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On Vectorized Weighted Sum Formulas of Multiple Zeta Values

Chan-Liang Chung and Yao Lin Ong*

Abstract. In this paper, we introduce the vectorization of shuffle products of two sums
of multiple zeta values, which generalizes the weighted sum formula obtained by Ohno
and Zudilin. Some interesting weighted sum formulas of vectorized type are obtained,

such as

S M@M@) Y 2o er o + 1)

‘aTB:k lel=|k[+r+3
al:even

_ %(2|k| + 7+ 5)M(K)C([k| + 7 + 4),

where a, B and k are n-tuples of nonnegative integers with |k| = k; + ko + -+ + ky,
even; M (u) is the multinomial coefficient defined by (“i:lﬂfsz:”) with the value

! . - .
lull . and 7 is a nonnegative integer. Moreover, some newly developed combina-

wplug!-uy,

torial identities of vectorized types involving multinomial coefficients by extending the
shuffle products of two sums of multiple zeta values in their vectorizations are given
as well.

1. Introduction and statements of results

A multiple zeta value (see e.g. [1, p. 189]) is defined for a string o = (a1, g, ..., a;) of

positive integers with «;, > 2 by a convergent series

(1.1) () = (a1, 00,...,0p) 1= Z ny “ng e on T,
1<ni<na<---<ny

The numbers || = a1 + az + -+ + a, and r are called the weight and depth of ((«),

respectively.

For convenience, we let {1} be k repetitions of 1. For example,

C({1}%,3) =¢(1,1,3) and (¢(2,{1}*,5) =¢(2,1,1,1,1,5).
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The following two formulas are well known. The first is the celebrated sum formula
(see [6, p. 95] or [2, p. 74]) and the second is a weighted sum formula of Y. Ohno and
W. Zudilin |7, p. 329]:

(1.2) > Clar, o, ar +1) = ((m+ 1),
|a|=m
1
(1.3) > 2%2((ar, 00+ 1) = 5(m+2)¢(m +1),
|o|=m
for any positive integers m > r. Hereafter we restrict all variables aq, ao, ..., a, appearing

in a multiple zeta value to be positive integers.
There is an integral representation, due to Kontsevich (see e.g. [9, p. 510]) for multiple
zeta values in terms of iterated integrals (or Drinfel’d integrals) as a weight-dimensional

integral:

(1.4) C(a):/IQIQQ...Qa|:/01...</0t3 (/0t291> QQ>...Q|CX7

where the integral is taken over the simplex [ : 0 <3 <12 < -+ <)o < 1, the differential
1-forms Q; =dt;/(1—t;)if je{l,ar +1l,on + a2 +1,...,01 + a2+ -+ a,—1 + 1} and
Q) = dtj/t; otherwise. An elementary consideration yields a depth-dimensional integral

representation as

C(ah o P e 1)

1 dt, !
(1.5 - l T log -
5) (a1 =)t (apm1 — Dlay! ooy ctycrictrcr 1 — 11 31

L ()t az—1 dt, (1 ar
og — og— | .
1—t, \ %1, 1—¢ \%

In particular, for positive integers m and n, we have

m

dt; "ﬁ" dty

(1.6) CH{Y™  n+1) = /

1—t; t
0<t1<tg<<tmn<l jy T k=m+1

from which the so-called Drinfel’d duality theorem [9, p. 510] follows easily:

(1.7) CH{IY™ tn+1) =c{1}"  m+1).

It is worth to note that we are able to express the product of two sums of multiple
zeta values as a linear combination of multiple zeta values through the shuffie product of

sums of multiple zeta values by their Drinfel’d integral representations.
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The shuffle product of two multiple zeta values is defined as

(1.8) /QlQ? Oy / Q12 Qi = Z / Qa(l)Qo(Z) e QU(ern)’

m+n
m

where the sum is taken over all ( ) permutations o of the set {1,2,...,m + n}, which

preserve the orders of strings of differential forms Q109 - -+ Qy, and Qp1Qm42 - Qntn-

More precisely, the permutation o satisfies the condition
L OR )

foralll1 <i<j<mand m+1<1¢<j<m+ n. Unfortunately, it is typically painful
and laborious to produce shuffle relations from shuffle products. We, therefore, restrict

our attention to the so-called height-one multiple zeta value

{1y n+ 1),

or sums of multiple zeta values which can be further expressed as integrals (in one variable)
or double integrals (in two variables).
The following two propositions are essential to transform multiple zeta values into

integrals, and vice versa.

