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Mixed, Componentwise Condition Numbers and Small Sample Statistical

Condition Estimation for Generalized Spectral Projections and Matrix Sign

Functions

Wei-Guo Wang, Chern-Shuh Wang*, Yi-Min Wei and Peng-Peng Xie

Abstract. The explicit expressions of mixed and componentwise condition numbers

for the spectral projections, generalized spectral projections and sign functions for

matrices and regular matrix pairs are derived. The condition numbers improve some

known results of the normwise type and reveal the structured perturbations. Sta-

tistical condition estimation is applied to these problems which can be calculated

efficiently.

1. Introduction

We consider the mixed and componentwise condition numbers for the generalized spectral

projections and the sign functions for matrices and regular matrix pairs. It is well known

that the spectral projections and matrix sign functions play an important role in the per-

turbation theory for eigenvalue problems [6,9,16,28,34]. Applying the theory of condition

number developed by Rice [25], the explicit expressions of the normwise case have been

well investigated in [30,31]. A nice survey of the matrix sign function is presented in [18].

The survey introduces some historical background, perturbation theory, and applications

in control problem and in eigenproblems. The computation of matrix sign functions can

be adopted for finding invariant subspaces corresponding to certain eigenvalues and hence

can be applied to solve Riccati and Sylvester equations as well [1,2,12,14,18,22,33]. The

perturbation analysis of the matrix sign function has been studied in [1, 2, 12,18,24,29].
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Let A ∈ Cn×n and U ∈ Cn×n be a unitary matrix. The Schur decomposition [11] is

(1.1) A = U

A11 A12

0 A22

UH , A11 ∈ Cm×m, (m < n).

Assume that the eigenvalues λ(A11) ∩ λ(A22) = ∅, then the Sylvester equation

(1.2) A11X −XA22 = −A12,

has a unique solution X.

Notice that

(1.3) A = U

Im X

0 In−m

A11 0

0 A22

Im X

0 In−m

−1

UH = S

A11 0

0 A22

S−1,

where

(1.4) S = U

Im X

0 In−m

 ≡ [S1, S2], T = S−1 ≡

T1

T2

 , (S1 ∈ Cn×m, T1 ∈ Cm×n).

Let the range spaces R(S1) and R(S2) be the invariant subspaces of A corresponding

to λ(A11) and λ(A22), respectively. The spectral projection of A associated with λ(A11)

is defined by [31]

(1.5) P = S

Im 0

0 0

S−1 = U

Im −X

0 0

UH ,
i.e., the spectral projection P is the projection onto R(S1) along R(S2).

If λ(A11) ∈ C− (eigenvalues in the open left complex plane), λ(A22) ∈ C+ (eigenvalues

in the open right complex plane) in (1.1), then the matrix sign function sign(A) can be

computed by [1, 2, 18,29]

(1.6) sign(A) = U

−Im Y

0 In−m

UH ,
where Y ∈ Cm×(n−m) is the solution of Sylvester equation: A11Y − Y A22 = −2A12.

Let A = ZJZ−1 be the Jordan decomposition of A [11], where

J =

J1 0

0 J2

 , J1 ∈ Cm×m, J2 ∈ C(n−m)×(n−m), (λ(J1) ∈ C−, λ(J2) ∈ C+).
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It is well known that the matrix sign function sign(A) can also be characterized by [2,12,29]

(1.7) sign(A) = Z

−Im 0

0 In−m

Z−1.

Let the regular matrix pair (A,B) of order n have the generalized Schur decomposition

[11]

(1.8) A = Q

A11 A12

0 A22

ZH , B = Q

B11 B12

0 B22

ZH ,
where λ(A11, B11) ∈ C+, λ(A22, B22) ∈ C−, in which we denote λ(A,B) the set of all

eigenvalues of a regular matrix pair (A,B) (i.e., det(A + λB) 6≡ 0 for λ ∈ C) [11]. Two

matrix sign functions of (A,B) can be defined as follows [1, 32,33]:

signL(A,B) = Q

Im −2G

0 −In−m

QH , signR(A,B) = Z

Im −2H

0 −In−m

ZH ,
where G and H are determined by the generalized Sylvester equations [7]

(1.9) A11H −GA22 = −A12, B11H −GB22 = −B12.

It is easy to see that

signL(A,B) = sign(AB−1), signR(A,B) = sign(B−1A).

The normwise condition numbers can often overestimate the actual condition since the

structures of the perturbation are ignored [26]. The mixed and componentwise condition

numbers [10] have been presented for Moore-Penrose inverse and linear least squares prob-

lems [5], the total least squares [35], Tikhonov regularization [4], the generalized Sylvester

equation [23] and symmetric algebraic Riccati equations [36]. In this paper, we investigate

the mixed and componentwise condition numbers of the spectral projection, generalized

spectral projection and two matrix sign functions. While in practical computation, it may

be difficult to estimate these condition numbers. Kenney and Laub [17] developed the

small-sample statistical condition estimates for general matrix functions, which is espe-

cially useful for the case where Fréchet derivative is known implicitly. We apply the idea

of statistical condition estimation to the spectral projections and matrix sign functions.

In Sections 3-6, we derive the mixed and componentwise condition numbers of the

spectral projection, generalized spectral projection and matrix sign functions and obtain

computable upper bounds. The statistical condition estimation will be introduced in

Section 7. In Section 8, we report some numerical results.
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Throughout this paper, we use Cm×n to denote the set of m × n complex matrices,

Rm×n the set of m × n real matrices. AT denotes the transpose of a matrix A, A the

conjugate of a matrix A, and AH = A
T

, the conjugate transpose of A. I stands for the

identity matrix, and 0 denotes the null matrix. ‖·‖F represents the Frobenius norm, ‖·‖max

for the largest one of the absolute values of the entries, and ‖·‖2 the spectral matrix norm

or the Euclidean vector norm. R(A) is the column space of A. λ(A) denotes the set of all

eigenvalues of a square matrix A, and λ(A,B) the set of all eigenvalues of a regular matrix

pair (A,B) [11]. For A = [a1, a2, . . . , an] = (aij) ∈ Rm×n and a matrix B = (bij) ∈ Rp×q,
A ⊗ B = (aijB) ∈ Rmp×nq is a Kronecker product, and vec(A) is a vector defined by

vec(A) = [aT1 , a
T
2 , . . . , a

T
n ]T (see [11,15,27] for properties of the Kronecker product and vec

operation). For the normal distribution with mean µ and variance σ, we denote N(µ, σ2).

2. Preliminaries

To deal with mixed and componentwise condition numbers, the following definition of

“distance” function will be helpful. For any points a, b ∈ Rn, we define a
b = (c1, c2, . . . , cn)T

with

ci =


ai/bi, if bi 6= 0,

0, if ai = bi = 0,

∞, otherwise.

Then we define

d(a, b) =

∥∥∥∥a− bb
∥∥∥∥
∞

= max
i=1,2,...,n

{
|ai − bi|
|bi|

}
.

Note that if d(a, b) <∞,

d(a, b) = min {v ≥ 0 | |ai − bi| ≤ v|bi|, for i = 1, 2, . . . , n} .

The distance of two matrices can be defined as

d(A,B) = d(vec(A), vec(B)).

It is easy to know that ‖vec(A)‖∞ = ‖A‖max.

We recall the definition in [5]. For ε > 0, we denote B0(a, ε) = {x | d(x, a) ≤ ε}. For

a partial function F : Rp → Rq, hereafter, Dom(F ) denotes the domain of F .

Definition 2.1. Let F : Rp → Rq be a continuous mapping defined on an open set

Dom(F ) ⊂ Rp such that 0 6∈ Dom(F ). Let a ∈ Dom(F ) such that F (a) 6= 0.

