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WEIGHTED HARDY SPACES ON SPACE OF HOMOGENEOUS TYPE
WITH APPLICATIONS

Xinfeng Wu, Zongguang Liu and Lijuan Zhang

Abstract. In this paper, we develop a theory of weighted Hardy spaces HP,
on spaces of homogeneous type and prove that certain class of singular integral
operators are bounded from HZ to itself and from HZ to LP. As an application,
we give weighted endpoint estimates for Nagel-Stein’s NIS operators studided in
[26].

1. INTRODUCTION

In 2004, Nagel and Stein [26] introduced a new class of singular integral operators
on smooth manifolds and proved the L? boundedness of them. The geometry on the
manifolds is given by a Carnot-Carathéodory metric induced by a collection of vector
fields of finite type and the operators includes the so-called non-isotropic smoothing
(NIS) operators of order zero arising in several complex varieties, see [26, 27]. Later
on, Ding and the first author of this paper studied the mapping properties of a class of
fractional integral operators on smooth manifolds in [6]. Recently, Han, Li and Lu [15]
developed a theory of multiparameter Hardy spaces on a more general setting, namely,
spaces of homogeneous type and proved the H? — H? and H? — LP boundedness of
certain class of singular integral operators.

On the other hand, weighted Hardy spaces have been studied extensively in Eu-
clidean setting (see for example Garcia-Guerva [8] and Stromberg-Torchinsky [29] and
many other references therein), where the weighted Hardy space was defined using
the non-tangential maximal functions and atomic decompositions were derived. The
wavelet characterization of weighted Hardy spaces were established by Wu [32] and by
Garcia-Cuerva and Martell [9]. Stromberg and Wheeden [30] studied the relationship
between weighted Hardy spaces HY and weighted Lebesgue spaces LE,. The molecular
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characterization of weighted Hardy spaces were established by Lee and Lin [23] and
the HZ boundedness of Riesz transforms were obtained in [24] by using the atomic and
molecular decompositions. Recently, Ding, Han, Lu and the first author of this paper
[5] proved the HY — HE and HE — LY, boundedness of singular integral operators on
weighted Hardy spaces, under a rather weak assumption w € A...

Motivated by these results and the recent development of discrete Littlewood-Paley
analysis on spaces of homogeneous type, in this paper we study the boundedness of the
singular integral operators on weighted Hardy spaces HJ over space of homogeneous
type. To achieve our goal, we develop the weighted discrete Littlewood-Paley-Stein
theory in the current setting and this allows us to avoid the use of complicated atomic
and molecular decompositions of HZ. Our result naturally extent the recent result in
[5] and can be applied to variant different settings such as Ahlfors n-regular metric
measure spaces, Lie groups of polynomial growth and Carnot-Carathéodory spaces (see,
for instance, [20, 31, 26, 27, 28]).

Before stating the main results, let us first recall some definitions and notions.
Throughout this paper, we use C to denote a positive constant independent of main
parameters involved, which may vary at different occurrences. Let A < B denote
A<CBandlet A~ B mean A< Band B < A.

The following notion of spaces of homogeneous type was introduced by Coifman
and Weiss in [4].

Definition 1.1. (X, d, u) is called a space of homogeneous type if d is a quasi-
metric, that is, (1) d(z,y) = 0 iff x = y; (ii) d(z,y) = d(y,x); (iii) d(z,2) <
Ald(z,y) + d(y, z)] for some A > 1, and p is a nonnegative measure satisfying the
doubling property

(1.1) w(B(x,2r)) < Crp(B(x,r)).

In [25], Macias and Segovia have proved that one can replace the quasi-metric d by
another quasi-metric d such that d yields the same topology on X" as d and, moreover,

(1.2) w(B(z,r)) =T
where B(z,r) = {y € X,d(y,z) < r} and d has the following regularity property
(1.3) d(z,y) — d(z', y)| < Cod(z, ") [d(z,y) + d(z, y)]' 77,

for some regularity exponent ¥: 0 < ¥ < 1,0 < r < oo and all z,2",y € X.
Throughout this paper, we only assume that (1.3) holds for d and a condition like (1.2)
is not required.

To simplify notation, throughout this paper, we use dx and |B(z,r)| to denote
du(x) and p(B(z,r)), respectively. Denote V(z,y) = |B(z,d(z,y))| and Vi(z) =
w(B(z,t)),t > 0. Itiseasy to see V(z,y) ~ V(y, ). Note that the doubling condition
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(1.1) implies that there exist positive constants C' and ) such that for all x € X and
A>1,

(1.4) |B(x, Ar)| < C/\Q\B(ac, ).