Proposition 1.1. [3,4] For nonnegative integers m and n, we have

1 1 1 \™ N dr
1m N=— " ] log = i
CHLn+2) m!(n+1)!/0 <0g1—t> <Ogt> 1t
1 / (10 1 )m <10 1)” dt,dts
min! Joct, <to<t 11 54 (1 —t1)t2’

Proposition 1.2. [3l|4] For nonnegative integers p,q,r and n, we have

(1.9)

(1.10)
Z C({l}paa()a”-vaq—l?aq‘i‘n‘F1)

|a|=q+r+1

b L o) (e ) (1w 2) (1 L) e
plarin! Joci, <ty<1 S— 1t 54 5t (L—ti)ta

Some generalizations of the weighted sum formula has already been given. For example,

the integral

1 1-1 L—u\* (0t T dtydt
(1.11) — // (log L log u1> <log2 +log UQ) dtidty  dujdug
Mt S S L=t 1-u b ur ) (L—t1)ta (L —ur)ug

with Ry : 0 <1 <ty <1, Ry:0 < u; <us <1; and a pair of nonnegative integers k, r

with k even, leads to the following.
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Theorem 1.3. [8 p. 1189] For a pair of positive integers m and k with m > k, we have

k
(1.12) ST 2C(an, . apr,on 4 1) = mT““g(mH).

la=m j=1,
j:even

On the other hand, to deal with the case when k is odd, the integral with a parameter
1 as
(1.13

L (e 2t ) gl g2 s
kR cm, Hlog 1 08 ur ) (1 —ty)to (1 —uy)ug

leads to the following.

Theorem 1.4. [8 pp. 1195-1196] For a pair of positive integers n,k with k odd and
n >k >3, we have

k
(]{?—2) Z Z QO‘J'C(al,...,ak,l,ak—f—l)

71=2, |a|=n
j:even

k
+Z]71 Z zajg(ala"'7ak—1aak+1)
7j=1

|a|=n

(1.14)

k
Z Z 2% 2a]+1 —2)((041,...,04k,1,04k—|—1)

j=2. |al=n
]even
(k- 1)(r;+k—2)c(n+1)

In this paper, a general procedure of the vectorization of the relations among multi-
ple zeta values, such as the weighted sum formula, is completely developed. We obtain
the vectorized weighted sum formula in Sections [2| and [3] simply by changing the specific
exponent of the integrand of the integral such as into a vector. Finally, several
applications of the shuffle relations for two families of multiple zeta values in the com-

binatorial identities involving multinomial coefficients will be given in the final section.

2. Vectorized weighted sum formulas

Let R1 : 0 < t1 <to <land Ry : 0 < up < ug < 1. For an n-tuple of nonnegative
integers k = (k1, k2, ..., ky) and another nonnegative integer r, we consider the integral

with parameters p1, o, ..., t, given by

1 & 11—t 1—up \™
Flka! o7 //RlxRQZH@ %1 4, T T w

UQ " dtldtg duldu2
log —= + log .
(1 — tl)tg (1 — ul)u2

(2.1)

ul
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For convenience, we employ some vectorized notations
ua:u?luém--'ug"; k! = kilko! - - k)5 k—i-l:(kl—i-l,kg—i-l,...,kn—l—l)

and the multinomial coefficient

M(a) = artag+-tap) ]!
a1,Q9,...,0n, alasg! - ap!

for an n-tuple of nonnegative integers &« = (1, g, ..., ay) with |a| = a1 +ag + - + ay,.