(i) The mixed condition number of F at a is defined by

m(F ; a) = lim
ε→0

sup
x∈B0(a,ε)

x 6=a

‖F (x)− F (a)‖∞
‖F (a)‖∞

1

d(x, a)
.
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(ii) Suppose that F (a) = (f1(a), f2(a), . . . , fq(a))T is such that fj(a) 6= 0 for j =

1, 2, . . . , q. Then the componentwise condition number of F at a is

c(F ; a) = lim
ε→0

sup
x∈B0(a,ε)

x 6=a

d(F (x), F (a))

d(x, a)
.

The explicit expressions of the mixed and componentwise condition numbers of F at

a are determined by the following lemma.

Lemma 2.2. [10] Suppose F is Fréchet differentiable at a. Then

(a) If F (a) 6= 0, then m(F ; a) =
‖F ′(a) Diag(a)‖∞
‖F (a)‖∞

=
‖|F ′(a)| |a|‖∞
‖F (a)‖∞

(b) If (F (a))i 6= 0 for i = 1, 2, . . . , q, then c(F ; a) =
∥∥Diag(F (a))−1F ′(a) Diag(a)

∥∥
∞ =∥∥∥ |F ′(a)||a|

|F (a)|

∥∥∥
∞

, where Diag(a) is a p × p diagonal matrix with a1, a2, . . . , ap on the

diagonal.

Note that in the rest of this paper, once we deal with componentwise condition num-

bers, we assume that the solution has non-zero components.

3. The spectral projection

Let A be perturbed to Ã = A + ∆A, and the spectral projection P be perturbed to

P̃ = P + ∆P , respectively.

Let

(3.1) Ω = In−m ⊗A11 −AT22 ⊗ Im, Γ = AT11 ⊗ In−m − Im ⊗A22.

If ‖∆A‖F is sufficiently small, then the explicit expression of vec(∆P ) can be approximated

by [31],

(3.2) vec(∆P ) ≈ Φ vec(∆A),

where

(3.3) Φ = (T T2 ⊗ S1)Ω−1(ST2 ⊗ T1) + (T T1 ⊗ S2)Γ−1(ST1 ⊗ T2).

Now we define the mapping

ψP : vec(A)→ vec(P ),

where P is the spectral projection [31].
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The mixed and componentwise condition numbers for the spectral projection P can

be defined as follows:

mP (A) = lim
ε→0

sup
‖∆A

A ‖max
≤ε

‖∆P‖max

‖P‖max

1∥∥∆A
A

∥∥
max

,

cP (A) = lim
ε→0

sup
‖∆A

A ‖max
≤ε

1∥∥∆A
A

∥∥
max

∥∥∥∥∆P

P

∥∥∥∥
max

.

Here B
A is an entrywise division defined by B

A := unvec
(

vec(B)
vec(A)

)
.

Remark 3.1. unvec(a) is an operator which transforms a vector into a matrix with appro-

priate orders.

The main result of this section is the following theorem. It provides explicit expressions

for the mixed and componentwise condition numbers for the spectral projection.

Theorem 3.2. Let ‖∆A‖F be sufficiently small. Using the notations above, we have

(3.4) mP (A) =
‖|Φ| vec(|A|)‖∞
‖vec(P )‖∞

,

(3.5) cP (A) =

∥∥∥∥ |Φ| vec(|A|)
vec(P )

∥∥∥∥
∞
.

Proof. It follows from (3.2) that

ψ′P (A) = Φ.

From (a) of Lemma 2.2, we obtain

mP (A) = m(ψP ; a) =
‖|ψ′P (a)| |a|‖∞
‖ψP (a)‖∞

=
‖|Φ| vec(|A|)‖∞
‖vec(P )‖∞

,

and

cP (A) = c(ψP ; a) =

∥∥∥∥ |Φ| |a||ψP (a)|

∥∥∥∥
∞

=

∥∥∥∥ |Φ| vec(|A|)
vec(P )

∥∥∥∥
∞
.

Theorem 3.2 presents explicit expressions for the condition numbers mP (A) and cP (A).

But they will not be easy to compute due to their dependance on the Kronecker products.

In order to obtain the easier computable upper bounds, we list the following lemma.

Lemma 3.3. For any matrices M,N,P,Q,R, and S with dimensions making the following

well defined

(M ⊗N)P (Q⊗R) vec(S), N
(
vec−1(P vec(RSQT ))

)
MT ,

let Y = unvec(P vec(RSQT )). Then we have

(M ⊗N)P (Q⊗R) vec(S) = vec
(
NYMT

)
.
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Proof. Using the Kronecker product, this lemma is easy to prove.

The following corollary displays upper bounds which are not difficult to estimate for

these condition numbers.

Corollary 3.4. In the hypothesis of Theorem 3.2, we have

(3.6) mP (A) ≤
‖|S1|Y1 |T2|+ |S2|Y2 |T1|‖max

‖P‖max

,

(3.7) cP (A) ≤
∥∥∥∥ |S1|Y1 |T2|+ |S2|Y2 |T1|

|P |

∥∥∥∥
max

,

where Y1 = unvec
(∣∣Ω−1

∣∣ vec(|T1| |A| |S2|)
)
, Y2 = unvec

(∣∣Γ−1
∣∣ vec(|T2| |A| |S1|)

)
.

Proof. Using Theorem 3.2 and Lemma 3.3, it is obvious that

|Φ| vec(|A|) =
∣∣(T T2 ⊗ S1)Ω−1(ST2 ⊗ T1) + (T T1 ⊗ S2)Γ−1(ST1 ⊗ T2)

∣∣ vec(|A|)

≤
∣∣(T T2 ⊗ S1)

∣∣ ∣∣Ω−1
∣∣ ∣∣(ST2 ⊗ T1)

∣∣ vec(|A|)

+
∣∣(T T1 ⊗ S2)

∣∣ ∣∣Γ−1
∣∣ ∣∣(ST1 ⊗ T2)

∣∣ vec(|A|)

≤
∣∣(T T2 ⊗ S1)

∣∣ ∣∣Ω−1
∣∣ vec(|T1||A||S2|) +

∣∣(T T1 ⊗ S2)
∣∣ ∣∣Γ−1

∣∣ vec(|T2||A||S1|)

=
∣∣(T T2 ⊗ S1)

∣∣ vec(Y1) +
∣∣(T T1 ⊗ S2)

∣∣ vec(Y2)

= vec(|S1|Y1 |T2|) + vec(|S2|Y2 |T1|).

Taking norms (and dividing by P ), the corollary follows.

4. The generalized spectral projection

Let (A,B) be a regular matrix pair, U and V be unitary matrices. The generalized Schur

decomposition [11] is

(4.1) A = V

A11 A12

0 A22

UH , B = V

B11 B12

0 B22

UH ,
where A11, B11 ∈ Cm×m (m < n) [11]. Suppose that λ(A11, B11) ∩ λ(A22, B22) = ∅, then

the generalized Sylvester equation [7, 23]

A11M −NA22 = −A12,

B11M −NB22 = −B12,
(4.2)
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has a unique solution (M,N). Let

(4.3)

S = U

Im M

0 In−m

 ≡ [S1, S2], T = S−1 ≡

T1

T2

 , (S1, T
T
1 ∈ Cn×m),

Q = V

Im N

0 In−m

 ≡ [Q1, Q2], R = Q−1 ≡

R1

R2

 , (Q1, R
T
1 ∈ Cn×m).

Then we obtain

(4.4) Q−1AS =

A11 0

0 A22

 , Q−1BS =

B11 0

0 B22

 ,
which indicates that R(S1) and R(Q1) are the right and left deflating subspaces of (A,B)

corresponding to λ(A11, B11) [27,30].

The generalized spectral projections Pr and Pl of (A,B) associated with λ(A11, B11)

are defined by [27,30]

Pr = S

Im 0

0 0

S−1 = U

Im −M

0 0

UH ,
Pl = Q

Im 0

0 0

Q−1 = V

Im −N

0 0

V H ,

(4.5)

i.e., the generalized spectral projections Pr and Pl are the projections onto R(S1) and

R(Q1) along R(S2) and R(Q2), respectively.