Here @, if chosen minimal, measures the “dimension” of the space X’ in some sense.
We now recall some notions on space of homogeneous type in [15].

Definition 1.2. A sequence {S }rcz of operators is said to be an approximation to
the identity if there exists constant C' > 0 such that forall K € Z and all z, 2/, y, v’ € X,
Si(z,y), the kernel of S, satisfy the following conditions:

() Sk(z,y) =0if d(z,y) = C27* and [Sk(,y)| < Cy— v
(i) |Sk(z,y) = Sk(a’,y)| < C2Yd(z, o)y oriv

(iii) property (ii) holds with x and y interchanged;

(V) [[Sk(w, y) = Se(@, )] = [Sk(2', ) = (@', ¢)]] < 2 d(x,2') d(y, y')”
Vor (@) +Vo—k (v)’

V) [y Sk, y)du(y) = [y Sk(z,y)du(x) = 1.

Definition 1.3. Let 0 < 3,y < 9 where ¥ is the regularity exponent on X’ given
inand » > 0. A function ¢ on X is said to be a test function of type (xq,r, 3,7) if f
satisfies the following conditions:

. 1 T 'Y
(I) ‘gO([E)‘ < CVr(mO)—I—V(IJQ) (T+d($7$0)> !

. B , 0% .
(i) [o(z)—o(y)| < C’(Hé(m ;0)> VeV EE) (T+d($7xo)> for all z, y € X with
d(z,y) < (r+d(z,x0))/(24).

We denote by G(z1, 7, 3, ) the set of all test functions of type (z1,r, 3,7). If ¢ €
G (21,7, B,7) we define its norm by ||¢|g(z, r8,y) = Inf{C : (i) and (ii) hold}. Now
fix o € X we denote G(3,v) = g(xo, 1, 8,~) and by Go(3,~) the collection of all
test functions in G(8,~) with [, f(z)dz = 0. It is easy to check that G(z1,r, 3,7) =
G(B,~) with equivalent norms for all z; € X and r > 0. Furthermore, it is also easy to

see that G(3, ) is a Banach space with respect to the norm in G(3,~). Let éﬂ (B,7)

be the completion of the space Gy(¥, ) in the norm of g(ﬂ, v) when 0 < 3,~v < 9.

If f €Gy (B,7), we then define 17115, 5.,y = 1520 (Gy (B,7))’ the distribution
9(6yY)

)

space, is defined to be the set of all linear functionals L from gﬂ (8,) to C with the

property that there exists C' > 0 such that for all f eéﬁ (By7), |IL(f)] < C’HfH B
Christ [3] provides an analogue of the grid of Euclidean dyadic cubes on spacé of

homogeneous type.
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Lemma 1.1. Let X be a space of homogeneous type, then, there exists a collection
{I* ¢ X : k € Z,a € T*} of open subsets, where Z* is some index set, and
C1,Cy > 0, such that

(i) u(X\ Uq I%) = 0 for each fixed k and 1¥ N 1% =0, if a = 3;

(i) for any a, 8, k, 1 with | > k, either I}, C I} or I, NI} = 0;
(i) for each (k, ) and each [ < k there is a unigue /3 such that I* ¢ Ié;
(iv) diam(Ik) < Cy27F;

)

(v) each I* contains some ball B(z%, C527%), where 2* ¢ x.

We can think of I* as being a dyadic cube with side-length ¢(1%) = 2% centered
k

Based on Lemma 1.1, Han, Li and Lu [15] established the following discrete
Calderon’s reproducing formula.

at z

Lemma 1.2. Let {Sk}rez be an approximation to the identity with regularity
exponent 4. Set D = Sx — Sk_1, k € Z. Then there exist families of linear operators

{Di}rez and { Dy }rez such that for any fixed z; € I, where NV is a fixed constant,
and all (Gy(3,7)) with 0 < 3,7y <9

=3 S 1) Dl w0) D(f) ()

kEZ IEQ;,

=5 N 1] Dl ) Di( ) (),

kEZ IEQ;,

where Qy, denotes the set of all dyadic cubes I with sidelength ¢(1) = 2~ (*+N) for

some fixed large constant NV and the series converges in (éi(ﬂ, 7)) with 0 < 3, < 9,
and in LP(X),1 < p < co. Moreover, for 0 < € < ¥, Di(z,y) , the kernel of Dy,
satisfies

