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JANOWSKI STARLIKENESS IN SEVERAL COMPLEX VARIABLES AND
COMPLEX HILBERT SPACES

Paula Curt

Abstract. In this paper, we consider two new subclasses, S*(a,b, B™) and
AS*(a, b, B™), of the class of starlike mappings on B" (a,b € R, Ja—1| < b < q,
and B™ is the Euclidean unit ball in C*). The class S*(a,b, B) is the n-
dimensional version of Janowski class of one variable starlike functions. We
obtain sharp growth results and upper distortion estimates for these two classes of
starlike mappings. We also derive sufficient conditions for normalized holomor-
phic mappings (expressed in terms of their coefficient bounds) to belong to one
of the classes S*(a, b, B"), respectively .AS*(a,b, B™). Finally, similar notions
on the unit ball in a complex Hilbert space are analogously presented.

1. INTRODUCTION

It is known that many results in univalent function theory cannot be extended
without restrictions to higher dimensions. We can mention in this direction the failure
of the Riemann mapping theorem, the inexistence of growth or distortion theorems or
coefficients bounds for the entire class of biholomorphic mappings defined on the unit
ball of C™. This is one of the reasons to study particular subclasses of the full class of
biholomorphic mappings.

In [7], W. Janowski introduced the following class of univalent normalized functions
defined on the unit disk U of the complex plane.

If A BeR, -1<B<A<<1,then

S, B] = {f EH(U), f(0) =0, f(0)=1, ijc(S) ) igi} |

Geometrically, the above subordination condition means that the image of the unit
disk U by the function Z}C(S) is in the open disk whose two diameter endpoints are
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1=2 and }]:—]g‘. Particular choices of A, B lead us to the following classes: S*[1, —1]
is the class of starlike functions, S*[1 — 2a, —1] is the class of starlike functions of
order o, 0 < @ < 1.

Closely related to Janowski starlike class of functions is the following class of
univalent functions [17, 18].

If a,be R, a >0 then

5'(a,) = {7 € HO), F0 =0, FO) =1,

o <)

In [18], the authors show that S*[A, B] = S*(a, b) under suitable relations between
the parameters.

Various results concerning the classes S*[A, B] and S*(a,b) can be found in [7,
17, 18, 1] and [15] (and the references therein).

In this paper, starting from the Janowski class of starlike functions of one complex
variable, we introduce and study two subclasses of starlike mappings on the Euclidean
unit ball in C™ and on the unit ball in a complex Hilbert space. We obtain sharp growth
results and upper distortion estimates for these two classes of starlike mappings. We
also derive sufficient conditions for normalized holomorphic mappings to belong to one
of the classes mentioned before.

2. PRELIMINARIES

Let C™ denote the space of n complex variables z = (z1, 22, ..., 2,) With the
Euclidean inner product (z, w) = >~7_, z;w; and the Euclidean norm ||z = (2, 2)1/2,
The open unit ball {z € C" : ||z|| < 1} is denoted by B™. Let £L(C",C™) be the
space of linear continuous operators from C™ into C™ with the standard operator norm,
I|Al| = sup{||A(2)|| : ||z|| =1} and let I, = I be the identity in £(C",C").

We denote by H(B") the set of holomorphic mappings from B" into C". |If
f € H(B™) we say that f is normalized if f(0) = 0 and the complex Jacobian matrix
of fatz =0, Df(0), is the identity operator I. If f € H(B™) is a normalized mapping,
then f has the following series expansion: f(z) =z +> 72, Ap(2%), z € B", where
Ap(w®) = LDFf(0)(w), and D*(0)(w") is the k' order Fréchet derivative of f at
z=0.

The mapping f € H(B™) is said to be biholomorphic if the inverse f~ exists
and is holomorphic on the open set f(B™). It is known that any univalent mapping
on B™ (holomorphic and injective) is biholomorphic on B™. Let S(B™) be the set of
normalized biholomorphic mappings on B™ and let S*(B") be the set of biholomorphic
normalized starlike mappings with respect to zero.

We next review some subclasses of S*(B"™) that will be used in the next sections.