Let the matrix pair (A,B) be perturbed to (Ã, B̃) = (A,B) + (∆A,∆B), and the

generalized spectral projections Pr be perturbed to P̃r = Pr+∆Pr and Pl to P̃l = Pl+∆Pl.

Assume that ‖(∆A,∆B)‖F is sufficiently small. Let

(4.6) Ω = BT
22 ⊗A11 −AT22 ⊗B11, Γ = AT11 ⊗B22 −BT

11 ⊗A22,

(4.7)

 −(BT
22 ⊗ Im)Ω−1 (AT22 ⊗ Im)Ω−1

−(In−m ⊗B11)Ω−1 (In−m ⊗A11)Ω−1

 ≡
D11 D12

D21 D22

 ,
and

(4.8)

−(BT
11 ⊗ In−m)Γ−1 (AT11 ⊗ In−m)Γ−1

−(Im ⊗B22)Γ−1 (Im ⊗A22)Γ−1

 ≡
C11 C12

C21 C22

 .
Then the explicit expressions of vec(∆Pr) and vec(∆Pl) are approximated in [30],

(4.9) vec(∆Pr) ≈ [Φ11,Φ12]

vec(∆A)

vec(∆B)

 ,
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and

(4.10) vec(∆Pl) ≈ [Φ21,Φ22]

vec(∆A)

vec(∆B)

 ,
where

(4.11) Φ1j = (T T2 ⊗ S1)D1j(S
T
2 ⊗R1)− (T T1 ⊗ S2)C1j(S

T
1 ⊗R2), (j = 1, 2),

and

(4.12) Φ2j = (RT2 ⊗Q1)D2j(S
T
2 ⊗R1)− (RT1 ⊗Q2)C2j(S

T
1 ⊗R2), (j = 1, 2).

Now we define the mappings

ψPr : vec(A,B)→ vec(Pr), ψPl
: vec(A,B)→ vec(Pl),

where Pr and Pl are the generalized spectral projections.

The following main result provides explicit expressions for the mixed and component-

wise condition numbers for the generalized spectral projections.

Theorem 4.1. Let ‖(∆A,∆B)‖F be sufficiently small. Using the notations above, we

have

(4.13) mPr(A) =

∥∥∥∥∥∥|[Φ11,Φ12]|

vec(|A|)

vec(|B|)

∥∥∥∥∥∥
∞

‖vec(Pr)‖∞
, mPl

(A) =

∥∥∥∥∥∥|[Φ21,Φ22]|

vec(|A|)

vec(|B|)

∥∥∥∥∥∥
∞

‖vec(Pl)‖∞
,

(4.14) cPr(A) =

∥∥∥∥∥∥∥∥∥∥∥∥

|[Φ11,Φ12]|

vec(|A|)

vec(|B|)


vec(Pr)

∥∥∥∥∥∥∥∥∥∥∥∥
∞

, cPl
(A) =

∥∥∥∥∥∥∥∥∥∥∥∥

|[Φ21,Φ22]|

vec(|A|)

vec(|B|)


vec(Pl)

∥∥∥∥∥∥∥∥∥∥∥∥
∞

.

Proof. It follows from (4.9) that ψ′Pr
(A,B) = [Φ11,Φ12]. From (a) of Lemma 2.2, we

obtain

mPr(A,B) = m(ψPr ; a) =

∥∥∣∣ψ′Pr
(a)
∣∣ |a|∥∥∞

‖ψPr(a)‖∞
=

|[Φ11,Φ12]|

vec(|A|)

vec(|B|)


∞

‖vec(Pr)‖∞
,
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and

cPr(A,B) = c(ψPr ; a) =

∥∥∥∥ |Φ| |a||ψPr(a)|

∥∥∥∥
∞

=

∥∥∥∥∥∥∥∥∥∥∥∥

|[Φ11,Φ12]|

vec(|A|)

vec(|B|)


vec(Pr)

∥∥∥∥∥∥∥∥∥∥∥∥
∞

.

In a similar way, the remainder part of the theorem follows.

Theorem 4.1 presents explicit expressions for the mixed and componentwise condition

numbers for the generalized spectral projections. The following corollary gives upper

bounds which are convenient to compute for these condition numbers.

Corollary 4.2. Based on the hypothesis of Theorem 4.1, we have

(4.15) mPr(A) ≤
‖|S1|(Y11 + Y12)|T2|+ |S2|(Z11 + Z12)|T1|‖max

‖Pr‖max

,

(4.16) mPl
(A) ≤

‖|Q1|(Y21 + Y22)|R2|+ |Q2|(Z21 + Z22)|R1|‖max

‖Pl‖max

,

(4.17) cPr(A) ≤
∥∥∥∥ |S1|(Y11 + Y12)|T2|+ |S2|(Z11 + Z12)|T1|

|Pr|

∥∥∥∥
max

,

(4.18) cPl
(A) ≤

∥∥∥∥ |Q1|(Y21 + Y22)|R2|+ |Q2|(Z21 + Z22)|R1|
|Pl|

∥∥∥∥
max

,

where Yij = unvec(Yij), Zij = unvec(Zij), (i, j = 1, 2), withY11 + Y12

Y21 + Y22

 =

|D11| |D12|

|D21| |D22|

vec(|R1| |A| |S2|)

vec(|R1| |B| |S2|)

 ,
Z11 + Z12

Z21 + Z22

 =

|C11| |C12|

|C21| |C22|

vec(|R2| |A| |S1|)

vec(|R2| |B| |S1|)

 .
Proof. The inequalities can be proved similarly as Corollary 3.4.

5. The matrix sign function

Let A = XJX−1 be the Jordan decomposition of A ∈ Cn×n. Moreover, let ∆A ∈ Cn×n

be

∆A = XFX−1, F =

F11 F12

F21 F22

 , F11 ∈ Cm×m.
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If ‖∆A‖ is sufficiently small for a consistent norm ‖·‖, then it holds [29]

sign(A+ ∆A) = sign(A) +X

 0 L1

−2K1 0

X−1 + O(‖∆A‖2),

where K1 and L1 are determined by two Sylvester equations

K1J1 − J2K1 = F21, J1L1 − L1J2 = −2F12.

Denote

∆sign(A) = sign(A+ ∆A)− sign(A), Lsign(A,∆A) = X

 0 L1

−2K1 0

X−1.

Let X = [X1, X2], Y = X−H = [Y1, Y2], where X1, Y1 ∈ Cn×m. From [29, Eqn. (3.26)], we

know that

(5.1) vec(Lsign(A,∆A)) = Ψ vec(∆A),

where

Ψ = −2
[
(Y 1 ⊗X2)(JT1 ⊗ In−m − Im ⊗ J2)−1(XT

1 ⊗ Y H
2 )

+ (Y 2 ⊗X1)(In−m ⊗ J1 − JT2 ⊗ Im)−1(XT
2 ⊗ Y H

1 )
]
.

Now we define the mapping

ψsign : vec(A)→ vec(sign(A)),

where sign(A) is the matrix sign function.

The mixed and componentwise condition numbers of the matrix sign function sign(A)

are defined as follows:

msign(A) = lim
ε→0

sup
‖∆A

A ‖max
≤ε

‖∆sign(A)‖max

‖sign(A)‖max

1∥∥∆A
A

∥∥
max

,

csign(A) = lim
ε→0

sup
‖∆A

A ‖max
≤ε

1

‖∆A
A ‖max

∥∥∥∥∆sign(A)

sign(A)

∥∥∥∥
max

.

The following theorem derives explicit expressions for the condition numbers for the

matrix sign function.