1 2—ke '
Vi () + Vor(y) + V(z,y) (27F +d(z,y))°

.. = ~ / d<x’ xl) ‘ !
(11) ‘Dk<$, y) - Dk<x 7y>‘ S C(Q—k + d(x’ y)) V2—k (m) + V2—k<y> + V(ac, y>’
92— ke

X T ) for d(z, ') < (27" + d(x,y))/24;

111/ k(z,y)dp(y /Dkacydu)

and f)k(x, y) the kernel of f)k satisfies the similar estimates but with = and y inter-
changed in (ii).

(i) | Di(z,y)| < ©
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We remark that the continuous and discrete version of Calderon’s reproducing
formula on spaces of homogeneous type with the conditions (1.2) and (1.3) were de-
veloped in [19] and [13]. Such kind of formula is also a key tool in establishing the
T'(b) theorem in the Euclidean setting (see [11]).

Let Dy = Sk — Si_1, Where Sy is an approximation to the identity on X with

the regularity exponent . For each f € (éﬁ(ﬂ, v)) with 0 < 8,y < 9, S(f), the
Littlewood-Paley square function of f, is defined by

) ={ @zt
keZ

Definition 1.4. Let w € L}, (X) be a nonnegative function in X. We say that w
is an A, (X) weight, if there exists a constant C' > 0 such that for every dyadic cube
ICcx,

(%/ w(z )da:)(ﬁ_‘/ (x)_PlTlda:>p_1§C, if 1 <p< oo,
M(w)(z) < Cw(z), ifp=1,

where M denotes the Hardy-Littlewood maximal function on X. In this case, we write
w € Ap(X). Define Aoo(X) = Uj<peno Ap(X). Let g = inf{g 1 w € Ay(X)}
denote the critical index of w. We use w(A) to denote [, w(z)dz.

For more details about the A,, weight, we refer the reader to [10]. We now give
the definition of weighed Hardy spaces HE(.X).

Definition 1.5. Letw € Aoo(X) with g, < 143, p € (£, o) and 3,7 € (0,9),
The weighed Hardy space HE(X) is defined by

HE(X) = {f € (Go(B,7) : G(f) € LL(X)}
with HE quasi-norm || f|| gz xy = 1G(F)ll zx)-
To show that HZ(X) is well defined, we prove the following Plancherel-Polya

inequalities.

Theorem 1.1. Suppose w € Ay (X) with ¢, < 1 + 5. Let {Si}trez and { Py }iez
be two approximations to the identity with regularity exponent 9. For k € Z, set
Dy =S — Sk and E, = P, — P,_1. For a fixed large integer N as in Lemma 1.2
and all f € (G5(8,7))' with 0 < 8,7 < ¥, p € (§%, o), where Q is the dimension
of X given in (1.4),

{30 3 swiosnema ™| = [{ X 5 it

kez I€Qy, *€1 KeZI'cQ,

LY,
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Remark 1.1. In the unweighted case, such kind of inequalities were first proved in
[12] on space of homogeneous type with the conditions (1.2) and (1.3). In this paper,
we establish new Plancherel-Polya inequality for HE over space of homogeneous type,
which implies that the weighted Hardy spaces HZ are well introduced.

We consider a class of singular integral operators T which are initially defined from
C{(X), C" functions with compact supports, 0 < n < ¢ to C"(X’) with a distribution
kernel K (x,y) and satisfy the following properties:

(1-1) If p,4 € C{(X) have disjoint supports, then

(T, ) = ; XK(w,y)cp(y)w(@dydx-

(1-2) If ¢ isanormalized bump function associated to a ball of radius r, then || T¢|| oo <
Land [|[To|le Sr¢ e <.

(19) If & # y, then |K ()| S V(e,y)™" and |K(2,y) - K(2,9)] S (G555
V(a,y)~" for d(y, y') < gxd(z,y).

(1-4) Properties (I-1) through (I-3) also hold with z and y interchanged. That is, these
properties also hold for the adjoint operator 7 defined by (1%, ) = (T, ).

We now give our main result as follows.

Theorem 1.2. Let w € A (&) with ¢, < 1+ €/Q. Then each singular integral
operator T satisfying (I-1) through (I-4) is bounded from HE(X) to HE(X) for 2 <

Q+e
p < 00, and bounded from HE(X) to LL(X) for L& < p < 1.

