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ON THE BOUNDARY BLOW-UP SOLUTIONS OF p(z)-LAPLACIAN
EQUATIONS WITH GRADIENT TERMS

Yuan Liang*, Qihu Zhang* and Chunshan Zhao

Abstract. In this paper we investigate boundary blow-up solutions of the problem
—Dpayu+ f(@,u) = pla,u) + K(|2]) [Val 7 in @,
u(z) — +oo as d(z, 002) — 0,

where — A, u = —div(|Vul["™ " Vu) is called p(z)-Laplacian. The existence
of boundary blow-up solutions is proved and the singularity of boundary blow-up
solution is also given for several cases including the case of p(z,«) being a large
perturbation (namely, % — 1 as x — 09). In particular, we do not have
the comparison principle.

1. INTRODUCTION

Let Q = B(0,R) C RY(N > 2) be a bounded radial domain with B(0, R) =
{x € RV, |z| < R}. We consider boundary blow-up solutions of the variable exponent
elliptic problem as follows:

—Ap(ayt + f(z,u) = p(z,u) + K(|z|) \Vu\(s(lm') in Q,
(P)
u(z) — +oo as d(z, 0Q2) — 0,
where —A, o u = —div(|Vul 2 Vu) with Vu = (9,1, gyu, - -+, gy i) IS SO-
called p(x)—Laplacian.
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The p(x)—Laplacian arises from the study of nonlinear elasticity, electrorheological
fluids and image restoration etc. We refer readers to [2, 6, 42] and [51] for detailed
application backgrounds. Clearly, if p(z) = p (a constant), (P) is a well known p-
Laplacian elliptic problem; but for non-constant p(x), p(z)-Laplacian problems are
more complicated due to the non-homogeneity of p(z)-Laplacian. For example, if 2
is a smooth bounded domain, the Rayleigh quotient

/—\v )
A )= 1nf

is zero in general, and only under some speC|aI conditions A,y > 0 (see [13]), and it
is also possible the first eigenvalue and eigenfunction of p(x)-Laplacian do not exist,
even though the existence of the first eigenvalue and eigenfunction is very important
in the study of elliptic problems related to p-Laplacian problems [5, 40].

There are many reference papers related to the the study of differential equations
and variational problems with variable exponent, far from being complete, we refer
readers to [2, 3, 10-15, 20-23, 25, 30-35, 43, 46-48, 52, 53] and references cited
therein. For example, the regularity of weak solutions for differential equations with
variable exponent was studied in [2] and [14], and existence of solutions for variable
exponent problems was studied in a series of papers [12, 20, 30, 46, 47, 52]. In this
paper, our aim is to study the existence of boundary blow-up solutions for problem (P)
and the singularity of boundary blow-up solutions.

There are many papers on the boundary blow-up solutions of p-Laplacian problems
[7-9, 16-18, 24, 26-29, 36-39, 41, 44, 45, 49, 50]. But the results on the boundary blow-
up solutions with gradient terms are rare [1, 4, 19, 49]. In [47] and [48], the authors
consider the existence and nonexistence of boundary blow-up solution for —A,yu +

flz,u) = 0. If f(z,u) = (R—|z|)~#U=D |y|90eD =2, is a typical form, then their main
results mean that: (i) If % > 0, then it has radial boundary blow-up solutions;

(i) If p (( )) < 0, then it does not have radial boundary blow-up solution. When

p(z) = p (a constant), K (|z|) = 0 and p(z, u) = A |ul’~?u, many papers deal with
the boundary blowup solutions of (P) (see [8, 16, 29, 44]), and generally speaking, the

boundary blow-up solutions « satisfy M — 0 as z — 0. In this paper, we
will discuss the existence of boundary b{OW up solutions of (P) for a general function

p(lz]) and p(z,u) = b(725) D |u|?0=D=2 4, where 6 can be larger than p, and the
case that b(z;)*!") tends to oo as x — O is admissible. Especially, when p(z, u)
is a large perturbation, we obtain the existence of boundary blow-up solutions, namely,

p(z,u(z))
Fau@) 1 as z — 9.

Denote
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Np()
{ N —p(a)’ p(z) <N,

oo, p(z) > N.

p*(z) ==

Before stating our main results, we make the following assumptions throughout this
paper with o € [%, R) being a constant.

(H1: f(a,0) = alg2m) D 102 0, pla, w) = b(g2)"0
where a,b € RT, 3,q,a,0 € C*[0, R], 0,q > 1 and (1) < q(r) < p*(x),¥r € [0,

(Ha): p(x) € C*(Q) is a radial symmetric function, and satisfy 1 < p~ < p
where p~ = igfp(a:), pt = sgpp(a:), p(0) > N and p(r) < q(r),Vr € [0, R].

(Hs): K : Q — R is a continuous function and satisfies |K(z)| < Ci(R — |z|)7,
as || — R—, and |K(x)| < Cy \x\% as |x| — 0, where v € R, ¢ € C[0, R],
0 < é(x) < p(z) for |z| < R, and Cy, C; are generic positive constants.

We will discuss the existence of boundary blow-up solutions of (P) in the following
three cases:

Case (1) a(R) — B(R) < s1(q(R) ~ 6(R)), 7 > (s1 + 1)(3(R) + 1 - p(R)) - 1

Case (II) a(R) — B(R) = s1(¢(R) —0(R)), v > (s1+ 1)(6(R) + 1 —p(R)) —

Case (I1) a(R) — B(R) > s1(¢(R) —6(R)), 7 > (s2+ 1)(8(R) + 1 —p(R)) -

P(R)-B(R) . o(R)—B(R)
a(R)—p(R)’ °2 — q(R)-0(R) "

Under the assumptions (H;)-(H3) as above, now our main results can be stated as
follows:

(1) g, 012D -

:

:U

]

+

where s; =

Theorem 1.1. Suppose case (1) holds, then (P) has a radial boundary blow-up
solution w(-) with the singularity of Cy[d(x, 0Q)]~*, i.e.,

. u(w)

1 =1,
d(agég;—@ Co [d([]?, 89)]_81

where sy = BB=0, Gy = (14107 (s + 1) (p(R) — 1)] T 5.

Theorem 1.2. Suppose case (II) holds, then (P) has a radial boundary blow-up
solution w(-) with the singularity of ¢oCy[d(x, 02)]~*1, i.e.,

lim u(z)

= 1,
d(z, 89)—»0t000 [d(x,00)] =

where sy and C are defined in Theorem 1.1, and ¢ is the unique positive solution of
—aCIP =1y IR =1 — it =10 =1,

Theorem 1.3. Suppose case (I11) holds, then (P) has a radial boundary blow-up
solution w(-) with the singularity of ¢, [d(z, 02)] 7%, i.e.,
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. u(z)
lim =1,
d(a:é(l)—»()t* [d(z, 00Q)] 52

where sy = % and t, = <2>q(3)19(3)_
The main difficulties to prove above results are as follows. (i) The non-homogeneity
of p(z)-Laplacian, (ii) The gradient term contained in the equation, and (iii) Lack of
comparison principle.
This paper is organized as follows. First we do some preparations and prove some
Lemmas which will be used to prove the theorems in Section 2. In Section 2, we
present proofs of Theorems 1.1-1.3 stated as above.

2. PRELIMINARIES

In order to deal with p(z)-Laplacian problem, we need introduce functional spaces
LPO(Q), WP (Q) and properties of p(z) -Laplacian which we will use later (see
[11, 25]). Let

rO(Q) = {u | u is a measurable real-valued function, [, [u(z)[P*) da < oo} :

p(z)
Q

The space (LP()(€), |*[,()) becomes a Banach space. We call it variable exponent

Lebesgue space. Moreover, the space (L) (Q), \~\p(,)) is a separable and uniform
convex Banach space (see [11], Theorem 1.10, Theorem 1.14).
The variable exponent Sobolev space W'»()(Q) is defined by

with the norm
u()
A

whO(@Q) = {u e 1) (@) | [Vul € 120 (@) } ,
and it can be equipped with the norm
[ull = [ul,e) + [Vul,) Yu € WO Q).