If we replace each component
k.
1— tl 1-— Ul ‘
;1 1
(Mz Ogl—t2 + Ogl—u2>

t us \ "
<log 24 log 2)
tl (5]

of the integrand of the integral (2.1)) by their binomial expansions as

k‘i! ) 1— tl i 1-— Ul pi
2.2 | 1
( ) Z Ozzlﬁz'ﬂl (Ogl—t2> Ogl—UQ ’

a;+Bi=k;

and

fori=1,2,...,n, and

(2.3) ; (;) <1Og2>w (log ij

respectively, then the value of the integral (2.1)) is given by

(2.4) > pM(a)M(B)> (el + 1 — L+ 2)¢(1B + £ +2)
=0

a+pB=k

in light of Proposition [I.2{and the sum formula ([1.2)). On the other hand, the domain R; X
Ry of the integral is decomposed into six simplices produced from all possible interlacings

of variables t1, t2, u1, uo in the following:
Di: 0<ti<ta<ui <us<1l, Do: 0<u <ug <t] <ty <l,

Dsy: 0<ti<ur<to<us<l, Dg: 0<t;<u <uz<ty<l,
Ds: O<up <t1<ug<to<l, Dg: 0<u <t <ty<ug<l.

ki

For the simplex D1, substituting the integrands (,ui log tg + log tz;) and (log %+
T

log Z—f) by their binomial expansions as (2.2)) and (2.3)), respectively. Then the value of

the integral (2.1]) over D in terms of multiple zeta values leads to

> pM(a)M(B)> ((lad +r—L+2,|8] +£+2).

a+6=k £=0
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Similarly, the value of the integral over Do in terms of multiple zeta values is given
by
> uM(@)M(B)> (18l + L+ 2, |al +r—L+2).
a+B=k =0
Hence, the the total value of the integral minus the values of the integrals over Dy
and Dy is
Y u*M(e)M(B)(r+ 1)¢(k| + 7+ 4),
a+B=k
in light of and the reflection formula [5, p. 71]:

C(p,q) +C(g,p) = C(p)C(q) —Cp+q), pg=>2.

k;
For the simplex D3, substituting the integrands (,ui log 1:2 + log %) and (log %+

T
log Z—f) by their multinomial expansions as

, ! 1—t \™ 1—up ) 1—ty\7
(4 1) —= 1 1 1
Z i (i 1) a;! 81! < 1w R to 81 ug )

a;+Bi+vi=k;
! mn ta\" P
Z on__ " log Ui log = log uz2 7
m!n!p! t U to

m~+n+p=r
respectively. Then the value of the integral (2.1)) over D3 turns out to be
Y. M(a)M(B)M(y)

a+B+vy=k

X Z 2" Z C(607cla"'7C\a|ad07d17"'ad|ﬂ|+g(]7gl7"'7g|'7|+1)
m+n+p=r le|=]a|+m+1

and

|d|=|8|+n+1
lg|=|~|+p+1
x p*(p+1)7,

In the similar manner, we evaluate the values of the integral (2.1) over D4, D5 and Dg.
Then by adding together all these values of the integrals from D3 to Dg, we obtain the

following shuffle relation:

Y. M@M@BM>) Y, 2"

a+pB+vy=k m-+n—+p=r
X Z €(605617"‘7C|a|7d07d17°"7d|ﬁ|+907gl)"'ag|‘y|+]—)
lel=lar[tm-+1
(2'5) |d|=|8|+n+1
lgl=lvI+p+1

X |+ DP (U 4 7 4 4 1)

= 3w M(@)M(B)(r + 1)C(k| + 7+ 4).
a+pB=k
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When |k| is even, setting 1 = pg = --- = pu, = —1 in (2.5)) leads to the following shuffle
relation
Yo M@M(@B) Y (2% = 2)¢(co, -, g Cpg1 + 1)

a+pB=k |e|=|k|+r+3
(26) |ax|:even

- %M(k)(r YR+ +4).
In light of the sum formula
Z C(CO7"')C|k‘7C‘k|+1+1):<(|k|+r+4)
|e|=[k|+r+3
and the identity
2 3 M@M@) = Y {1+ (e} a(@m(g)

oa+pB=k oa+pB=k

|at|:even
= (k[ +2)M (),
the shuffle relation could be rewritten as follows.
Main Theorem 2.1. Suppose that k = (ki,ka,...,kn) is an n-tuple of nonnegative
integers and r is a nonnegative integer. When |k| = ki + ko + - - - + ky, is even, we have