If f € H(B™), we say that f is locally biholomorphic on B™ if det D f(z) # 0,
z € B™. Let LS(B™) be the set of normalized locally biholomorphic mappings on B™.

1
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It is well-known [16] that a locally biholomorphic mapping f € H(B") such that
£(0) = 0 is starlike if and only if Re ((Df(2))"'f(z),2) >0, z € B"\ {0}.

We present now the notion of starlikeness of order « € [0, 1) that was introduced
in [2, 8].

Definition 2.1. Let f € £S(B") and let o € [0,1). The mapping f is said to be
starlike of order « if

212

(Df(2)~1f(2),2)
We denote by S¥(B"™) the class of mappings that are starlike of order o on B".
The following notion of starlikeness was introduced in [9, 6, 4].

Definition 2.2. Let f € £S(B") and let & € [0,1). We say that f is almost
starlike of order o if

—1
Re <<Df<2‘>’LH2f<Z>, Z> > o, 2 € B" \ {0}

We denote by AS’(B™) the class of mappings of order a on B".

It is obvious that f is starlike of order 0 on B™ if and only if f is almost starlike
of order 0 on B™. Moreover, we have that Sg(B™) = AS;(B™) = S*(B™).

The following set of normalized mappings is the generalization to n-complex vari-
ables of the well-known Carathéodory class of one variable holomorphic functions with
positive real part on the unit disk of complex plane.

M ={heH(B"): h(0)=0, Dh(0) = I, Re (h(z),2) >0, = € B"\ {0}}.

Re

>a, z€ B"\ {0}.

The class M, introduced in [14] plays a fundamental role in the study of the
Loewner differential equation. Also, it is closely related to certain subclasses of bi-
holomorphic mappings on B, such as starlike mappings, mappings with parametric
representation [5], etc.

We introduce now some subclasses of the class M [5, 10, 6].

Definition 2.3. Let g € H(U) be an univalent function, such that g(0) = 1,
g(¢) = g(¢) for ¢ € U, Re g(¢) > 0 on U, and assume that g satisfies the following
conditions for » € (0, 1):

min Re ¢(¢) = min{g(r), g(—7r)}

I¢l=r
max Re g(C) = max{g(r), 9(~r)}
Let M, be the class of holomorphic mappings given by

Mg:{h € H(B) : h(0)=0, Dh(0)=1, W(h(z),@eg(U), zeB\{O}}.
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It is clear that M, C M and for g(¢) = 7% it follows that M, = M. Particular
choices of the function ¢ (that satisfies Definition 2.3) provide various subclasses of

class M.

Remark 2.4.

(a) Let0 < a <1, letg: U — C be the function defined by ¢({) = ﬁ and

let f € £LS(B™). Then f € Si(B™) if and only if [Df(2)]71f(z) € M,.

(b) Let0 < a <1, letg: U — C be the function defined by ¢(¢) = %ZUC and

let f € £LS(B™). Then f € AS:(B™) if and only if [Df(2)]7f(2) € M,.

If ¢ is an univalent function which satisfies the conditions in Definition 2.3 we
denote by S5 (B") the subset of S*(B™) consisting of the normalized locally biholo-
morphic mappings f such that (Df(z))~'f(z) € M,.

The following result [5] is the growth theorem for the class Sy (B™).

Theorem 2.5. Let g : U — C be a holomorphic univalent function which satisfies
the conditions in Definition 2.3.
1

1=l x 1=l
e sy ten ol exp [ [ T <l < el [

[m—l}%, 2 € B.

3. GROWTH AND DISTORTION ESTIMATES FOR MAPPINGS IN THE CLASSES
S*(a,b, B") AND AS*(a, b, B")

In this section we introduce and study the following classes of biholomorphic star-
like mappings on B™.

Definition 3.1. Let a,b € R such that |[a — 1| < b < a.

=1

(Df(2)71f(2), 2)

—a

S*(a,b, B") = {f € LS(B"): ’

<b, zeB"\{O}}

AS*(a, b, B") = { fe s - ’<(Df(2>)‘1f(z),z> »

12112

< b, ZGB"\{O}}.

