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ON AN OPEN QUESTION OF MOUDAFI FOR CONVEX FEASIBILITY
PROBLEMS IN HILBERT SPACES

Eskandar Naraghirad

Abstract. Very recently, Moudafi (Nonlinear Analysis 79 (2013) 117-121) intro-
duced a relaxed alternating CQ-algorithm (RACQA) with weak convergence for
the following convex feasibility problem:

(1.1) Find x ∈ C, y ∈ Q such that Ax = By,

where H1, H2, H3 are real Hilbert spaces, C ⊂ H1, Q ⊂ H2 are two nonempty,
closed and convex level sets, and A : H1 → H3, B : H2 → H3 are two
bounded linear operators. In this paper, we will continue to consider the problem
(1.1) and obtain a strongly convergent iterative sequence of Halpern-type to a
solution of the problem and provide an affirmative answer to an open question
posed by Moudafi in his recent work for convex feasibility problems in real Hilbert
spaces. Furthermore, we study Halpern-type iterative schemes for finding common
solutions of a convex feasibility problem and common fixed points of an infinite
family of quasi-nonexpansive mappings in Hilbert spaces. Our results improve
and generalize many known results in the current literature.

1. INTRODUCTION

In 1994, Censor and Elfving [19] first introduced the split feasibility problem
(SFP) in finite-dimensional Hilbert spaces for modelling inverse problems which arise
from phase retrievals and in medical image reconstruction [5]. A number of image
reconstruction problems can be formulated as SFP; see, for example, [1, 6] and the
references therein. The SFP can also be applied to study image processing and intensity-
modulated radiation therapy; see, for example, [18] and the references therein. Recently,
many authors investigated SFP in different areas of pure and applied mathematics, see
[2, 3, 7-17, 20-22, 26, 27, 29, 30, 40, 42-44] for more details. On the other hand,
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the split common fixed-point problem (SCFP) is a generalization of the split feasibility
problem (SFP) and the convex feasibility problem (CFP); see [21]. In this paper we
introduce and study the convergence properties of Halpern-type algorithms for solving
the SCFP for the class of quasi-nonexpansive operators T such that T − I is closed at
the origin. This general class, which properly includes the class of directed operators
considered in [4, 21], is more desirable, for example, in fixed-point methods in image
recovery where, in many cases, it is possible to map the set of images possessing a
certain property to the fixed point set of a nonlinear quasi-nonexpansive operator.

Throughout this paper, we denote the set of real numbers and the set of positive
integers by R and N, respectively. Let H be a real Hilbert space with the norm
‖.‖ and the inner product 〈., .〉. When {xn}n∈N is a sequence in H , we denote the
strong convergence of {xn}n∈N to x ∈ H by xn → x and the weak convergence by
xn ⇀ x. Let C be a nonempty subset of H and let T : C → H be a mapping. We
denote by F (T ) the set of fixed points of T , i.e., F (T ) = {x ∈ C : Tx = x}. A
mapping T : C → H is said to be nonexpansive if ‖Tx − Ty‖ ≤ ‖x − y‖ for all
x, y ∈ C. A mapping T : C → X is said to be quasi-nonexpansive if F (T ) 	= ∅ and
‖Tx − y‖ ≤ ‖x − y‖ for all x ∈ C and y ∈ F (T ). Let C be a nonempty, closed and
convex subset of H and x ∈ H . Then there exists a unique nearest point z ∈ C such
that ‖x − z‖ = infy∈C ‖x − y‖. We denote such correspondence by z = PCx. The
mapping PC is called metric projection of H onto C.

Our main purpose here is to give an extension of the unified framework developed
in [31] to quasi-nonexpansive operators by proposing a strong convergence result of
the algorithm we will introduce. This will be done in the context of general Hilbert
spaces.

Let us begin with the following Moudafi [32] convex feasibility problem:

(1.1) Find x ∈ C, y ∈ Q such that Ax = By,

where H1, H2, H3 are real Hilbert spaces, C ⊂ H1, Q ⊂ H2 are two nonempty,
closed and convex level sets, and A : H1 → H3, B : H2 → H3 are two bounded linear
operators.

The split feasibility problem (SFP) [19] is formulated as finding a point x with the
property

(1.2) x ∈ C such that Ax ∈ Q,

where C is a closed and convex subset of a Hilbert space H1, Q is a closed and convex
subset of a Hilbert space H2, and A : H1 → H2 is a bounded linear operator.

Assuming that the SFP is consistent (i.e., (1.2) has a solution), it is not hard to see
that x ∈ C solves (1.2) if and only if it solves the fixed-point equation

(1.3) x = PC(I − γA∗(I − PQ)A)x, x ∈ C,
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where PC and PQ are the (orthogonal) projections onto C and Q, respectively, γ > 0
is any positive constant, and A∗ denotes the adjoint of A.

To solve (1.2), Byrne [5] proposed his CQ algorithm, which generates a sequence
{xn}n∈N by

(1.4) xn+1 = PC(I − γA∗(I − PQ)A)xn, n ∈ N,

where γ ∈
(
0, 2

λ

)
, with λ being the spectral radius of the operator A∗A.

Very recently, Moudafi considered in [32] the problem (1.1) and introduced the
following alternating CQ-algorithm, namely

(1.5) (ACQA)

⎧⎪⎨
⎪⎩

x0 ∈ H1, y0 ∈ H2 chosen arbitrarily,
xn+1 = PC(xn − γnA∗(Axn − Byn)),
yn+1 = PQ(yn + γnB∗(Axn+1 − Byn)).

Then he proved the weak convergence of the sequence {(xn, yn)}n∈N to a solution of
(1.1) provided that the solution set Ω = {(x, y) ∈ C × Q : Ax = By} is nonempty
and some conditions on the sequence of positive parameters {γn}n∈N. The ACQA
involves two projections PC and PQ and hence might be hard to be implemented in
the case where one of them fails to have a closed-form expression. He also introduced
the closed and convex sets C and Q as level sets:

C = {x ∈ H1 : c(x) ≤ 0} and Q = {y ∈ H2 : q(y) ≤ 0},
where c : H1 → R and q : H2 → R are two convex functions which are subdifferen-
tiable on C and Q respectively and their subdifferentials are bounded on bounded sets
and finally considered [32] the following relaxed alternating CQ-algorithm

(1.6) (RACQA)

⎧⎪⎨
⎪⎩

x0 ∈ H1, y0 ∈ H2 chosen arbitrarily,
xn+1 = PCn(xn − γA∗(Axn − Byn)),
yn+1 = PQn(yn + γB∗(Axn+1 − Byn)),

where γ > 0 and

Cn = {x ∈ H1 : c(xn) + 〈ξn, x − xn〉 ≤ 0}, ξn ∈ ∂c(xn)

and
Qn = {y ∈ H2 : q(yn) + 〈ηn, y − yn〉 ≤ 0}, ηn ∈ ∂q(yn).

It is obvious that C ⊂ Cn and Q ⊂ Qn for all n ∈ N and Cn and Qn are half-spaces.
Thus the corresponding projections have closed-form expressions.

Moudafi [32] studied convex feasibility problems and proved the following weak
convergence theorem in Hilbert spaces.
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Theorem 1.1. Let H1, H2 and H3 be real Hilbert spaces, C ⊂H1, Q⊂ H2

be two nonempty, closed and convex sets, A : H1 → H3, B : H2 → H3 be two
bounded linear operators. Assume that Ω is the solution set of (1.1) and that γ ∈(
0, min

{
1

‖A‖2 , 1
‖B‖2

})
. Let {xn}n∈N be a sequence generated by algorithm (1.6).

If Ω 	= Ø, then the sequence {(xn, yn)}n∈N converges weakly to a solution (x̄, ȳ) of
(1.1).

The following open question was raised by Moudafi in his final remark of [32].

Question 1.1. Is there any strong convergence theorem of a relaxed alternating
CQ-algorithm (RACQA) for convex feasibility problem (1.1) in real Hilbert spaces?

The concept of nonexpansivity plays an important role in the study of Halpern-type
iteration for finding fixed points of a mapping T : C → C, where C is a nonempty,
closed and convex subset of a real Banach space. Recall that the one-step Halpern
iteration is given by the following formula

(1.7) xn+1 = αnu + (1 − αn)Txn, u ∈ C, x1 ∈ C.

Here, {αn}n∈N is a real sequence in [0, 1] satisfying some appropriate conditions. A
more general iteration scheme of one-step Halpern iteration is two-step Halpern iteration
given by

(1.8)

⎧⎪⎨
⎪⎩

u ∈ C, x1 ∈ C chosen arbitrarily,
yn = (1− βn)xn + βnTxn,

xn+1 = αnu + (1− αn)yn,

where the sequences {βn}n∈N and {αn}n∈N satisfy some appropriate conditions. In
particular, when all βn = 1, the Halpern iteration (1.8) becomes the standard Halpern it-
eration (1.7). The construction of fixed points of nonexpansive mappings via Halpern’s
algorithm [25] has been extensively investigated recently in the current literature (see,
for example, [34] and the references therein). Numerous results have been proved on
Halpern’s iterations for nonexpansive mappings in Hilbert and Banach spaces (see, e.g.,
[25, 34, 39, 35, 38, 36, 33]).

In this paper, we introduce a new Halpern-type iterative algorithm for finding a
solution of (1.1) and obtain a strongly convergent iterative sequence to a solution of
(1.1) in real Hilbert spaces. Consequently, the above question is answered in the
affirmative in Hilbert space setting. Our results improve and generalize many known
results in the current literature; see, for example, [31, 32].

2. PRELIMINARIES

In this section, we collect some lemmas which will be used in the proofs of the
main results in next sections. We start with the following well known lemma.
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Lemma 2.1. ([37]). Let H be a real Hilbert space and and C a nonempty, closed
and convex subset of H . For given x ∈ H:

(i) z = PCx if and only if
〈x− z, y − z〉 ≤ 0, ∀y ∈ C.

(ii) z = PCx if and only if
‖x− z‖2 ≤ ‖x − y‖2 − ‖y − z‖2, ∀y ∈ C.

(iii) 〈PCx − PCy, x − y〉 ≥ ‖PCx − PCy‖2, ∀x, y ∈ H . Consequently, PC is a
nonexpansive mapping.

Lemma 2.2. ([24]). In a Hilbert space H , we have
(i) for all x, y ∈ H and λ ∈ [0, 1]

‖λx + (1− λ)y‖2 = λ‖x‖2 + (1− λ)‖y‖2 − λ(1− λ)‖x− y‖2.

(ii) for all x, y, z ∈ H

‖x − y‖2 ≤ ‖x − (y + z)‖2 + 2〈x− y, z〉.
(iii) for all x, y ∈ H

‖x + y‖2 ≤ ‖x‖2 + 2〈y, x + y〉.

Lemma 2.3. ([32]). Let T be a quasi-nonexpansive mapping of a Hilbert space
H , and set Tα = (1 − α)I + αT for α ∈ (0, 1]. Then, the following are reached for
all (x, q) ∈ H × F (T ):

(i) 〈x − Tx, x − q〉 ≥ 1
2‖x − Tx‖2 and 〈x − Tx, q − Tx〉 ≤ 1

2‖x − Tx‖2;
(ii) ‖Tαx − q‖2 ≤ ‖x − q‖2 − α(1 − α)‖Tx − x‖2;
(iii) 〈x − Tαx, x− q〉 ≥ α

2‖x − Tx‖2.

