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MULTILINEAR ESTIMATES ON FREQUENCY-UNIFORM
DECOMPOSITION SPACES AND APPLICATIONS

Shaolei Ru

Abstract. We study multilinear operators T'(f1, f2, ..., fm) that commutes with
simultaneous translations and prove that if T is bounded from LP* x LP2 x ... x LP™
to LP, then for any » > p, 0 < p, ¢ < oo and

{ n(l—l/\%), (11—1, € Dq;
s >

1,1 1 11 2
n(l\/z—]\/———), (z,¢) €RT — Dy,

q q

Q=
~—

pq

1,49 Pp2,9

X Mg . to M7 (which improves the results obtained by [5], [6].), where
M , is the modulation spaces. Besides, we also obtain the similar results for
Triebel-type spaces N, . introduced by [21] (T is bounded from N; x NJ  x
.. XNy to N7 ). As applications, we obtain the boundedness on the modulation
spaces for the bilinear Hilbert transform, bilinear fractional integral, the pointwise
product of functions, and the bilinear oscillatory integral along parabolas. Also, in
modulation spaces and N, ., we study the well-posedness of the Cauchy problem
for the fractional heat and Schrodinger equations with some new nonlinear terms.
Such nonlinear well-posedness problems are not studied in other function spaces.

(D1 = {(5,5) € R} : % > 2,4 < g })T is bounded from M7, x M, . x

1. INTRODUCTION AND NOTATION

In recent years, the study of multilinear integrals has been received more attention,
which is motivated not only as the generalization of the linear theory but also the natural
appearance of multilinear singular theory. Historically, the interest in the multilinear
operator initialed by Calderon about 50 years ago, in order to study the Cauchy integral
and the Hilbert transform on some Lipschitz curves. In this paper, we focus on the
boundedness of the multilinear operator on modulation spaces and Triebel-type spaces
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N, .- As applications, we obtain the boundedness on the modulation spaces for the bi-
linear Hilbert transform, bilinear fractional integral, the pointwise product of functions,
and the bilinear oscillatory integral in along parabolas.

Let 7 : S(R") x S(R™) x ... x S(R™) — S’(R™) be a continuous multilinear
operator, from the product of Schwarz spaces into the space of tempered distributions,
which commutes with simultaneous translations. Then there exists a 1 € S’(R™ x R™ x

.. x R™), the symbol of T, such that T'(f1, fa, ..., fm)(x) is the pair (Fy, p), with

fla ) fm H f 27Ti<§j,$> .

More precisely, if u is locally integrable function, we may write

27rz(§],az)
" T(fi forvos ) = [ r:[ e
(fl,fg,. o E€m)d&1dEs. .. dE,.

This p is called the symbol (or multiplier) of the operator T. We always assume this p
a locally integrable function in the following content. This assumption suffices in our
applications and in the rest theorems in this paper.

Multilinear analysis is one of active and important subjects in the study of harmonic
analysis and its related topics. [13], [19], and [20] give the boundedness of the bilinear
fractional integral and bilinear Hilbert transform on LP(R™). [6] gives the boundedness
of the multilinear operator T'(f1, ..., f,») on the modulation spaces as follows.

Theorem A. Let T be defined by (1) with locally integrable ; € S'(R™ x R™ x
.. x R™). If there exist p,p1,...,pm € (0,40c] such that T can be extended to a
bounded operator from LP* x LP2 x ... x LP™ to LP

HT<f17 f27 seey fm)HLP(R") S H Hfj"ij(R7l)7
j=1
then for any » > max{1, p} and any r; < p;, we have
HT<f17 f27 seey fm)HMﬁ;q(R") S H HfjHMﬁrq(R")a
j=1

where 0 < ¢ <1,s5>0.

In this paper, the following theorem 1 modifies the technique in [6] with the Young
inequality of number series to improve the indices of Theorem A.
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Theorem 1. Let T be defined by (1) with locally integrable i € S"(R™ x R™ x ... X
R™). If there exist p, p1, ..., pm € (0, +0o0] such that T can be extended to a bounded
operator from LPt x LP2 x ... x LPm to LP

m

IT(f1, for ooos P lony S TN Fillzes @y

j=1

then for any » > p, 0 < ¢ < oo and any r; < p;, we have

HT<f17 f27 (XS] fm)HMﬁq(R") S H HfjHM,frq(R")a
j=1

where
n<1_1/\l>7 (lul> GDI;
3>U<p7Q):{ 1, 1 g 2
and
Dlz{(l,l)eRi:l>g,lgl}.
P q q - pp 2

Recall the bilinear Hilbert transform
x+t)glx —t
H(.9)(e) = po. [ TEEDIE=0y,

and bilinear fractional integral

flx+t)g(x —1t)

‘t‘n—a

dt.