WePH(Q) is the closure of C° () in WL#() (Q). WLrO) (Q) and W, (Q) are
separable and uniform convex Banach spaces (see [11], Theorem 2.1).

Definition 2.1. u € Wi)’f(')(Q) is called a boundary blow-up solution of (P) if it
satisfies

/Q IVulP@ 2 VuVeds + /Q Falx,u, Vu)pdz = 0, Vo € W (Q) N L¥(Q),
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for any open domain @ € Q2 , and max(k — u,0) € Wol’p(') () for every positive
integer k, where

fu(z,u, Vu) = f(z,u) — p(z,u) — K(|z|) \Vu\(s('a:') .
For any open domain Q € Q, Yu € Wlf)’f(')(Q), we define
v, L WP Q) — (W Q) N Le(Q)),
as
(Tu, ) = /Q (IVulP )72 VuVep + fu (@, u, Vu)p)dr, Yo € Wy P(Q) N L¥(Q),

(Lu,p) = /Q(\Vu\p(x)_2 VuVep + f(x,u)p)dz, Vo € Wol’p(')(Q) NL>®(Q),

then we have

Lemma 2.2. (see [[12], Theorem 3.1]). For any open domain @ € €, if ¢ < p*,
he WPO(Q) and X = h + Wy P(Q), then, L : X — (WP (Q) N L=(Q))* is
strictly monotone.

Let g € (Wo " (Q) N L2(Q))", if

(9:9) >0, Vo e WP Q)N L¥(Q), ¢ >0ae. inQ,

then denote g > 01in (W, ”"(Q)NL™(Q))"; correspondingly, if —g > 0 in (W5 (Q)
NL*(Q))*, then denote g < 0 in (W) (Q) N L=(Q))*.

Definition 2.3. Let u € WAPY(Q). If Wu > 0 (Tu < 0) in (WyP(Q) N
L>(Q))*, for any open domain @ € €2, then u is called a weak super-solution (weak
sub-solution) of equation (P).

Lemma 2.4. (see [[14], Theorem 1.1]). Under the conditions of (H;)-(H3), if
u € WHP(Q) is a bounded weak solution of —A,yu + fu(z,u, Vu) = 0 in Q,

u = woy on AQ , where wy € WPI(Q), Q cC Q ; then u € CL¥(Q), where
a € (0,1) is a constant.

Here we note that if u(x) = u(|z|) = u(r), a radial solution of (P), then (P) can
be rewritten as follows:

@ N PORY = o) - p(ru) — K () [VuP P, v € (0, R),
u(0) = uy,u' (0) = 0.
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In order to deal with the existence of solutions of (P), we need to do some prepa-
ration work. For any (¢,z) € [0, R] x RY, denote o(t,z) = |z|PD 2 2. It is well
known that ¢(t, -) is a homeomorphism from RY to R¥ for any fixed ¢ € [0, R]. For
any ¢ € [0, R], denote by (¢, -) the inverse operator of (¢, -), then

_1 2—p(t) N 1
o (t,x) = |x|p®-1 x, for z € R™\{0}, ¢ " (¢,0) = 0.

It is clear that (¢, -) is continuous and maps a bounded set into a bounded set.

Next we consider the existence of solutions for the following auxiliary weighted
p(r)-Laplacian ordinary equation with right hand terms depending on the first order
derivative

_ N-1
) —(T’N_l ’u/’p(r) 2 u/)/ i T’N_lf* (7’, u, rp(r‘)—lu/> —0,r€ (0’ R#),

where Ry € (0, R), and with one of the following boundary value conditions:

) u(0) = ¢, u(Ry) =d.
@ i A 0) =0, ) = .
© rl_i%lfp%_‘ll W' (r) =0, u'(Ry) = d".

The function f, : [0, R4] x R x R — R is assumed to be Caratheodory, by this we
mean:

(i) for almost every ¢ € [0, R4| the function f.(, -, -) is continuous;
(ii) for each (z,y) € R x R the function f.(-, z,y) is measurable on [0, R4];

(i) for each ¢ > 0 there is a n. € L'([0, Ry, R) such that, for almost every
t € [0, R4] and every (z,y) € R x R with |z] <, |y| <, one has

|fe(t, 2, y)| < ne(t).
Denote

N—-1
C4[0, Ry] = {u € C[0, Ry] |« is continuous in (0, R#],Tg%l+rp<r>—1u’(r) exist},

N—-1
lullo=sup |u(r)|and ||ulls = |lullo +||r*™-1u'||o. The spaces C[0, R4 and
TE(O,R#)
C4[0, Ry] are equipped with the norm || - ||o and | - |1 respectively.

Definition 2.5. Function ¢ € C[0, R4] (resp. ) is called a sub-solution of
(2) (resp. super-solution), if there exists R* € (0, R4) such that ¢ € C’#[O,R*]
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and ¢ € C'[R* Ry (resp. ), V=1 |¢/|P" =2 ¢/ (r) and rV=1 |/ [P =2/ (r) are
absolutely continuous on (0, R*) and (R*, Ry) respectively (resp. ¢) and

A G VR AT )
< 0, a.e. in (0, R*) and (R*, Ry), (>)
J(R) < (R). (2)

w is a solution of (2) if and only if « is a sub-solution and a super-solution of (2).
Denote

Qo = {(t; ) [t € [0, Ry], x € [o(1), ¥ (D]},

Q1 ={(t,z,y) |t € [0, Ry, z € [p(1), ¥(1)], y € R}
We also assume that
(Hy) [fo(t, 2, y)| < Ar(t, 2)(ly[P® + 1) for all (¢, z,y) € Q1, where A (¢, z) is
positive and continuous on Q.
In this section, we always assume that ¢ and ) are a sub-solution and a super-
solution of (2) respectively. In this section, the main goal is to give the following
lemma 2.6-2.8.

Lemma 2.6. If f. is Caratheodory and satisfies (H.), ¢ < 1 satisfies ¢(0) < ¢ <
¥(0), p(Ry) < d < (Ry), then (2) with (3) has a solution u satisfying ¢ < u < .

Lemma 2.7. If f, is Caratheodory and satisfies (H.), ¢ < v satisfies ¢(Ry) <
d < ¥(Ry) and e PR ) > 0> L rES
Nlim rp=2¢f(r) 2 02 lm re®=g(r),
then (2) with (4) has a solution w satisfying ¢ < u < .

Lemma 2.8. If f, is Caratheodory and satisfies (H.), ¢ < v satisfies ¢/(Ry) <
d* <yY'(Ry) and
lim rpj(\’f"%llqﬁl(r) > 0> lim rpé\’f"%llz//(r),
r—0+t r—0+t

then (2) with (5) has a solution w satisfying ¢ < u < .

Our main task in the rest of this section is to prove the Lemmas 2.6-2.8 stated
as above. But we need do some preparation work before giving proofs. Now let’s
consider the problem

(6) ("o, u'(r) =V (),

with boundary value condition (3), where f, € L'. If u is a solution of (6) with (3),
by integrating (6) from 0 to r, we find that

() PN o, (r) = w + F(r¥ LR (),
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where

r—0+

F(TN_lf*><7’> - /OT tN_lf*<t>dt, w = lim TN_ISO(ra u'(r)).

The boundary conditions imply that

Ry
/O o r, e N + F(rN ) (r)]dr = d — c.