Definition 2.1. ([32]). A mapping T is said to be demiclosed if, for any sequence
{xn}n∈N which weakly converges to y, and if the sequence {Txn}n∈N strongly con-
verges to z, then Ty = z.

If X and Y are inner product spaces, let X × Y denote the set of all ordered
pairs (x, y) with x ∈ X and y ∈ Y . Addition and scalar multiplication are defined
”componentwise” in X × Y ; that is,

(x1, y1) + (x2, y2) := (x1 + x2, y1 + y2),

and
α(x, y) := (αx, αy).

Now, we define an inner product in X × Y by

〈(x1, y1), (x2, y2)〉 := 〈x1, x2〉 + 〈y1, y2〉.
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The norm in X × Y is given by

‖(x, y)‖ :=
√
‖x‖2 + ‖y‖2.

In particular, convergence in X × Y is componentwise:

‖(xn, yn) − (x, y)‖ → 0 ⇐⇒ ‖xn − x‖ → 0 and ‖yn − y‖ → 0

Proposition 2.1. ([23]). Let X and Y be two inner product spaces. Then X × Y
is an inner product space. It is complete if both X and Y are complete.

To prove our main result, we need the following key lemmas.

Lemma 2.4. ([41]). Let {sn}n∈N be a sequence of nonnegative real numbers
satisfying the inequality:

sn+1 ≤ (1 − γn)sn + γnδn, ∀n ≥ 0,

where {γn}n∈N and {δn}n∈N satisfy the conditions:
(i) {γn}n∈N ⊂ [0, 1] and

∑∞
n=0 γn = ∞, or equivalently, Π∞

n=0(1− γn) = 0;
(ii) lim supn→∞ δn ≤ 0, or
(ii’)

∑∞
n=0 γnδn < ∞.

Then, limn→∞ sn = 0.

Lemma 2.5. ([28]). Let {an}n∈N be a sequence of real numbers such that there
exists a subsequence {ni}i∈N of {n}n∈N such that ani < ani+1 for all i ∈ N. Then
there exists a subsequence {mk}k∈N ⊂ N such that mk → ∞ and the following
properties are satisfied by all (sufficiently large) numbers k ∈ N:

amk
≤ amk+1 and ak ≤ amk+1.

In fact, mk = max{j ≤ k : aj < aj+1}.
Let E be a real Banach space. The modulus δ of convexity of E is denoted by

δ(ε) = inf
{

1 − ‖x + y‖
2

: ‖x‖ ≤ 1, ‖y‖ ≤ 1, ‖x− y‖ ≥ ε

}

for every ε with 0 ≤ ε ≤ 2. A Banach space X is said to be uniformly convex if
δ(ε) > 0 for every ε > 0. It is well known that any Hilbert space is a uniformly
convex Banach space; see [37], for more details.

Lemma 2.6. ([22]). Let E be a uniformly convex Banach space, r > 0 be
a constant. Then there exists a continuous, strictly increasing and convex function
h : [0,∞) → [0,∞) such that∥∥∥∥∥

∞∑
k=0

αkxk

∥∥∥∥∥
2

≤
∞∑

k=0

αk‖xk‖2 − αiαjh(‖xi − xj‖)
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for all i, j ∈ N ∪ {0}, xk ∈ Br := {z ∈ E : ‖z‖ ≤ r}, αk ∈ (0, 1) and k ∈ N ∪ {0}
with

∑∞
k=0 αk = 1.

3. STRONG CONVERGENCE THEOREMS FOR CONVEX FEASIBILITY PROBLEMS

In this section, we study convex feasibility problem (1.1) and prove the following
two strong convergence theorems in Hilbert spaces.

Theorem 3.1. Let H1, H2 and H3 be real Hilbert spaces, C ⊂ H1, Q ⊂ H2 be
two nonempty, closed and convex sets as level sets:

C = {x ∈ H1 : f(x) ≤ 0} and Q = {y ∈ H2 : g(y) ≤ 0},
where f : H1 → R and g : H2 → R are two convex functions which are subdiffer-
entiable on C and Q respectively and their subdifferentials are bounded on bounded
sets. Let A : H1 → H3, B : H2 → H3 be two bounded linear operators. Assume
that γ ∈

(
0, min

{
1

‖A‖2 , 1
‖B‖2

})
. Let (u, w) ∈ H1 × H2 be fixed. Let {αn}n∈N be a

sequence in [0, 1] satisfying the following control conditions:
(a) limn→∞ αn = 0;

(b)
∑∞

n=1 αn = ∞.

Let {xn}n∈N be a sequence generated by

(3.1)

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

x0 ∈ H1, y0 ∈ H2 chosen arbitrarily,
un = PCn(xn − γA∗(Axn − Byn)),
wn = PQn(yn + γB∗(Axn+1 − Byn))
xn+1 = αnu + (1 − αn)un,

yn+1 = αnw + (1 − αn)wn.

where Cn = {x ∈ H1 : f(xn)+ 〈ξn, x−xn〉 ≤ 0}, ξn ∈ ∂f(xn) and Qn = {y ∈ H2 :
g(yn) + 〈ηn, y − yn〉 ≤ 0}, ηn ∈ ∂g(yn). If Ω := {(x, y) ∈ C × Q : Ax = By} 	= Ø,
then the sequence {(xn, yn)}n∈N defined in (3.1) converges strongly to PΩ(u, w), where
PΩ is the metric projection from H1 × H2 onto Ω.

Proof. We divide the proof into several steps. We first note that, in view of
Proposition 2.1, H1 × H2 is a real Hilbert space. It could easily be seen that C ⊂ Cn

and Q ⊂ Qn for all n ∈ N and Cn and Qn are half-spaces. It is also clear that Ω is a
closed and convex subset of C × Q. Set

(x̂, ŷ) = PΩ(u, w).

Step 1. We prove that the sequences {xn}n∈N, {yn}n∈N, {un}n∈N, {wn}n∈N,

{Axn}n∈N and {Byn}n∈N are bounded. We first show that {xn}n∈N is bounded. Let
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(x∗, y∗) ∈ Ω be arbitrarily chosen. Then x∗ ∈ C (and thus x∗ ∈ Cn), y∗ ∈ Q (and
thus y∗ ∈ Qn) and Ax∗ = By∗. In view of Lemma 2.1(iii) and (3.1), we have

(3.2)

‖un − x∗‖2

= ‖PCn(xn − γA∗(Axn − Byn)) − PCnx∗‖2

≤ ‖xn − γA∗(Axn − Byn) − x∗‖2

= ‖xn − x∗‖2 + γ2‖A∗(Axn − Byn)‖2 − 2γ〈A∗(Axn − Byn), xn − x∗〉
≤ ‖xn − x∗‖2 + γ2‖A‖2‖Axn − Byn‖2 − 2γ〈Axn − Byn, Axn − Ax∗〉.

Let θn := 2γ〈Axn − Byn, Axn − Ax∗〉. Then we obtain

(3.3) θn = 2γ(‖Axn − Byn‖2 + 〈Axn − Byn, Byn − Ax∗〉).
This implies that

(3.4)
‖un − x∗‖2

≤ ‖xn−x∗‖2−2γ〈Axn−Byn, Byn−Ax∗〉−γ(2−γ‖A‖2)‖Axn−Byn‖2.

Similarly, we have

(3.5)
‖wn − y∗‖2 ≤ ‖yn − y∗‖2 + 2γ〈Axn+1 − Byn, Axn+1

−By∗〉 − γ(2− γ‖B‖2)‖Axn+1 − Byn‖2.

On the other hand, we have

(3.6)

2〈Axn − Byn, Byn − Ax∗〉
= −‖Axn − Byn‖2 − ‖Byn − Ax∗‖2 + ‖Axn − By∗‖2

= −‖Axn − Byn‖2 − ‖Byn − By∗‖2 + ‖Axn − Ax∗‖2

and

(3.7)

2〈Byn − Axn+1, Axn+1 − By∗〉
= −‖Byn − Axn+1‖2 − ‖Axn+1 − By∗‖2 + ‖Byn − Ax∗‖2

= −‖Byn − Axn+1‖2 − ‖Axn+1 − Ax∗‖2 + ‖Byn − By∗‖2

It follows from (3.2)-(3.7) that

(3.8)
‖un − x∗‖2 ≤ ‖xn − x∗‖2 + γ‖Axn − Byn‖2 + γ‖Byn − By∗‖2

−γ‖Axn − Ax∗‖2 − γ(2− γ‖A‖2)‖Axn − Byn‖2

and

(3.9)
‖wn − y∗‖2 ≤ ‖yn − y∗‖2 + γ‖Axn+1 − Byn‖2 + γ‖Axn+1 − Ax∗‖2

−γ‖Byn − By∗‖2 − γ(2− γ‖B‖2)‖Axn+1 − Byn‖2
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Adding these two inequalities, we conclude that

(3.10)

‖un − x∗‖2 + ‖wn − y∗‖2

≤ ‖xn − x∗‖2 + ‖yn − y∗‖2 − γ‖Axn − Ax∗‖2 + γ‖Axn+1 − Ax∗‖2

−γ(1− γ‖A‖2)‖Axn − Byn‖2 − γ(1− γ‖B‖2)‖Axn+1 − Byn‖2

In view of (3.1) and (3.10), we obtain

(3.11)

‖xn+1 − x∗‖2 + ‖yn+1 − y∗‖2

= ‖αnu + (1 − αn)un − x∗‖2

+‖αnw + (1− αn)wn − y∗‖2

≤ αn‖u − x∗‖2 + (1− αn)‖un − x∗‖2

+αn‖w − y∗‖2 + (1 − αn)‖wn − y∗‖2

= αn[‖u− x∗‖2 + ‖w − y∗‖2] + (1− αn)[‖un − x∗‖2 + ‖wn − y∗‖2]

≤ αn[‖u− x∗‖2 + ‖w − y∗‖2] + (1− αn)[‖xn − x∗‖2 + ‖yn − y∗‖2

−γ‖Axn − Ax∗‖2 + γ‖Axn+1 − Ax∗‖2

−γ(1− γ‖A‖2)‖Axn − Byn‖2 − γ(1− γ‖B‖2)‖Axn+1 − Byn‖2]

≤ αn[‖u− x∗‖2 + ‖w − y∗‖2] + γ‖Axn+1 − Ax∗‖2

+(1 − αn)[‖xn − x∗‖2 + ‖yn − y∗‖2

−γ‖Axn − Ax∗‖2] − (1 − αn)[γ(1− γ‖A‖2)‖Axn − Byn‖2

+γ(1− γ‖B‖2)‖Axn+1 − Byn‖2]

Put

(3.12) En(x∗, y∗) := ‖xn − x∗‖2 + ‖yn − y∗‖2 − γ‖Axn − Ax∗‖2.

We note that
γ‖Axn − Ax∗‖2 ≤ γ‖A‖2‖xn − x∗‖2.

