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Bifurcation and Stability for the Unstirred Chemostat Model with
Beddington-DeAngelis Functional Response

Shanbing Li*, Jianhua Wu and Yaying Dong

Abstract. In this paper, we consider a basic N-dimensional competition model in the
unstirred chemostat with Beddington-DeAngelis functional response. The bifurcation
solutions from a simple eigenvalue and a double eigenvalue are obtained respectively.
In particular, for the double eigenvalue, we establish the existence and stability of
coexistence solutions by the techniques of space decomposition and Lyapunov-Schmidt
procedure. Moreover, we describe the global structure of these bifurcation solutions.

1. Introduction

The chemostat is a piece of laboratory apparatus, which captures the essentials of exploita-
tive competition in an open system, such as a simple lake, a system of waste treatment and
a commercial reactor of fermentation processes. Moreover, the chemostat is a standard
kind of mathematical models that has been extensively applied in ecology to model bio-
logical behavior of a simple lake and in biotechnology to model bioreaction in commercial
bioreactors. Generally, the chemostat consists of a nutrient input-with all nutrients needed
for growth in abundance except one-pumped at a constant rate into a well-stirred culture
vessel whose volume is kept constant by pumping the contents out at the same rate, and
therefore its contents are spatially homogeneous. A detailed mathematical description of
competition in the chemostat can be found in [19] and [22].

Current continuous culture theory is mainly based on the relationship between limit-
ing substrate concentration and growth rate as originally introduced by Monod in [14].
A detailed theoretical derivation of the chemostat equations with Monod function can be
found in [19,122]. A lot of works for the chemostat models with Monod functions have
been done in the past decades, one can refer to [6}/7,9,10,(15,/16}23,29.|30]. In particular,
the basic unstirred chemostat model has received considerable attention. Hsu and Walt-

man [9] analyzed the asymptotic behavior of solutions by theory of uniform persistence in
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infinite-dimensional dynamical system and the theory of strongly order-preserving semi-
dynamical system. Dung and Smith [6] discussed the co-existence states of the general
unstirred chemostat model with one nutrient by degree theory. In [23], the local coexis-
tence of positive solutions was obtained by the standard bifurcation theorems in the one
dimensional case. Later, Wu [29] obtained the corresponding results in the N-dimensional
case. Moreover, the local stability for the local coexistence solutions and global structure
of the coexistence solutions were established. Furthermore, Nie and Wu [16] studied the
uniqueness and stability of coexistence solutions by Lyapunov-Schmidt procedure and per-
turbation technique. Recently, Guo et al. derived the bifurcation solution from a double
eigenvalue in [7].

Unfortunately, as it has been pointed out in [2}/18}28], the Monod relationship cannot
be valid for substrates which are growth limiting at low concentrations but are inhibitory
for the species at higher concentrations, and the functional response should depend not
only on the prey density but also on the predator density. Beddington [1] and DeAngelis et
al. [5] proposed a functional response that depends on the prey density and the predator
density, i.e., Beddington-DeAngelis functional response. On the Beddington-DeAngelis
functional response, a mathematical model of competition between two species in the
unstirred chemostat was considered in [25-27]. However, they only focus on the reaction-
diffusion system in one-dimensional domain case. There, the local and global coexistence
solutions were derived and local stability for the coexistence solutions was established.
Moreover, the effect of the parameter was considered in detailed in [27]. For more studies
on the chemostat model with the Beddington-DeAngelis functional response, one can refer
to [17,20}124,33-35].

A common feature of all these studies on the chemostat model with the Beddington-
DeAngelis functional response has been that the existence of the coexistence solutions is
obtained by the simple eigenvalue bifurcation theorem. Naturally, we hope to know what
happens to the existence of coexistence states when mq, mo are some critical points where
double eigenvalue appears. To our knowledge, there are few works about the bifurcation
from a double eigenvalue in the unstirred chemostat with Beddington-DeAngelis functional
response. Therefore, in this paper, we investigate the bifurcation from a double eigenvalue
and establish the existence and stability of coexistence states on the unstirred chemostat
model with Beddington-DeAngelis functional response, that is, we consider the basic N-

dimensional competition model in the unstirred case:

Sy = AS — myuf(S,u) — mavg(S,v), = €Q, t>0,
(1.1) up = Au+ mauf(S,u), x e, t>0,
vy = Av 4+ mavg(S, v), reN, t>0
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with boundary conditions

o5 +d(x)S = h(z), x €08, t>0,
n

i o
n

o +d(z)u =0, o

+d(z)v=0, €, t>0,

where (2 is a bounded domain in RY (N > 1) with smooth boundary 9; S(z,t) denotes
the nutrient concentration at time ¢, and u(x,t),v(x,t) denote the concentrations of the
two organisms in the culture vessel, respectively; f(S,u) = m and ¢(S,v) =
m are the Beddington-DeAngelis functions. Here, the parameters mg, k;, B; (i =
1,2) are positive constants, where m; (i = 1,2) are the maximal growth rates of the two
competitors (without an inhibitor), respectively; k; (i = 1,2) are the Michaelis-Menten
constants; 3; (i = 1,2) model mutual interference between predators u,v respectively;
d(x), h(x) are continuous and non-negative on 9. Let T1 = {x € 9Q : d(x) = 0}. We
assume that Y1 # &, T # 0Q and h(x) is positive on Y.