For fixed h € C[0, R4, we denote

A _ Re 1N B

n(w) = o (w + h(r))]dr+c—d.
0

We have

Lemma 2.9. The function Ay has the following properties

(i) For any fixed h € C[0, R4], the equation
(8) Ap(w) =0

has a unique solution (h) € R.

(ii) The function @ : C[0, Rx| — R defined in (i), is continuous and maps bounded
sets into bounded sets.

Proof. (i) It is not difficult to check that for any fixed h € C[0, Ry], Ap(-) is
continuous and strictly increasing, therefore, if (8) has a solution, it must be unique.
1-N
By the assumption (Hz), p(0) > N, thus 7?-1 € L(0, R). Since h € C[0, Ry],
it is easy to see that
lim Ap(w) =400, lim Ap(w) = —oc.

w——+00 w——00

It means the existence and boundedness of solutions of A (w) = 0.
In this way, we define a function @ (h) : C[0, Rx] — R, which satisfies

Ry
/0 o Hr, v N(&(h) + h(r))])dr +c—d = 0.

(if) Similar to the proof of (i), = maps bounded sets into bounded sets. Next
we show the continuity of @. Let {u,} is a convergent sequence in C'[0, Rx| and
up — u, @S n — +oo. Then {@(u,)} is a bounded sequence and therefore it contains
a convergent subsequence {@(uy,)}. Let @(u,) — wo as j — +oo. Since

Ry
/ o N (B, )+, ()] 4 e —d = 0,
0
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letting j — +o0, we have
Ry
/ o, rt N (wo + u(r)))dr+c—d =0,
0
from (i) we get wy = @(u), it means @ is continuous. This completes the proof.
Now we define w : L' — R by
w(h) = @ (F(rV='h)).

Then it is clear that o is a continuous function which maps bounded sets of L' into
bounded sets of R, and hence it is a compact continuous mapping.

Now we continue our argument previous to Lemma 2.9. By solving for «’ in (7)
and integrating we get

u(r) = u(0) + F{o™ [r,r' =N (@(fo) + F(r¥ 1 L) ()]} ().

It is clear that ¢! (r, -) is continuous and maps bounded sets into bounded sets.
We define

M(h)(t) = F{o ™ [r,r' N (@(h) + F(r¥ " h)]}(2), Vt € [0, Ryl
Let Ny, (u) : C4[0, Ry] — L' be the Nemytskii operator associated to f. defined by

Ny (u)(r) = fu(r, u(r), roto T/ (1)), a.e. on [0, Ry).
Then it is easy to see that
Lemma 2.10. w is a solution of (2) with (3) if and only if « is a solution of the
following abstract equation
u=c+M(Ny(u)).
Next we present a lemma related to the operator M.

Lemma 2.11. The operator M is continuous and maps equi-integrable sets in L'
into relatively compact sets in Cj% [0, Ry

Proof. First we remark that M (h)(t) € Cj% [0, R4|. Moreover, M is a continuous
operator from L' to C, [0, Ry| due to the fact that

£R0T M(R) () = @[t (w(h) + F(tY1R)], Vit € [0, Ry).

Now suppose U is an equi-integrable set in L', then there exists n(-) € L!, such

that, for any u € U
lu(t)] < n(t) ae. in [0, Ryl

Next we show that M (U) C Cj% [0, Ry| is a compact set.
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Let {u,} be a sequence in M (U), then there exists a sequence {h,,} € U such
that w, = M (hy,). For ti, to € [0, R4, we have

[P h,) () — F(rV " hy) (t)| < R#/2\ n(t)| dt.

t1

Hence the sequence { F(rV~1h,)} is uniformly bounded and equi-continuous, then
there exists a subsequence of { F'(r¥~1h,,)} which is convergent in C[0, R.], and for
simplicity we still denote the subsequence by {F(r¥~'h,)}. Since the operator w
is bounded and continuous, we can choose a convergent subsequence of {w(h,) +
F(rN=1h,)} in C[0, Rx] which we still denote by {w(h,,) + F(r ~1h,)}. Then we
have

tN ot (M (hy)) (t) = @w(hy) + F(rNthy,)

is convergent in C[0, Rx|. Note that

M(ha)(t) = F{raorT o [r, (w(hn) + FrN " ha)]} (), Ve € [0, Ry).

Due to the continuity of ¢ =1, M(h,) is convergent in C[0, Rx]. Thus we conclude
that {u,,} is convergent in C’#[O, R4]. The proof is completed.

Lemma 2.12. Let ¢,¢ € C[0, Rx| be a sub-solution and a super-solution of (2),
respectively; and satisfy ¢(t) < v (¢) for any ¢ € [0, R4]. Then there exists a positive
constant L (which depends on Ay, p) such that for any solution y of (2) with (3) and

9(t) < y(t) < (1), we have [[t70-Ty/||y < L.

Proof. Denote

R
[y = 4/ #tN—l[l + Ay (t,y(t))]dt,
0 N—1
do = max{rATT | 1 € [0, Ryl},
o =max{y(s) — &(t) | t,s € [0, Ry|},
N—1)p(

( t)
2 =max{t P01 A(t,x)| (t,2) € Qo).

Then there exists a ty € (0, R4) such that
N—1 g
’top(to)—l y/<t0>’ < ag ’y/<t0>’ <ag—=.
Ry

Here we note that there exist positive numbers o; and Ny > 1 + (aoé’—#)p(to)—l
such that

M 1
/ —dw > x0 + L.
o W

1
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Now suppose our conclusion is not true. Without loss of generality, we may assume
that there exists ¢ € [0, Ry] such that ¢,V ! \y’(t#)\p“#)_Q Y (ty) > o1+ Ni. Since
rpV-1 \y’\p(”_Q y'(r) is absolutely continuous, there exists [t1, 2] C [0, Ry4| such that

PN-1 ’y/’p(r)—2 y(r)>1+ (aoi)lv(to)—l on [t1,ts]
Ry

and either
_ —2 _ —2
tJIV 1 ’y/’p(tl) y/(t1> — o1, té\f 1 ’y/’p(tz) y/(tg) — N,

(0]
_ p(t1)—2 — p(ta)—2
tjlv ! ’y/’ () y/(t1> - Nl! th ! ’y/’ (t2) y/(t2> =01.

Without loss of generality, we assume the former case happens. Hence

M q
/ —dw’
o1 w

to N—-1 /p(T)—Q NI
/ YY) dr|
t

no + o <

- . riN-1 ‘y/‘p(r)—Z Y/

/t2
t1

2 (N—1)p(r) /
/ rPe Ay (ry(r) || dr 4 po
t1

< x0 + po,

N—-1
PN (PO

dr
rN-1 ‘y/‘p(T)—Q y

/

IN

which is a contradiction. The proof is completed.
Next we consider an auxiliary problem of the form

(rV-1 \u’\p(r)_2 u') = rNTH(r, R(r, ), Rl[rpj(\’]"%u']) + rVN Ry (r, w)
(SBVP)
def rN_lf(r, u, rpj(\’f"%llu’), r e (0,Ry),
where SO () > (),
Ritu) =14 w, olt) <u(t) < w(0),
b, u(t) < ¢(1),
Ll, y > Ll,
Rilyl=9 v ly| < Ly,
_Lla Yy < _L17

N-—1
with Ly = 1+ max{L, sup |[r?0-1¢/(r)

TE(O,R#)

, Sup
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u— (1)

e(t, u>2+u2—+d}2<t>! u(t) > ¥(t),
Ry(t,u) =< 0, o(t) <u(t) < (1),
ety )2 u(e) < o),

24+ u? 4+ ¢2(t)’
where e(t,u) = 1+ Ai(t, R(t,u)).