Therefore

(3.13) En(x∗, y∗) ≥ (1− γ‖A‖2)‖xn − x∗‖2 + ‖yn − y∗‖2 ≥ 0.

In view of (3.11)-(3.13), we conclude that

(3.14)

En+1(x∗, y∗) ≤ (1− αn)En(x∗, y∗) + αn[‖u− x∗‖2 + ‖w − y∗‖2]

−(1−αn)[γ(1−γ‖A‖2)‖Axn−Byn‖2

+γ(1−γ‖B‖2)‖Axn+1−Byn‖2].
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This implies that

En+1(x∗, y∗) ≤ (1− αn)En(x∗, y∗) + αn[‖u− x∗‖2 + ‖w − y∗‖2]

≤ max{En(x∗, y∗), ‖u− x∗‖2 + ‖w − y∗‖2}
By induction, we obtain

En+1(x∗, y∗) ≤ max{E1(x∗, y∗), ‖u− x∗‖2 + ‖w − y∗‖2}
for all n ∈ N. This implies that the sequence {En(x∗, y∗)}n∈N is bounded and hence,
in view of (3.13), the sequences {xn}n∈N and {yn}n∈N are bounded. This, together
with (3.1), implies that the sequences {un}n∈N, {wn}n∈N, {Axn}n∈N and {Byn}n∈N

are bounded too.
In view of (3.14), we conclude that

(3.15)

En+1(x̂, ŷ) ≤ (1− αn)En(x̂, ŷ) + αn[‖u − x̂‖2 + ‖w − ŷ‖2

+γ(1− γ‖A‖2)‖Axn − Byn‖2

+γ(1− γ‖B‖2)‖Axn+1 − Byn‖2]

−[γ(1− γ‖A‖2)‖Axn − Byn‖2

+γ(1− γ‖B‖2)‖Axn+1 − Byn‖2].

Let

M1 : = sup{‖u − x̂‖2 + ‖w − ŷ‖2 + γ(1− γ‖A‖2)‖Axn − Byn‖2

+γ(1− γ‖B‖2)‖Axn+1 − Byn‖2 : n ∈ N}.
It follows from (3.15) that

(3.16)
γ(1− γ‖A‖2)‖Axn − Byn‖2 + γ(1− γ‖B‖2)‖Axn+1 − Byn‖2

≤ En(x̂, ŷ)− En+1(x̂, ŷ) + αnM1.

Step 2. We prove that for any n ∈ N

(3.17)

En+1(x̂, ŷ) ≤ (1 − αn)En(x̂, ŷ)

+αn[γ(1− γ‖A‖2)‖Axn − Byn‖2

+γ(1− γ‖B‖2)‖Axn+1 − Byn‖2

+2〈(xn+1, yn+1) − (x̂, ŷ), (u, w)− (x̂, ŷ)〉].
Let us show (3.17). In view of Lemma 2.2(iii), we obtain



On an Open Question of Moudafi for Convex Feasibility Problems in Hilbert Spaces 381

En+1(x̂, ŷ)

= ‖xn+1 − x̂‖2 + ‖yn+1 − ŷ‖2 − γ‖Axn+1 − Ax̂‖2

= ‖(xn+1, yn+1) − (x̂, ŷ)‖2 − γ‖Axn+1 − Ax̂‖2

= ‖αn(u, w) + (1 − αn)(un, wn) − (x̂, ŷ)‖2 − γ‖Axn+1 − Ax̂‖2

≤ (1 − αn)‖(un, wn)− (x̂, ŷ)‖2

+2αn〈(xn+1, yn+1) − (x̂, ŷ), (u, w)− (x̂, ŷ)〉 − γ‖Axn+1 − Ax̂‖2

≤ (1 − αn)[‖un − x̂‖2 + ‖wn − ŷ‖2]

+2αn〈(xn+1, yn+1) − (x̂, ŷ), (u, w)− (x̂, ŷ)〉 − γ‖Axn+1 − Ax̂‖2

≤ (1 − αn)[‖xn−x̂‖2 + ‖yn − ŷ‖2 − γ‖Axn − Ax̂‖2 + γ‖Axn+1 − Ax̂‖2

−γ(1− γ‖A‖2)‖Axn − Byn‖2 − γ(1− γ‖B‖2)‖Axn+1 − Byn‖2]

+2αn〈(xn+1, yn+1) − (x̂, ŷ), (u, w)− (x̂, ŷ)〉 − γ‖Axn+1 − Ax̂‖2

≤ (1 − αn)[‖xn − x̂‖2 + ‖yn − ŷ‖2 − γ‖Axn − Ax̂‖2

−γ(1− γ‖A‖2)‖Axn − Byn‖2 − γ(1− γ‖B‖2)‖Axn+1 − Byn‖2]

+γ‖Axn+1 − Ax̂‖2

+2αn〈(xn+1, yn+1) − (x̂, ŷ), (u, w)− (x̂, ŷ)〉 − γ‖Axn+1 − Ax̂‖2

= (1 − αn)En(x̂, ŷ)

−(1− αn)[γ(1− γ‖A‖2)‖Axn − Byn‖2 + γ(1− γ‖B‖2)‖Axn+1 − Byn‖2]

+2αn〈(xn+1, yn+1) − (x̂, ŷ), (u, w)− (x̂, ŷ)〉.
This implies that

En+1(x̂, ŷ) ≤ (1− αn)En(x̂, ŷ) − (1 − αn)[γ(1− γ‖A‖2)‖Axn − Byn‖2

+γ(1− γ‖B‖2)‖Axn+1 − Byn‖2]

+2αn〈(xn+1, yn+1) − (x̂, ŷ), (u, w)− (x̂, ŷ)〉
≤ (1− αn)En(x̂, ŷ)

+αn[γ(1−γ‖A‖2)‖Axn − Byn‖2+γ(1− γ‖B‖2)‖Axn+1−Byn‖2

+2〈(xn+1, yn+1) − (x̂, ŷ), (u, w)− (x̂, ŷ)〉].
Thus we have (3.17).

Step 3. We prove that (xn, yn) → (x̂, ŷ) as n → ∞.
We shall show that En(x̂, ŷ) → 0 as n → ∞ by considering two possible cases on the
sequence {En(x̂, ŷ)}n∈N.

Case 1. If {En(x̂, ŷ)}n∈N is eventually decreasing, then there exists n0 ∈ N

such that {En(x̂, ŷ)}∞n=n0
is decreasing and hence the sequence {En(x̂, ŷ)}n∈N is



382 Eskandar Naraghirad

convergent. Thus we have En(x̂, ŷ)−En+1(x̂, ŷ) → 0 as n → ∞. This, together with
(3.16), implies that

(3.18) lim
n→∞[γ(1− γ‖A‖2)‖Axn − Byn‖2 + γ(1− γ‖B‖2)‖Axn+1 − Byn‖2] = 0.

On the other hand, we have

(3.19) ‖un − xn‖2 = ‖xn − x∗‖2 − ‖un − x∗‖2 + 2〈un − xn, un − x∗〉.
In view of Lemma 2.1(i) and (3.1), we have

〈xn − γA∗(Axn − Byn) − un, x∗ − un〉 ≤ 0.

This implies that

〈xn − un, x∗− un〉 ≤ γ〈A∗(Axn −Byn), x∗−un〉 ≤ γ‖A∗(Axn −Byn)‖‖x∗−un‖.
Therefore,

(3.20) ‖un − xn‖2 ≤ ‖xn − x∗‖2 − ‖un − x∗‖2 + 2γ‖A∗(Axn − Byn)‖‖x∗ − un‖.
In view of (3.1), we deduce that

(3.21) lim
n→∞ ‖xn+1 − un‖ = lim

n→∞ αn‖u − un‖ = 0.

Similarly, we obtain

(3.22) ‖wn − yn‖2 ≤ ‖yn − y∗‖2 −‖wn − y∗‖2 + 2‖B∗(Axn+1 − Byn)‖‖y∗ −wn‖
and

(3.23) lim
n→∞ ‖yn+1 − wn‖ = lim

n→∞ αn‖w − wn‖ = 0.

Since {(xn, yn)}n∈N is bounded, there exists a subsequence{(xni , yni)}i∈N of {(xn, yn)}n∈N

such that xni ⇀ z ∈ H1, yni ⇀ v ∈ H2, limi→∞ ‖xni − x∗‖ = l(x∗) < ∞ and

lim
i→∞

‖yni − y∗‖ = lim
i→∞

‖yni+1 − y∗‖ = lim
i→∞

‖wni − y∗‖ = l(y∗) < ∞.

This, together with (3.21) and (3.23), implies that ‖uni−x∗‖ → l(x∗) and ‖wni−y∗‖ →
l(y∗) as i → ∞ and hence

lim
i→∞

‖xni − uni‖ = 0 and lim
i→∞

‖wni − yni‖ = 0.

Since uni ∈ Cni , we deduce that

f(xni) ≤ −〈ξni , uni − xni〉 ≤ M2‖uni − xni‖,



On an Open Question of Moudafi for Convex Feasibility Problems in Hilbert Spaces 383

where M2 satisfies ‖ξni‖ ≤ M2 for all i ∈ N. In view of lower semicontinuity of f

we conclude that
f(z) ≤ lim inf

i→∞
f(xni) ≤ 0.

This implies that z ∈ C. Similarly, since wni ∈ Qni , we have

g(yni) ≤ −〈ηni , wni − yni〉 ≤ M3‖wni − yni‖,

where M3 satisfies ‖ηni‖ ≤ M3 for all i ∈ N. In view of lower semicontinuity of g

we conclude that
g(v) ≤ lim inf

i→∞
g(yni) ≤ 0.

This implies that v ∈ Q. By lower semicontiuity of the squared norm and the weak
convergence of {Axni − Byni}i∈N, we conclude that

‖Az − Bv‖2 ≤ lim inf
i→∞

‖Axni − Byni‖2 = 0,

which shows that (z, v) ∈ Ω. Now, we show the uniqueness of weak cluster points
of the sequence {(xn, yn)}n∈N. To this end, let ẑ, v̂ be other weak cluster points of
{xn}n∈N and {yn}n∈N, respectively. It follows from (3.12) that

En(z, v) = En(ẑ, v̂) + ‖z − ẑ‖2 + ‖v − v̂‖2 − γ‖Az − Aẑ‖2

+2〈xn − ẑ, ẑ − z〉 + 2〈yn − v̂, v̂ − v〉 − 2〈Axn − Aẑ, Aẑ − Az〉.

Letting n → ∞ we obtain

l(z, v) = l(ẑ, v̂) + ‖z − ẑ‖2 + ‖v − v̂‖2 − γ‖Az − Aẑ‖2,

where l(z, v) = limn→∞ En(z, v) and l(ẑ, v̂) = limn→∞ En(ẑ, v̂). Reversing the role
of (z, v) and (ẑ, v̂), we obtain

l(ẑ, v̂) = l(z, v) + ‖z − ẑ‖2 + ‖v − v̂‖2 − γ‖Az − Aẑ‖2.