Theorem 5.1. Let ‖∆A‖F be sufficiently small. Then

(5.2) msign(A) =
‖|Ψ| vec(|A|)‖∞
‖vec(sign(A))‖∞

,
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(5.3) csign(A) =

∥∥∥∥ |Ψ| vec(|A|)
vec(sign(A))

∥∥∥∥
∞
,

where

Ψ = −2
[
(Y 1 ⊗X2)(JT1 ⊗ In−m − Im ⊗ J2)−1(XT

1 ⊗ Y H
2 )

+ (Y 2 ⊗X1)(In−m ⊗ J1 − JT2 ⊗ Im)−1(XT
2 ⊗ Y H

1 )
]
.

Proof. It follows from (5.1) that ψ′P (A) = Ψ. From (a) of Lemma 2.2, we obtain

msign(A) = m(ψsign; a) =

∥∥∥∣∣∣ψ′sign(a)
∣∣∣ |a|∥∥∥

∞
‖ψsign(a)‖∞

=
‖|Ψ| vec(|A|)‖∞
‖vec(sign(A))‖∞

,

and

csign(A) = c(ψsign; a) =

∥∥∥∥ |Ψ| |a||ψsign(a)|

∥∥∥∥
∞

=

∥∥∥∥ |Ψ| vec(|A|)
vec(sign(A))

∥∥∥∥
∞
.

Theorem 5.1 reveals explicit expressions for the condition numbers msign(A) and

csign(A). The following corollary presents computable upper bounds for these condition

numbers.

Corollary 5.2. Based on the hypothesis of Theorem 5.1, we have

(5.4) msign(A) ≤
∥∥2(|X2|W1

∣∣Y H
1

∣∣+ |X1|W2

∣∣Y T
2

∣∣)∥∥
max

‖sign(A)‖max

,

(5.5) csign(A) ≤

∥∥∥∥∥2(|X2|W1

∣∣Y H
1

∣∣+ |X1|W2

∣∣Y T
2

∣∣)
| sign(A)|

∥∥∥∥∥
max

,

where

W1 = unvec
(∣∣(JT1 ⊗ In−m − Im ⊗ J2)−1

∣∣ vec(
∣∣Y H

2

∣∣ |A| |X1|)
)
,

W2 = unvec
(∣∣(In−m ⊗ J1 − JT2 ⊗ Im)−1

∣∣ vec(
∣∣Y H

1

∣∣ |A| |X2|)
)
.

Proof. Using Theorem 5.1 and Lemma 3.3, it is easy to see that

|Ψ| vec(|A|) =
∣∣−2

[
(Y 1 ⊗X2)(JT1 ⊗ In−m − Im ⊗ J2)−1(XT

1 ⊗ Y H
2 )

+ (Y 2 ⊗X1)(In−m ⊗ J1 − JT2 ⊗ Im)−1(XT
2 ⊗ Y H

1 )
]∣∣ vec(|A|)

≤ 2
[∣∣(Y 1 ⊗X2)(JT1 ⊗ In−m − Im ⊗ J2)−1

∣∣ vec(
∣∣Y H

2

∣∣ |A| |X1|)

+
∣∣(Y 2 ⊗X1)(In−m ⊗ J1 − JT2 ⊗ Im)−1

∣∣ vec(
∣∣Y H

1

∣∣ |A| |X2|)
]

≤ 2
[∣∣Y 1 ⊗X2

∣∣ vec(W1) +
∣∣Y 2 ⊗X1

∣∣ vec(W2)
]

= 2
(
|X2|W1

∣∣Y H
1

∣∣+ |X1|W2

∣∣Y T
2

∣∣) .
Taking norms (and dividing by sign(A)), it proves the corollary.
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6. The sign functions of regular matrix pairs

The following theorem is a direct result of [3, Theorem 3.1].

Theorem 6.1. Let the regular matrix pair (A,B) have the generalized Schur decomposi-

tion (1.8). Moreover, let E,F ∈ Cn×n be expressed by

(6.1) E = Q

E11 E12

0 E22

ZH , F = Q

F11 F12

0 F22

ZH .
If ‖[E,F ]‖ is sufficiently small for a consistent norm ‖·‖, then

signL(A+ E,B + F ) = signL(A,B) + 2Q

GP1 −G1

P1 −P1G

QH + O(‖[E,F ]‖2),

signR(A+ E,B + F ) = signR(A,B) + 2Z

HK1 −H1

K1 −K1H

ZH + O(‖[E,F ]‖2),

(6.2)

where G,H,P1,K1 and G1, H1 are determined by two generalized Sylvester equations (1.9)

and

P1A11 −A22K1 = E21,

P1B11 −B22K1 = F21,
(6.3)

and

A11H1 −G1A22 = G(E22 − P1A12)− (E11 +A12K1)H − E12,

B11H1 −G1B22 = G(F22 − P1B12)− (F11 +B12K1)H − F12,
(6.4)

respectively.

The above theorem shows that the Fréchet derivatives LsignL
((A,B), (E,F )) and

LsignR
((A,B), (E,F )) for the two matrix sign functions of (A,B) can be expressed by

LsignL
((A,B), (E,F )) = 2Q

GP1 −G1

P1 −P1G

QH ,
LsignR

((A,B), (E,F )) = 2Z

HK1 −H1

K1 −K1H

ZH .
(6.5)

Let Q = [Q1, Q2], Z = [Z1, Z2], where Q1, Z1 ∈ Cn×m. Then

LsignL
((A,B), (E,F )) = 2

(
Q1GP1Q

H
1 −Q1G1Q

H
2 +Q2P1Q

H
1 −Q2P1GQ

H
2

)
,

LsignR
((A,B), (E,F )) = 2

(
Z1HK1Z

H
1 − Z1H1Z

H
2 + Z2K1Z

H
1 − Z2K1HZ

H
2

)
.
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So we have

vec(LsignL
((A,B), (E,F ))) = 2

[
Q1 ⊗ (Q1G) +Q1 ⊗Q2 − (Q2G

T )⊗Q2

]
vec(P1)

− 2(Q2 ⊗Q1) vec(G1),

vec(LsignR
((A,B), (E,F ))) = 2

[
Z1 ⊗ (Z1H) + Z1 ⊗ Z2 − (Z2H

T )⊗ Z2

]
vec(K1)

− 2(Z2 ⊗ Z1) vec(H1).

(6.6)

Denote

T =

In−m ⊗A11 −AT22 ⊗ Im
In−m ⊗B11 −BT

22 ⊗ Im

 , S =

AT11 ⊗ In−m −Im ⊗A22

BT
11 ⊗ In−m −Im ⊗B22

 ,
T−1 =

T1

T2

 , S−1 =

S11 S12

S21 S22

 ,
where T11, S11 ∈ Cm(n−m)×m(n−m). Thus from (6.3) and (6.4), we havevec(P1)

vec(K1)

 = S−1

vec(E21)

vec(F21)

 =

S11(ZT1 ⊗QH2 )

S21(ZT1 ⊗QH2 )

 vec(E) +

S12(ZT1 ⊗QH2 )

S22(ZT1 ⊗QH2 )

 vec(F )

and vec(H1)

vec(G1)

 = T−1

vec(G(E22 − P1A12)− (E11 +A12K1)H − E12)

vec(G(F22 − P1B12)− (F11 +B12K1)H − F12)


= T−1M vec(E) + T−1N vec(F )

=

T1

T2

M vec(E) +

T1

T2

N vec(F ).