Lemma 2.13. Let ¢,¢ € C[0, Rx| be a sub-solution and a super-solution of (2),
respectively; and satisfy ¢(t) < (t) for any t € [0, R4, ¢(0) < ¢ < ¢(0), p(R4) <
d < ¥(Ry). Let u(t) be a solution of SBVP with (3), then ¢(t) < u(t) < ¥ (t) for
any t € [0, Ry].

Proof. We only prove that u(t) < (t) for any ¢ € [0, Ry|. For the case of
@(t) < u(t) for any ¢t € [0, R4], the argument is similar and thus it is omitted.

First we note that v satisfies the boundary value condition ¢(0) < ¢ = u(0) < ¥(0),
d(Ry) < d=u(0) < 1p(Ry). Assume that u(t) > ¢ (t) for some t € (0, Ry), then
u(t) — 1 (t) achieves its positive maximum at ¢, i.e., there exist a ¢y € (0, Rx) and a
positive number ¢ such that w(ty) = ¥ (to) + 9, u(t) < ¥(t) + 6 for any ¢t € [0, Ry].

At first, we may assume that to = R* (recall R* is defined in the Definition 2.5).
We will prove the result according to the following three cases:

Case (a) v/(R*") = ¢/(R*);

Case (b) «/(R*) < ¢/(R*7);

Case (c) «/(R*) > ¢/(R*7) and ¢'(R*7) # ¢'(R*).
Suppose Case (a) holds. Then ¢ € C’#[O, R4]. Hence

9) to i1 ' (to) = to ZOE V' (to)-

There exists a positive number 1 such that u(t) > v (t) for any t € J := (to —
n,to+n) C [0, Ry]. From the definition of ¢, v and f we conclude that

N-—1 ~ N-—1
(PN PO < N ) = eV, r T )
~ N—-1
< T’N_lf* (T’, u, rer-1 u') on [to — M1, to + 171],
where 7, € (0,n) is small enough. For any r € (to, to + 11], we have
T
/ (tN_l ’w/’p(t)—Q '(/J/>/dt
to
10) " No1F N "N e =2
< / VTt u, PO ) dE = / Nt || ') dt.

to to
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From (9) and (10) we have
1720 < [ ot to ]

it means that
(l/J + 5)’ < ' on (to, to + 171],

which is a contradiction to the definition of o, so u(t) < ¢ (t) for any ¢ € [0, R4].

Suppose Case (b) holds. Since u/(R*) < ¢'(R*™) , it is easy to see that v'(t) <
YP'(t) in (R* — ¢, R*) for some constant « > 0. Then u(t) — ¢(¢) is larger than
u(R*) —¢(R*) in (R* — ¢, R*), which is a contradiction.

Suppose Case (c) holds. We have «'(R*) > ¢/(R*~) > ¢/(R*"), and we can see
that «/(¢t) > ¢'(¢) in (R*, R* + ) for some constant . > 0, then u(t) — v (¢) is larger
than uw(R*) — ¢ (R*) on (R*, R* + ), which is a contradiction.

If to # R*, then u(t) — v (¢) is differentiable at ¢,. Since u(t) — v (¢) achieves its
positive maximum at tg, (9) is valid. By repeating the proof of Case (a), we can also
get a contradiction, so u(t) < v (¢) for any ¢t € [0, R4|. The proof of Lemma 2.13 is
completed.

Next we present proofs of Lemma 2.6, Lemma 2.7 and Lemma 2.8.

Proof of Lemma 2.6. At first we note that f(-, -, ) satisfies (H.). It follows from
Lemma 2.13 that the solution « of SBVP with (3) satisfies ¢(-) < u(-) < ¢ (-). From
the proof of Lemma 2.12, we can see that the solution v of SBVP with (3) satisfies

N—-1
| tP®-T4 ||p< Ly, thus we only need to prove the existence of solutions for SBVP
with (3). We remark here that « is a solution of SBVP with (3) if and only if u is a
solution of

u=®z (u) :=c+ M(Nj (u)).

Denote
Ccl,d ={ue C’# [0, Ry] | u(0) = c and u(Ry) = d}.

Since Nﬂ(u) maps C’éd into a set of equi-integrable functions in (0, Ry ), and
thus similar to the proof of Lemma 2.11, we can conclude that M/ maps sets of equi-
integrable functions in L(0, R.) into relatively compact sets in C’(}vd, then <I>f*(u) is
compact and continuous.

For any u € C; ;, we have 7 (u) € C; ;. Moreover, & (C. ) is bounded. Then
it follows from the Schauder fixed point theorem that @ﬁ(u) has at least one fixed
point u in C!,. Then u is a solution of SBVP with (3). Proof of Lemma 2.6 is
completed. 7

Proof of Lemma 2.7. Let d be a fixed constant satisfying ¢(R4) < d < ¢(Ry).
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We claim that there are two sequences {u,,} and {v,}, all of them are solutions of
(2) with the boundary value condition (3), and satisfy

(11) Tl_i%lJrrP](\’f"%u;l(r) >0 > Tl_i)rélJrrP](\’r"%v;(r),

(12) Un(t) < vn(t), [unt1(t), vngr ()] C [un(t), va(t)], ¢ € [0, Ryl,
(13) un(Ry) = d =v,(Ry),

and

(14) 01(0) = 1 (0) = 20— (@)

2
H 1
By- Lemma 2.12, both sequjve_rlces {un(t-)} and {v,(t)} are bounded in J%T[O’ Ry].
Then it follows that { 1im+rp(’")—1u’n(r)} is a bounded set, and { lirélfp(r)—lu;(r)}
r—0 r—
has a convergent subsequence. Note that {u,(t)} are solutions of (2), and satisfy
PNl (r,up(r)) = wa + F(rY TN (u)) (1),

where

r—0+

F(r =Ny, (un))(r) = /O VTN, (un)dt, @ = Tim eV (i ().

Similar to the proof of Lemma 2.12, {u,(t)} has a convergent subsequence {w,, (¢)}
in C’#[O,R#], and then {w,} is bounded. We may assume that u,,(t) — wu(t) in
C4[0, Ryl and vy, (t) — w(t) in CL[0, Ryl. Itis easy to see that u(t) < v(t) and
both are solutions of (2) with the boundary value condition (4).

It only remain to prove the existence of {u,,} and {v,}, which are the solutions of
(2) with the boundary value condition (3), and satisfy (11)-(14).

According to Lemma 2.6, equation (2) with boundary value condition

u1(0) = ¢(0), ur(Ry) =d,
has a solution u; such that
¢(t) <ui(t) < (1), t € [0, Ryl
Since u1(0) = ¢(0), we can see that
u1(rn) = ¢(rn) = (u1(&n) — ¢'(&n))rn > 0, where &, € (0, 7).

Thus
uy (€n) — ¢'(€n) > 0, where &, — 0%,
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N-1 N-1 .
Since lim r»™M-T4}(r) and lim r»™-1¢'(r) exist, we have
r—0+ r—0+

1 N-—1 ’ 1 N-—1 ’
im re=1ys(r) > lim re-1¢"(r).
i 7T (1) > i rT ()

N—-1 . .
We may assume that 1im+rp<r>—1u’1(r) > 0, or else we get a solution for (2) with
r—0

the boundary value condition (4).
Similarly, equation (2) with the following boundary value condition
v1(0) = 9(0), v1(Ry) = d,
has a solution v; such that
u(t) < vi(t) <P(t), t € [0, Ryl,
which satisfies No1 NoL
; (r)—1 ; (r)—1
TE%1+rP vi(r) < TE%1+rP YP'(r) <0.
Obviously, u;(t) and vy (t) are a sub-solution and a super-solution of equation (2)
with (4) respectively.
According to Lemma 2.6, equation (2) with the following boundary value condition

u(0) 110+ 21(0)

5 , u(Ry) =d,
has a solution y such that

u1<t> < y(t) < ’U1<t>, t e [0, R#].