Since 1 − γ‖A‖2 ≥ 0, we conclude that

(1 − γ‖A‖2)‖z − ẑ‖2 + ‖v − v̂‖2 ≤ 0,

which implies that (ẑ, v̂) = (z, v). We notice that

lim sup
n→∞

〈(xn, yn) − (x̂, ŷ), (u, w)− (x̂, ŷ)〉
= lim

i→∞
〈(xni , yni) − (x̂, ŷ), (u, w)− (x̂, ŷ)〉

= 〈(z, v)− (x̂, ŷ), (u, w)− (x̂, ŷ)〉.
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Since (z, v) ∈ Ω, in view of Lemma 2.1(i), we conclude that

(3.24)

lim sup
n→∞

〈(xn+1, yn+1) − (x̂, ŷ), (u, w)− (x̂, ŷ)〉
≤ lim sup

n→∞
〈(xn+1, yn+1) − (xn, yn), (u, w)− (x̂, ŷ)〉

+ lim sup
n→∞

〈(xn, yn) − (x̂, ŷ), (u, w)− (x̂, ŷ)〉
= lim sup

n→∞
〈(xn, yn)− (x̂, ŷ), (u, w)− (x̂, ŷ)〉

= lim
i→∞

〈(xni , yni) − (x̂, ŷ), (u, w)− (x̂, ŷ)〉
= 〈(z, v)− (x̂, ŷ), (u, w)− (x̂, ŷ)

= 〈(z, v)− PΩ(u, w), (u,w)− PΩ(u, w)〉
≤ 0.

Thus we have the desired result by (3.17) and Lemma 2.4.

Case 2. If {En(x̂, ŷ)}n∈N is not eventually decreasing, then there exists a subse-
quence {ni}i∈N of {n}n∈N such that

Eni(x̂, ŷ) < Eni+1(x̂, ŷ)

for all i ∈ N. Then, by Lemma 2.5, there exists a nondecreasing sequence {mk}k∈N ⊂
N such that mk → ∞,

Emk
(x̂, ŷ) ≤ Emk+1(x̂, ŷ) and Ek(x̂, ŷ) ≤ Emk+1(x̂, ŷ)

for all k ∈ N. This, together with (3.16), implies that

(3.25)

γ(1− γ‖A‖2)‖Axmk
− Bymk

‖2 + γ(1− γ‖B‖2)‖Axmk+1 − Bymk
‖2

≤ Emk
(x̂, ŷ) − Emk+1(x̂, ŷ) + αmk

M1

≤ αmk
M1.

for all k ∈ N. Then, by condition (a), we get

(3.26)
lim

k→∞
γ(1− γ‖A‖2)‖Axmk

− Bymk
‖2

= lim
k→∞

γ(1− γ‖B‖2)‖Axmk+1 − Bymk
‖2 = 0.

By the same argument, as in Case 1, we arrive at

(3.27) lim sup
k→∞

〈(xmk+1, ymk+1) − (x̂, ŷ), (u, w)− (x̂, ŷ)〉 ≤ 0.
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It follows from (3.17) that

(3.28)

Emk+1(x̂, ŷ) ≤ (1 − αmk
)Emk

(x̂, ŷ)

+αmk
[γ(1− γ‖A‖2)‖Axmk

− Bymk
‖2

+γ(1− γ‖B‖2)‖Axmk+1 − Bymk
‖2

+2〈(xmk+1, ymk+1) − (x̂, ŷ), (u, w)− (x̂, ŷ)〉].
Since Emk

(x̂, ŷ) ≤ Emk+1(x̂, ŷ), we obtain

(3.29)

αmk
Emk

(x̂, ŷ) ≤ Emk
(x̂, ŷ) − Emk+1(x̂, ŷ)

+αmk
[γ(1− γ‖A‖2)‖Axmk

− Bymk
‖2

+γ(1− γ‖B‖2)‖Axmk+1 − Bymk
‖2

+2〈(xmk+1, ymk+1) − (x̂, ŷ), (u, w)− (x̂, ŷ)〉]
≤ αmk

[γ(1− γ‖A‖2)‖Axmk
− Bymk

‖2

+γ(1− γ‖B‖2)‖Axmk+1 − Bymk
‖2

+2〈(xmk+1, ymk+1) − (x̂, ŷ), (u, w)− (x̂, ŷ)〉].
In particular, since αmk

> 0, we obtain

(3.30)

Emk
(x̂, ŷ) ≤ γ(1− γ‖A‖2)‖Axmk

− Bymk
‖2

+γ(1− γ‖B‖2)‖Axmk+1 − Bymk
‖2

+2〈(xmk+1, ymk+1) − (x̂, ŷ), (u, w)− (x̂, ŷ)〉.
In view of (3.26)-(3.30), we deduce that

lim
k→∞

Emk
(x̂, ŷ) = 0.

This, together with (3.28), implies that

lim
k→∞

Emk+1(x̂, ŷ) = 0.

On the other hand, we have Ek(x̂, ŷ) ≤ Emk+1(x̂, ŷ) for all k ∈ N which implies that
Ek(x̂, ŷ) → 0 as k → ∞ and hence (xmk

, ymk
) → (x̂, ŷ) as k → ∞. Thus, we have

(xn, yn) → (x̂, ŷ) as n → ∞. This completes the proof.

Theorem 3.2. Let H1, H2 and H3 be real Hilbert spaces, C ⊂ H1, Q ⊂ H2 be
two nonempty, closed and convex sets. Let A : H1 → H3, B : H2 → H3 be two
bounded linear operators. Assume that ζ ∈ (0, 1) and γ ∈

(
0, min

{
1

‖A‖2 , 1
‖B‖2

})
.
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Let {Sj}j∈N be an infinite family of quasi-nonexpansive mappings from H1 into itself
and {Tj}j∈N be an infinite family of quasi-nonexpansive mappings from H2 into itself
such that ∩∞

j=1F (Sj) = C and ∩∞
j=1F (Tj) = Q. Assume that for each j ∈ N,

Sj − I and Tj − I are demiclosed at zero. Let (w, z) ∈ H1 × H2 be fixed. Let
{αn}n∈N, {βn,j}n∈N,j∈N∪{0} and {δn,j}n∈N,j∈N∪{0} be sequences in [0, 1] satisfying
the following control conditions:

(a) limn→∞ αn = 0;

(b)
∑∞

n=1 αn = ∞;

(c) βn,0 +
∑∞

j=1 βn,j = 1, ∀n ∈ N;

(d) lim infn→∞ βn,0βn,j > 0, ∀j ∈ N;

(e) δn,0 +
∑∞

j=1 δn,j = 1, ∀n ∈ N, and lim infn→∞ δn,0δn,j > 0, ∀j ∈ N.

Let {xn}n∈N be a sequence generated by

(3.31)

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

x0 ∈ H1, y0 ∈ H2 chosen arbitrarily,
un = βn,0xn +

∑∞
j=1 βn,jSjxn,

vn = xn − γA∗(Axn − Byn),

wn = ζun + (1− ζ)vn,

sn = δn,0yn +
∑∞

j=1 δn,jTjyn,

tn = yn + γB∗(Axn+1 − Byn),

zn = ζsn + (1− ζ)tn,

xn+1 = αnw + (1− αn)wn,

yn+1 = αnz + (1− αn)zn.

If Ω := {(x, y) ∈ C×Q : Ax = By} 	= Ø, then the sequence {(xn, yn)}n∈N defined in
(3.31) converges strongly to PΩ(w, z), where PΩ is the metric projection from H1×H2

onto Ω.

Proof. We divide the proof into several steps. It is clear that Ω is a closed and
convex subset of C × Q. Set

(x̂, ŷ) = PΩ(w, z).

Step 1. We prove that the sequences {xn}n∈N, {un}n∈N, {vn}n∈N, {wn}n∈N,
{yn}n∈N, {sn}n∈N, {tn}n∈N, {zn}n∈N, {Axn}n∈N and {Byn}n∈N are bounded. We
first show that {xn}n∈N is bounded. Let (x∗, y∗) ∈ Ω be arbitrarily chosen. Then
x∗ ∈ C, y∗ ∈ Q and Ax∗ = By∗. In view of Lemma 2.6 there exists a continuous,
strictly increasing and convex function h1 : [0,∞) → [0,∞) such that
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(3.32)

‖un − x∗‖2

= ‖βn,0xn +
∞∑

j=1

βn,jSjxn − x∗‖2

≤ βn,0‖xn − x∗‖2 +
∞∑

j=1

βn,j‖Sjxn − x∗‖2 − βn,0βn,jh1(‖xn − Sjxn‖)

≤ βn,0‖xn − x∗‖2 +
∞∑

j=1

βn,j‖xn − x∗‖2 − βn,0βn,jh1(‖xn − Sjxn‖)

= ‖xn − x∗‖2 − βn,0βn,jh1(‖xn − Sjxn‖), ∀j ∈ N.

In view of Lemma 2.2(i) and (3.31), we have

(3.33)

‖vn − x∗‖2

= ‖xn − γA∗(Axn − Byn)− x∗‖2

= ‖xn − x∗‖2 + γ2‖A∗(Axn − Byn)‖2 − 2γ〈A∗(Axn − Byn), xn − x∗〉
≤ ‖xn − x∗‖2 + γ2‖A‖2‖Axn − Byn‖2 − 2γ〈Axn − Byn, Axn − Ax∗〉.

Let ϑn := 2γ〈Axn − Byn, Axn − Ax∗〉. Then we obtain

(3.34) ϑn = 2γ(‖Axn − Byn‖2 + 〈Axn − Byn, Byn − Ax∗〉).

This implies that

(3.35)
‖vn − x∗‖2

≤ ‖xn−x∗‖2−2γ〈Axn−Byn, Byn−Ax∗〉−γ(2−γ‖A‖2)‖Axn−Byn‖2.

Similarly, in view of Lemma 2.6 there exists a continuous, strictly increasing and
convex function h2 : [0,∞) → [0,∞) such that

(3.36) ‖sn − y∗‖2 ≤ ‖yn − y∗‖2 − δn,0δn,jh2(‖yn − Tjyn‖), ∀j ∈ N

and

(3.37)
‖tn − y∗‖2 ≤ ‖yn − y∗‖2 + 2γ〈Axn+1 − Byn, Axn+1 − By∗〉

−γ(2− γ‖B‖2)‖Axn+1 − Byn‖2.