We take

M =

ZT
2 ⊗ (GQH

2 )− (HTZT
1 )⊗QH

1 − ZT
2 ⊗QH

1 − (AT
12 ⊗G)S11(ZT

1 ⊗QH
2 )− (HT ⊗A12)S21(ZT

1 ⊗QH
2 )

−(BT
12 ⊗G)S11(ZT

1 ⊗QH
2 )− (HT ⊗B12)S21(ZT

1 ⊗QH
2 )

 ,
N =

 −(AT
12 ⊗G)S12(ZT

1 ⊗QH
2 )− (HT ⊗A12)S22(ZT

1 ⊗QH
2 )

ZT
2 ⊗ (GQH

2 )− (HTZT
1 )⊗QH

1 − ZT
2 ⊗QH

1 − (BT
12 ⊗G)S12(ZT

1 ⊗QH
2 )− (HT ⊗B12)S22(ZT

1 ⊗QH
2 )

 .
Hence

vec(LsignL
((A,B), (E,F ))) = [L1, L2]

vec(E)

vec(F )

 ,
vec(LsignR

((A,B), (E,F ))) = [L3, L4]

vec(E)

vec(F )

 ,
(6.7)
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where

L1 = 2
[
Q1 ⊗ (Q1G) +Q1 ⊗Q2 − (Q2G

T )⊗Q2

]
S11(ZT1 ⊗QH2 )− 2(Q2 ⊗Q1)T2M,

L2 = 2
[
Q1 ⊗ (Q1G) +Q1 ⊗Q2 − (Q2G

T )⊗Q2

]
S12(ZT1 ⊗QH2 )− 2(Q2 ⊗Q1)T2N,

L3 = 2
[
Z1 ⊗ (Z1H) + Z1 ⊗ Z2 − (Z2H

T )⊗ Z2

]
S21(ZT1 ⊗QH2 )− 2(Z2 ⊗ Z1)T1M,

L4 = 2
[
Z1 ⊗ (Z1H) + Z1 ⊗ Z2 − (Z2H

T )⊗ Z2

]
S22(ZT1 ⊗QH2 )− 2(Z2 ⊗ Z1)T1N.

Similarly, we obtain the mixed and componentwise condition numbers for the sign

functions of regular matrix pairs.

Theorem 6.2. Let ‖(E,F )‖F be sufficiently small. Using the notations above, we have

(6.8) msignL
((A,B)) =

∥∥∥∥∥∥|[L1, L2]|

vec(|A|)

vec(|B|)

∥∥∥∥∥∥
∞

‖vec(signL((A,B)))‖∞
, csignL

((A,B)) =

∥∥∥∥∥∥∥∥∥∥∥∥

|[L1, L2]|

vec(|A|)

vec(|B|)


vec(signL((A,B)))

∥∥∥∥∥∥∥∥∥∥∥∥
∞

,

(6.9) msignR
((A,B)) =

∥∥∥∥∥∥|[L3, L4]|

vec(|A|)

vec(|B|)

∥∥∥∥∥∥
∞

‖vec(signR((A,B)))‖∞
, csignR

((A,B)) =

∥∥∥∥∥∥∥∥∥∥∥∥

|[L3, L4]|

vec(|A|)

vec(|B|)


vec(signR((A,B)))

∥∥∥∥∥∥∥∥∥∥∥∥
∞

.

7. Statistical condition estimation

Since an estimate of the condition number that is correct to within a factor 10 is usually

acceptable [13], we can often tolerate errors in the estimate up to a factor of 10 or a factor

that is a little bit bigger. In fact, we are interested in the magnitude of an error bound, not

a precise value. Statistical condition estimate (SCE) proposed by Kenney and Laub [17]

is an efficient method to estimate the condition numbers [8, 19–21].

7.1. Brief review of SCE

Suppose that f : Rp → R is at least twice continuously differentiable. Denote the gradient

of f at x ∈ Rp by ∇f(x) =
(
∂f(x)
∂x1

, ∂f(x)
∂x2

, . . . , ∂f(x)
∂xp

)T
, then using the first order of Taylor

expansion of f at x along d, we have

f(x+ δd) = f(x) + δ∇f(x)Td+ O(δ2),

where δ ∈ R is small and d ∈ Rp has unit 2-norm. It shows that the norm of the

gradient can measure the local sensitivity of f approximately. If d is selected uniformly
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and randomly from the unit sphere Sp−1 in Rp, which is denoted by d ∈ U(Sp−1). Then

from [17], the expected value of the condition estimator ν =
|(∇f(x))T d|

ωp
satisfies that

E(ν) = ‖∇f(x)‖2 ,

where ωp is the Wallis factor

ωp =



1, for p ≡ 1,

2
π , for p ≡ 2,

1·3·5···(p−2)
2·4·6···(p−1) , for odd p > 2,

2
π

2·4·6···(p−2)
1·3·5···(p−1) , for even p > 2,

and for γ > 1 we have

Prob

(
‖∇f(x)‖2

γ
≤ ν ≤ γ ‖∇f(x)‖2

)
≥ 1− 2

πγ
+ O

(
1

γ2

)
.

Therefore, we can use the absolute value∣∣∣∣f(x+ δd)− f(x)

δωp

∣∣∣∣
as a first order condition estimator, which can estimate ‖∇f(x)‖2 with high probability

for the function f at x. In practice, the Wallis factor can be approximated accurately [17]

by

(7.1) ωp ≈
√

2

π
(
p− 1

2

) .
In situations where we need more reliability, we use more function evaluations to get

different values ν(1), ν(2), . . . , ν(m) corresponding to independently randomly generated

vectors d(1), d(2), . . . , d(m) ∈ U(Sp−1) and then take the average

ν(m) ≡ ν(1) + ν(2) + · · ·+ ν(m)

m
.

(Here we use superscripts in parentheses to distinguish between different vectors)

This is the so called “averaged small-sample statistical method” and we can show

that [17] for γ > 1

Prob

(
‖∇f(x)‖2

γ
≤ ν(m) ≤ γ ‖∇f(x)‖2

)
≥ 1− 1

m!

(
2m

πγ

)m
+ O

(
1

γm+1

)
.

Thus ν(m) is a mth-order condition estimator.
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Compared with this method, the subspace statistical method can give sharper esti-

mates. Firstly, select k vectors from U(Sp−1) and find mutually orthonormal vectors

d1, d2, . . . , dk by using a Gram-Schmidt procedure or a QR decomposition [11]. Thus

the norm of the projection of ∇f(x) onto the span of d1, d2, . . . , dk is (
∣∣∇f(x)Td1

∣∣2 +∣∣∇f(x)Td2

∣∣2 + · · ·+
∣∣∇f(x)Tdk

∣∣2)1/2. From [17], we know that

E

(
ωk
ωp

√
|∇f(x)Td1|2 + |∇f(x)Td2|2 + · · ·+ |∇f(x)Tdk|2

)
= ‖∇f(x)‖2 .

Therefore, we can define the subspace condition estimator as

ξ(k) =
ωk
ωp

√
|∇f(x)Td1|2 + |∇f(x)Td2|2 + · · ·+ |∇f(x)Tdk|2.

As shown in [17], these condition estimators give better results than the averaged statistical

estimators and are analytically very tractable.

From [17, Theorem 3.3], we find

Prob

(
‖∇f(x)‖2

γ
≤ ξ(2) ≤ γ ‖∇f(x)‖2

)
≈ 1− π

4γ2
,

Prob

(
‖∇f(x)‖2

γ
≤ ξ(3) ≤ γ ‖∇f(x)‖2

)
≈ 1− 32

3π2γ3
,

Prob

(
‖∇f(x)‖2

γ
≤ ξ(4) ≤ γ ‖∇f(x)‖2

)
≈ 1− 81π2

512γ4
.

These estimates are generally very accurate for γ ≥ 10.

7.2. SCE for the spectral projection

Take ∆A = δÂ, where
∥∥∥Â∥∥∥

F
= 1 and δ is sufficiently small. Denote

S−1ÂS =

∆A11 ∆A12

∆A21 ∆A22

 , ∆A11 ∈ Cm×m.