We mention that any mapping in S*(a, b, B™) or in AS*(a, b, B") is starlike since
the conditions satisfied by the real numbers «, b in Definition 3.1 imply that the disk
of center a and radius b is a subset of the right half plane. We also mention that for
n = 1 the class S*(a, b, B™) reduces to the class S*(a, b).

We next analyse the relationships between the two subclasses of starlike mappings
introduced before.
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Remark 3.2. Let a,b € R such that [a — 1| < b < a.
Then the following assertions are true:

(i) S*(a,b, B") = AS*(="%, =5, B"), if a # b;
(ii) S*(a,a, B") = ASI/QQ( OK

(iii) AS*(a, b, B") = S*(%z, =25, B"), if a # b;
(iv) AS*(a, a, B") = 57 5,(B").

Proof. The assertions (i) and (iii) easily follow by using the fact that the disk of
center a and radius b is mapped by the function 1/¢ onto the disk of center —“> and
radius —-.

The assertions (ii) and (iv) immediately follow from the fact that the disk of center
a and radius a is mapped by the function 1/¢ onto the half-plane {( | Re ¢ > 5 }

In the next remark we present the appropriate univalent functions ¢ such that the
classes S*(a, b, B") and .AS*(a, b, B") can be rewritten as S;(B").

Remark 3.3. (i) Let -1 < B < A <1andlet g € H(U) be defined by ¢(¢) =

144 .
5% Then:

- ,(1-AB A-B __
(3.1) S,(B") = AS <1—B2’1—B2’B) for B=—1 and

cipny v (1—AB A-DB _.
(3.2) S;(B") =S <1_A2,1_A2,B)forA7é1and

(i) Let a,b € R such that [a — 1| < b < a. Then
(3.3) AS*(a, b, B") = S;(B"),

a 0/2 2
where ¢(¢) = HI(JF(I—W, CeU

(3.4) S*(a,b, B") = S(B"),

where 9(C) = G Ce U

Proof. The equalities in (3.1) easily follows from the fact that the unit disk is

mapped by the function g(¢{) = }ng onto the disk centered at a = 11_?3]3 with radius

b= f‘ 332 in the case when B # —1, respectively onto the half-plane {( | Re ¢ > %}

in the case when B = —1.
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The equalities in (3.2) can be analogously justified, eventually by using the rela-
tionships between the two subclasses presented in Remark 3.2.

To prove (3.3) we have to find 4, B (-1 < B < A < 1) such that a = =48
and b = %. Elementary computations lead to the following equation B3 + (a —
1)B? —bB + 1 —a = 0, whose solutions are B =1, B= —1 and B = 1;1)“ Since
—1 < B <1 (B =-1would imply that g(U) is a half-plane, which is not the case
here) we conclude that B = 1;1)“ and hence A = #

The equality in (3.4) is an immediate consequence of (3.3) and assertion (iii) from
Remark 3.2.

Next, we will give the growth theorems for the mappings in the classes .AS*(a, b, B™)
and S*(a,b, B"). Due to the relationships among the classes of mappings presented
in Remark 3.3, it is sufficient to obtain the growth theorem for the mappings in the

class S;(B") (where g(¢) = {15% and —1 < B < A < 1). To this end we will apply

Theorem 2.5 the function g to be g(¢) = 1i5¢, ¢ € U, where =1 < B < A< 1,

Lemma 3.4. Let —1 < B < A<1,9(¢) = 1355 ¢ €U, and let f € S;(B").
If A0 then:

2]l =]l

-+ 2 € B".
(1—Allz)"=

(3.5) 5 < f)I <

A—B
(14 Aflz[))"
If A =0 then
(3.6) [zl exp(Bllz]) < £ (2)]| < [[z] exp(=Bllz[]), = € B".
The estimations in (3.5) and (3.6) are sharp.