On the other hand, since Ax∗ = By∗, we have

(3.38)
2〈Axn − Byn, Byn − Ax∗〉

= −‖Axn − Byn‖2 − ‖Byn − Ax∗‖2 + ‖Axn − By∗‖2

= −‖Axn − Byn‖2 − ‖Byn − By∗‖2 + ‖Axn − Ax∗‖2
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and

(3.39)

2〈Byn − Axn+1, Axn+1 − By∗〉
= −‖Byn − Axn+1‖2 − ‖Axn+1 − By∗‖2 + ‖Byn − Ax∗‖2

= −‖Byn − Axn+1‖2 − ‖Axn+1 − Ax∗‖2 + ‖Byn − By∗‖2

It follows from (3.32)-(3.39) that

(3.40)
‖vn − x∗‖2 ≤ ‖xn − x∗‖2 + γ‖Axn − Byn‖2 + γ‖Byn − By∗‖2

−γ‖Axn − Ax∗‖2 − γ(2− γ‖A‖2)‖Axn − Byn‖2

and

(3.41)
‖tn − y∗‖2 ≤ ‖yn − y∗‖2 + γ‖Axn+1 − Byn‖2 + γ‖Axn+1 − Ax∗‖2

−γ‖Byn − By∗‖2 − γ(2− γ‖B‖2)‖Axn+1 − Byn‖2

This, together with (3.31), implies that

(3.42)

‖wn − x∗‖2

= ‖ζun + (1 − ζ)vn − x∗‖2

≤ ζ‖un − x∗‖2 + (1− ζ)‖vn − x∗‖2 − ζ(1 − ζ)‖un − vn‖2

≤ ζ[‖xn − x∗‖2 − βn,0βn,jh1(‖xn − Sjxn‖)]
+(1 − ζ)[‖xn − x∗‖2 + γ‖Axn − Byn‖2

+γ‖Byn − By∗‖2 − γ‖Axn − Ax∗‖2

−γ(2− γ‖A‖2)‖Axn − Byn‖2]− ζ(1 − ζ)‖un − vn‖2

= ‖xn − x∗‖2 + (1− ζ)[γ‖Axn − Byn‖2 + γ‖Byn − By∗‖2]
−(1 − ζ)[γ‖Axn − Ax∗‖2 + γ(2− γ‖A‖2)‖Axn − Byn‖2]

−ζβn,0βn,jh1(‖xn − Sjxn‖)− ζ(1− ζ)‖un − vn‖2, ∀j ∈ N.

It follows from (3.31), (3.36), (3.41) and (3.37) that

(3.43)

‖zn − y∗‖2

= ‖ζsn + (1− ζ)tn − y∗‖2

≤ ζ‖sn − y∗‖2 + (1− ζ)‖tn − y∗‖2 − ζ(1 − ζ)‖sn − tn‖2

≤ ζ[‖yn − y∗‖2 − δn,0δn,jh2(‖yn − Tjyn‖)]
+(1 − ζ)[‖yn − y∗‖2 + γ‖Byn − Axn+1‖2 + γ‖Axn+1 − Ax∗‖2

−γ‖Byn − By∗‖2 − γ(2− γ‖B‖2)‖Axn+1 − Byn‖2]
−ζ(1 − ζ)‖sn − tn‖2

= ‖yn − y∗‖2 + (1 − ζ)[γ‖Byn − Axn+1‖2 + γ‖Axn+1 − Ax∗‖2]
−(1 − ζ)[γ‖Byn − By∗‖2 + γ(2− γ‖B‖2)‖Axn+1 − Byn‖2]

−ζδn,0δn,jh2(‖yn − Tjyn‖)− ζ(1 − ζ)‖sn − tn‖2, ∀j ∈ N.



On an Open Question of Moudafi for Convex Feasibility Problems in Hilbert Spaces 389

Adding the two inequalities (3.42) and (3.43), we conclude that

(3.44)

‖wn − x∗‖2 + ‖zn − y∗‖2

≤ ‖xn − x∗‖2 + ‖yn − y∗‖2

−γ(1− ζ)‖Axn − Ax∗‖2 + γ(1− ζ)‖Axn+1 − Ax∗‖2

−γ(1− ζ)(1− γ‖A‖2)‖Axn − Byn‖2

−γ(1− ζ)(1− γ‖B‖2)‖Axn+1 − Byn‖2

−ζ[βn,0βn,jh1(‖xn − Sjxn‖) + δn,0δn,jh2(‖yn − Tjyn‖)]
−ζ(1 − ζ)[‖un − vn‖2 + ‖sn − tn‖2], ∀j ∈ N

In view of (3.31) and (3.44), we obtain

(3.45)

‖xn+1 − x∗‖2 + ‖yn+1 − y∗‖2

= ‖αnw + (1− αn)wn − x∗‖2

+‖αnz + (1− αn)zn − y∗‖2

≤ αn‖w − x∗‖2 + (1− αn)‖wn − x∗‖2

+αn‖z − y∗‖2 + (1− αn)‖zn − y∗‖2

= αn[‖w − x∗‖2 + ‖z − y∗‖2] + (1− αn)[‖wn − x∗‖2 + ‖zn − y∗‖2]
≤ αn[‖w − x∗‖2 + ‖z − y∗‖2] + (1− αn)[‖xn − x∗‖2 + ‖yn − y∗‖2

−γ(1− ζ)‖Axn − Ax∗‖2 + γ(1− ζ)‖Axn+1 − Ax∗‖2

−γ(1− ζ)(1− γ‖A‖2)‖Axn − Byn‖2

−γ(1− ζ)(1− γ‖B‖2)‖Axn+1 − Byn‖2

−ζ[βn,0βn,jh1(‖xn − Sjxn‖) + δn,0δn,jh2(‖yn − Tjyn‖)]
−ζ(1 − ζ)[‖un − vn‖2 + ‖sn − tn‖2]]

≤ αn[‖w − x∗‖2 + ‖z − y∗‖2] + γ(1− ζ)‖Axn+1 − Ax∗‖2

+(1− αn)[‖xn − x∗‖2 + ‖yn − y∗‖2

−γ(1− ζ)‖Axn − Ax∗‖2]

−(1− αn)[γ(1− ζ)(1− γ‖A‖2)‖Axn − Byn‖2

+γ(1− ζ)(1− γ‖B‖2)‖Axn+1 − Byn‖2

+ζ[βn,0βn,jh1(‖xn − Sjxn‖) + δn,0δn,jh2(‖yn − Tjyn‖)]
+ζ(1 − ζ)[‖un − vn‖2 + ‖sn − tn‖2]], ∀j ∈ N

Put

(3.46) Gn(x∗, y∗) := ‖xn − x∗‖2 + ‖yn − y∗‖2 − γ(1− ζ)‖Axn − Ax∗‖2.

We note that

γ(1− ζ)‖Axn − Ax∗‖2 ≤ γ(1− ζ)‖A‖2‖xn − x∗‖2.
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Therefore

(3.47) Gn(x∗, y∗) ≥ (1− γ(1− ζ)‖A‖2)‖xn − x∗‖2 + ‖yn − y∗‖2 ≥ 0.

In view of (3.45)-(3.46), we conclude that

(3.48)

Gn+1(x∗, y∗)
≤ (1 − αn)Gn(x∗, y∗) + αn[‖w − x∗‖2 + ‖z − y∗‖2]

−(1− αn)[γ(1− ζ)(1− γ‖A‖2)‖Axn − Byn‖2

+γ(1− ζ)(1− γ‖B‖2)‖Axn+1 − Byn‖2

+ζ[βn,0βn,jh1(‖xn − Sjxn‖) + δn,0δn,jh2(‖yn − Tjyn‖)]
+ζ(1 − ζ)[‖un − vn‖2 + ‖sn − tn‖2]], ∀j ∈ N.

This implies that

Gn+1(x∗, y∗) ≤ (1− αn)Gn(x∗, y∗) + αn[‖u− x∗‖2 + ‖w − y∗‖2]

≤ max{Gn(x∗, y∗), ‖u− x∗‖2 + ‖w − y∗‖2}
By induction, we obtain

Gn+1(x∗, y∗) ≤ max{G1(x∗, y∗), ‖u− x∗‖2 + ‖w − y∗‖2}
for all n ∈ N. This implies that the sequence {Gn(x∗, y∗)}n∈N is bounded and hence, in
view of (3.47), the sequences {xn}n∈N and {yn}n∈N are bounded. This, together with
(3.31), implies that the sequences {vn}n∈N, {wn}n∈N, {sn}n∈N, {tn}n∈N, {zn}n∈N,
{Axn}n∈N and {Byn}n∈N are bounded too.
In view of (3.48), we conclude that

(3.49)

Gn+1(x̂, ŷ)
≤ (1− αn)Gn(x̂, ŷ) + αn[‖w − x̂‖2 + ‖z − ŷ‖2

+γ(1− γ‖A‖2)‖Axn − Byn‖2

+γ(1− γ‖B‖2)‖Axn+1 − Byn‖2

+γ(1−γ‖A‖2)‖Axn−Byn‖2+γ(1−γ‖B‖2)‖Axn+1−Byn‖2

+ζ[βn,0βn,jh1(‖xn − Sjxn‖) + δn,0δn,jh2(‖yn − Tjyn‖)]
+ζ(1 − ζ)[‖un − vn‖2 + ‖sn − tn‖2]], ∀j ∈ N.

Let

M4 : = sup{‖w − x̂‖2 + ‖z − ŷ‖2 + γ(1− ζ)(1 − γ‖A‖2)‖Axn − Byn‖2

+γ(1− ζ)(1 − γ‖B‖2)‖Axn+1 − Byn‖2

+ζ[βn,0βn,jh1(‖xn − Sjxn‖) + δn,0δn,jh2(‖yn − Tjyn‖)]
+ζ(1 − ζ)[‖un − vn‖2 + ‖sn − tn‖2] : n ∈ N ∪ {0}, j ∈ N}.



On an Open Question of Moudafi for Convex Feasibility Problems in Hilbert Spaces 391

It follows from (3.48) and (3.49) that

(3.50)

ζ(1− ζ)[‖un − vn‖2 + ‖sn − tn‖2]
+ζ[βn,0βn,jh1(‖xn − Sjxn‖) + δn,0δn,jh2(‖yn − Tjyn‖)]
+γ(1− ζ)(1− γ‖A‖2)‖Axn − Byn‖2

+γ(1− ζ)(1− γ‖B‖2)‖Axn+1 − Byn‖2

≤ Gn(x̂, ŷ) − Gn+1(x̂, ŷ) + αnM4, ∀j ∈ N.

Step 2. We prove that for any n ∈ N

(3.51)

Gn+1(x̂, ŷ) ≤ (1 − αn)Gn(x̂, ŷ)

+αn[γ(1− ζ)(1− γ‖A‖2)‖Axn − Byn‖2

+γ(1− ζ)(1− γ‖B‖2)‖Axn+1 − Byn‖2

+ζ[βn,0βn,jh1(‖xn − Sjxn‖) + δn,0δn,jh2(‖yn − Tjyn‖)]
+ζ(1 − ζ)[‖xn − un‖2 + ‖sn − wn‖2]
+2〈(xn+1, yn+1) − (x̂, ŷ), (w, z)− (x̂, ŷ)〉], ∀j ∈ N.