Obviously we can see that ‖∆Aij‖F ≤
∥∥∥S−1ÂS

∥∥∥
F
≤
∥∥S−1

∥∥
F
‖S‖F , which implies that

‖∆Aij‖F = O(1). From [31], we know that

∆P = S

 EF (Im − EF )−1 −E − EF (Im − EF )−1E

F + FEF (Im − EF )−1 −F (Im − EF )−1E

S−1,

where E and F are the solutions to the two Sylvester equations:

A11E − EA22 = −δ∆A12 + δE∆A22 − δ∆A11E + δE∆A21E,

A22F − FA11 = −δ∆A21 + δF∆A11 − δ∆A22F + δF∆A12F,
(7.2)
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and satisfy

‖E‖F = O(δ), ‖F‖F = O(δ), as δ → 0.

So ∆P has the first order perturbation expansion

∆P ≈ δS

0 −Ê

F̂ 0

S−1,

where Ê and F̂ can be derived by solving the two Sylvester equations:

A11Ê − ÊA22 = −∆A12,

A22F̂ − F̂A11 = −∆A21.
(7.3)

In practice, let a(1), a(2), . . . , a(k) be orthonormal vectors of length p = n2 such that their

span is uniformly and randomly generated from the space of all k-dimensional subspaces

of Rn. Form the matrices Âi = unvec(a(i)) and we then define the subspace condition

estimators for each entry of P by

ξij(k) =
ωk
ωp

√(
K

(1)
ij

)2
+
(
K

(2)
ij

)2
+ · · ·+

(
K

(k)
ij

)2
,

where K(l) is given by

K(l) = S

 0 −Ê(l)

F̂ (l) 0

S−1.

Based on the above analysis, we now present the SCE algorithm for the spectral projection.

Algorithm 7.1 (Subspace condition estimation for the spectral projection).

1. Generate matrices A1,A2, . . . ,Ak with entries in N(0, 1). Use a QR factorization

for the matrix [
vec(A1) vec(A2) · · · vec(Ak)

]
and form an orthonormal matrix [q1, q2, . . . , qk]. Each qi can be converted into the

desired matrices Ai with the unvec operation.

2. Let p = n2. Approximate ωp and ωk using (7.1).

3. For l = 1, 2, . . . , k, solve (7.3) to get Ê(l), F̂ (l) and form K(l). Calculate the absolute

condition matrix

ξ(k) =
ωk
ωp

√∣∣K(1)
∣∣2 +

∣∣K(2)
∣∣2 + · · ·+

∣∣K(k)
∣∣2,

where the square root and power operation are performed componentwise.
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In Algorithm 7.1, we generate matrices A1,A2, . . . ,Ak in N(0, 1) instead of U(Sp−1),

which is based on the fact that the vector z = z/‖z‖2 ∈ U(Sp−1) if z ∈ N(0, 1). Specifically,

to get a basis for a subspace of dimension m that is selected uniformly and randomly from

the set of all subspaces of dimension m in Rn, it is sufficient to generate m independent

vectors uniformly and randomly on Sn−1 and then find an orthonormal basis for these

vectors [17]. Now we can define the normwise, mixed and componentwise condition number

as follows:

(7.4)

nSCE,(k)
sp = ‖ξ(k)‖F /‖P‖F , mSCE,(k)

sp = ‖ξ(k)‖max /‖P‖max , cSCE,(k)
sp = ‖ξ(k)/P‖max .

7.3. SCE for the generalized spectral projections

Take ∆A = δÂ, ∆B = δB̂, where
∥∥∥[Â, B̂]∥∥∥

F
= 1. Denote

Q−1ÂS =

∆A11 ∆A12

∆A21 ∆A22

 , Q−1B̂S =

∆B11 ∆B12

∆B21 ∆B22

 , ∆A11,∆B11 ∈ Cm×m.

Using the similar technique, we obtain

∆Pr ≈ δS

0 −Ĝ

Ĥ 0

S−1, ∆Pl ≈ δQ

0 −Ĵ

L̂ 0

Q−1,

where Ĝ, Ĥ, Ĵ and L̂ satisfy that

(7.5)
A11Ĝ− ĴA22 = −∆A12, B11Ĝ− ĴB22 = −∆B12,

A22Ĥ − L̂A11 = −∆A21, B22Ĥ − L̂B11 = −∆B21.

The statistical condition estimation for the generalized spectral projections can be derived

similarly. Hence we can obtain the condition numbers.

7.4. SCE for the matrix sign function

The analysis in this subsection is based on [2, Theorem 3.2]. Taking ∆A = δÂ with∥∥∥Â∥∥∥
F

= 1 and δ sufficiently small, we partition Â conformally as

UHÂU =

∆A11 ∆A12

∆A21 ∆A22

 .
Then ∆sign(A) has the first order expansion

∆sign(A) ≈ δU

Y Ẽ21 2Ẽ12 − Y Ẽ21Y
2

2Ẽ21 −Ẽ21Y

UH ,
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where Ẽ21 and Ẽ12 satisfy

A22Ẽ21 − Ẽ21A11 = ∆A21,

Ẽ12A22 −A11Ẽ12 = ∆A12 −
Y∆A22

2
+

∆A11Y

2
− Y∆21Y

4
.

(7.6)

The condition numbers of the matrix sign function can be derived similarly.

8. Numerical examples

All computations are performed in matlab 7.12, with the usual double precision and the

floating point accuracy is 2.22×10−16. We now use three numerical examples to illustrate

our results of Sections 3–7.

Example 8.1. Consider the matrix

A = U

A11 A12

0 A22

UT ,
where the orthogonal matrix U is chosen to be the unitary factor of QR factorization of

a matrix with entries chosen to randomly uniformly distributed in the interval [0, 1]. Let

A11 =


1 1 0

0 1 1

0 0 1

 , A12 =


10l 1 0 0 0

−1 10l 1 0 0

0 −1 10l 1 0

 ,
and

A22 =



1− 10−k 1 0 0 0

0 1− 10−k 1 0 0

0 0 1− 10−k 1 0

0 0 0 1− 10−k 1

0 0 0 0 1− 10−k


.

This example is originally arising from [30]. The target spectral projection P of A is

corresponding to the triple eigenvalue 1. The computed condition numbers are listed in

Tables 8.1–8.6.

l\k -1 0 1 2

0 1.2097e-001 1.9917e+002 1.0849e+014 2.0474e+027

1 3.1520e-001 1.7467e+004 1.9624e+014 7.7607e+026

2 2.0708e+001 1.7980e+006 9.7305e+016 2.0001e+027

3 2.0590e+003 1.8039e+008 1.1087e+019 9.6443e+029

Table 8.1: The absolute condition number cabs(P ) in [30, Eqn. (2.23)].
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l\k -1 0 1 2

0 1.4154e+000 1.7123e+002 1.0585e+008 1.9279e+015

1 3.4275e+000 7.6358e+003 1.7543e+009 2.9487e+015

2 2.0705e+002 7.0351e+005 6.7218e+011 1.7327e+017

3 2.0555e+004 6.9934e+007 6.4911e+013 6.6815e+019

Table 8.2: The relative condition number crel(P ) in [30, Eqn. (2.23)].

l\k -1 0 1 2

0 9.9394e-001 1.2841e+002 8.0650e+007 9.1299e+014

1 3.1290e+000 5.5280e+003 1.0625e+009 1.5370e+015

2 2.8411e+002 4.4438e+005 4.0703e+011 1.2084e+017

3 3.3187e+004 3.4991e+007 3.4447e+013 3.7777e+019

Table 8.3: The mixed condition number mP (A) in (3.4).

l\k -1 0 1 2

0 3.0528e+001 3.2737e+003 2.2567e+008 1.1403e+015

1 6.1359e+001 3.9940e+005 1.2467e+009 1.8935e+015

2 8.1988e+003 1.4488e+007 4.5762e+011 1.2889e+017

3 6.4062e+005 3.8123e+010 4.0801e+013 3.8488e+019

Table 8.4: The upper bound of mixed condition number mP (A) in (3.6).

l\k -1 0 1 2

0 4.6966e+000 5.4408e+002 1.6475e+009 1.2134e+016

1 1.2599e+001 1.5111e+004 3.4706e+009 5.0122e+016

2 7.1813e+002 1.1169e+006 4.2969e+011 3.6637e+017

3 9.3672e+004 8.9718e+007 3.8798e+013 3.7950e+019

Table 8.5: The componentwise condition number cP (A) in (3.5).

l\k -1 0 1 2

0 1.5856e+002 4.8141e+004 2.2962e+009 1.2381e+016

1 4.7307e+002 3.0632e+006 5.5438e+009 5.9997e+016

2 2.6608e+004 1.0709e+008 5.0128e+011 3.8025e+017

3 2.4070e+006 1.5770e+011 4.4983e+013 3.8940e+019

Table 8.6: The upper bound of componentwise condition number cP (A) in (3.7).