In this paper, we are interested in the steady-state problem corresponding to the system

[T1):

AS —miuf(S,u) — mavg(S,v) =0, x €,
Au+myuf(S,u) =0, z €,
(1.2) Av + mavg(S,v) =0, x € Q,
gj +d(x)S = h(z), x € 09,
8% +d(z)u =0, gz +d(x)v=0, x€dN.
Let 2 = S+ u+v. Then z satisfies
Az=0,x€Q, gz +d(x)z = h(x), x € 0.

It follows from [29] that z(z) exists uniquely and z(z) > 0 on €. Thus, any steady-state
solutions of system (|1.2)) satisfies

S(x) +u(z) +v(x) =2(z), =€

We shall use this identity to eliminate S and concentrate on the following boundary value

problem:
Au+miuf(z —u—v,u) =0, x €,
(1.3) Av +mavg(z —u—v,v) =0, x €,
ou ov
o +d(z)u =0, I +d(x)v=0, z€0Q,
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where

Z—U—7 Z—U—7

B e ey R Al R L el pray o ey sy oy

flz—u—wv,u)

Since we only consider the case that S,u,v are nonnegative, we redefine the response
functions as follows:

> f(S,’U,), 5207 UZO, ~ g(S,U), 5207 UZO,

F(S,u) = g(S,u) =

0, otherwise, 0, otherwise.

~

For convenience, we still denote f(S,u), g(S,u) by f(S,u), g(S,u) respectively.

The contents of this paper is organized as follows. In Section [2| some preliminary
results are given, which are used in the later sections. In Section [3| we investigate the
stability of trivial and semitrivial solutions by spectral analysis. Moreover, some properties
of the functions m2(mq) and 7 (m2) are provided. Finally, in Section 4, we establish the
existence and stability of coexistence solutions to bifurcating from a simple eigenvalue

and a double eigenvalue.

2. Preliminaries

In this section, we primarily introduce some basic notations and known results which will
be used in this paper. For p > N, we denote Xy = {u € W2P(Q) : g—z +d(z)u =0 on 89},
X = Xy x Xo, Yo = LP(Q), Y = Yy x Yy. We denote the inner product by (-, )2 in L?(£2).

Consider the following eigenvalue problem

(2.1) Ap+Ag(x)p =0, z €Q, gi +d(z)p =0, x € ON.

Then it is well known that

Lemma 2.1. [29,[32] Suppose that q(x) € C() and q(z) > 0 on Q. Then the eigenvalues
of problem (2.1) can be listed in order

O<)\1(q)<)\2(q)§---—>oo

with the corresponding eigenfunctions @1, @2, ..., where the principal eigenvalue \1(q) is
given by
Jo IVl? dx + Joq d(@)p? ds
)\1(q) = inf B
© fQ q(x)p? dx

and the principal eigenfunction @1 is positive on Q). Here, ds represents the unit element on

Q. Moreover, the comparison principle holds: Xj(q1) < Aj(q2) for j > 1 if qi(z) > g2(z)
on Q and the strict inequality holds if q1(x) # q2(x).
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Consider the eigenvalue problem

o
(2.2) Ap +q(z)p = pp, z € Q, % +d(z)p =0, x € 99,

where g(z) € C(Q). Let u1(q) be the principal eigenvalue of problem (2.2)). Then it is well

known that

Lemma 2.2. [32] u1(q) is strictly increasing with q(x) in the sense that if q1(x) < ga(x)
and q1(x) # q2(x), then pi(q1) < pa(qe)-

Let A1, o1 be, respectively, the principal eigenvalues of the problems (2.3)) and (2.4)):

9¢

(2.3) AP+ Af(2,0)p =0, z € Q, %+d(:c)¢20, x € 09,
(2.4) AY+0g(2,0) =0, x € Q, g—:f +d(x)p =0, z € 0N

with the corresponding principal eigenfunctions ¢1,741 > 0 on , which are uniquely
determined by the normalization ||¢1||§ =1 and Hq/)ng =1
In (1.3), we let v = 0 and u = 0 respectively. Then we obtain two scaler equations:

(2.5) Au+miuf(z —u,u) =0, z € Q, gz +d(z)u =0, x € 09,
ov
(2.6) Av +mavg(z —v,v) =0, x € 0, I +d(x)v =0, z € 0N.

For ([2.5)), the following results are proved in [27]:

Lemma 2.3. [27] Suppose that mqy < \1. Then 0 is the unique nonnegative solution of
(2.5). Suppose that my > Ai. Then (2.5) has a unique positive solution, denoted by 0,
satisfying the following properties:

(1) 0<f<z ze.

(2) 0 is continuously differentiable with respect to my € (A1,+00), and is pointwisely

increasing with respect to my.