Ba(f,9) = -

As applications of Theorem 1, we easily obtain the boundedness on the modulation
spaces for the bilinear Hilbert transform and the bilinear fractional integral.

Corollary 1. LetO <« <n, 1/p1+1/ps>a/n, 1/p=1/p1+1/p2—a/n and
p1,p2 > 1. We say that (r, p1, p2) is an a-triplet if

1/r <1/p1+1/ps —a/n.

If (r,p1,p2) is an a-triplet, then for 0 < ¢ < co and s > o (p, q), we have
1Ba(fs ) lntg, < 11y, Mg llagg, -

Proof. Since

Ba(f, 9)(x) ~ / L F@)a@l6 - gl em @ el ds,.
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Corollary 1 follows from || Ba(f, 9)ll r@ry < Cllf|lagnllgllzrwn) (Grafakos [13]
and Kenig and Stein [19]) and Theorem 1.

Corollary 2. Suppose 1 < p1,p2 < 00, 2/3 < p < oo, r = pand 1l/p =
1/p1 4+ 1/ps. Then for 0 < ¢ < oo and s > o(p, q), we have

IH (s 9)arg, S (1 llagg,  Ngllagg, ,

Proof. Since

/ / F(€)T(&2)sgn(&r — &)X @ 1+ gg, de,.

Corollary 2 follows from || H (f, g) | rr) < Cll flla(m)llgllz-(w) (Lacey and Thiele[20])
and Theorem 1. For more details on the bilinear Hilbert transform and its many exten-
sions and developments, one can refer to [22, 9, 12, 7, 10].

Corollary 3. Suppose that r > p with 1/p = >, 1/p;. Then for 0 < ¢ < oo
and s > o(p, q), we have

m

m
| H fjHM,iq(R") S H HfjHMg],g(R")-
j=1 =1

Proof. In the above operator T'(f1, fo, ..., fm), if we let pu(&1, &o, ..., &m) = 1, then

T(f1: fosees [ Hf]

By the Holder inequality

ITT fillrgeny S TS e gy
j=1 j=1

So the theorem follows from Theorem 1.
We also study the bilinear oscillating integral along the parabola

1
1y—8 dt
:/ fla—t)g(x —t2)eltl ﬁm, where > 0.
-1

Corollary 4. Letr>2,0<qg<occand0<p; <00, 0<ps <2. If 3 >1,
fors>n(1\/———) we have

ITs(f> D llagg gy S 15l

5@ 190, 42
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Proof. In [1], Fan and Li showed

IT5(fs Dl 2wy < Cllflle®)llgllz2m)

provided § > 1. Thus the theorem follows from the above inequality and Theorem 1.
Based on the above observation, we naturally want to know if there is a similar
discussion as Theorem 1 on N, .. Unfortunately, because the multilinear operator T
does not have an ¢"-valued extension, we cannot obtain results as better as Theorem 1.
Despite this, we still can obtain the multilinear estimates on N, , as follows.
Assume T},f = p¥ * f and

2 T(f1s for oo frn) (@) = Ty 1o T fim-

Theorem 2. Let T be defined by (2) with 1i; € H*(R"), L > n(5m057 — 3):

i=1,..,m. Then,for0<p<oo,1—ﬁ<q<oo,wehave

IT(frs for o ) (@) v, S I filINg oL fml v

where H%(R™) denote the Sobolev spaces,

n<1 - é)v (1_1;7 é) € Dl;
s > 0, (%,$>€D27
np(%; - é)v (1_1;7 é) € DS
and
11 1 1
RQZ -, = €R2:—20’—207D1: 0,1)(0,1,
ol {<p q> p . } (0,1] x [0,1]
11 1 1 1
Dy ={(=,2)eR2:-—1<=-< = =>1},
{<p q> tg p q }
11 1 11
Ds={(=,=)eR2:=>==>1}
{<p q> Tp T q'p }

Remark. Theorem 2 also holds if we replace the condition ;; € HL(R™), L >
1

n(m — ), i=1,..,mby |0%%;| < Cay |a| > L, L > n<mm(1,p) ),

i =1, ..., m(By the similar argument to the proof of the above Theorem 2).