Z M(a)M(B) Z 26141 (Coy -+ -5 Clagfs - - Ol Cle|+1 + 1)

a+pB=k |e|=Ik|+7+3

|ex|:even
1
= 5(2]k] +7r+5)M(k)(|k|+r+4).
When |k| is odd, then at least one of ki, ks,...,k, should be odd. Without lost
of generality, we suppose that kj is odd. Multiply both sides of (2.5) by p; and then
differentiate (2.5) with respect to uj. Setting p; = po = -+ = p, = —1 leads to the

following.

Theorem 2.2. Suppose that k = (k1, ke, ..., ky) is an n-tuple of nonnegative integers
with both |k| and ki odd, and r is a nonnegative integer. Then we have

k1 Z M(a)M(ﬁ) Z (20|0‘\+1 — 2)((60, s Clafy - - -1 Clk|» Clke|+1 + 1)

Tl+|ﬁ=k |e|=Ik|+r+3
al:even

+ Y a(-neIM@M@B) Y (2% —2)C(co, - Clafs - il Cplar + 1)

a+B=k le|=|k|4+r+3
+ ) M(a)M(B) > 2%l (2%e4+2 — 2)C(co,- -, Clafs- - > k) i1 + 1)
a+tB=k lc|=|k|+7+3

|e|:even

a1<k;—1

= Y (a+ DDEHM(@)M(B)(r+ 1)C(k| + 7 +4).
a+B=k
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Also if we set up = pg = -+ = p, = 1 in (2.5)), then we obtain another vectorized

shuffle relation in the following.

Theorem 2.3. Suppose that k = (k1, ks, ..., k) is an n-tuple of nonnegative integers and

r 1 a nonnegative integer. Then

Y. M@M@BMe) Y wllal 8o cafs- s Clpfs Cpfar + 1)

a+pB+v=k le|=|k|+r+3
1
= §(|k| +D)(r+1)M(E)(|k|+r+4)
with w(u’ U) = QQut1+Qu 2+t Quty (204u+u+1 _ 2)'

3. A special case of vectorized version

We need to pay a special attention to the integral (2.1) when k = (p,q) and p; = 1,
wa = —1. This is equivalent to carry out the shuffle product beginning with the integral

1 1—t1 1—U1 p 1— 1—u1 4
1 1 —log — +log
p!q!r!//RlxR2<Og1—t2+Ogl—u2> gl—t + 1—uQ

<10 2 +1 UQ>T Cltldtg duldu2
& 1 —t1)ts (1 —un)uz’

u1

The value of such integral is

E: E: <a+ﬂ(?zd>§jéa+c+r—€+2xw+d+£+m

a+b=p c+d=q
under the same argument mentioned in (2.2). However, we need the following identity to

cope with this special case.

Proposition 3.1. For a pair of nonnegative integers p,q with q even, we have
a+c\ (b+d p+qg+1
@ > Ser()0)-00")
a+b=p c+d=q p

Proof. We interpret the sum of products of binomial coefficient of (3.1) as the coefficient

of 29 of the rational function

1
(3-2) Z (1 4 x)a—i—l(l _ x)b—i—l

a+b=p
when it was expanded into power series at © = 0. Note that the rational function (3.2) is

equal to

1 1 1
2z | (1 —xz)ptl (14 a)ptl ]’
which has the coefficient of 29 as

e
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Therefore, when ¢ is even, the resulted shuffle relation is given as

S oo Y <a+9><cth> S

a+b+c=p g+h=q m~4n+~L=r
g.even
X Z g(a()?al?’"7aa+g7/807ﬂlv"’7/Bb+’707717”'770+h+1)
|a|=a+g+m+1
|Bl=b+n-+1

[v|=c+h+L+1

1 +q+1
:2<p ;Z )C(p+q+r+4).