We end the introduction with the following remarks.

First, the singular integral operators considered in this paper are similar to NIS
operator considered in [26]. Theorem 1.2 thus provides the weighted endpoint estimate
for the NIS operators studied in [26]. Moreover, our results naturally generalize the
results of Bownik-Li-Yang-Zhou [2] and Ding-Han-Lu-Wu [5].

Second, there is only one moment condition on spaces of homogeneous type, namely,
the moment condition of order 0. Consequently, singular integral operators are bounded
on Hardy spaces only for p > Q/(Q +¢) in the unweighted case (see [15]). The ranges
of p in Theorem 1.2 are best possible in the sense that when w = 1 € A;(X) they
become the same as in the unweighted case in [15].

Third, if the double measure 1 satisfies certain reverse doubling condition, then the
space of homogeneous type (X, d, 1) is called RD-space. Han-Muller-Yang [17, 18]
developed the Littlewood-Paley theory of Hardy, Triebel-Lizorkin and Besov spaces on
RD-spaces. Maximal function characterizations of Hardy spaces on RD-spaces were
established by Grafakos-Liu-Yang in [21, 22]. The theory of weak Hardy spaces in
this setting was set up in [7, 33].
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Fourth, the main tools used in establishing our whole theory are the discrete
Littlewood-Paley theory with weights and discrete Calderon-type identity in the current
setting. These ideas have been used before in other one-parameter or multiparameter
settings, see [5, 14, 15, 16] etc.

2. ProoF oF THEOREM 1.1

To prove Theorem 1.1, we need the following two lemmas (see [15]).

Lemma 2.1. Let {Si}xez and { P} ez be two approximations to the identity with
regularity exponent ¥ and Dy, = Sy, — Sk—1, Ex, = P, — Px_1. Then for any € € (0, 9),
there exists a positive constant C' depending only on e such that D;Ey(x, y), the kernel
of D, E}, satisfy the following estimate,

|DiEy(z,y)|
1 9—(kAl)e
Vao—tenn () + Vo—enny () + V(2,y) (2=FA) +d(2, y))¢

2.1)

S 02—6|k‘—l|

Lemma 2.2. Let € > 0, k, k' € Z and y* be any point in I¥ for 7 € Z;. If

QC_?FE < r < p <1, then there exists a constant C' > 0 depending onIy on r such that

for all «* € C and all = € X,

S ! AA—
€T, . Votini () + V (@, ) (270 4 d(z, yk))©
’ r/2 1/r
S 2 HRA DL (S k) (@)}
’TEIk

where [a]; = max(a,0).

We now give

Proof of Theorem 1.1. For f € (&9(6, v))’, we use the discrete Calderon’s repro-
ducing formula in Lemma 1.2 to write

F=>.3 IIBw(2r)Ep(f)(ar),

K T'€Q,

where the series converges in (&9(6, v))" and x s is any fixed point in the dyadic cube
I. Note that by Lemma 1.2, E (z,y) satisfies the same cancellation and smoothness
conditions as Ey/ (x,y). Therefore Dy Ey (z, x 1) satisfy the same almost orthogonality
estimate in (2.1) as Dy Ey (x,zp). Applying the Calderon’s identity in Lemma 1.2
and the almost orthogonality estimate for DyEy (x,zp), we get that for any & € Z,
any x,zy € I and any zy € I,
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IDe(f) (@) =|>_ Y [I|DkEp(x, 21)Ep (f)(2r)
k I'eQ,
<22_6'k YU NE () ()]

IeQ,,
9—(kAK')

1 €
X !
V(a: $I/> + V2 (kAK") ( ) + V2—(k/\k/) (331/) (2_(k/\k) + d(a:, x]/)>

N22_6|k K| Z ‘I/‘Ek/ 331/)\

IeQ,,

1 9—(kAK')

X / )
V(zr, xp) 4+ Voo gonrny (1) + Vo gonrn (2 17) (2—(kAk )+d(zy, acp)>

for any € € (0, v), where in the last equivalence we have used
V(ﬂ% $I/> + VQ—(k/\k/) (33) + V2—(k/\k/) (331/) ~ V(ﬂfl, «TI/> + V2—(k/\k/) (331) + VQ—(k/\k/)

and
2—(k‘/\k‘/) + d([L’,fEI/> ~ 2—(k‘/\k‘/) + d([]}],$1/>.