Proof. It is clear that the function g satisfies the conditions in Definition 2.3. We

also have that min ¢, g(¢) = g(—r) = 1=4% and max|¢|_, g(¢) = g(r) = 134~

In the case when A # 0, elementary computations give us: HzHexpfOHZH

. 2| A= z &l
[m - 1} d? = HZH foH : f—AB;:dx = (1_A“Z““)‘(‘A—B)/A and HZH €xp fg
1 do _ Izl B=A ;. _ [E|
max{g(z),g(—x)} ~ 1} T T HZH j;) 1+Aa:dx - (l—t—AHzH)(f—_B)/A' )
By applying now Theorem 2.5 we get that the inequalities (3.5) are fulfilled.
_ [l da
In the case A = 0, analogously we get ||z|| exp [, [m — 1} o

= ||2]| exp(—B|1]}) and | ]| exp [ [m - 1} dr  ||2|| exp(B]|2])), hence

inequalities (3.6) are satisfied.

These estimations are sharp with the extremal functions f(z) = (—&——, 22, . -
(14+Az) A
Zn), 2= (21,...,2n) € B"(A # 0), respectively f(z) = (21 exp(Bz1), 22, ..., 2n), 2 =

(21,...,2n) € B"(A=0).

*
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Now, by applying Lemma 3.4 we derive the growth estimates for the mappings in
the classes S*(a, b, B") and AS*(a, b, B™).

Theorem 3.5. Let a,b € R such that |[a — 1| < b < a.
(i) Let f € S*(a,b, B"). If a # 1 then
[ [ n
(1a)2b2_Hf<>H§ 1— _)2b27Z€B'
e G L+ 552
If a =1 then
Izl exp{=0l|z[|} < [[f(2)I| < l|z] exp{bl=]}, = € B".

(ii) Let f € AS*(a,b, B"). If a # 1V 1H4 then

=] =]
b2 (1— a)2 — Hf( )H S b2—(1 )2 Y z € Bn
(1 + St ) i (1 — 22 o)) i

If a = V14 then

el expX 2 oy <)) < el exp(PE L .2 €

All the previous estimations are sharp.

Proof. The above estimations and extremal functions are immediate consequences
of Remark 3.3 and Lemma 3.4.
From Theorem 3.5 we obtain the following corollary [2], [8]. This result is obtained
by taking a = b = 5, 0 < < 1, in Theorem 3.5.
Corollary 36. Leta € R, 0 < a < 1.
(i) Let f € S*(B™). Then
=]
(1+ =)0 =)
(i) Let f € ASH(B™). If a # % then

2l << Izl e
(11 (1 - 20) o)) 550 (1— (1 20) =) 2

< <—F B"™.

If « = 3 then

[zl exp(=[lz[]) < [[f ()] < [|z[lexp[2]], = € B".
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We give now an upper bound estimate of distortion theorem for the mappings in
the classes S*(a, b, B") and AS*(a, b, B"), along an unit direction in C".
In order to obtain the desired bounds, we shall derive first the following result.

Lemma 3.7. Let -1 < B< A<1andletg(() = }igg CeU.
If f € S;(B") then:

(DS 1 = =5 =€ B\ (o)

Proof. Fix z € B™\ {0}. Let h : U — C be the holomorphic function de-
fined by h(0) = 1 and h(¢) = <[Df((HZH)] CED T H> ¢ # 0. From the fact

that f € S;(B"), the function defined by (A B) ((1_B)h(é)_(1_A) - Q(A_B)> ; C€
U has positive real part on the unit disk of the complex plane and the estimate

2(A-B 1+|C|2 2|¢ i
(1 B) = B)h(é) A =B —¢7| < 1¢z holds for every ¢ € U. By using
the above inequality we easily obtain that 1= A'ﬂ <Re h(() < }igné", ¢ e U. Ifinthe
previous inequalities we take ¢ = ||z|| we get} g““ ““ <1 Hz,Re (Df()1f(2),2) <
FalEh = € B Hence ||| =4 < Re (DF(2))71f(2), 2) < Izl - 1D ()~

f(2)]l, as desired.

Theorem 3.8. Let -1 < B < A<1landletg(() = }igg CeU.