N—-1
We may assume that lim+rp<r>—1 y(r) # 0, or else we get a solution for (2) with
r—0
the boundary value condition (4).
N—-1
If lim+rp<r>—1 y(r) > 0, then denote o ()

y(r) < 0, then denote vs () = y(t) and us(t)
v9(t) both are solutions of (2) and satisfy

N—1

y(t) and va(t) = vy (t); if lim+rp(r)—1
r—0

up(t). It is easy to see that uq () and

N—-1 N—-1
lim r?™=Tuy(r) > 0 > lim r#O=Trvy(r),
r—07+ r—07+

us(t) < wa(t), [ua(t), va(t)] C [ui(t), vi(t)], V¢ € [0, Ry,
ug(Ry) = d = va(Ry),

v1(0) —u1(0
v2(0) — ug(0) = %

By repeating the steps as above, we get the existence of {u,,} and {v,,}, which are
the solutions of (2) with the boundary value condition (3), and satisfy (11)-(14). Proof
of Lemma 2.7 is completed.

and
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Proof of Lemma 2.8 . The idea is similar to the proof of Lemma 2.7.

By Lemma 2.7, for any constant d satisfying ¢(Ry) < d < ¢(Ry), (2) with the
boundary value condition (4) has a solution  satisfying ¢ < u < . Letd = ¢(R4),
(2) with (4) has a solution u; satisfying ¢ < u; < 1. Obviously, v} (Ry) < ¢'(R4).
Let d = ¥ (Ry), (2) with (4) has a solution @, satisfying u; < @; < . Moreover,
u(Ry) > ¢/ (Ry). Letd = w, then (2) with (4) has a solution y satisfy
u; <y <@ If y/(Ry) = d* then it is a solution of (2) with the boundary value
condition (5). If y/(Ryx) > d*, then denote u, = u;, w2 = y. If ¥/(Ry) < d*, then
denote uy, = y, wy = wy. Similar to the proof of Lemma 2.7, we can get the existence
of solutions of (2) with (5). Proof of Lemma 2.8 is completed.

Next we finish this section with the following lemma.

Lemma 2.14. If ¢(r) and ¢(r) are a super-solution and a sub-solution of (1),
respectively, and satisfy ¢)'(r) — 0 and ¢'(r) — 0 as r — 0, then ¢ (|z|) and ¢(|z|)
are a super-solution and a sub-solution of (P), respectively. Moreover, if u is a solution

of (1) with Tl_lgl rpg%u’(r) =0 and u(r) — oo as r — R™, then it is a solution of
(P).
Proof. At first, we prove that ¢(|x|) is a sub-solution of (P). Denote
D ={zecQ||z| <R}, Q={zecQ||z| >R}

For nonnegative radial symmetric function w = w(|z|) € C3(Q), we have
/Q {IVoI"™2VeVw + f(z, 9)w — p(z, o)w — K (|z]) |¢/|"1" w}da
= /Q (VO 2V 6Vw + f(, 6w - pla, 6w — K(Ja]) |¢/|"" whde

+ | VeV + f(z, )w — p(x, d)w — K (|al) [ wda
Qo

=Ji1+ Jo.
Let &, € C'[0, R*] satisfy &,(r) = 0 for r € [5i7R*, R*(1 — 5.:7)], and
&n(r) =1 for r € [0, 75 R*] U [R*(1 — 5:), R*]. By the definition of ¢, we have

B lim [ {IVOPO Y1 u+ (e 6)(1 - G

—p(z,$)(1 - &)w — K(ja]) ¢/ "V (1 - &) w}da
+ lim / (VoD -2T6V (Eyw) + f(x, )Enw
n—oo Ql

—p(x, $)nw — K (|2]) |¢/|"") g} da
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< lim [ |VoP@ VeV (&,w)de
n—oo Ql
— lim / w|Ve|PH 2V Ve, dr + lim / n|VO|P P 2V eV wda
n—oo Ql n—oo Ql
= [P (e yu(ras
o
and

B | A=bpmd + f(,0) = ple,6) — K () ¢/ "V} wda

+ / (IV6[P2V 6 - ny)wdsS
0

IN

| (vore26 - na)u(ryds

(2195

_ _/ \¢'\p(R*)_2¢’(R*+)w(R*)dS,
o

where ns is the unit outer normal of 9),.
Then

/ {IVoI"™2VeVw + f(z, 9)w — p(z, o)w — K (|z]) |¢/|"1" w}da
Q
< / ‘¢/(R*_>‘p(R*)_2¢/(R*_>’U}(R*)dS
o0
- / |/ (R*H) P2/ (R*F )w(R*)dS
o
= [ R (R) (P2 B RS <0
o

The last inequality follows from definition of ¢. Thus ¢ is a sub-solution of (P).
Similarly, we can prove that v is a super-solution of (P).

N—-1
If w is a solution of (1) with 1im+rp(’")—1u'(r) = 0, then we have
r—0

1 "o
= /O NN, () (B)dt

1" N
< rN—l/O VT N (un) (8)| dt

< / [Ny, (un) (1)) dt — 0 a5+ — 0.
0

!/

|o(r, up(r))| =

Thus w is a solution of (P). Proof of Lemma 2.14 is completed.
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3. Proors oF THEOREMS 1.1-1.3

In this section, we will discuss the existence of boundary blow-up solutions of (P)
in Case (I)-Case (Ill) as stated in section 1 and then prove Theorems 1.1-1.3.

The method is the sub-super-solution method, that means that we will construct a
super-solution ¢ and a sub-solution v of (P) respectively, which satisfies ¢ > v. Let
Dj={x||z| <rj:=(1—55)R} (j = 1,2,---) be local domains of Q. We will
prove the existence of radial solution u; of the following problem

5(]=[)

—Dpyu + £, u5) = p(z,uj) + K(|z)) ,in D,

u;
uj(xz) = v(|z|, s1,¢€), for x € 9D,

which satisfy g > u; > v. Similar to the proof of Theorem 3.3 of [47], the solution
sequence {u;} on local domains has a subsequence converging to « which is a boundary
blow-up solution of (P).

3.1. Case (I)

At first, we construct a super-solution of (P). Assume ¢(r) — p(r) > nio for r €
[0, R], where ng > 3 is an integer. Define a function g(r, s, €) on [0, R) as

g(r,s,€) =
C(R—r)+k, Ry<r<R,

Ro (Rg)—1 N-1
C’(R—Rg)_5+k—/ (Cs(R—Ro) 1] s [%

oc<r<Ry,

1
sing(t — o)]P®-Ldt,

Ro (Rg)-1 N-1
C’(R—Rg)_5+k—/ (Cs(R=Rg)~*~] 51 [%

1
— sine(t—o)]r®-1dt ,
g

L r <o,

where s is a positive constant, Ry € (o, R) and R — Ry is small enough, ¢ = 2(R70r7—0)’
—1

€ € (0, (4n3)™0—2). k is a sufficiently large constant determined later in the proof of
Lemma 3.1 and

1 1
(15) C=Cc=Cc(s)=(1+ e)[asp(R)_l(s +1)(p(R) — 1)] @

Here we note that for any positive constant s, g(-, s, €) € C1[0, R).

Lemma 3.1. For Case (), g(|z|, s1,¢) defined as above is a super-solution of

(P).
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Proof. By Lemma 2.14, we only need to prove that g(r, s1, €) is a super-solution
of (1). Since g(-,s,¢) € C*[0, R), according to the definition of the super-solution of
(1), we only need to prove

9

(r N-— 1’9 ’p -2 /)/
<V f(r.9) = plr.g) = 1K ()| vr € 10,0) U (0, Ro) U (0, Ro).