With some refinements in notations, the following identity is obtained.

Theorem 3.2. For a pair of nonnegative integers p,q with q is even, we have

a+g\[/c+h
Z < a )( c > Z w(a+ g,b)C(ap, a1y, Qatgy -y Qpigr1 + 1)

atbte=p |o|=p+a-+r+3
g+th=q
g:even
L(p+q+1
= 2<p Z ><(p+q+r+4),

with w(u,v) = 2%t Hous2tFuty (Q0utut1 _ 9)

For the case when ¢ is odd, we begin with the integral with a parameter

1 1—1t 1—u p 1—-1% 1—u a
1 1 I 1
p!q!r!//Rlsz(ogl— +Og1—uz> Hoe T, T T,

UQ " dtldtg duldu2
log —H .
(]_ — tl)tg (1 — ul)u2

(3.3)

ul

Again, under the same argument mentioned in (2.2 as well as the shuffle product process
mentioned in [8, pp. 1190-1193], (3.3)) is equal to

DI (a+c)<ngd)C(a+c+m+2)C(b+d+m+2),

a+b=p c+d=q m4n=r

and the resulted shuffle relation is given by

> S <a+c> (b—gd>(r+1)g(p+q+r+4)

a+b=p c+d=q

ob <a+g><b+h><c+kz>
‘1"‘; P g+hz+;€ qm—&-%i—:é T b ¢

X Z Q(QO)al)'"7aa+g7180)/817"'7/Bb+h+707717"°776+k+]-)

|a|=a+g+m+1
|B|=b+h+n+1
|[v|=c+k+0+1

X [(u + D) + pF 1)
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The following basic identity is necessary to our exploration.

Proposition 3.3. For a pair of nonnegative integers p, q with q odd, we have
a+c\ [(b+d 1 ptg+1
(3.5) S (e+1)(-1)F =——(p+1) .
a b 2 p+1
a+b=p c+d=q
Proof. The sum involving the binomial coefficients on the left hand side of ({3.5)
a+c\[(b+d
(3.6) > }:(0+U@4y<61>< b)
a+b=p c+d=q
could be obtained by multiplying the double sum
a+c\(b+d
1) > ("))
a+b=p c+d=q

by w; differentiating with respect to p and then setting = —1. However, the double sum
(3.7) is the coefficient of ¢ of the Taylor expansion at = 0 of the rational function

1
(3.8) )
(ngp (1 _ M:L’)“+1(1 _ x)b—&-l
which is equal to the following rational function
1 (a+1)
3.9 _
( ) _%: |:(1 + JI)‘“Ll(l _ $)b+1 (1 + x)a+2(1 _ x)b+1:|
a+b=p

after executing the same procedure as shown in the derivation of (3.6]). Since the coefficient
of 27 of the rational function (3.9) is given by

1 pt+q+1
—(p+1

our assertion is done. ]
In light of Proposition the following identity is obtained.

Theorem 3.4. For a pair of nonnegative integers p,q with q odd, we have

ELE

a+b+c=p gt+h=q
g.even

X Z w(a+gvb)C(a07a17"'7aa+g7"'7ap+Q7ap+q+l+1)
|ee|=p+g+r+3

T D

a+b+c=p g+h=q
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X Z w(a’—i_gub)é-(ao’ala'”7aa+g>°"aap+qvap+q+l+1)
|a|=p+q+r+3

Z Z a+g\(b+1\[(c+h
a+b+c=p g+h=q—1
g:even

X Z w(a—l—g,b+1)C(ao,a1,...,oza+g,...,ap+q,ozp+q+1+1)
|e|=p+q+r+3

1

p+q+1
—5 ("N e 06+ 0 g+

with w(u, 'U) = QQut1t+Qu 2t tQuty (2cxu+v+1 i 2)

4. Further generalizations

Let k = (ki,k2,...,ky) and © = (r1,792,...,7,) be m-tuple and n-tuple of nonnegative

integers, respectively. We shall give the evaluation of the triple product

(!j\ + !T—EI) (\k—jl + If\>< k| + || +4 )
191 €] g+ — £ +2

in the following, where
j:(j17j27-'-,jm)7 Ogjlgklv i:1727"'7m

and
L= (l1,0,...,0), 0< /4, <ry, g=1,2,...,n.