Given any r satisfying Q/(Q +v) < r < min(p/q., 1), we choose e sufficiently close
to ¢ in the last inequality so that

(2.2) Q?— . < r < min (qﬁ’ 1).

For the above € and r, applying Lemma 2.2 yields

|Di(f x1\<22_6|k Kl > Ew (f) ()]
I'eQ,,
9—(kAK')

1 €
X /
V(zr,wp) + Vo genwy (1) + Vo eawn (217) (2_(k/\k) +d(z1, $1/>>

<2 (Y B ) @]
>

I'eQ,,

where ¢ = ¢ — Q(1/r — 1) > 0 by (2.2).
Using the fact that x; and xz; are arbitrary points in I and I’ respectively and
applying Cauchy-Schwarz’s inequality, we get
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itér;\Dk(fﬂu)\Q

S (2 pmenwie) @]

vel’
/ Qk/

< {;2"’“‘”'6 {kZ? (S B @) @]
(

IeQ,,
S 22—|k—k/|e/ [M Z lnf ‘Ek/( )(1))‘2)(]/)7“/2(33)}2/7"’
k/

where x is arbitrary point in I. Then it is easy to see that for any z € X,

> sup |Dk(f) () *xi ()

I€Q, uel / /
i /2 2/r
S (Y it [Ee(N@)Par) @)
K’ I'eQ,,
It follows that
> D sup [ Di(f)(w) P ()
k IeQy uel
S IR [M( >t B E)Pe) @]
(23) o ree
. —|k—K'|¢ . /2 2/r
<R[ M( 3 it B0 ) )]

I/EQk/

NP it B (N 0)Pxr) @)

I'eQy

where in the last inequality we have used the inequality 3", 2~ 1*=¥1¢ < C.
Since p/r > q, by (2.2), we see that w € A, ,.(X). Taking the square root first

and then the L% (X’) norm on both sides of (2.3) and using L¥/"(¢2/™) boundedness of
M (by the weighted Fefferman-Stein’s vector-valued inequality in [1]) yield

H{Z > sup | Dy(f) ()| XI}UQ

o, L (X)
N H{; [M(I/EZQ: 32;/\Ek/(f)(v>‘2xp>r/2}2/r}1/2 -
W

H{Z > inf [ By () ()] Xp}w

LA

LX)
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The converse inequality can be proved in the same way This concludes the proof of
Theorem 1.1. |

We also prove the following proposition, which will be used in proof of Theorem
1.2

Proposition 2.1. For w € Aq(X) with g, < 1+ 5 and &% < p < 1, Go(¥, V)
is dense in HE(X).

Proof.  Suppose that notations are the same as in the proof of Theorem 1.1. Fix
zo € X and let

Ry ={(K,I'): I' € Qu,|K| <L, I' CB(xg,L)} forLeZ".

Repeating the same proof as in Theorem 1.1, we can get

f= Y. INBu(.zp)Ep(f)(ar)

(K", INeRL

S S Db B

k I€Qy (K,I')eERS

<0 S imewra}”

(,I)ERS,

HE(X)

L (X)

— 0,
L (X)

as N — oo Whenever f € HE(X). Note that for (k,I) € Ry, Dy(z,z;) belongs to
Go(9, ). Therefore, the finite linear combination

> 1| D@, x1) Di(f) (1)

(kvl)eRL

also belongs to Gy(1, ). This concludes the proof of Proposition 2.1. |

3. PrRooF oF THEOREM 1.2

To prove Theorem 1.2, we first establish the following

Theorem 3.1 Let w € Aoo(X) with g, < 1+ 5 and &5 < p < 1. If f €

L*(X) N HE(X), then f € LL(X) and there exists a constant C' > 0 which is
independent of the L? norm of f such that

HfHLZ(X) < CHfHHfj(X)~
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Proof. Assume f € L2(X) N HE(X). By Lemma 1.2,

(3.0) F =350 11 Dyl ) D) (1),

k 1€Qy

where the series converges in L2(X') and hence converges almost everywhere. Since
Sk(x, y) are supported where d(z,y) < C2~* by Definition 1.2,

Dy(z,zr) = Sip(z, x1) — Sp—1(x, x1)

also has compact support. Moreover, by the same proof as the proof of Theorem 1.1,
we get