(3) limy,, 4, O(m1) = 0 uniformly for x € Q, and lim,,, 10 0(m1) = 2 for almost every

xeﬁ.

(4) Let Ly = A+mi(f(z—0,0)—0f{(z—0,0)+0f5(z—0,0)) be the linearized operator
of (2.5) at 6. Then all the eigenvalues of Ly are strictly negative.
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Remark 2.4. The results in [27] are only proved in the one-dimensional case, but the

results still hold in the N-dimensional case by the similar analysis.

Remark 2.5. For , we have the same conclusion as Lemma If mo < 01, then 0
is the unique nonnegative solution of . If my > o1, then has a unique positive
solution, denoted by ©. Let Ly = A+ma(g(2—0,0) —0¢) (2 —0,0)+0g5(z—0,0)) be
the linearized operator of at ©. Then all the eigenvalues of Lo are strictly negative.

3. Semitrivial solutions

In this section, we investigate the stability of trivial and semitrivial solutions by examining
the spectrum of the corresponding linearized operator. By Theorems 5.1.1 and 5.1.3 in [8],
one sees that any solution (u,v) of is said to be asymptotically stable if the spectrum
of the linearized operator of at (u,v) lies in the left-hand side of the imaginary axis.
If there are some points in the spectrum with positive real parts, we say that (u,v) is
unstable.

The linearized operator of at (0,0) is given by

A +myf(2,0) 0
0 A+ mag(z,0)

To(mi,me) =

Thus, we easily obtain

Theorem 3.1. The trivial solution (0,0) is asymptotically stable if m1 < A\ and my < o071,
and unstable if m1 > A1 or mg > o71.

The linearized operator of (1.3 at (6,0) is given by
A4+mi(f(z—0,0)—0f{(z—0,0)+0f5(z—0,0)) —mi10f{(z—6,0)
0 A+ mag(z —0,0)

Ti(my,me) =

L1 —mﬁf{(z - 9,0)
0 A+meg(z—10,0)

It follows from the Riesz-Schauder theory that the spectrum o (7% (my, m2)) of T1(m1, m2)
consists of real eigenvalues. Moreover, we see that o (T} (m1,ms)) = o(L1)Uc(A+mag(z—
6,0)) by Lemma 3.5 in [11]. By Lemma[2.3] one finds that o(L) lies on the negative real
axis. On the other hand, by Lemma (A + mag(z — 6,0)) lies on the negative real
axis when mgy < ma(m1) (note that: p;(ma(mi)g(z — 6,0)) = 0), where ma(m;) is the
principal eigenvalue of the following problem

o

(3.1) A +mag(z — 0,00 =0, z €, I

+d(x)y =0, z € 0.

Therefore, we have
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Theorem 3.2. Suppose that my > A\1. Then the semitrivial solution (6,0) is asymptoti-

cally stable if mo < mMa(m1) and unstable if ma > Ta(my).

Next, we follow the ideas used in [11,31] to analyze some properties of ma(my). It
follows from Lemma 2.7] that

Jo |VY? do + [5 d(x)y? ds
Jog(z—0,0)0%dx '

Lemma 3.3. The function ma(mq) defined by (3.2)) satisfies

(1) mg(ml) S C(P\l, —1—00)) and mg()\l) =01,

(2) ma(mi) € CH((\1,+00)) and mh(mq) > 0;

. — o Jo f(2,0)¢% dx Jo 94 (2,0)$192 dz
(3) N, 3, 75 (M1) = S C O G0N d T, sGORde -

Proof. Since ma(my) is the principal eigenvalue of problem (3.1]), we may take the corre-
sponding principal eigenfunction by v(m1) such that H%(ml)H; =1and ¥(my) > 0 on Q.
Then, the infimum in (3.2)) is attained by 1 (m1), and so

_ Ja W@(ml)ﬁ dz + [pq d(2)9" (my) ds
fg g(z — 9m1,0)@2(m1) dx
< Jo | V(mi + h)‘2 dz + [oq d($)¥2(m1 +h)ds
- ng(z_empO)Ez(ml + h)dx
(a1 + ) Jo 9(2 = Omysn, 01" (ma + h) da
S 90z = Oy, 000 (my + 1) da

mo (ml)

where 60,,, = 6. This implies

ma(ma) Jo 9(2 — Oy, 0)3° (my + h) da
fQ 9(2 = Omy1hs O)JZ(TM + h)dx

< m2(m1 + h)

Similarly, if m; and my + h are exchanged, then we get

_ o [V + B da - [y d(@)$ (ma + B) ds
ma(my + h) = —2
fQ g(Z - 9m1+h7 0)1/) (ml + h) dx
_ Jo W@(ml)‘2 dz + [5 d(x)EQ(ml) ds
T Jo9(z = Oy, 000 () da
my(m1) Jo 9(2 = Oy, 00" (1) do
Jo 902 = Oy 40, 006" (1) da
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Let & — 0. Then we obtain m2(m1) € C([A1,+00)). Furthermore, by Lemma [2.3|(3), we

easily check that ma(m1) — o1 as m; — A1 since

= Ja W@(Tm)f dz + [oq d(x)§’ (m1) ds.
fQ g(z - 9m1,0)@2(m1)dx

Therefore, we complete the proof of (1).