Step 1. In the interval (o, Ry).
When r € (R, R), we have

g =Csi(R—r)"571

and
(Vg [P ) = [N (O PO (R — ) DDy

By computation, we have

(rN—l ’g/’p(r)—2 /

/
9)
= N H(Cs)P (1 4 1)(p(r) — (R — )~ GrDEO-DH

(16) + rN—l(Csl>p(T)—1(R _ 7,)—(81-1—1)(17(7“)—1)(_(31 + 1)p(r))'1n(R _ 7’)

+ (TN_1(081>p(T)_1>/(R _ r)—(81+1)(p(7“)—1)

= N (Cs1)P 7 (s + 1) (p(r) — 1) (R — )~ FDEO=D=1 (G 4 (),
where

h(T’) _ ( (31+1>1;<r>>/ ( T’) (R—T’)

(s1+1 ]Splr) )() N
e I(Ci:)p (023 +1)(§a(r)— 1)(R1_ )
- +1(>£<r+>>1§( (_)>—n;>ln<f2_r>no e
R

It is easy to see that there exist positive constants A, B > 1 (A, B depend on
C, R, p,q,ng, s1 ) such that

ol=te1 + 1oty (R =) n(R—r)7 | _
(51 + D) — 1) =4
( N— I(CS )p(r 1)/ %

P T G o R E2
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then we have
A7) A < (A+B)R—r)""0 < [(A+ B+ 1)(R — Ro)7o]™ 1,
If R — Ry > 0 is small enough, we get

(18) (A+ B+ 1)(R— Ry)™ <

DO

Combining (17) and (18) together, we can find that when R — Ry > 0 is small
enough, then for any r € [Ry, R),
(Cs1)P ™ (s1 + D)(p(r) = (1 + h(r))
(19) < (Cs1)P 7 (s + 1) (p(r) — 1)1+ €0

1
) 2ng

< va(T)_l(—l n
€

Since p(r), q(r) and 3(r) are C* continuous, if R — Ro > 0 is small enough, we
obtain

(20) (R —r)~(1tDM-D=1 < (R _ py=s1la)=D=6()(q 4 e)ﬁ, Vr € [Ro, R).

Therefore, under the conditions of Case (I), we have

19(r)
1) P(r9) o ang LEMIY]

f(r,9) f(r,9)

From (16), (19), (20) and (21) it follows that when R — Ry > 0 is small enough
we can get

—0,ar— R™.

(PN g P gy
< PN=1(Cs)PM) sy + 1)(p(r) — 1)(R — )~ 1#D @) -1)=1(] 4 gno-1)
< (1+&TorN=1(R — 1) BW)g(C(R — r)~51 )21

—1
< (1+9T0rY 1 f(r,g)

<N f(r, ) = p(r, ) = [K(1)]19/"7)] , ¥r € (Ro, ).

Thus, when R — Ry > 0 is small enough, we have

(22) (Vg P ) <eV [ F(rg) = pl(rg)— () g "7)] , ¥r e (Ro, R).
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Step 2. On the interval [0, ) and (o, Rp).
Note that ¢(r)—1 > 0(r) —1,Vr € [0, R]. By computation, when £ is large enough
it follows that

PN(R = ) B0 gpaln -1
> (Ro)N ! [5(081(3 — Ro)~ 1) P(E)=1) cog(c(r — o))
Fb(R =) RO K ()"
> (Vg PO Y ol g) + K ()| [g " € (0, Ro).

Therefore, when & is large enough, we have

@3) (N [y <N ()= plr g) =K (9] L Ve (o, Ro).
and
@) (g ") = 0= £ g)=plr 9~ K () [¢"] . 0<r <o,

Here we note that g(|z|, s1,¢) is a C! function on B(0, R). From (22), (23) and
(24), we can see g(|z|, s1,€) is a super-solution of (P), when R — Ry > 0 is small
enough (R is a constant depending on R, p, q, 3, ng, s1) and k is large enough. This
completes the proof.

Remark. It is easy to see that g(r, s, €,) is a super-solution of (2) for any s > s;
and e, > ¢, and then g(|z|, s, €,) is a super-solution of (P).

Next, we will construct a sub-solution of (P). Here we point out that there exists a
very small positive number ¢ depending on Ry such that

—f(r,e)+ p(r,e) <0,¥r € [0, Ry.
Obviously, for any A € [g, g(Ry)], g is a super-solution of the following equation

_(T,N—l ‘v/‘p(r)—2 v/)/
(25) = N[ f(r,0) + pr,0) + K () [o°0] v € [0, R,
v'(0) = 0,v(Ro) = A,
and ¢ is a sub-solution of (25).
By Lemma 2.7 and Lemma 2.14, (25) has a positive solution ¢4 (r) satisfy ¢ <
da(r) < g(r, s, €). Define the function v(r, s1,€) on [0, R) as

C*(R—71)"° —k*, Ry <r <R,
v(r, s, e) =
da(r),0 <r < Ry,
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where s is a positive constant, Ry € (o, R) and R — Ry > 0 is small enough, € is a
small positive constant and

k* = C*(R— Ry)™ — A,
(26) 1 1
€ = € = Cl(s) = (1= [=s"D7 (s +- 1) (p(R) — 1)) 7770,
a
Here we note that for any positive constant s, v(-, s,€) € C[0, R), and v'(r, s,€) — 0
as r — 0.

Lemma 3.2. Under the conditions of case (I), there exists a A € [¢,C*(R —

Ry)~*1] such that v(|x|, s1, €) is a sub-solution of (P), where s; = %.

Proof. By the definition, v(r, s1, €) is a sub-solution of (25), and therefore v(r, s1, €)
is a sub-solution of (P) on [0, Rg]. By noting that v(r, s1,e) > A > 0,Vr € [Ry, R).
Since A € [e,C*(R — Ry)~*'], we have k* > 0. Similar to the proof of Lemma 3.1,
we can see that v(r, s1, €) satisfies
_<7,N—1 ’v/’p(r)—Z v/)/ + T’N_l [f(?’, ’U) o p(?’, ’U) o K(T’) ”U/’(S(T)}

N PO Y N O (R = 1)) = K () ]
< 0,Vr € [Ro, R).

IN

Thus v is a sub-solution of (P) on [Ry, R). Denote
hi«(r) = C*(R—r)"" — k*.
By Definition 2.5, v is a sub-solution of (P) provided
$a(Ry) — by (Rg) < 0.

If ¢/4(Ry) > hi.(RZ), we will prove that there exists a constant A; € [e, A] such
that v(-,s,¢) € C'[0, R). It is sufficient to prove that exists a constant A; € [e, A]
such that ¢/y (Ro) = hj..(Ro). Obviously,

®L(Rp) < 0 < hi.(Rp).
Let’s consider the following equation
_(rN—l ‘v/‘p(r)—2 V'Y
(27) =N [ f(r,0) + plr,0) + K () o] v € [0, Rol,
v'(0) = 0,v'(Ro) = hi(Ro).

Clearly, ¢ is a sub-solution of (27), ¢4 is a super-solution of (27), and ¢ < ¢4.
According to Lemma 2.8, there exist a solution y of (27) which satisfies ¢ < y < ¢ 4.
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Let A; = y(Ro), then ¢4, (-) = y(-) is a solution of (27). In the definition of v, let
Aj replace A, then v is a sub-solution of (2). By Lemma 2.14, it is a sub-solution of
(P). The proof is completed.

Definition 3.3. If u is a boundary blow-up function and satisfies

. u(z)
lim ——— =1,
d(a:,ég;—»() pld(z, 02)] 3
where £, and s are positive constants, then we say that the singularity of w is p[d(x, 0€2)] 75,
and the blowup rate of u is s.

Proof of Theorem 1.1.
Step 1. The existence of solution.