If f € S;(B") then for every z € B™\ {0}, there exist an unit vector v(z) =

M

TG ~T7 G Such that

1 - B||z
IDf(z)v(2)| < —H!_E, or A#0
(1—Alz[)*
e _ B
IDf(2)v(2)] < —ala exp(—Bl|z]), for A= 0.

Proof. Fix z € B"\ {0} and let v(z) = BEELE Then f(2) = (Df(2))

(Df(2)) "1 f(2) = (Df () f(2) | Df(2)v(2).
Let A = 0. By applying now Lemma 3.7 and the upper estimate in (3.5) we deduce

ll=1l

_Allz (A—B)/A 1—Bl|z
(DA = mopthHmn < S = G @ needed.
Let A = 0. Analogously, by applying Lemma 3.7 and the upper estimate in (3.6)

we deduce || Df(z)v(z)|| < L ““ei‘ﬁ’( A]\|3J| 2D — iﬁ““;“‘ exp(—Bl||z|)). This completes the
T-B-

proof. ]
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Now, by applying Theorem 3.8, we immediately deduce the upper distortion esti-
mates (along an unit direction in C™) for the mappings in the classes S*(a, b, B™) and
AS*(a, b, B™).

Theorem 3.9. Let a,b € R be such that [a — 1| < b < a.
(i) If f e S*(a b, B™) then for every z € B™ \ {0} there exist an unit vector
Df(2)"1f(z
v(2) = [os) Ton Sueh that
1+ =ge)z)
IDf(2)v(2)]| < R ;)2_,)2;@2 L fora#1
- 117 -

and
1
IDf()v(2)]l < (L+ Flzll) exp(ll=]]), for a = 1.
(i) If f € AS*(a,b, B") then for every z € B™ \ {0}, there exists an unit vector
— (D) f(2)
v(2) = DT Such that
l—a 2
D5 < o TV g g LV
(1 - Begita o))t
and
\/1 + 4b? \/1 +4b
105 < (0~ T e exp Y
2
for @ = L IHEE

From Theorem 3.8 we obtain the following corollary [11], [13]. This result can be
obtained by taking a = b = 5, 0 < a < 1, in Theorem 3.8.

Corollary 3.10. Leta e R, 0 < a < 1.
(i) If f € S} (B) then for every z € B™ \ {0}, there exists an unit vector v(z) =

(DS 1(2)
T(D7(=) e Such that

IDF ] < i
(i) If f € ASZ(B) then for every z € B™ \ {0}. there exists an unit vector
0(2) = Dy Sueh that
IDS(()] < L fora 2
(1= (1= 2a)2f)) 7T+ 2
and

[IDf(2)o(2)] < (L+[z]]) exp ], for a =
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We end this section by mentioning that when n = 1 the previous results reduce to
the upper bound of the classical distortion theorem on normalized starlike, respectively
normalized almost starlike mappings of order a, 0 < a < 1.

4. sUFFICIENT CONDITIONS FOR S*(a, b, B™) AND
AS*(a,b, B") MEMBERSHIP

In this section we obtain sufficient conditions for a normalized holomorphic map-
ping to belong to one of the classes S*(a, b, B"™), respectively AS*(a, b, B"), where
a,b € R, |a — 1] < b < a. These sufficient conditions are expressed in terms of
coefficients bounds of the considered mapping. As before, we deduce first a sufficient
condition for the class S;(B"), where g : U — C is defined by g(¢) = 25%, ( € U,
and -1 < B< A<1.

Theorem 4.1. Let f(2) = z + Y oy Ak(2*) be a holomorphic mapping on B"
and let g : U — C be the univalent function defined by ¢(¢) = {i5%, ¢ € U,
—-1<B< A<

If

x 1+B _(A4-B)(1-B)

then f € Sy (B").