We begin with the integral

1 // ﬁ( 1 1—t1+1 1—u1>kiﬁ<1 t2+)\1gUQ>
— i 10, (0] og — og —
k:!T! RixRs i1 fi 108 1 —tz & 1 — U2 g=1 gtl g (75}

dtldtg dulduQ
(1 — tl)tg (1 — ul)uQ’

Tg

(4.1)

which has the value

(12) Y3 uENM@MA)MBME) (el + Iyl +2)(18] + 18] +2)
a+B=k~+d=r
after the binomial expansions based on the similar argument given in . However, we
need some particular notations in order to develop the generating function of the number
of multiple zeta values produced from .
Given nonnegative integer m, and two vectors u = (u1,ug,...,u,) and v = (v, va,. ..,

vp,) With nonnegative integer components, we denote M (u,m) and M (u,v) by

<ul+u2+---+un+m> ~ (urHug - Uy +m)!

UL, UD, v vy Up, M uplug! - up!m!



254 Chan-Liang Chung and Yao Lin Ong

and

u| + |v] _ (lu] + |v])!
UL, U2y« ooy Up,V1,V2,...,Un U1!UQ! H .un!vllvg! N ‘UnV
respectively.

Since the number of multiple zeta values regarding to ¢(|a|+|v|+2) in (4.2)) is (‘o‘l‘f;lhl)

whereas that regarding to ((|3| + |d] + 2) in (4.2) is ("Gllj;rlw) due to the applications of

the sum formula ((1.2)) in (4.2), we conclude that the generating function for the number

of multiple zeta values produced from the shuffle product process is

43 NN (o, v)M(3, 8 <|k|+‘r+4>
(4.3) a§k7§rﬂ (e VIMB. )| 1 1y 12

with the help of the trivial identity

u| + [v]
0]

M(u,v) = ( >M(u)M(U).

We introduce two useful propositions before entering the shuffle process.

Proposition 4.1. For nonnegative integers m,n, k and p, let

(4.4 Pl = 3 (") (M),

n
a+b=k

Then for 0 < j < k, the coefficient of i of P(m,n, k;u) is

<n+j> (m+n+k+1>
J k—3j .

That s,
k .
n+j\/fm+n+k+1\
P(m,n, k;pu) = <>< . );ﬂ-
ek =3 (") ("1
Proof. As
1 = (m+a a
<1—x>m+1‘§< m )f”
and

1 s n+b
T (ut D! :D’””b( . )mb

b=0

so that P(m,n,k; u) is just the coefficient of z* of the product

1 1
(T= o)™ [ = (u+ Da]T
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The coefficient of 7 of the above product is

; (ei) [(1 - alcymﬂ = 1>x]"+1}
B <nyﬂ> T

Note that the coefficient of p? in P(m,n, k; 1) is equal to the coefficient of z* in

n+j xJ
j (1 _ x)m+n+j+2

<n+j><m+n+k+l> -
J k—3j '

For nonnegative integers m,n, k and u, let

Q(m,n k) = Y ua(ﬂ+1)b<m+a> <n+b>

pu=0

which is

m n
(45) a+b=k .\ O
ok -1 b m a n
=it 3wt (M ) (M)
a+b=k

Corollary 4.2. Notation as above, then the coefficient of i/ of Q(m,n, k;u) for0 < j <k
18
<n+k:—j> <m+n+k+1>
k- j |
The vectorized version of the above conclusion is given as follows.