Let us show (3.51). In view of Lemma 2.2(iii), we obtain

Gn+1(x̂, ŷ)
= ‖xn+1 − x̂‖2 + ‖yn+1 − ŷ‖2 − γ(1− ζ)‖Axn+1 − Ax̂‖2

= ‖(xn+1, yn+1) − (x̂, ŷ)‖2 − γ(1− ζ)‖Axn+1 − Ax̂‖2

= ‖αn(w, z) + (1− αn)(wn, zn) − (x̂, ŷ)‖2 − γ(1− ζ)‖Axn+1 − Ax̂‖2

≤ (1 − αn)‖(wn, zn) − (x̂, ŷ)‖2

+2αn〈(xn+1, yn+1) − (x̂, ŷ), (w, z)− (x̂, ŷ)〉 − γ(1− ζ)‖Axn+1 − Ax̂‖2

= (1 − αn)[‖(wn − x̂‖2 + ‖zn − ŷ‖2]
+2αn〈(xn+1, yn+1) − (x̂, ŷ), (w, z)− (x̂, ŷ)〉 − γ(1− ζ)‖Axn+1 − Ax̂‖2

≤ (1 − αn)[‖xn − x∗‖2 + ‖yn − y∗‖2

−γ(1− ζ)‖Axn − Ax∗‖2 + γ(1− ζ)‖Axn+1 − Ax∗‖2

−γ(1− ζ)(1− γ‖A‖2)‖Axn − Byn‖2

−γ(1− ζ)(1− γ‖B‖2)‖Axn+1 − Byn‖2

−ζ[βn,0βn,jh1(‖xn − Sjxn‖) + δn,0δn,jh2(‖yn − Tjyn‖)]
−ζ(1 − ζ)[‖xn − un‖2 + ‖sn − wn‖2]]

+2αn〈(xn+1, yn+1) − (x̂, ŷ), (w, z)− (x̂, ŷ)〉 − γ(1− ζ)‖Axn+1 − Ax̂‖2

≤ (1 − αn)[‖xn − x∗‖2 + ‖yn − y∗‖2 − γ(1− ζ)‖Axn − Ax∗‖2]

+γ(1− ζ)‖Axn+1 − Ax∗‖2

−(1 − αn)[γ(1− ζ)(1− γ‖A‖2)‖Axn − Byn‖2
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+γ(1− ζ)(1− γ‖B‖2)‖Axn+1 − Byn‖2

+ζ[βn,0βn,jh1(‖xn − Sjxn‖) + δn,0δn,jh2(‖yn − Tjyn‖)]
+ζ(1 − ζ)[‖un − vn‖2 + ‖sn − tn‖2]]

+2αn〈(xn+1, yn+1) − (x̂, ŷ), (w, z)− (x̂, ŷ)〉 − γ(1− ζ)‖Axn+1 − Ax̂‖2

= (1 − αn)Gn(x̂, ŷ)
−(1 − αn)[γ(1− ζ)(1− γ‖A‖2)‖Axn − Byn‖2

+γ(1− ζ)(1− γ‖B‖2)‖Axn+1 − Byn‖2

+ζ[βn,0βn,jh1(‖xn − Sjxn‖) + δn,0δn,jh2(‖yn − Tjyn‖)]
+ζ(1 − ζ)[‖un − vn‖2 + ‖sn − tn‖2]]
+2αn〈(xn+1, yn+1) − (x̂, ŷ), (w, z)− (x̂, ŷ)〉, ∀j ∈ N.

This implies that

Gn+1(x̂, ŷ) ≤ (1 − αn)Gn(x̂, ŷ)
+αn[γ(1− ζ)(1− γ‖A‖2)‖Axn − Byn‖2

+γ(1− ζ)(1− γ‖B‖2)‖Axn+1 − Byn‖2

+ζ[βn,0βn,jh1(‖xn − Sjxn‖) + δn,0δn,jh2(‖yn − Tjyn‖)]
+ζ(1 − ζ)[‖un − vn‖2 + ‖sn − tn‖2]
+2〈(xn+1, yn+1) − (x̂, ŷ), (w, z)− (x̂, ŷ)〉], ∀j ∈ N.

Thus we have (3.51).

Step 3. We prove that (xn, yn) → (x̂, ŷ) as n → ∞.
We discuss the following two possible cases:

Case 1. Suppose that there exists n0 ∈ N such that {Gn(x̂, ŷ)}∞n=n0
is decreas-

ing. Then, the sequence {Gn(x̂, ŷ)}n∈N is convergent. Thus we have Gn(x̂, ŷ) −
Gn+1(x̂, ŷ) → 0 as n → ∞. This, together with (c), (d), (e) and (3.50), implies that

(3.52) lim
n→∞[γ(1− γ‖A‖2)‖Axn − Byn‖2 + γ(1− γ‖B‖2)‖Axn+1 − Byn‖2] = 0

and for all j ∈ N

lim
n→∞[ζ(1− ζ)[‖un − vn‖2 + ‖sn − tn‖2]

+ζ[βn,0βn,jh1(‖xn − Sjxn‖) + δn,0δn,jh2(‖yn − Tjyn‖)]] = 0.

From the properties of h1 and h2, we conclude that

lim
n→∞ ‖xn − Sjxn‖ = 0, lim

n→∞ ‖yn − Tjyn‖ = 0, ∀j ∈ N.
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On the other hand, we have

un − xn =
∞∑

j=1

βn,j(Sjxn − xn), xn − vn = γA∗(Axn − Byn),

wn − vn = ζ(un − vn), xn+1 − wn = αn(w − wn)

and

sn − yn =
∞∑

j=1

δn,j(Tjyn − yn), tn − yn = γB∗(Axn+1 − Byn),

wn − vn = ζ(sn − tn), yn+1 − zn = αn(z − zn).

Therefore
lim

n→∞ ‖xn+1 − xn‖ = 0, lim
n→∞ ‖yn+1 − yn‖ = 0.

Since, for any j ∈ N, Tj − I is demiclosed at 0 (see Definition 2.1), there exists a
subsequence {xni}i∈N of {xn}n∈N converging weakly to some u ∈ C. In a similar way,
we conclude that there exists a subsequence {yni}i∈N of {yn}n∈N converging weakly
to some v ∈ Q. By a similar argument, as in the proof of Theorem 3.1, we can show
the uniqueness of weak cluster points of the sequence {(xn, yn)}n∈N. Now, by lower
semicontiuity of the squared norm and the weak convergence of {Axni − Byni}i∈N,
we conclude that

‖Az − Bv‖2 ≤ lim inf
i→∞

‖Axni − Byni‖2 = 0,

which shows that (u, v) ∈ Ω. Without loss of generality, we may assume that

lim sup
n→∞

〈(xn, yn) − (x̂, ŷ), (w, z)− (x̂, ŷ)〉
= lim

i→∞
〈(xni , yni) − (x̂, ŷ), (w, z)− (x̂, ŷ)〉

= 〈(u, v)− (x̂, ŷ), (w, z)− (x̂, ŷ)〉.
This, together with Lemma 2.1(ii), implies that

lim sup
n→∞

〈(xn+1, yn+1) − (x̂, ŷ), (w, z)− (x̂, ŷ)〉
≤ lim sup

n→∞
〈(xn+1, yn+1) − (xn, yn), (w, z)− (x̂, ŷ)〉

+ lim sup
n→∞

〈(xn, yn) − (x̂, ŷ), (w, z)− (x̂, ŷ)〉
= lim sup

n→∞
〈(xn, yn) − (x̂, ŷ), (w, z)− (x̂, ŷ)〉

= lim
i→∞

〈(xni , yni) − (x̂, ŷ), (w, z)− (x̂, ŷ)〉
= 〈(u, v)− (x̂, ŷ), (w, z)− (x̂, ŷ)

= 〈(u, v)− PΩ(w, z), (w, z)− PΩ(w, z)〉
≤ 0.
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Thus we have the desired result by (3.48) and Lemma 2.4.

Case 2. Suppose that there exists a subsequence {ni}i∈N of {n}n∈N such that

Gni(x̂, ŷ) < Gni+1(x̂, ŷ)

for all i ∈ N. Then, by Lemma 2.5, there exists a nondecreasing sequence {mk}k∈N ⊂
N such that mk → ∞,

(3.53) Gmk
(x̂, ŷ) ≤ Gmk+1(x̂, ŷ) and Gk(x̂, ŷ) ≤ Gmk+1(x̂, ŷ)

for all k ∈ N. This, together with (3.48), implies that

(3.54)

ζ(1 − ζ)[‖umk
− vmk

‖2 + ‖smk
− tmk

‖2]

+ζ[βmk,0βmk,jh1(‖xmk
− Sjxmk

‖) + δmk ,0δmk ,jh2(‖ymk
− Tjymk

‖)]
+γ(1−γ‖A‖2)‖Axmk

−Bymk
‖2 + γ(1−γ‖B‖2)‖Axmk+1−Bymk

‖2

≤ Gmk
(x̂, ŷ) − Gmk+1(x̂, ŷ) + αmk

M4

≤ αmk
M4

for all j, k ∈ N. Then, by condition (i), we get

(3.55) lim
k→∞

[γ(1−γ‖A‖2)‖Axmk
−Bymk

‖2+γ(1−γ‖B‖2)‖Axmk+1−Bymk
‖2] = 0

and

(3.56)

lim
k→∞

[ζ(1− ζ)[‖umk
− vmk

‖2

+‖smk
− tmk

‖2] + ζ[βmk,0βmk,jh1(‖xmk
− Sjxmk

‖)
+δmk ,0δmk ,jh2(‖ymk

− Tjymk
‖)]] = 0, ∀j ∈ N.

By the same argument, as in Case 1, we arrive at

(3.57) lim sup
k→∞

〈(xmk+1, ymk+1) − (x̂, ŷ), (w, z)− (x̂, ŷ)〉 ≤ 0.

It follows from (3.51) that

(3.58)

Gmk+1(x̂, ŷ)

≤ (1− αmk
)Gmk

(x̂, ŷ)

+αmk
[ζ(1− ζ)[‖umk

− vmk
‖2 + ‖smk

− tmk
‖2]

+ζ[βmk,0βmk,jh1(‖xmk
− Sjxmk

‖) + δmk ,0δmk ,jh2(‖ymk
− Tjymk

‖)]
+γ(1− γ‖A‖2)‖Axmk

−Bymk
‖2+γ(1−γ‖B‖2)‖Axmk+1−Bymk

‖2

+2〈(xmk+1, ymk+1)−(x̂, ŷ), (w, z)−(x̂, ŷ)〉], ∀j ∈ N.
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Since Gmk
(x̂, ŷ) ≤ Gmk+1(x̂, ŷ), we obtain

(3.59)

αmk
Gmk

(x̂, ŷ)

≤ Gmk
(x̂, ŷ)− Gmk+1(x̂, ŷ)

+αmk
[ζ(1− ζ)[‖umk

− vmk
‖2 + ‖smk

− tmk
‖2]

+ζ[βmk,0βmk,jh1(‖xmk
− Sjxmk

‖)
+δmk ,0δmk ,jh2(‖ymk

− Tjymk
‖)]

+γ(1−γ‖A‖2)‖Axmk
−Bymk

‖2 + γ(1−γ‖B‖2)‖Axmk+1−Bymk
‖2

+2〈(xmk+1, ymk+1)−(x̂, ŷ), (w, z)−(x̂, ŷ)〉]
≤ αmk

[ζ(1− ζ)[‖umk
− vmk

‖2 + ‖smk
− tmk

‖2]

+ζ[βmk,0βmk,jh1(‖xmk
− Sjxmk

‖)
+δmk ,0δmk ,jh2(‖ymk

− Tjymk
‖)]

+γ(1−γ‖A‖2)‖Axmk
−Bymk

‖2 + γ(1−γ‖B‖2)‖Axmk+1−Bymk
‖2

+2〈(xmk+1, ymk+1)− (x̂, ŷ), (w, z)− (x̂, ŷ)〉], ∀j ∈ N.