Proof. From the inequality (4.1) it follows that >"7, k|| Ax|| < 2%141—311 Yoo
[k - }i—’j} | Ak < Wm < 1. By direct computation of Fréchet derivatives
of f we obtain | Df(2) — I|| = ||> o0, kAR(ZF, )| < Yoply kIl Akl < 1, z € B™
Hence we obtain that D f(z) = I — (I — Df(z)) is an invertible linear operator and

1 1
< < = :
L= =DfE) T 1= kI AR

Forevery z € B"\ {0}, we have || 155 f(2)— LAB D f(2) (2)|| = | B2+ 5, (1;32

_B
—LEABE) Ak < 2118 + g DRkl — AB) — (1= B2)]| Ax]).
By using the inequality (4.2) and the previous inequality we obtain W\
(3B (D)), 2) - 2B 11202| = e [(( Df<z>>-1(A L r) -

DIEEN. Al < fpl@rEn - [ e) - 4B D) H <
|B|+AiB Z}?;ﬂk(l_AB)_(l_B%]HAkH

= Ak
the relation (4.1).

z € B".

42)  [I(Df(2)~

< 1, where for the last inequality we have used
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In conclusion

’<(Df(2>>‘1f(2> ’ Z> _1-4B

121 1-pB?
which implies that f € S;(B").
By taking A = # and B = 1%5“ in Theorem 4.1 and by using Remark 3.3

we obtain the following sufficient condition for a holomorphic mapping to belong to
AS*(a,b, B™).

A-B
1 - B?’

z € B"\ {0},

Theorem 4.2. Let f(z) = z + Yoo, Ax(z*) be a holomorphic mapping on B"
and let a,b € R such that [a — 1| < b < a.

It
c- 1 b—I1—d
L

k=2
then f € AS*(a,b, B).

If in the previous theorem we take a = b = i 0 < a < 1, we get the next result
[12].

Corollary 4.3. Let f(z) = 2+ 3.7, A(2*) be a locally biholomorphic mapping
on B™ and let o € R be such that 0 < o < 1.

If
o
1—2a—-1
Sk - ey < T2
k=2

then f € S%(B").

If we take A = %1 and B = % in Theorem 4.1 we get the following
sufficient condition for a holomorphic mapping to be in S*(a, b, B™).

Theorem 4.4. Let f(2) = z + Y oy Ak(2*) be a holomorphic mapping on B"
and let a,b € R such that [a — 1| < b < a.
If

b—[b? — a® + 4
a+b

M8

[k = (a = B)][[ A]l <

T

2
then f € S*(a, b, B™).

5. SuscLAsses S*(a, b, B) AND AS™(a, b, B) IN COMPLEX HILBERT SPACES

Suppose that X is a complex Hilbert space with the inner product (-,-) and the
norm || - || = /(-,-). Let B={z € X : ||z]| < 1} be the unit ball in X.
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Leta,beR,jla—1]<b<a.
A mapping f is in S*(a, b, B), if and only if f is a locally biholomorphic mapping
on B and satisfies
’ =112
(Df(2))71f(2),2)

A mapping f isin AS*(a, b, B) if and only if f is a locally biholomorphic mapping
on B and satisfies

—a

<b, z€ B\ {0}.

—Z

’ (Df(2) " f(2), 2)

12112

<b, z€ B\ {0}.

We mention that all results presented in the previous sections remain valid, with
similar proofs, for holomorphic mappings defined on the unit ball of a Hilbert space.

We will present here only the main results related to the class S*(a, b, B) (similar
estimations concerning the class .AS*(a, b, B) may be obtained analogously to those
presented in the previous sections).

Theorem 5.1. Let a,b € R be such that |a — 1| < b < a and let f € S*(a, b, B).
(i) If a # 1 then
z z
L e s — o e
(1=l = (L+ 5=l

If @ =1 then

[zl exp{=bllz|[} < [F(2)Il < [[z]| exp{bl|=[[}, = € B.

(ii) For every z € B\ {0} there exists an unit vector v(z) = Wm such

that o
14+ =222
|Df(2)v(2)] < o Ean for a # 1
1+ 520=1)
and

IDf(z)v(z)] < (1+ %HZH) exp|lz]], fora = 1.

Theorem 5.2. Let f(2) = 2+ 32, Ax(z*) be a holomorphic mapping on B and
let a,b € Rsuch that |[a — 1] < b < a.
If

b—|b%—a®+al
a+b

> k= (a—=v)]llAx] <

k=2
then f € S*(a,b, B).
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