Proposition 4.3. Let m be a nonnegative integer and k = (k1,ka, ..., kn), 7 = (J1,J2,-- -,
Jn) with 0 < j; < ki, i = 1,2,...,n be n-tuples of nonnegative integers. Then the coeffi-
cient of ud of the polynomial

(46) ST+ DM (@)M(8,m)
a+pB3=k

» w1
(" L ) arnce )

Proof. Note that

M(a) = <‘;’)M((a2,...,an))
e M(B,m) — ('ﬂ';l m)M((ﬂQ,...,ﬂn),m
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and the coefficient of 7' of the polynomial

s ()

ay+B1=k1

<a2+---+an+j1>(m+|k|+1>
J ki—g )

Therefore the coefficient of Mf in the polynomial (4.6) is

is

m+ |k|+1 )
| | Z(NQ + 1)(12 e (Nn + ]-)anM ((a27 cee 7an)7]1) M ((/827 ey 6?1)7 m) )
ki — 71
where the summation is taking over a; + ; for ¢ = 2,3, ..., n. By repeating same process
(n — 1) times, we obtain the coefficient of ;7 of the polynomial (4.6)) is
m+ |k|+1 .
(o P Y
k1 —jl,kg—jz,...,k‘n—jn,m—l-‘]‘—l-l
or k|41
. N (M k| +
it =) (" ) 0

Corollary 4.4. If m and n are two nonnegative integers and o, 3, k are three vectors

with nonnegative integer components, then we have the followings.

(1) The coefficient of u? of the polynomial

S (et DPM (e, m)M(B,n)

a+pB=k

(5 s

15

(2) The coefficient of u? of the polynomial
S w12 M (e m)M(B,n)
a+6=k
18 .
<n+\kz —g\> <m+n+|k:|+1
|k — 7] ¥
Now, let’s begin the shuffle process of the integration (4.1)) over the following six

simplices:

)M<j>M<k P

Di: 0<ti<ta<ur<us<l, Dy: 0<u <uy<t] <ty <l,
D3:O<t1<U1<t2<U2<1, D4:0<t1<U1<U2<t2<1,
Ds: O<ui <t1<up<ta<l, Dg: 0<u <t] <ty <wug <l1.
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On the first simplex D1 : 0 < 1 < to < uy < ug < 1, replace the factors

k.
11—t 1—u\™

1 1
(Mz Ogl—t2+ Ogl—u2>

and . ro
U2
log -2 4 A log —=
< g t g 108 u1>
by
k;! 1—t )\ 1—uy\"
2 a .<uilog 1) <log “1> Ji=12,..m
it Bk Oél'ﬂl 1-— to 1-— u9
and | L\ P o
. 3 J
Z r‘]"<log2> <)\glogu2> ,g=12...,n,
pitoz=r; pPj-Uj: t1 u1

respectively, then the generating function for the number of multiple zeta values is

(4.7) > D uUAM(a, p)M(B,v),

a+B=k ptv=r

and the coefficient of pd X¢ is
M(J77 _E)M(k _]ae)a

which is equal to

M (§)M(k — §)M (€)M (r — £) <|j| ; Ir | E') <”" - @ + M').

Since the integration (4.1]) over Dy produces the same generating function of the integra-
tion over Dy, we conclude that the coefficient of pd At of (4.7) over D; and Dy is given
as
: : gl +r— £\ [(|k— 3|+ €
(4.8) 2M(j)M(k — 3)M ()M (r — E)(’ [+ y ‘) (’ 2’ 1 .
r — £ 14

Similarly, the integration over Ds also produces the same generating function of the
integration over D3, so we only consider the partial generating function over D3 in what
follows.

On the simplex D3 : 0 < t1 < u1 < tg < ug < 1, replace the factors

k.
1—t1 1—’LL1 ‘
1 1
(1stog 1 =3 +10g 1 =2 )

and . -
<10g 24 Aglog u2>
t (1



258 Chan-Liang Chung and Yao Lin Ong

by
Z a.lﬁz»' - (Milogl_u ) <(Mz’+1)log - 10g1_u

ovitBtyi=k; P 1 2 2

fori=1,2,...,m and
1 Pi to \ Vi wj
Z % (10g Ul) ((/\g +1)log 2) ()\g log u2>
pitvyrwy=r; P17V b Uy t2

for g =1,2,...,n, respectively. Then the generating function for the number of multiple

zeta values is
(4.9) Yo o m e+ Y A+ D)X M(a, p)M(B,v)M (7, w),
a+-B+v=k ptvtw=r
which is equal to
dooow e+ YT A )UAYM(p, )M (v, [B)) M (w, 7))
(4.10) a+B+vy=k pHvtw=r
X M (o) M(B)M (7).
For the coefficient of pd A¢ of the polynomial (4.9), we consider the coefficient of A of

the polynomial
(4.11) Y. A+ 1)M(p,|a))M(v,|B])
ptrvtw=r
first. Merge the dummy variables r and w via Corollary leads to the coefficient of
A=« of ([@.11) in what follows