mg(ml)

Continuing the calculation above, we find

ma(m1 + h) [ (9(z = Oy, 0) = (= — Oy, 0))3° (my + h) d
i 9(2 = Oy, 0007 (my + h) da:
(3.3) < ma(my + h) —ma(mq)
_ 2(m1) fo(9( = O 0) = 9(= = Oy 4, 0))0" (1) de
- Joy 9z = Oy 0)6° (my) d '

Dividing both two sides of the inequality (3.3]) by A and letting h — 0, we derive

fQ gi(z - 97711 ) 0)6%1@2(77“) dx
Jog(z — Gml,O)JQ(ml) dz

for almost every m1 € (A1,00), where 6}, is the differential of ,,, with respect to mj.
Since my — 0,,,, is continuously differentiable in C'(Q) by Lemma (2) and my — ¥(mq)
is continuous in L?(2) by the perturbation result of Kato [12] (see Chap. 4, §5), the right
hand of is continuous with respect to mj. So holds for all m; € (A1, 00). By
Lemmal|2.3|(2) and the expression of g(z—60p, , 0), the positivity of m}(m1) is easily derived
from (B.4). So the assertion (2) holds.

Finally, by using the identity of (3.4)), we shall prove (3). It follows from Lemma [2.3{3)
that

(3.4) g (my) = Tg(ma)

(3.5) lim g}(z — Om,,0) = g1 (2,0) in C*(Q).

m1~>)\1

Moreover, it follows from the results of Kato [12] (see Chap. 4, §5) that

(3.6) lim (my) =11 in L*(Q).

mi—A1

It remains to show the dependence of §;,, on mi. By Lemma we see that 6,,, is the
unique nontrivial solution of for m; > A1. We can apply the Crandall-Rabinowitz
bifurcation theory [3] to derive the expression of 6,,, near m; = A;. For this, we define
the operator F': R x Xg — Yy by

F(mi;u) = Au+miuf(z — u,u).
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It is clear that F'(\;0) = 0, F,(A1;0) = A+ A1 f(2,0) and N(F,(A1;0)) = span {¢;}.
Since F}(A;0) = F,(A1;0), where F;(A1;0) is the adjoint operator of F,(\;0), we
obtain dim N(F,(A1;0)) = codim R(F,(A1;0)) = 1. Moreover, Fp,,,¢1 = f(2,0)¢1 ¢
R(Fy(A1;0)). Therefore, by the Crandall-Rabinowitz bifurcation theory [3], there ex-
ists a function (w(s),m1(s)) € C*([—s0,50]; Yo x R) for sufficiently small sy > 0 satis-
fying w(0) = 0, m1(0) = A\ and F(mq(s);u(s)) = 0, where u(s) = s(¢1 + w(s)) and
w(s) € R(Fy(A;0)) N Xyp. Due to the uniqueness of nontrivial solution of near
m1 = A1, we derive

Om, (s) = s(¢1 + w(s)).

Substituting (m1(s); 0m, (s)) into (2.5)), dividing by s, differentiating with respect to s and

setting s = 0, we have

Aw'(0) +m}(0)¢1f(2,0) + Aw'(0) f(2,0) — Mgi(fi(z,0) - f3(2,0)) = 0.

Multiplying by ¢1 and integrating over € by parts, we get

(3.7) i (0) /Q F(2, 006 dr = Ay /Q (F1(2,0) — f4(2,0))68 da.

Due to
dbpn, B A0y, dmy

ds  dm; ds '

we obtain
dOm
(3 8) d9m1 _ ds1 ‘5:0 o ¢1
' dm - dmy — mj(0)
1 mi=M\1 ds ’s:(] 1

Hence, it follows from (3.4), (3.5)), (3.6), (3.7) and (3.8]) that the assertion (3) holds. [

The stability for (0,0) can be obtained in the same way as that for (6,0). The
linearized operator of (1.3)) at (0,©) is given by

A+mif(z—0,0) 0
Tr(my,me) = ;
—m20gi(z —0,0) Lo

where Ly = A 4+ ma(g(z — ©,0) — Og}(z — ©,0) + Og4(z — ©,0)). Moreover,
o(Ta(mi,m2)) = o(A+mif(z—©,0)) Uo(Ls).

Denote m1(msg) be the principal eigenvalue of the following problem

Ap+mif(z—0,0)0p=0, z € Q, $+d(x)¢:0, x € 0f.
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By Lemma [2.T] we see that

_ e IVo|? da + Joq d(x)¢? ds
(3.9) m(me) = 121)f T F(z= 0,08 dz

Hence, the stability of (0,©) is stated as follows.

Theorem 3.4. Let mg > 01. Then the semitrivial solution (0,0) is asymptotically stable

if m1 <mi(ma) and unstable if my > my(ma).