1z~ {2 3 1Ds(pPa} |

7
k 1€Qy
Set 1/2
O, = {a:e)( {ZZ\Dk 2)2x1(z )} >2i}
k 1€Qy
and

By ={(k,I): 1€ Qu, [INQ] > (1/2A)1], [I N Qy1] < (1/24)|1]}.
We claim

32 | > 1D e De(h) ),

) < C’Qi%(Qi).
(k,1)EB; Lo(x)

Assume the claim for the moment. This together with the fact (>, [a;|)? < 3, |a;|P,0 <
p < 1 would yield

10y =D D D 2n D )|

LE(X)
1€Z (k,1)eB;
p
<
> X PR anNDeH)anf,
7 eB;
S 2220 S 11

To finish the proof of Theorem 3.1, it thus suffices to verify claim (3.2). Note that
if (k,I) € B;, then the support of Dy(x, zr) is contained in

= {&: Mlx0)(@) > s}
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Therefore, by Holder’s inequality,

| S Dsc ) Bethan

(k,1)eB;
< [w(@)]'F|

p

LE(X)
P

S™ 1Dk, 20 Del(f) (1)

(kvl)eBi

Ly (x)

We now estimate the last LZ (X)) norm by the duality argument. For all g € Lq/l_ (X)
. w q
with [|g||, » / <1,

wl—q

(X D2 De(f)(n).g)

(k,1)€B;
= / Z || Di(g) (w1 Dk( Y(zr)xr(z )da:’
(k,1)eB;
<|0 S mi@Enrat)?| |0 BupEnPa) |,
(k,I)EB; L g (X) (k. D)eB; LE(X)

where Dy is an operator defined by

z) = /X Di(y, 21)g()dy.

By Definition 1.2, we can see that Si(z, y) satisfies the same properties as S (y, ).
Thus Dy(y, ) satisfies the same properties as Dy, (7, y). Note that w € A,(X) im-
plies w! =7 € Ay (X). Thus by the weighted Fefferman-Stein vector-valued inequality,
we have

(Y IPi@) )P,

(k,1)eB; wl—a

(> \ingM<Dz<g>><u>\2xf>”2!Lq/ o

S
(k,I)EB; wl=a

< mpits DIOIRVIOIRE

SHgHLq /(X)S1’

wl—q
where in the next to the last inequality we have used weighted Littlewood-Paley in-
equality in [1]. Altogether yields

H > MIDk( ) Di(f) (1)

(kvl)eBi

{0 = 1Bnenra) ]

(kvl)eBi

L4(X)
(3.3)

LL(x)
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Note also that

274, (€2;) 2/5_\9. {Z > \Dk z)|*x1(z )}q/Qw(f@dﬂf

k I€Qy
/ > Du(f) (@) M A (Q\Qs1)) ()] }q/2w(x)da:
(k,1)eB;
/ Z ‘Dk ) (1 \ xr1(zx )}q/2w(x)da:,
(k,1)eB;

where in the last inequality we have used the fact that w(I N (2\Qit1)) > srw()
whenever (k,I) € B;. This finishes the proof of claim (3.2) and hence Theorem
3.1. ]

Now, we are ready to give

Proof of Theorem 1.2. We assume f € L? N HY(X). Let x; and z be arbitrary
points in I and I’, respectively. Repeating the same argument as in the proof of
Theorem 1.1, we get

Tz ~[{ 3 X Dern o}

k I€Qy

S {ZZZ > ‘I/‘DkTﬁk/(ﬂfIvxl/Wk/(f)(pr)Xf}l/Q

k I€Qy K I'€Qy

: {Z[ ( Z | D (f) ()] XI/)TMF/T}U?

k! I/EQk/

H{E S penEnr}

K I1€Q,,

LE(X)

LE(X)

Li(X)

) S ez

where we have used the following estimate (see [15])
2—(k/\k/) /

| DT Dy (z, y)| 27 FHI< 1 ( )6
e V@, y) +Vo-tenry () +Votenn (y) \27 RN 1-d (2, y)
for any ¢ < e. By Proposition 2.1, a limiting argument yields the H%(X') boundedness
of T
To prove HL(X) — LE(X) boundedness of T', we assume f € L? N H5(X). Then
from the HZ(X') boundedness and Theorem 3.1, it follows that

1Ty SNT D Ezey S 11wz

Use Proposition 2.1 again to get the desired conclusion. Hence the proof of Theorem
1.2 is complete. ]
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