In particular, since αmk
> 0, we obtain

(3.60)

Gmk
(x̂, ŷ)

≤ ζ(1 − ζ)[‖umk
− vmk

‖2 + ‖smk
− tmk

‖2]

+ζ[βmk,0βmk,jh1(‖xmk
− Sjxmk

‖)
+δmk,0δmk,jh2(‖ymk

− Tjymk
‖)]

+γ(1−γ‖A‖2)‖Axmk
−Bymk

‖2+γ(1−γ‖B‖2)‖Axmk+1−Bymk
‖2

+2〈(xmk+1, ymk+1) − (x̂, ŷ), (w, z)− (x̂, ŷ)〉, ∀j ∈ N.

In view of (3.54) and (3.60), we deduce that

lim
k→∞

Gmk
(x̂, ŷ) = 0.

This, together with (3.58), implies that

lim
k→∞

Gmk+1(x̂, ŷ) = 0.

On the other hand, we have Gk(x̂, ŷ) ≤ Gmk+1(x̂, ŷ) for all k ∈ N which implies that
(xmk

, ymk
) → (x̂, ŷ) as k → ∞. Thus, we have (xn, yn) → (x̂, ŷ) as n → ∞, which

completes the proof.
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Remark 3.1.
(1) We provide a positive answer to open question 1.1 (Theorem 3.1) in real Hilbert

spaces; furthermore, our method of proof is different from that in [32].
(2) We prove a strong convergence theorem for approximating common fixed points

of a countable family of quasi-nonexpansive mappings in Hilbert spaces. Our
strongly iterative sequence (3.31) is of modified Halpern-type scheme. In [32],
the author studied a relaxed alternating CQ-algorithm (RACQA) with weak con-
vergence for convex feasibility problems; they are independent of each other.
Our scheme has an advantage that we do not use any projection which creates
some difficulties in a practical calculation of the iterative sequence. Conse-
quently, the above question is answered in the affirmative without using projection
algorithm.

(3) Theorems 3.1 and 3.2 improve Theorem 1.1 and many results of fixed point in
the literature.

(4) In most cases strong convergence is more desirable than weak convergence.

4. STRONG CONVERGENCE THEOREMS FOR SPLIT COMMON FIXED-POINT PROBLEMS

In the following, we first prove the following strong convergence theorem of
Halpern-type for split common fixed-point problems in real Hilbert spaces.

Theorem 4.1. Let H1 and H2 be two real Hilbert spaces, C ⊂ H1, Q ⊂ H2 be two
nonempty, closed and convex sets. Let A : H1 → H2 be a bounded linear operator,
{Sj}j∈N be an infinite family of quasi-nonexpansive mappings from H1 into itself and
{Tj}j∈N be an infinite family of quasi-nonexpansive mappings from H2 into itself such
that ∩∞

j=1F (Sj) = C and ∩∞
j=1F (Tj) = Q. Assume that for each j ∈ N, Sj − I and

Tj − I are demiclosed at 0. Let z ∈ H1 be fixed. Let {αn}n∈N, {βn,j}n∈N,j∈N∪{0}
and {δn,j}n,j∈N be sequences in [0, 1] satisfying the following control conditions:

(a) limn→∞ αn = 0;
(b)

∑∞
n=1 αn = ∞;

(c) βn,0 +
∑∞

j=1 βn,j = 1, ∀n ∈ N;
(d) lim infn→∞ βn,0βn,j > 0, ∀j ∈ N;
(e) δn,j > 0, ∀n, j ∈ N and

∑∞
j=1 δn,j = 1, ∀n ∈ N.

Let {xn}n∈N be a sequence generated by

(4.1)

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

x1 ∈ H1 chosen arbitrarily,

wn = βn,0xn +
∞∑

j=1

βn,jSjxn,

yn = wn + γη

∞∑
j=1

δn,jA
∗(Tj − I)A(wn),

xn+1 = αnz + (1− αn)yn,
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where η ∈ (0, 1), γ ∈
(
0, 1

λη

)
, with λ being the spectral radius of the operator A∗A.

If Γ := {x ∈ C : Ax ∈ Q} 	= Ø, then the sequence {xn}n∈N defined in (4.1) converges
strongly to PCz, where PC is the metric projection from H1 onto C.

Proof. We divide the proof into several steps. It is clear that Γ is a closed and
convex subset of C. Set

u = PΓz.

Step 1. We prove that the sequences {xn}n∈N, {wn}n∈N, {yn}n∈N, {Sjxn}j,n∈N

{Awn}n∈N are bounded. We first show that {xn}n∈N is bounded. Let v ∈ Γ be
arbitrarily chosen. In view of Lemma 2.6 there exists a continuous, strictly increasing
and convex function h3 : [0,∞) → [0,∞) such that

(4.2)

‖wn − v‖2

= ‖βn,0xn +
∞∑

j=1

βn,jSjxn − v‖2

≤ βn,0‖xn − v‖2 +
∞∑

j=1

βn,j‖Sjxn − v‖2 − βn,0βn,jh3(‖xn − Sjxn‖)

≤ βn,0‖xn − v‖2 +
∞∑

j=1

βn,j‖xn − v‖2 − βn,0βn,jh3(‖xn − Sjxn‖)
= ‖xn − v‖2 − βn,0βn,jh3(‖xn − Sjxn‖), ∀j ∈ N.

This, together with Lemma 2.2(i), implies that

(4.3)

‖yn − v‖2 = ‖wn + γη

∞∑
j=1

δn,jA
∗(Tj − I)A(wn) − v‖2

= ‖wn − v‖2 + γ2η2‖
∞∑

j=1

δn,jA
∗(Tj − I)A(wn)‖2

+2γη〈wn − v,

∞∑
j=1

δn,jA
∗(Tj − I)A(wn)〉

≤ ‖wn − v‖2 + γ2η2
∞∑

j=1

δn,j‖A∗(Tj − I)A(wn)‖2

+2γη〈wn − v,

∞∑
j=1

δn,jA
∗(Tj − I)A(wn)〉

≤ ‖xn−v‖2+γ2η2
∞∑

j=1

δn,j〈(Tj−I)A(wn), AA∗(Tj−I)A(wn)〉

+2γη

∞∑
j=1

δn,j〈wn − v, A∗(Tj − I)A(wn)〉
−βn,0βn,jh3(‖xn − Sjxn‖), ∀j ∈ N.
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From the definition of λ, we conclude that

(4.4)

γ2η2
∞∑

j=1

δn,j〈(Tj − I)A(wn), AA∗(Tj − I)A(wn)〉

≤ λγ2η2
∞∑

j=1

δn,j〈(Tj − I)A(wn), (Tj − I)A(wn)〉

= λγ2η2
∞∑

j=1

δn,j‖(Tj − I)A(wn)‖2.

Let πn := 2γη
∑∞

j=1 δn,j〈wn − v, A∗(Tj − I)A(wn)〉. Then in view of Lemma 2.3(i),
we deduce that

(4.5)

πn = 2γη

∞∑
j=1

δn,j〈A(wn − v), (Tj − I)A(wn)〉

= 2γη

∞∑
j=1

δn,j〈A(wn − v) + (Tj − I)A(wn)

−(Tj − I)A(wn), Tj − I)A(wn)〉
= 2γη

∞∑
j=1

δn,j〈Tj(A(wn))− Av, (Tj − I)A(wn)〉 − ‖(Tj − I)A(wn)‖2

≤ 2γη
∞∑

j=1

δn,j

(1
2
‖(Tj − I)A(wn)‖2 − ‖(Tj − I)A(wn)‖2

)

≤ −γη

∞∑
j=1

δn,j‖(Tj − I)A(wn)‖2.

This, together with (4.3), implies that

(4.6)
‖yn − v‖2 ≤ ‖xn − v‖2 − γη(1− λγη)

∞∑
j=1

δn,j‖(Tj − I)A(wn)‖2

−βn,0βn,jh3(‖xn − Sjxn‖), ∀j ∈ N.

In view of (4.1) and (4.6) we conclude that

(4.7)

‖xn+1 − u‖2

= ‖αnz + (1 − αn)yn − u‖2

≤ αn‖z − u‖2 + (1 − αn)‖yn − u‖2

≤ αn‖z − u‖2

+(1 − αn)[‖xn − u‖2 − γη(1− λγη)
∞∑

j=1

δn,j‖(Tj − I)A(wn)‖2

−βn,0βn,jh3(‖xn − Sjxn‖)], ∀j ∈ N.
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This implies that

‖xn+1 − v‖ = ‖αnz + (1 − αn)yn − v‖
≤ αn‖z − v‖ + (1 − αn)‖yn − v‖
≤ αn‖z − v‖ + (1 − αn)‖xn − v‖
≤ max{‖z − v‖, ‖xn − v‖}.

By induction, we obtain

‖xn+1 − v‖ ≤ max{‖z − v‖, ‖x1 − v‖}

for all n ∈ N. This implies that the sequence {‖xn−v‖}n∈N is bounded and hence the
sequence {xn}n∈N is bounded. This, together with (4.1), implies that the sequences
{yn}n∈N, {wn}n∈N, {Awn}n∈N and {Sjxn}j,n∈N are bounded too. Let

M5 : = sup{|‖z − u‖2 − ‖xn − u‖2

+γη(1− λγη)
∞∑

j=1

δn,j‖(Tj − I)A(wn)‖2

+βn,0βn,jh3(‖xn − Sjxn‖) : j, n ∈ N}.

It follows from (4.7) that

(4.8)
βn,0βn,jh3(‖xn − Sjxn‖) + γη(1− λγη)

∞∑
j=1

δn,j‖(Tj − I)A(wn)‖2

≤ ‖xn − u‖2 − ‖xn+1 − u‖2 + αnM5, ∀j ∈ N.

Step 2. We prove that for any n ∈ N

(4.9) ‖xn+1 − u‖2 ≤ (1− αn)‖xn − u‖2 + 2αn〈xn+1 − u, z − u〉.

Let us show (4.9). In view of Lemma 2.2(iii) and (4.1), we obtain

‖xn+1 − u‖2 = ‖αnz + (1− αn)yn − u‖2

≤ ‖(1− αn)(yn − u)‖2 + 2αn〈xn+1 − u, z − u〉
≤ (1− αn)‖yn − u‖2 + 2αn〈xn+1 − u, z − u〉
≤ (1− αn)‖xn − u‖2 + 2αn〈xn+1 − u, z − u〉.

Step 3. We prove that xn → u as n → ∞.
We discuss the following two possible cases:
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Case 1. Suppose that there exists n0 ∈ N such that {‖xn−u‖}∞n=n0
is nonincreas-

ing. Then, the sequence {‖xn − u‖}n∈N is convergent. Thus we have ‖xn − u‖2 −
‖xn+1 − u‖2 → 0 as n → ∞. This, together with condition (d), (e) and (4.8), implies
that

lim
n→∞ ‖(Tj − I)A(wn)‖ = 0 and lim

n→∞ h3(‖xn − Sjxn‖), ∀j ∈ N.

From the properties of h3, we conclude that

(4.10) lim
n→∞ ‖(Tj − I)A(wn)‖ = 0 and lim

n→∞ ‖xn − Sjxn‖, ∀j ∈ N.