Finally, we can prove some properties of the function 7;(ms2) in the same way as
Lemma 3.3

Lemma 3.5. The function mi(ms) defined by (3.9) satisfies
(1) ml(mg) € C([01,+OO)) and ml(Ul) = Ai;

(2) m1(mg) € CH((o1,+00)) and my(ms) > 0;

A1 Jo fi(z (2,0)¥1¢7 da Jo 9(z,0)¢1 dx ]
91 fQ 2, 0 ¢1 dx fQ(Qi(Z,O)—gé(Z,D))Qﬁ‘f dx”

(3) limy,—q, M ml (m2) =

4. Existence and stability of positive solutions

In this section, we establish the existence and stability of positive solutions to (|1.3]) bifur-

cating from a simple eigenvalue and a double eigenvalue, respectively.

4.1. Bifurcation from a simple eigenvalue

Wang et al. [25] obtained the local bifurcation result from a simple eigenvalue, and estab-
lished the global structure of positive solutions [27]. Unfortunately, Dancer [4] pointed out
the existence of some gaps in the proofs of Rabinowitz’s Theorems 1.27 and 1.40 in [21].
Hence, we reconstruct the proof of global structure of positive solutions by the revised
global bifurcation theory developed by Lépez-Gémez in [13].

We first introduce the local bifurcation result from [25]:

Theorem 4.1. Suppose that my > Ai1. Then (ma(m1);6,0) is a bifurcation point for
(L.3). Moreover, there exists a curve of non-constant positive solutions (ma(s); u(s), v(s))
for sufficiently small s > 0, where ma(s) = ma(my) + o(s), u( ) = 0 — s(w1 + os)),
v(s) = s(p(m1) + o(s)). Here, wy satisfies Liwy = —m10f](z — 0,0)(my). Moreover, let

I= / [44(= — 6,0)(B(mn) — 1) — gh(z — 8,0)B(mn)] B (ma) .
Q

Then the bifurcating solution (u(s),v(s)) is local asymptotically stable if I > 0.
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Let T'; be the positive solution branch bifurcating from (7m2(m1);6,0) (note that the
detail definition of I'; can be found in p. 829 of [29]). Then

Theorem 4.2. Suppose that mi > A\1. Then I'y joins with the semitrivial branch {(mz;0,

Opm,) | ma > o1} at the point (Mm2; 0, O,), where My is given uniquely by my = my(ma).

Proof. As the argument of Theorem 1 in [27], one finds that the conditions of The-
orem 6.4.3 in [13] hold. We define Z = {(u,v) € X : [, —A¢(m1)-vdz =0}, that
is, Z is the complement of span {(w1,?(m1))} in X. Therefore, the continuum I'y; —

{(m2(m1);60,0)} must satisfy one of the three alternatives
(i) joining up with a bifurcation point of the form (mag;6,0) where ma # ma(m;);
(ii) joining up with oo;

(iii) containing points of the form (ma, (u,v)) € R x (Z\ {(0,0)}).

If T'y — {(Mm2(m1);0,0)} C P, where P = {(u,v) € X : uw> 0,v > 0 on Q}, then it is clear
that (i) is impossible. By Lemmas 2 and 5 in [27], we see that 0 < u,v,u+v < z and 0 <
ma < A(mu, ki, ko, B1, B2). Thanks to LP estimates, we find [|ully2.(q) , [[Vlly2s0) < K
for some constant K, which is independent of ms. So I'1 is bounded in R x X and (ii) is
impossible. Furthermore, if 'y — {(M2(m1);6,0)} C P holds, then [, —Av¢(mq)-vdx =
Jom2(m1)g(z — 0,0)¢(my) - vdxz > 0, which implies that (iii) is also impossible. This
proves that I'y — {(m2(m1);0,0)} ¢ P.

The remaining analysis is similar to the proof of Theorem 1 in [27]. Hence, we complete

the whole proof. 0

Remark 4.3. Suppose that mg > o1. Then (71 (m2); 0, ©,y,,) is also a bifurcation point for
(1.3)). Let I's be the positive solution branch bifurcating from (721(m2); 0, Osm,). Then I'y
joins with the semitrivial branch {(m1;6y,,,0) | m1 > A1} at the point (71;65,,0), where

mq is given uniquely by mo = Ma(myq).

4.2. Bifurcation from a double eigenvalue

We begin to establish the existence and stability of positive solutions to ((1.3)) when
(mq,m2) lies in a neighborhood of (A1, 01).
For this, we define a nonlinear mapping H: R xR x X — Y by
Au+muf(z —u—ov,u U
H(mi,mg;U) = uf ) for U = € X.
Av + movg(z —u — v,v) v
It is clear that H(mq,mo;U) = 0 for all my,ma and Hy(A1,01;0) = To(A1,01). For

convenience, we simply write Ty(A1,01) by Tp in the following. Clearly, 0 is a double
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eigenvalue of Ty with the corresponding eigenfunctions ® = (¢1,0)" and ¥ = (0,4;)".
Hence, we see that N(Ty) = span {®, ¥} and dim N(7Tj) = codim R(Tp) = 2. Moreover,
(h1,h2)" € R(Ty) if and only if (hy, ¢1)2 = (ha,¥1)2 = 0.