For the cases of k = 0, 1, 2, the mixed condition numbers mP (A) are much smaller than

the absolute condition numbers cabs(P ) in [30, Eqn. (2.23)]. But for the case of k = −1,

the mixed condition numbers mP (A) are not smaller. The upper bounds of the mixed and
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componentwise condition numbers are a little bit bigger with no surprise.

The corresponding SCE results for this example are listed in the next three tables.

l\k -1 0 1 2

0 1.2945e+000 4.1552e+001 6.2213e+007 7.2531e+014

1 7.9716e-001 9.6332e+002 3.5800e+008 5.6281e+014

2 1.2622e+001 2.7743e+004 5.0356e+009 1.4264e+015

3 9.0830e+001 7.5957e+004 6.4316e+010 2.4724e+017

Table 8.7: Normwise condition number from SCE by n
SCE,(3)
sp in (7.4).

l\k -1 0 1 2

0 1.0067e+000 5.7192e+001 5.7191e+007 9.9939e+014

1 8.3759e-001 1.0148e+003 3.1131e+008 6.0435e+014

2 1.4625e+001 2.9274e+004 6.3020e+009 1.4904e+015

3 9.9826e+001 6.5180e+004 5.0960e+010 2.3166e+017

Table 8.8: Mixed condition number from SCE by m
SCE,(3)
sp in (7.4).

l\k -1 0 1 2

0 4.4925e+000 1.3145e+002 4.7887e+008 1.2694e+015

1 2.6200e+000 7.1676e+003 5.0040e+009 5.6004e+015

2 3.0031e+001 1.5961e+005 4.0064e+010 4.0442e+015

3 2.3232e+002 2.5736e+005 2.5850e+011 1.3577e+018

Table 8.9: Componentwise condition number from SCE by c
SCE,(3)
sp in (7.4).

It is easy to see that in most cases the condition numbers devised from SCE are

sufficient. To see the performance of SCE more precisely, we plot the following three

ratios in Figure 8.1, for the case of l = 0, k = 2,

ration :=
n

SCE,(3)
sp

crel(P )
, ratiom :=

m
SCE,(3)
sp

mP (A)
, ratioc :=

c
SCE,(3)
sp

csign(A)
.

We test 1000 examples and the means of the three ratios are 0.5538, 1.0313, 8.3572,

respectively. So it is sufficient in practice.

Example 8.2. [30] Consider the real regular matrix pair (A,B) with

A = V

A11 A12

0 A22

UT , B = V

B11 B12

0 B22

UT ,
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Figure 8.1: SCE results compared with the exact condition numbers of the spectral pro-

jection.

where V = I6 − 1
3vv

T , v = [1, 1, 1, 1, 1, 1]T and U = I6 − 1
3uu

T , u = [1,−1, 1,−1, 1,−1]T ,

with

A11 =


1 0 0

0 −5 0

0 0 10−k

 , B11 =


−4× 10−k 0 0

0 3 0

0 0 −2× 10−l


and

A22 =


10k 0 0

0 2 0

0 0 −10l

 , B22 =


1 0 0

0 1 0

0 0 −10k

 ,

A12 =


2× 10k 1 0

0 −1 3

0 0 0

 , B12 =


7 2 0

0 5 1

0 0 −3× 10k

 .

Solving the generalized Sylvester equation (4.2), we obtain (M,N) and the spectral

projections Pr and Pl of (A,B) corresponding to the eigenvalue −1
4 × 10k, −5

3 , and −1
2 ×
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10l−k. The computational condition numbers are listed in Tables 8.10–8.19, respectively.

l\k 0 1 2 3 4

0 2.0245e+000 9.0994e+001 9.1815e+003 9.1677e+005 9.1654e+007

1 7.4983e+001 8.8198e+002 4.7726e+004 4.7146e+006 4.7141e+008

2 7.4540e+003 7.4685e+004 8.8192e+005 4.7726e+007 4.7146e+009

3 7.4536e+005 7.4537e+006 7.4685e+007 8.8192e+008 4.7726e+010

4 7.4536e+007 7.4536e+008 7.4537e+009 7.4685e+010 8.8192e+011

Table 8.10: The absolute condition number cabs(Pr) in [30, Eqn. (3.37)].

l\k 0 1 2 3 4

0 9.1146e+000 9.8595e+001 6.8553e+003 6.6838e+005 6.6684e+007

1 1.6910e+001 1.0481e+002 3.0731e+003 2.3800e+005 2.3918e+007

2 1.5209e+002 7.5144e+002 9.0821e+003 2.9075e+005 2.2907e+007

3 1.5520e+003 7.4193e+003 6.9310e+004 8.9087e+005 2.8908e+007

4 1.5552e+004 7.4217e+004 6.7502e+005 6.8919e+006 8.8909e+007

Table 8.11: The mixed condition number mPr(A) in (4.13).

l\k 0 1 2 3 4

0 1.9832e+001 1.4795e+002 7.2723e+003 6.7243e+005 6.6724e+007

1 2.6190e+001 1.7445e+002 3.6828e+003 2.5194e+005 2.4058e+007

2 1.8591e+002 1.0653e+003 1.1710e+004 3.1657e+005 2.3314e+007

3 1.7859e+003 9.7696e+003 9.3243e+004 1.1171e+006 3.1165e+007

4 1.7786e+004 9.6576e+004 9.0232e+005 9.1353e+006 1.1117e+008

Table 8.12: The upper bound of mixed condition number mPr(A) in (4.15).

l\k 0 1 2 3 4

0 1.9838e+002 2.6748e+003 3.2182e+005 2.9302e+008 2.9017e+011

1 9.8888e+001 2.2926e+002 6.8042e+003 6.6746e+005 6.6674e+007

2 1.8690e+002 8.3626e+002 9.4673e+003 2.9638e+005 2.4784e+007

3 1.5859e+003 7.5461e+003 7.0786e+004 8.9452e+005 2.8961e+007

4 1.5586e+004 7.4352e+004 6.7928e+005 6.9106e+006 8.8945e+007

Table 8.13: The componentwise condition number cPr(A) in (4.14).

l\k 0 1 2 3 4

0 9.0216e+002 5.4314e+003 3.5402e+005 2.9596e+008 2.9046e+011

1 2.0424e+002 5.1983e+002 1.0130e+004 6.9978e+005 6.6996e+007

2 2.2343e+002 1.2857e+003 1.3391e+004 3.5307e+005 2.6024e+007

3 1.8197e+003 1.0053e+004 9.7111e+004 1.1330e+006 3.1514e+007

4 1.7819e+004 9.6878e+004 9.1331e+005 9.1825e+006 1.1133e+008

Table 8.14: The upper bound of componentwise condition number cPr(A) in (4.17).
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l\k 0 1 2 3 4