From Lemma 3.1-3.2 and Lemma 2.14 it follows that (P) has a super-solution
g(|z|, s1, €) and a sub-solution v(|x|, s1, €), respectively. Moreover, we have g(|x|, s1,¢€) >
v(|z|, s1,¢€), for any z € Q.

Let D; = {z | |=| < rii=(1- jﬁ)R} (j =1,2,---). Let’s consider the radial
solutions of the following problem

5(]=[)

—Dpyuj + f(@,u5) = plz, uj) + K(|z]) ,in D,

!
uj

(28)
uj(xz) = v(|z|, s1,¢€), for x € dD;.

It is easy to see that the solution of the following ODE is a radial solution of (28)

Not | P72 N ,120r)
(29) (r Uy uj) =r f(ryug) = p(r,ug) — K(r) Uy
u(0) = 0,ui(ry) = v(r}, s1,€).
Next Let’s consider
r)—2 o(r
N a7 gy =V ) ) = w0

(30)
N-—1
}%rm wi(r) = 0,u;(ry) = v(rj, s1,€).

From Lemma 2.6, we can see that (30) has at least one solution «;. By Lemma
2.14, ug(o) = 0. It means that every solution of (30) is a solution of (29), and it is
a radial solution of (28). Similar to the proof of Theorem 3.3 of [47], {u;} has a
subsequence converging to « which is a boundary blow-up solution of (P).

Step 2. The asymptotic behavior of solution.
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We claim that there are a family sub-solution v, (r, s1, €) and a family super-solution
g«(r, s1, €) satisfy

(31) v(r, s1, %) < vi(r, s1,€) < gu(r, s1,¢€) < g(r,s1,1),e€ (0, %)

In the definition of g.(r, s1, ;55) and v.(r, s1, 55), let e = 15, it follows from
the former discussion that (P) has a solution w,, which is between g.(r, s1, n—}%) and
(7, 81, 75)- Since gu(r, s1, 745) and v.(r, s1, ) are between g.(r,s1,1) and
v«(r, 81, %), each solution u,, (n = 1,2,---) is between g,(r, sy, 1) and v.(r, s1,1).
Similar to the former discussion, the sequence {u,,} has a subsequence converging to
u, which is a solution of (P). Obviously, u has the singularity of u[d(x, 0§2)]~*1, where

_ p(R) = B(R)
= — 5 oM
q(R) — p(R)
It only remain to prove the existence of a family sub-solution v, (r, s1,€) and a
family super-solution g.(r, s1, €) which satisfy (31).

=Cp = [iszf(R)_l(sl +1)(p(R) — 1)] 7@ 50,

At first, we construct a family of g.(r, s1,€) which is between v(r, sq, %) and
g(r,s1,1).

By the definition of super-solution g(r, s1, €) and sub-solution v(r, s1, €), we have
g(r,81,1) > v(r, 81, 3),Vr € [0, R). Now, let’s consider

0 —(r VPO ) = N[ () + p(r, ) + K () o] v € [0, Ra)
I
v'(0) = 0,v(Ry) = A,

where

1
R() < Ry < R, and A, = ’U(Rl, S1, 5) < A < A* = g(Rl, S1, 1).

Note that g(r, s1,1) and v(r, s1, 3) are a super-solution and a sub-solution of (1),
respectively. According to Lemma 2.6, for any A € [A., A*], (I) has a solution ¢ 4(r)
satisfying v(r, s1,3) < ¢a(r) < g(r, s1,1). Lete € (0, 3] be small enough. We define

Ca(R—1r)"t+k, Ri <r <R,

g*<7’781,€> -
¢A*<r>70 S r< R17

where C. is defined in (15), and
k:=A"—C(R—Ry) ™™ >0.
We can see that
9. (R, s1,€) = ¢y (Ry) > g'(Ra, 51, 1)
=501 (R—7)""""' > 51C.(R— 7)1 = g (R], 51, €).
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Similar to the proof of Lemma 3.1 and Lemma 2.14, we can see that g, is a
super-solution of (P). Moreover, v(r, s1,3) < g.(r, s1,€) < g(r, s1,1).

At last, we construct a family of v, (r, s1, €) which satisfy (31).

According to Lemma 2.6, (1) has a solution ¢ 4, (r) satisfy v(r, s1,3) < ¢a. (r) <
g«(r, s1,€). We define

C¥(R—r)™ —k*, Ry <r <R,
Vi (7, $1,€) =
$a.(r),0<r < Ry,
where C7 is defined in (26), and
k* =CI(R— Rg) °* — A, > 0.
Note that

1
VL (Ry,s1,€) = ¢y, (R) < V'(Ry, s1, 5)

=50 (R—7)" "1 < 51CH(R—7)"' " = (RT, 51, €).
2
Similar to the proof of Lemma 3.2 and Lemma 2.14, we can see that v, is a
sub-solution of (P). The proof is completed.
3.2. Case (II)
Proof of Theorem 1.2. The proof is similar to that of Theorem 1.1, the main task
is to construct a pair of sub-solution and super-solution of (P). Set

g2 = tog(r, s1,¢€),Vr € [0, R),
toC*(R—1)~"t —k*, Ry <r < R,
va(r, s1,€) =

da(r),0<r < Ry,
k* = toC*(R — Ry)™™ — A,

where g is defined in Case (1), A € [e,toC* (R — Rp)~*'],& > 0 is small enough such
that f(r,e) < p(r,e) for any 0 < r < Ry, C* is defined in (26), to is the unique
positive solution of

)

—aCIP I I~ a(R) =1 — iR —10(R) =1

where Cy = C}; is defined in (15).

Next, we will prove that g and vy are a super-solution and a sub-solution of (P),
respectively. The idea is similar to the proof of Theorem 1.1, and we need small
adjustments.

Step 1. We will prove g- is a super-solution of (P).
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The major difficulty is to prove
(g ) < PN £ g2) — o, 92) — K ()] b)) v € (Bo, R).
Denote ¢ = (s1 + 1)(p(R) — 1) + 1. Under the conditions of Case (lI), we have
(32) B(R) +s1(¢(R) = 1) = a(R) + s1(0(R) — 1) = ¢, and (s1 + 1)6(R) — v < ¢.
Let C be defined in (15). Denote
Y =1tC(R—r) ",

Similar to the proof of Lemma 3.1, by computation, we have

(TN_I ’w/’p@“)—Z 1/1/)/

(33)

= V(15 C0 )P0 (514 1) (p(r) — 1) (R—r) O (1)),
where
h(?’) _ (—(81+1>p<7’>>/ ln(R—r) (R—T) + (rN_l(tOCSI>p(T)_1>/ (R—T).

(s1+1)(p(r)—1) PN (tgCs1 )P~ (s1+1) (p(r) —1)
It is easy to see that h(r) — 0asr — R™.
Note that (Cos1)P(B)=1(s; +1)(p(R) — 1) = aCZ ™ Since p(r), ¢(r) and B(r)
are C! continuous, from (32) and the definition of C and C' = (1 + €)C it follows
that

(PN PO s N (R—1)6 = (80Cs1 )PP~ (1 41) (p(R) — 1)

(34a) = a[to(14€)|PB) LI as rR™,
(34b) N () x r N (R—1)S — alto(14€)Col" L as r— R,
(34c) N (e, ) x N (R = 1)S — blte(1 4 €)Col? B asr — R,

@34d) PN K ()] [ x N (R—7) -0, as r— R

Since t is the unique positive solution of the following equation

_an(R)_ltp(R)—l + an(R)—ltq(R)—l _ ng(R)—ltG(R)—l

when t > ty, it follows from ¢(R) > max{p(R),0(R)} that
_an(R)_ltp(R)—l + an(R)—ltq(R)—l > ng(R)—ltG(R)—l.
Therefore

- —aC " (1 + P~ 4 aCIP (1 + )91
> bCII T o (1 + €))/R) -1,
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From (35) and (34a)-(34d), when R — Ry > 0 is small enough, we can get

0 < (PN PO Y < N f () — () — K () [0 7), v € [Ro, B).