Obviously, the Crandall-Rabinowitz bifurcation theorem [3] does not work. We now
resort to the techniques of space decomposition and implicit function theorem to deal with
this case.

First, for U = (u,v)" € X, we define the operator P by

PU = (u, ¢1)2® + (v,1)1)2¥

and decompose X as X7 ® Xy with X7 = PX and Xy = (I—P)X. Similarly, we decompose
YasY =Y, @Y, with Yy = PY and Y5, = (I — P)Y. Hence, X; = Y1 = N(Tp),
Xo = R(To) N X and Yy = R(Tp).

Next, we apply the implicit function theorem to look for the solutions of H(my,mg;U)

= 0 in the form:
U = s(cosw® + sinw¥ + W(s)), W(s) = (wi(s),wz(s))" € Xo,

where s,w € R are parameters. Since we are only concerned with positive solutions,
we may restrict w to (0,7/2). For fixed w € (0,7/2), we define a nonlinear mapping
K(a,B,W;8): RxRx Xo xR—Y by
K(o, B,W;s) = s H(M + a(s), o1 + B(s), s(cosw® + sinw¥ + W(s)))
a(coswor +w Z—U—,U
s [eteoson +un) s )
B(sinwihy + we)g(z — u — v,v)

At(coswer +wi)(f(z —u—v,u) — f(2,0))
o1(sinwihy + we)(g(z —u—v,v) — g(2,0))

)

where u = s(cosw¢+wi) and v = s(sinwi); +ws). It is clear that K: RxRx XoxR =Y
is a C'! mapping, which satisfies K (0,0,0;0) = 0. By some calculations, we know that the
Fréchet derivative of K with respect to (a, 8, W) at (0,0, 0;0) is the linear mapping

K (o 5.0)(0,0,0;0)(@, B, W) = oW + (@coswf(2,0)) @ + (Bsinwg(z,0)) ¥,

where (@, 3, W) € R x R x Xo.

To apply the implicit function theorem, we have to verify that K, gw)(0,0,0;0): R x
R x Xo x R — Y is an isomorphism. Suppose that K, (0,0, 0;0)(a, B, W) = 0. Then
we have

ToW + (@ coswf(z,0))® + (Bsinwg(z,0))¥ = 0.
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By the decomposition of Y, we obtain
ToW =0 and (@coswf(z,0))® + (Bsinwg(z,0))¥ = 0.

Note that Ty is an isomorphism from X5 to Y5. Then we get W = 0. Moreover, since
w € (0,7/2) and ® and ¥ are the linearly independent, we see that @ = § = 0. This
implies that K(QBW)(O 0,0;0) is injective. On the other hand, for any (h T ey, we
need to look for (& B, ) € R x R x Xy such that K, z1(0,0,0;0)(a, B, ) (h,k)T.
Making use of the decomposition of Y again, we find that

(h k)" = (h, k1) "+ (ha, ko) T,
where (h1,k1)" € Y1 and (ha, ko) € Ya. Hence, we obtain
ToW = (ha,ks)T and (acoswf(z,0))® + (Bsinwg(z,0)¥ = (hy, ki)'
Since Tp is an isomorphism from X to Y5, we get W = Ty 1(h2, ko). Also
(@coswf(z,0))® + (Bsinwg(z,0)V = (hy, ki) T
is equivalent to @ coswf(z,0)¢1 = hy and Bsinwg(z, 0)y1 = k1, we have
a = (coswf(z,0)¢1) " thy and B= (sinwg(z,0)eh1) Lhy.
Hence, we can find (@,B, /V[7) € R x R x X5 such that
K a,5.1)(0,0,0;0)(@, 5, W) = (h, k)"

which suggests that K, g w)(0,0,0;0) is surjective. Hence, we show that K, g(0,0,0;
0): RxRx X9 x R— Y is an isomorphism.

Therefore, by the implicit function theorem, we derive the existence of continuously
differentiable functions (a(s), B(s),/W?(s)) for sufficiently small s > 0 satisfying a(0) =
B(0) = 0, W(0) = (0,0) and K(a(s),B(s), W(s)) = 0, where W(s) = (@y(s), @1(s))T
satisfies (w1 (s), ¢1)2 = 0 and (wa(s),¢1)2 = 0. Let

(4.1) Mi(s) = A +a(s), ma(s) =01+ B(s),

(4.2) u(s) = s(coswepyr + wi(s)), v(s) = s(sinwihy + wa(s)).
Then we get a curve of non-constant positive solutions of H(mq,mg;U) = 0, which we
denote by (71 (s), Ma(s); U(s)) with U(s) = (@(s),v(s))T.

Therefore, we have the following theorem about the existence of positive solutions to

system (|1.3]).
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Theorem 4.4. (A\1,01;(0,0)) is a bifurcation point of H(mi,me;U) = 0. Moreover, there
exists a curve of non-constant positive solutions (1 (s), s (s); U(s)) of H(ml, mo;U) =0
for sufficiently small s > 0, where my(s), ma(s),u(s),v(s) are given in and (4.2).