0 4.3943e+000 2.9272e+001 2.8947e+002 2.8767e+003 2.8747e+004

1 9.7310e+000 4.4111e+001 2.8947e+002 2.8767e+003 2.8747e+004

2 9.1954e+001 2.0183e+002 5.5980e+002 2.8767e+003 2.8747e+004

3 9.1927e+002 9.1929e+002 4.2778e+003 5.8048e+003 2.8747e+004

4 9.1927e+003 9.1927e+003 1.9852e+004 5.2423e+004 5.8271e+004

Table 8.15: The absolute condition number cabs(Pl) in [30, Eqn. (3.37)].

l\k 0 1 2 3 4

0 5.0748e+000 6.1820e+001 3.3112e+003 2.9785e+005 2.9440e+007

1 1.1563e+001 1.2273e+002 3.5132e+003 2.9975e+005 2.9459e+007

2 6.4579e+001 5.5135e+002 8.6434e+003 3.2251e+005 2.9686e+007

3 6.0613e+002 2.9053e+003 6.3764e+004 8.1741e+005 3.1984e+007

4 6.0201e+003 3.0036e+004 3.7667e+005 7.5064e+006 8.1251e+007

Table 8.16: The mixed condition number mPl
(A) in (4.13).

l\k 0 1 2 3 4

0 1.7665e+001 9.1293e+001 3.4443e+003 2.9915e+005 2.9453e+007

1 2.9913e+001 2.4133e+002 4.0597e+003 3.0243e+005 2.9486e+007

2 1.1401e+002 1.1092e+003 1.5053e+004 3.6619e+005 2.9823e+007

3 9.6862e+002 7.0000e+003 1.0663e+005 1.4091e+006 3.6214e+007

4 9.5128e+003 6.2640e+004 7.3348e+005 1.1095e+007 1.3994e+008

Table 8.17: The upper bound of mixed condition number mPl
(A) in (4.16).

l\k 0 1 2 3 4

0 2.4394e+001 3.0123e+002 2.1942e+004 2.3950e+006 2.4394e+008

1 8.9995e+001 7.1714e+002 2.7404e+004 2.3598e+006 2.4358e+008

2 1.1597e+003 4.4183e+003 8.5667e+004 2.7769e+006 2.4007e+008

3 1.2250e+004 2.6681e+004 5.1276e+005 9.1441e+006 2.7822e+008

4 1.2323e+005 2.4874e+005 3.1769e+006 6.2703e+007 9.2143e+008

Table 8.18: The componentwise condition number cPl
(A) in (4.14).

l\k 0 1 2 3 4

0 6.8742e+001 4.7580e+002 2.4061e+004 2.4362e+006 2.4436e+008

1 2.2992e+002 1.5524e+003 3.4133e+004 2.5473e+006 2.4548e+008

2 1.7387e+003 8.6260e+003 1.2997e+005 3.6548e+006 2.5680e+008

3 1.6964e+004 5.4188e+004 9.2589e+005 1.3991e+007 3.6877e+008

4 1.6940e+005 4.7888e+005 6.9002e+006 1.0430e+008 1.4119e+009

Table 8.19: The upper bound of componentwise condition number cPl
(A) in (4.18).

The mixed condition numbers mPr(A) are smaller than the absolute condition numbers

cabs(Pr) in [30, Eqn. (3.37)] except for l = 0, k = 0, and the mixed condition numbers

mPl
(A) are larger than the absolute condition numbers cabs(Pl) in [30, Eqn. (3.37)]. But
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the mixed condition numbers mPr(A) ≈ mPl
(A). The upper bounds of the mixed and

componentwise condition numbers increase a little bit.

The corresponding SCE results can be obtained similarly.

Example 8.3. [29] For a nonzero real scalar x, let

A = UX

−1 0

0 1

X−1UT , X =

1 −x/2

0 1

 ,
where the orthogonal matrix U is chosen to be the unitary factor of QR factorization of a

matrix with entries chosen to be randomly uniformly distributed in the interval [0, 1]. It

follows from [29] that

sign(A) = UX

−1 0

0 1

X−1UT .

The mixed and componentwise condition numbers and the corresponding SCE (3 sam-

ples) for sign(A) from one random U are listed in Tables 8.20 and 8.21, respectively.

x [29, Eqn. (3.27)] msign(A) upper bound (5.4) csign(A) upper bound (5.5) mSCE
sign (A) cSCE

sign (A)

−1.0 1.5000 1.2504 4.4971 1.4992 2.2477 2.8251 6.8673

−0.9 1.4050 1.1933 4.7630 1.6134 2.6415 1.1223 3.7065

−0.8 1.3200 1.4497 3.0961 1.4497 1.6706 0.8062 3.6463

−0.7 1.2450 1.2427 1.2427 2.1159 2.1159 0.2645 2.2803

−0.6 1.1800 1.1223 4.9538 1.7553 3.3869 0.1662 0.9946

−0.5 1.1250 1.3218 3.0684 1.3564 1.8737 3.6262 26.4495

−0.4 1.0800 1.3595 2.7345 1.3595 1.7089 0.4402 2.1016

−0.3 1.0450 1.5496 1.6949 1.6533 1.8083 0.3255 4.1436

−0.2 1.0200 1.0971 4.4427 1.8058 3.8006 0.7538 7.0907

−0.1 1.0050 1.0951 4.2536 1.8098 3.8391 1.3298 4.9779

Table 8.20: The mixed and componentwise condition numbers.

x [29, Eqn. (3.27)] msign(A) upper bound (5.4) csign(A) upper bound (5.5) mSCE
sign (A) cSCE

sign (A)

0.1 1.0050 1.3371 2.3566 1.3371 1.8045 2.0661 4.6214

0.2 1.0200 0.9237 0.9523 1.8797 1.9379 1.8488 3.5279

0.3 1.0450 0.8373 0.8478 1.9504 1.9749 0.5134 7.0444

0.4 1.0800 1.0872 5.1590 1.8256 4.0040 0.9117 1.2996

0.5 1.1250 1.6501 1.9986 1.6501 1.8063 0.2159 0.8094

0.6 1.1800 1.5759 2.3573 1.5759 1.7589 2.0993 22.9109

0.7 1.2450 1.1485 1.1485 2.1633 2.1633 0.2634 0.2634

0.8 1.3200 1.0119 14.9809 1.9763 10.0598 0.5284 0.6544

0.9 1.4050 1.5740 1.5740 2.2307 2.2307 0.8489 6.8765

1.0 1.5000 1.8976 2.2481 1.8976 1.9474 0.5551 2.9394

Table 8.21: The mixed and componentwise condition numbers.
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If x = 0.1 ∼ 1.0, the mixed condition numbers are smaller than the normwise condition

numbers in [29, Eqn. (3.27)]. But if x = −1.0 ∼ −0.1, some mixed condition numbers are

larger. The upper bounds of the mixed and componentwise condition numbers increase a

little bit, if x is positive. Also we can see that the statistical condition estimate is adequate

because of its efficiency in computing.

To more clearly show the overestimation of the statistical condition estimation, we

generate random matrix U 1000 times, take x = 0.1 and 3 samples and plot the ratio in

figure. In Figure 8.2, we denote

ratiom :=
m

SCE,(3)
sign (A)

msign(A)
, ratioc :=

c
SCE,(3)
sign (A)

csign(A)
.

The averages of the two ratios are 1.6408 and 16.9633, respectively. As shown in

Figure 8.2, the statistical condition estimations are within a factor of 100 to the true

condition numbers except several exceptional cases. It is computationally efficient and

adequate in practice. We suggest the statistical condition estimations for the applications.
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Figure 8.2: SCE results compared with the exact condition numbers of the matrix sign

function

9. Conclusions

The perturbation analysis for the spectral projections, generalized spectral projections and

the matrix sign functions are derived in this paper. The explicit expressions for the mixed

and componentwise condition numbers are also presented. From the numerical examples,
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we can see that the statistical condition estimation is enough in practice for estimating

the actual conditioning.
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