By (35), we have f(r,v) > p(r,1p) > 0,Vr € [Ro, R). It is easy to see that
f(r,v+ k) — p(r,+ k) is increasing with respect to k. By noting that go = ¢ + k
for r € [Ry, R), when R — Ry > 0 is small enough, it is easy to check

(36) (N~ [g5]" % gb) < vV [ £ go)—p(r, )= |K (1) | 5|7 Ve (Bo, B).

Note that ¢(r)—1 > 0(r) —1,Vr € [0, R]. By computation, when £ is large enough
it is easy to check

@) (N s gy <V £ g) — p(r, 9)— 1K ()94, V€ (o, Ro),
and
(38) (g5 gh) =0 [ £(r, ga) — p(r, g2) ~ [K (1) 95" 0 <o

N—
It follows from (36)-(38) that g2 is a super-solution of (1) with 1ir51+r_17(’")‘11 ga(r) =
0 and go(r) — oo as r — R, then it is a super-solution of (P).

Step 2. We will prove vs is a sub-solution of (P).
The major difficulty is to prove

N s P gy 4N () oo T 2 N F(rv) = (e, 00)], Vi € [Ro, R).
Obviously

—aCI (1= P14 qCIID gy (1 — )] 1R~ < Ol [t (1 — )],
Thus when R — Ry > 0 is small enough, we can get

-2

39) (PN PP > N f(r, ) — p(r, 6) — K (1) |¢|°7], r € [Ro, R).

When R — Ry > 0 is small enough, we have
(40) rV ¢! yp rN K (r) |¢f y > 0,Vr € [Ro, R).

From (39), we have

(41) (rN—1’¢/’p(T)—2¢> N— IK ’¢ ’ >7’N_1[f(7’, ¢>—p(7’, ¢)],V7’ c [R(),R)

Note that 0 < k* < toC*(R — Ro) ™! = r[r}%ln )qﬁ( r). We claim that
re 07
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(rV-1 ’¢/’p(r)—2 &) +rN 1K (r) ’¢/’5(T)
>V f(r, 0= k) = p(r,é — k")), Vr € [Ro, R).
If r € [Ro, R) satisfies f(r,¢ — k*) — p(r, ¢ — k*) <0, it follows from (40) that
NSO 4N K@) [ > 02 N f (6= k) = plr 6 — K]
If r € [Ro, R) satisfies f(r, ¢ — k*) — p(r,¢ — k*) > 0, it is easy to check
flryo—k*) = p(r,¢ = k) < f(r,¢) — p(r, d).
Thus (42) is valid. Since va(r, s1,€) = ¢ — k* for any r € [Ry, R), then

(42)

PN PO 0y N K () [0 [P > N f(r, v) — plr, v9)], Y € [Ro, R).

Similar to the proof of Lemma 3.2, there exists a A € [e, {¢C* (R — Rp)~*'] such
that v (|z|, s1, €) is a sub-solution of (P).

Step 3 The existence and asymptotic behavior of solution of (P).

Also similar to the proof of Theorem 1.1, we get existence of solution « satisfying

1 =1,
d(a;ég;—@tou[d(a?, 89)] —s1

The proof is completed.
3.3. Case (1)

Proof of Theorem 1.3. The idea is similar to the proof of Theorem 1.1-1.2, and we
need small adjustments.

Under the conditions of Case (Ill), we have
(s2 +1)0(R) —v

43
@) _ (s2+1)(p(R) — 1) + 1 < B(R) + s2(q(R) — 1) = s5(0(R) — 1) + av.

Note that ati’(R)_l = btf(R)_l. Similar to the proof of Theorem 1.2, the terms
f(z,t(R — |z])~°2) and p(x, t.(R — |z|)~%2) have the same blowup singularity, and
'_[he blowup rate is larger than —A,,yt. (R — |z[)7*2 and K (z) [Vt (R — \a:\)—SZ’\‘S(I),
i.e.,

[z t(R — |2))7*)

(44) —1las || — R,
o Lo(B = J2]) ) =
and
—Dpyts (R —|z]) 72
(45) p(z) S 0as |z| — R
7, b (R — o)) =
K * _ —82 6($)
(46) (@) ViR —Ja) 27 g x| — R

_Ap(a:)t* (R - ‘x‘>_82
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Denote
Y(r)= 1+ et (R—r)"%2,Vrel0,R).
Define
Y(r)+k, Ro<r<R,
Ro , p(Rg)—1 <R0>N_1 1
wBo) + k= [ (Ro) T (e sine(e - o)) T a,
g3(r, s2,€) = U<T’T< Ry,
Ry p(Rg)—1 ( O)N_l 1
o(Ro) + k= [ W R T ine(e - o)) ar,

r < o,

( ) (1—e)t(R—r)"" —k* Ry <r <R,
v3(r, S9,€) =
’ 2 da(r),0<r < Ry,

k' = (1—e)t(R—1r)"2 — A,
where k& > 0 is large enough, A € [e, (1 —¢)t.(R—r)~*2], € > 0 is small enough such

that f(r,e) < p(r,e) for any 0 < r < Rj.

We will prove that g3 and v3 are a super-solution and a sub-solution of (P), respec-
tively.

Step 1. We will prove that g5 is a super-solution and a sub-solution of (P).

Since g3 is C*, when & is large enough, we only to prove

(rN—l ’gé’p(r)—2 gé)/

<V 1 98) = p(r,g8) = 1K) g™ ] , ¥ € [0,0) U (0, Ro) U (Ro, ).
It follows from (44) and condition (H;) that

fz,¢)
p(z,)
Combining the above inequality, (45) and (46) together, when R — Ry > 0 is small
enough, we have
(PN POy <N f () = plr, ) = K () [, ¥ € [Ro, R).

Similar to the proof of Theorem 1.2 and Lemma 3.1, when k is large enough, we
can see that gs is a super-solution of (P).

— (14 ) ?B=0HR) 5 as |z| — R™.

Step 2. We will prove that v is a sub-solution of (P).
We claim that the following inequality is valid when R — Ry > 0 is small enough

@7) (PN s PR 0gY > N (r, vs) — plr, v3) — K () [04]°7], ¥ € [Ro, R).
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Similar to the proof of Lemma 3.2, there existsa A € [e, (1 —¢€)t.(R —r) 2] such
that vs(|z|, s2, €) is a sub-solution of (P). It only remain to prove (47).

Denote
¢ =(1— et (R—1)"".

It follows from (43) and the condition (H;) that
f(z, )
p(z, d)

Combining the above inequality, (45) and (46) together, when R — Ry > 0 is small
enough, we have

— (1 — )P0 < as 2| — R™.

(PN PR Y = N f () — p(r,6) — K(r) |¢f "], ¥ € [Ro, R).
It follows from (46) that

2

(NSO ) = VK () |0 2 LN PO ) > 0as e R

Note that £* € [0, (1 —e€)t.(R— Rp) %2 —¢|. Similar to the proof of Theorem 1.2,
when R — Ry > 0 is small enough, we have

(PN PO Y N K () ¢ > e N (r, 6=k ) —p(r, 6—k)], Vr € [Ro, R).
Note that v3 = ¢ — k. on [Ro, R). Thus (47) is valid.

Step 3. The existence and asymptotic behavior of solution of (P).
Also similar to the proof of Theorem 1.1, we get the existence of solution « satis-
fying
lim & =1
d(z,00) -0t [d(z,0Q)] 752
The proof is completed.
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