Now, we investigate the global structure of bifurcating solutions obtained in Theo-
rem Substituting (71 (s), 71 (s), U(s)) into (L.3) and dividing by s, we have

(4.3)  A(cosweor + wi(s)) + (A1 + a(s))(coswpyr + wi(s)) f(z — u(s) — v(s),u(s)) =0,

(4.4)  A(sinwiy 4+ wa(s)) + (o1 + B(s))(sinwwl + wa(s))g(z — u(s) — v(s),v(s)) = 0.
We differentiate (4.3) with respect to s and set s = 0 to obtain

0 = Aw};(0) + a’(0) coswer f(2,0) + A1) (0)f(z,0)
— A coswey (f1(z,0)(coswey + sinwipy) — f5(z,0) coswer) .

Multiplying by ¢1 and integrating by parts, we get

(4.5) a’(O)/ f(2,0)¢7 de = )\1/ (f1(2,0)(coswey + sinwipy) — f3(2,0) coswepr) ¢ dav.
Q Q

For (4.4)), we differentiate with respect to s and set s = 0 to derive

0= Awy(0) + (O) sin w1 g(z,0) + o1ws(0)g(z,0)
— o1 sinwiy (g1 (2,0)(coswey + sinwipy) — gh(z,0) sinwr ) .

Multiplying by 11 and integrating by parts, we have

@) 50 [

; 9(2,0)¢% de = oy / (91(2,0)(coswer + sinwir) — gh(z,0) sinwip ) Y7 da.

Q

Hence, it follows from (4.5 and (4.6) that

-~

dmg(s)—o1 . B(s) . Bs)  B(0)
o ) = e - M Fe) ~ a0)

! fg(gi z,0)(coswey + sinwipy) — gh(z,0) sinwypr)¢f da

4.7
(4.7) Y fQ(f’ 2,0)(coswey + sinwipr) — f4(z,0) coswe @3 dx
fQ 2,0)¢? dx
fﬂg z,0) ¢1 dx’
Denote the right hand of by /1 (w) and let la(w) = 1/l;(w). Then
o Jo 91(2,0)0197 dz o f( ¢2 dx

e T (B (B s R N £
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and
) _ﬁ. fo{zO¢2¢1das ngsz%daﬂ
w2 o1 foldh(2,0) = ghy(z,0))03 dx [, f(2,0)¢3 dz

By Lemma we find that I'; curve, defined by mg = ma(my), satisfies

(4.8) lim m5(my) = lim Iq (w).

mi —))\1 w—0

Moreover, by Lemma the T'y curve, defined by my = m1(ms2), satisfies

(4.9) lim m)(me) = lim Ils(w).

mo—0o1 w—T/2

In view of (4.8) and (4.9), we see that for any w € (0,7/2) sufficiently close to zero,
(t(s),0(s)) derived in Theorem [4.4] coincides with positive solutions which bifurcating from

~

(0m,,0) at the I'; curve; while, for any w € (0,7/2) sufficiently close to 7/2, (u(s),v(s))
coincides with the positive solution which bifurcates from (0, ©,,,) at the I's curve.

Therefore, we have the following result.

Theorem 4.5. If (m1, mg) lies in the neighborhood of (A1, 01), then (u(s),v(s)) connects

the bifurcation solution from the I'y curve with that from the I's curve.

Finally, we discuss the asymptotic stability of (u(s),v(s)) by the spectral analysis.

Consider the following eigenvalue problem

(4.10) Hy (i (s), iz (s); U(s)x = 7(s)x,

where 7(0) = 0. We will look for the eigenfunction x:

(4.11) X =@ +p¥ + W(s), W(s) = (wi(s),wa(s)) " € Xo,

where p € R will be provided later and W (s) satisfying W( ) = (0,0) can be determined
by the implicit function theorem. Substituting (4.11]) into ) to get

(4.12)
Y(s)(¢1 +w1) = A(g1 +w1) + (M + @)
X (f(z —u—0,0) —ufi(z —a—0,0) +ufs(z — ﬂ—ﬁ,ﬁ)) (¢p1 + 1)
— (M +@)ufi(z — U —0,0)(py1 +W2),

(4.13)
v(8)(pY1 +w2) = A(pyr +W2) + (01 + B)
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Multiplying (4.12)) by ¢1, integrating by parts and using Green’s formula, we derive

Q

(4.14) 1) =) [ F00@r+m)orde+ (-t a(s) [ (V)@ +pw+T0),8),.

For , we get

(2.15) 1y(5) = Bs) [ 0001 + w2 o o+ B(s) [ (N(s)(@ 4+ p0 -+ T, 0),.
Q Q

n and ([.15)), N(s) is given by

N = [F = 10 ~aff
—0g} g — Vg1 + g5 — 9(2,0)
where f(z — ,a), fi(z— ,u), fi(z—u—"0,u) are replace by f, f{, f4 respectively

and g, g1, g5 are snnllar. By and -, for sufficiently small s > 0, we have

SO )\1 fQ (f1(z,0)(coswey + sinwipy) — f4(z,0) coswgbl)gé% dz
als) = fQ 2,0)¢? dz

+ o(s)

and

a1 Jq (¢1(2,0)(coswer + sinwin) — gh(z,0) sinwipy) ¢7 da
Jo 9(2,0)¢7 dx

Moreover, straightforward but tedious calculations show that

B(s) =s +o(s).