On the other hand, we have

yn − wn = γη

∞∑
j=1

δn,jA
∗(Tj − I)A(wn), wn − xn

=
∞∑

j=1

βn,j(Sjxn − xn) and xn+1 − yn = αn(z − yn).

This implies that

(4.11) lim
n→∞ ‖yn − wn‖ = 0, lim

n→∞ ‖wn − xn‖ = 0 and lim
n→∞ ‖xn+1 − yn‖ = 0

and hence
lim

n→∞ ‖xn+1 − xn‖ = 0.

Since {xn}n∈N is bounded, there exists a subsequence {xni}i∈N of {xn}n∈N such that
xni ⇀ y ∈ H1, and

lim sup
n→∞

〈xn − u, z − u〉 = lim
i→∞

〈xni − u, z − u〉 = 〈y − u, z − u〉.

In view of Lemma 2.1(i) we conclude that y ∈ C. This, together with Lemma 2.1(ii),
implies that

(4.12)

lim supn→∞〈xn+1 − u, z − u〉 ≤ lim sup
n→∞

〈xn+1 − xn, z − u〉
+ lim sup

n→∞
〈xn − u, z − u〉

= lim sup
n→∞

〈xn − u, z − u〉
= lim

i→∞
〈xni − u, z − u〉

= 〈y − u, z − u〉
= 〈y − PCz, z − PCz〉
≤ 0.

Thus we have the desired result by (4.9) and Lemma 2.4.
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Case 2. Suppose that there exists a subsequence {ni}i∈N of {n}n∈N such that

‖xni − u‖ < ‖xni+1 − u‖

for all i ∈ N. Then, by Lemma 2.5, there exists a nondecreasing sequence {mk}k∈N ⊂
N such that mk → ∞,

‖u − xmk
‖ ≤ ‖u − xmk+1‖ and ‖u − xk‖ ≤ ‖u − xmk+1‖

for all k ∈ N. This, together with (4.6), implies that

(4.13)

βmk,0βmk,jh3(‖xmk
− Sjxmk

‖)

+γη(1− λγη)
∞∑

j=1

δmk ,j‖(Tj − I)A(wmk
)‖2

≤ ‖xmk
− u‖2 − ‖xmk+1 − u‖2 + αmk

M5

≤ αmk
M5,

for all j, k ∈ N. Then, by conditions (a), (d) and (e), we get

lim
k→∞

‖(Tj − I)A(wmk
)‖ = lim

k→∞
h3(‖xmk

− Sjxmk
‖) = 0, ∀j ∈ N.

From the properties of h3, we conclude that

(4.14) lim
k→∞

‖(Tj − I)A(wmk
)‖ = lim

k→∞
‖xmk

− Sjxmk
‖ = 0, ∀j ∈ N.

By the same argument, as in Case 1, we arrive at

(4.15) lim sup
k→∞

〈xmk+1 − u, z − u〉 ≤ 0.

It follows from (4.9) that

(4.16) ‖xmk+1 − u‖2 ≤ (1− αmk
)‖xmk

− u‖2 + 2αmk
〈xmk+1 − u, z − u〉.

Since ‖xmk
− u‖ ≤ ‖xmk+1 − u‖, we have that

αmk
‖xmk

− u‖2 ≤ ‖xmk
− u‖2 − ‖xmk+1 − u‖2 + 2αmk

〈xmk+1 − u, z − u〉
≤ 2αmk

〈xmk+1 − u, z − u〉.

In particular, since αmk
> 0, we obtain

‖xmk
− u‖2 ≤ 2〈xmk+1 − u, z − u〉.
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In view of (4.15), we deduce that

lim
k→∞

‖xmk
− u‖ = 0.

This, together with (4.16), implies that

lim
k→∞

‖xmk+1 − u‖ = 0.

On the other hand, we have ‖xk − u‖ ≤ ‖xmk+1 − u‖ for all k ∈ N which implies
that xk → u as k → ∞. Thus, we have xn → u as n → ∞ and hence wn → u as
n → ∞. It follows from (4.10), (4.11), (4.14) and demiclosedness of Tj − I at 0 that

Tj(Au) = Au, ∀j ∈ N.

This implies that Au ∈ Q, which completes the proof.

In this section our interest is in the study of the strong convergence of a Halpern-
type iterative algorithm for solving the following convex feasibility problem which is
called split convex feasibility problem:

(4.17) Find x ∈ C, y ∈ Q such that Ax = By and Λy ∈ D,

where H1, H2, H3 are real Hilbert spaces, C ⊂ H1, Q ⊂ H2, D ⊂ H3 are nonempty,
closed and convex sets, and A : H1 → H3, B : H2 → H3, Λ : H2 → H3 are bounded
linear operators. In particular, we can prove the following strong convergence theorem
concerning infinite-sets split convex feasibility problems whose proof will be omitted
since it can be proved by similar argument as those in Theorems 3.1, 3.2 and 4.1.

Theorem 4.2. Let H1, H2 and H3 be real Hilbert spaces, C ⊂ H1, Q ⊂ H2,
D ⊂ H3 be nonempty, closed and convex sets such that

C = {x ∈ H1 : f(x) ≤ 0} and Q = {y ∈ H2 : g(y) ≤ 0},

where f : H1 → R and g : H2 → R are two convex functions which are subdiffer-
entiable on C and Q respectively and their subdifferentials are bounded on bounded
sets. Let A : H1 → H3, B : H2 → H3, Λ : H2 → H3 be bounded linear operators
and {Tj}j∈N be an infinite family of quasi-nonexpansive mappings from H3 into itself
such that ∩∞

j=1F (Tj) = D. Assume that for each j ∈ N, Tj − I is demiclosed at 0.

Assume ζ ∈ (0, 1), γ ∈
(
0, min

{
1

‖A‖2 , 1
‖B‖2

})
. Let (u, w) ∈ H1 × H2 be fixed. Let

{αn}n∈N∪{0} and {δn,j}n,j∈N be sequences in [0, 1] satisfying the following control
conditions:
(a) limn→∞ αn = 0;
(b)

∑∞
n=0 αn = ∞;
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(c) δn,j > 0, ∀n, j ∈ N and
∑∞

j=1 δn,j = 1 ∀n ∈ N.
Let {xn}n∈N∪{0} be a sequence generated by

(4.18)

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

x0 ∈ H1, y0 ∈ H2 chosen arbitrarily,
un = PCn(xn − γA∗(Axn − Byn)),
zn = ζxn + (1 − ζ)un,

sn = yn + ση

∞∑
j=1

δn,jΛ∗(Tj − I)Λ(yn),

wn = PQn(yn + γB∗(Axn+1 − Byn))

tn = ζsn + (1 − ζ)wn,

xn+1 = αnu + (1 − αn)zn,

yn+1 = αnw + (1 − αn)tn,

where Cn = {x ∈ H1 : f(xn) + 〈ξn, x − xn〉 ≤ 0}, ξn ∈ ∂f(xn), Qn = {y ∈ H2 :
g(yn) + 〈ηn, y − yn〉 ≤ 0}, ηn ∈ ∂g(yn) and η ∈ (0, 1), σ ∈

(
0, 1

λη

)
, with λ being

the spectral radius of the operator Λ∗Λ. If Ω := {(x, y) ∈ C × Q : Ax = By, Λy ∈
D)} 	= Ø, then the sequence {(xn, yn)}n∈N defined in (4.18) converges strongly to
PΩ(u, w), where PΩ is the metric projection from H1 × H2 onto Ω.

Considering a single operator as a special case, we obtain the following corollary
directly.

Corollary 4.1. Let H1, H2 and H3 be real Hilbert spaces, C ⊂ H1, Q ⊂ H2,
D ⊂ H3 be nonempty, closed and convex sets such that

C = {x ∈ H1 : f(x) ≤ 0} and Q = {y ∈ H2 : g(y) ≤ 0},

where f : H1 → R and g : H2 → R are two convex functions which are subdiffer-
entiable on C and Q respectively and their subdifferentials are bounded on bounded
sets. Let A : H1 → H3, B : H2 → H3, Λ : H2 → H3 be bounded linear operators
and T : H3 → H3 be a quasi-nonexpansive mapping such that F (T ) = D. Assume
that T − I is demiclosed at 0. Assume ζ ∈ (0, 1), γ ∈

(
0, min

{
1

‖A‖2 , 1
‖B‖2

})
. Let

(u, w) ∈ H1 × H2 be fixed. Let {αn}n∈N∪{0} be a sequence in [0, 1] satisfying the
following control conditions:
(a) limn→∞ αn = 0;

(b)
∑∞

n=0 αn = ∞.

Let {xn}n∈N∪{0} be a sequence generated by
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⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

x0 ∈ H1, y0 ∈ H2 chosen arbitrarily,
un = PCn(xn − γA∗(Axn − Byn)),
zn = ζxn + (1− ζ)un,

sn = yn + σηΛ∗(T − I)Λ(yn),
wn = PQn(yn + γB∗(Axn+1 − Byn))
tn = ζsn + (1− ζ)wn,

xn+1 = αnu + (1− αn)zn,

yn+1 = αnw + (1− αn)tn,

where Cn = {x ∈ H1 : f(xn) + 〈ξn, x − xn〉 ≤ 0}, ξn ∈ ∂f(xn), Qn = {y ∈ H2 :
g(yn) + 〈ηn, y − yn〉 ≤ 0}, ηn ∈ ∂g(yn) and η ∈ (0, 1), σ ∈

(
0, 1

λη

)
, with λ being

the spectral radius of the operator Λ∗Λ. If Ω := {(x, y) ∈ C × Q : Ax = By, Λy ∈
D)} 	= Ø, then the sequence {(xn, yn)}n∈N converges strongly to PΩ(u, w), where
PΩ is the metric projection from H1 × H2 onto Ω.

Remark 4.1.
(1) We extend the main result of [31] from two quasi-nonexpansive mappings to a

countable family of quasi-nonexpansive mappings; furthermore, our method of
proof is different from that in [31].

(2) Our strongly iterative sequence (4.1) is of modified Halpern-type scheme. In
[31], the author studied a modified Mann-type scheme with weak convergence
for split common fixed-point problems in Hilbert spaces; they are independent
of each other.

(3) In most cases strong convergence is more desirable than weak convergence.

CONCLUDING REMARKS

In this paper, we study the convex feasibility problem (1.1) in Hilbert spaces.
We introduce iterative algorithm (3.1) and obtain a strongly convergent sequence of
Halpern-type to a solution of the problem and provide an affirmative answer to question
1.1 and also obtain some strong convergence theorems. We end this section with the
following question:
Is there any strongly convergent iterative sequence of Halpern-type to a solution of the
following convex feasibility problem in the consistent case?

find h1∈C1, h2∈C2, ..., hm−1∈Cm−1 such that A1h1 =A2h2 = ...=Am−1hm−1,

where m ≥ 4 is a natural number, H1, H2, ..., Hm are real Hilbert spaces, Ci ⊂ Hi

(i=1,2,...,m-1) are nonempty, closed and convex sets, and Ai : Hi → Hm (i=1,2,...,m-1)
are bounded linear operators.
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