<\ﬁ + !E—w!> <\a\ +18[+]r—w[+1

4.12
( ) |6 — w] |r — £

Jarte - wprr o)

which is the coefficient of A of the polynomial

(4.13) Yo AFDUAYM(p, )M (v, |B]).
ptHvtw=r

Therefore, the coefficient of A? of the polynomial

(4.14) Y AFDPAYM(p, e )M (v, |B)M(w, |7])
pHvtw=r

is given by

(4.15)

Z (m ;Fn|ﬁ|> (n + W) <|a| + (8] JLﬂ|’"_—£|£| +m+ 1) M€ —w)M(w)M(r —£)

n
m+n=|¢|
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if we set m = [£ — w| and n = |w|.

On the other hand, the coefficient of p? of the polynomial

(4.16) ST u(u+ 1)PM(B,m)M(a)
a+B+y=k

is given by

(4.17) <m+lk—7—jl><\k—7+m+1

|k—’Y—j| |J’ >M(J)M(k_7_3)

in light of Corollary [£.4] after merging two dummy variables k and «. Consequently, the
coefficient of ud A¢ of the polynomial (4.9) is given by

M(3)M(k — 3)M (€)M (r — €)
(4.18) y Z Z <a+m>(b%{;n)(a+m;—|j'|+|r—£\41—1>
a+b=|k—j| m+n=|£| a |T - ‘7 |J|’a+m+
if we set a = |k —~ — j| and b= |v].
In the same manner, we obtain the generating functions over Dy : 0 < t1 < u1 < ug <
to<land Dg: O<up <t1 <ty <uy<l1as

(4.19) S ) Y (A )M (e, p)M(B,0)M(y,w),
a+pB+y=k ptvtw=r

and

(4.20) S @A )® Y AT, p) M(B, 0) My, w),
a+pB+v=k ptvtw=r

respectively. With the help of Corollary the coefficients of pd X¢ of (4.19) and (4.20)

are given as

(4.21) M(§)M(k — §)M€)M(r — £) (Ik! + ||+ 2) (Ik -3+ m) <|r\ + |k — 4|+ 2)

¥l €| |r — £
and
(4_22) M(])M(k _ ])M(ﬂ)M(T _ E) <’k7’|‘l:k"‘|7?- 2> (’.7’ |‘: |_""£—‘ £|> (‘7" +||£.7|’ + 2)7

respectively. It is evident that (4.3) = 2 x (4.7) +2 x (4.9) 4+ (4.19) + (4.20)). By comparing

the coefficient of pI A% on both sides of the above identity, we conclude the following

theorem.
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Theorem 4.5. For nonnegative integers a,b,m and n, and the vectors with nonnegative

integer components k = (k1,ka, ..., km), 7= (ri,72,...,7rm),
j:(j17j27-”7jm)7 OSJ@SkZ, i=1,2,...,m

and
L= (b1, Lo, ..., 0y), 0</{y<ry, g=1,2,...,n,

(|j|+|r—£\><lk—j!+lﬂl){( K| + || + 4 )_2}
¥l 14 g+ [r — £+ 2
_ <\k:\—i—\r+2> <\k:—j|+\€\> <1r|+\k—jl+2>

41 €] I — €|

(4.23) k[ + ||+ 2\ (1] + [r — €\ [|r] + |5] +2
+
|k — 3| r— € €]
a+m\ (b+n\ (a+m+1+][j]+|r—¢

a+b=|k—j| m+n=|£|

we have
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