ai’

1mhm/mﬁWgﬁm/¢@:%w
[¢) e—0 Q 7

e—0n—o0

o1 =lim | gldy =0,

lim lim [ u,Vu,V¢! =0,

e=>0n—o0 Jo

thus we have
0=lim lim (I'(up),un®l) > pa, — Va,.

e—0n—o0

By the Sobolev inequality, we get

SOV;/Q* < Hajs
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hence we deduce that
Ve, =0 or vy > Sév/z,
which implies that & is finite.
Consider the possibility of concentration at points a;, with 1 < ¢ < k. For € > 0 be
small enough such that z; ¢ ng for all j € S and By, ﬂng =gfori#jand 1 <i,j <k.
Let 7! be a smooth cut-off function centred at z; such that

L if |z —ay] < §,

and ‘V?ﬁé‘ < g

0<yi<l, ol=
0 if|x—$i|>€,

then
lim lim / ]Vun]2¢§:lim/¢§du2uai,
e=>0n—o0 [ e—=0 Jo

lim lim / up|* ! = lim/ Yldv = v,,,

e—0n—o0 e=0 Jo
lim lim ] W =lim [ ¥idy = ..,
e—0n—o00 ’x — az‘z € 50 Q € ¢
lim lim | "| 2’(/)5—0 for j # 1,

e=>0n—00 [ |x — CLJ|

lim lim [ w,Vu,Vy! =0,

e—0n—o00 Q

thus we have

(3.4) 0 = lim lim <I (up) un1/1€> > la; — HiYa; — Va, -

e—0n—o0

From (3.3)) and (3.4) we deduce that

SMI/:%/2 < Vg,

and then either v, = 0 or v, > Sh/* for all 1 < i < k. O

Consequently, from the above argument and (3.1)), we conclude that

) 1 2* _
Cc = nh_}Iglo (I(Un) - 5 <I,(un)7 un>> AT nh—>Iglo/ ‘un| Z V‘TJ + Z Va,

JES

If vy, = vg; = 0foralli € {1,2,...,k}, j € 3, then ¢ = 0 which contradicts the assumption
that ¢ > 0. On the other hand, if there exists an i € {1,2,...,k} such that v, # 0 or
there exists an j € I with v;; # 0 then we infer that
N/2
c> NS’”/ =c*

Therefore ug is a nonzero solution of the problem . O
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Lemma 3.7. Under the hypotheses of Lemma then for 0 < aq < v/ —  and all
s > 0, there exists g > 0 such that for 0 < & < gy we have

sup I (uj + sug ;) < m + Sfx/z.
>0 N

Proof. Since u; is a solution of ( , then we obtain

k k
i Ai
/(VujVu&l 27‘2% ol — Zk_aiujua’l)
Q

|z | —a;

:/ (’U,]’ u]uEl+fu€l)
Q

From the estimates given in [2] we have

|UJ|2* =+ ’5Usl’2* +2%s / \u]| Ujuel

PRI / W + o <€(N—2)/2) .

|uj

e,l

Then we get

&,

I(uj + suey) = I(ug) + J(suey) — s / w? "y da + o(eWV2/2)
where
J(Suél) = I Susl / f’ugldm
Note that

2

s .
sup J(sug ) = sup < 5 (uey) / |u51]2 )
s>0 s>0

11 o /(2% 2 5\ /2
(55 ) @ = ([ et
Q

= 1 (S,l]i\l[m +0 (E(N—Q)/4> ) <5al\/ﬁ/2m)>N/2

1—-(N/2
« <ij/2—o(sN/2) ( /)>

NSZ/2 10) <€az\/ﬁ/2vﬁﬁuz> )
From Proposition we obtain

sup I (uj + sue ;) < I(u;) + sup J(scuey) — 82 1/“3*1_1%
s>0 se>0 ,

N-2)/4 N/2
<mjf +0 (WD) 4 NSM/

) <5a1\/ﬁ/2m) _0 (5(]\7—2)/4)

N/2 a1/ 24/ n—
=m] +NS’“/ (9(5 IVE/2VE Mz)

<m; -I—NSfX/2 since ap < /[t — . O
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We know by Lemma that for v € H such that ||u| = 1 there exists a unique
t*(u) > 0 such that t"(u)u € N~ and I(t*(u)u) = max¢>y,,,, [(tu). The uniqueness of

t*(u) and its extremal property give that ¢ (u) is a continuous function of u. Let

Ul_{O}U{m<t+<,ZH>} and Ug—{HZ”>t+<HZ‘>}.

We remark that H \ N~ = U; UU; and N C U;. In particular u; € U; for all j €
{1,2,...,k}. Asin [14], for s; carefully chosen and for any 0 < € < g9, we have u; =
u; + spue,; € Us. Set

£ ={h:[0,1] = H continuous with h(0) = u;, h(1) = u;} .

Let h € £; defined by h(t) = u; + tsjue for t € [0,1].
We get the following lemma.

Lemma 3.8. For a suitable choice of s; > 0 and 0 < € < gg the value

* — inf I(h(t
¢ = inf max I(n(t)

defines a critical value for I and ¢j > m; .

Proof. We have
I(h(t)) <mf + %Sﬁfﬂ, for h € £;
and hence )
NS
Also, since the range of any h € £; intersects N~ we obtain:

* +
cj<mj +

" _
chmj.

Lemma |3.8| results by applying the Mountain Pass Lemma. O

Proposition 3.9. Suppose that f verifies the condition @ and 0 < o < /It — p then
I has a minimizer v; € N such that m; = I(v;). Moreover, v; is a solution of the
problem .

Proof. There exists a minimizing sequence (v;,) C N such that I(vjn) — m; and
I'(vjn) = 0in H.

By Lemma we have m; < mj + %SZ/Q. Using Lemma we deduce that v;,
converges strongly to v; in H. Thus v; € N (v; € N7, N7 is closed and B;(v;) =
limy, 00 Bj(vj,n) < 70) and m; = I(vy).

Then I'(vj) = 0 and so v; is a solution of the problem thus we conclude that

admits also k solutions in N/ ™. O

Proof of Theorem [1.1] By Propositions and we deduce that the problem ad-

mits at least 2k distinct solutions in H. O
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