(N(s)®,®)y = —s/ (2 coswer f1(2,0) — 2coswpy f4(2,0) + sinwiby f(2,0))d% dx + o(s),
Q

(N(s)P,U)y = /931nw¢1¢1gl(z 0) dz + o(s),

(N(s)U, D)y = s/Qcos w1 f1(z,0) dx + o(s),

(N(S)\Ilv \Il)Z = =S /;)(2 Sinwwlgll (Za 0) - 2Sinw¢1gé(27 O) + cos w(blgll (27 0))¢% dx + O(S)'

Set
(N(5)®,®)y = —say + o(s), (N(5)®, W)y = —sayz + ofs),
(N(s)¥, @) = —sag + o(s), (N(s)¥,U)y = —sags + o(s).
Then
(4.16)

v(s) =s <)\1 /Q(f{(z, 0)(coswey + sinwipy) — f4(z,0) coswqbl)ﬁ dr — May — /\1pa21>

+ o(s),
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(4.17)

py(s) =s (pal / (g1(z,0)(coswey + sinwipy) — gh(2,0) sinwwl)w% dx — o1a12 — alpa22>
Q

+ o(s).
Substituting (4.16)) into (4.17)), we get the following equation about p,
(418) )\10,21]92 + 0p — 01012 + 0(1) =0,

where

0=—\ /Q (f1(z,0)(coswey + sinwipr) — fy(z,0) coswer) % dx + Aa
+ 01 /Q (91(2,0)(cos wr + sinwyn) — g5(2,0) sinwipn ) ¢f dx — orazs.
By the expression of a1; and age, we have
- A1 /Q (f1(z,0)(coswey + sinwipr) — f3(2,0) coswer) % dx + Aa

= Al/Q(f{(z,O) coswer — f5(2,0) coswer ) ¢F dv
and

o1 / (gi (2,0)(coswey + sinwihy) — gh(2,0) sin w@Dl) w% dx — o1a9
Q
=0 / (—d1(2,0)sinwipy + gh(z,0) sinwepy ) Y7 da.
Q
Hence, by a simple rearrangement, we derive

5=\ /Q (f1(2,0) = f5(2,0)) coswei dz + o /Q (95(2,0) — g1 (2,0)) sinwy? dz

1+ 512 . 1+ 622’
_ 3 3
= A1 /Q COS Wy L+ Fn2)? dr — o1 /Q sin wi] (1 + o2 dz.

It follows from (4.18]) that

(4.19) J— 2)\11a21 (—5 + \/52 + 4)\101(121&12) )
Substituting into , we get
(4.20)
v =3 (M [ (560 - A ) eoswotao o [ (6540 - g0 sinwuit da

T V62 + 4/\101a21a12> + o(s)

1 ,312: . 1 ,322
_ g L+bhz 3 1+ 0oz
( A1 /Q coS Wy O+ kr2)? dxr — o1 /Q sin w)y (1 + o2 x

T Vo2 + 4/\101a21a12> + o(s).

IS
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It is noted that Ajoia21a12 > 0 by the expression of as; and a2, and so v+ is real.
Clearly, v— < 0. Thus, we have show the following result.

~

Theorem 4.6. The non-constant positive solution (u(s),v(s)) of H(mi,ma;U) = 0 for
sufficiently small s > 0 is asymptotically stable if v4 < 0, where v+ is given in (4.20)).

Remark 4.7. Note that ¢1,1; are independent of 51 and By. Suppose that 51 and (o are
both large. Then

. 1+ Baz
ajo = / Slnw(bﬂj}% 3
Q

dm</ﬂsinww1(1+k22)2 Z,

1
(1 + kg2)?

1 1+ Bz
2 3
= ——  d — _dx.
as1 /Qcoswqﬁlwl e T < /Qcoswgbl e x
Thus,
1+ piz . 1+ Boz 2
2 3 3
0% +4Mo1a91a12 < </\1 /Q COS Wy 7(1 o) dr + o1 /Q sin wiy TESE dx)

Consequently, we have
M [ ($3(0) = fi(z.0) coswot da + o1 [ (5h(2,0) - g4, 0) sinwis o
Q Q

+1/62 + 4\ o1az1a12
1+ iz . 1+ oz
—\ 3 dr — 3 d
< 1/Qcoswqb1 0+ F12)? x al/ﬂsmmpl 05 hao)? x

1+ 61z ) 14 Baz
A L | 3_— 2R g
+< 1/Qcosw¢1(1+klz)2 x+01/Qsmw¢1 TE e :c>

=0,

and so 74 < 0. Therefore, we see that v4 < 0 if 81 and (B are both large, that is, the

non-constant positive solution (u(s),v(s)) of H(mq,ma;U) = 0 for sufficiently small s > 0

is asymptotically stable when 8; and o are both large.
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