This paper consists of six sections. Section 1 is the introduction. In Section 2, we
introduce the definition of the modulation spaces and Triebel-type spaces IV, , and some
necessary lemmas. The proof of Theorem 1 and Theorem 2 can be found in Section
3 and Section 4 respectively. Finally, in Section 5, we study the well-posedness of
fractional heat equations and fractional Schrodinger equations.
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2. FuncTIiON SpACES

In recent decades, the well-posedness of nonlinear evolution equations is developed
quickly and a large amount of work has devoted to the study of Besov and modulation
spaces. For the well-posedness results in Besov and H*® spaces, one can refer to
[17, 2, 3, 4, 18], etc.

Besov and Triebel spaces are two very important function spaces constructed in
the 1960s. In recent years, these spaces are widely applied in the field of PDE. Besov
and Triebel spaces are constructed by combining Littlewood-Paley decomposition with
¢9(LP) and LP(¢?) respectively. Naturally, ones try to study the spaces by combining
frequency-uniform decomposition with ¢9(LP) and LP(¢9) respectively. Actually the
spaces constructed by combining frequency-uniform decomposition with ¢9(LP) are
Modulation spaces. Many people have studied the well-posedness in these spaces (for
example, see [27, 26, 28, 29], and [31]). In this paper, besides modulation spaces, we
shall consider the spaces constructed by combining frequency-uniform decomposition
and LP(¢9). Firstly, we will recall the definition of frequency-uniform decomposition
and modulation spaces. In the 1930s, N. Wiener [25] first introduced the frequency-
uniform decomposition. So, some time we call it Wiener decomposition of R™ that
roughly denoted by

O ~ F'xo,F. k€ Z",

where x g is the characteristic function on E. Because Q. (Qy. is the unit cube with the
center at k) is just a translation of @, we call this kind of operator frequency-uniform
decomposition operator. But in this definition x¢, is not smooth which was re-defined
by smooth truncation function later in [30, 27, 28], and [11].

Now we give an simple introduction. We first denote || = mazi=1, . n|&,
Qr : {€ € R™ ¢ |€ — k| < 1}, By construction, we may assume that oy, (¢) satisfies
the following conditions

lok(€)] > ¢, & € Qu;
suppokr C {1 [§ — kloo < 1}
ZkeZ"Uk<§> =,VEe R™;
D% (&)] < C|a|, V€ e R, a e (NU{O}H)".

3)

Denote
T, = {{Uk}keZ" : {Uk}keZ" satisfies (1)}

Then T,, is nonempty. Let {ox}rezn € T, be a function sequence, denote

Oy := F o F, ke Z",



Multilinear Estimates on Frequency-uniform Decomposition Spaces and Applications 1135

which is said to be the frequency-uniform decomposition operators. For any k € Z",
we set |k| = |k1| + ...+ |knl, (k) = 1+ |k|. For any s € R,0 < p, ¢ < oo, we denote

M, (R™) = {f e S'R™) : | fllarg, = (D (BY||ORfIIF)" < oo} .

keZn

M, , == M, (R") is said to be a modulation space, which was first introduced by
Feichtinger [11] in the case 1 < p, ¢ < 0.

If we combine these decomposition with LP(¢7), we can introduce a new spaces
(denoted by IV, ) as follows. If 0 < p < oo, 0 < g < oo, for any s € R, we denote

Np o(R™) = {f € SR : | £llng, = 10D (R)*Def |4 < OO} :

keZn

If p=o00, 0<q< oo, forany s € R, we denote
N3 (R?) = {feS'R"): IHfulz)}ilo € L(R") such that
f=S20F torF fi in S'(R™) and ||(k)® fi|| poo(n ey < 00},

[fllns, @y = inf[<6)° fill oo (n ea),

where the infimum is taken over all admissible representations of f in the sense of above
definition ([21] discusses the semilinear estimates, dual estimates, Schwartz estimates
on N, . and embedding between N7 and F7 . Also, it shows the well-posedness of
NLS equation in L"(0,T; N, ,)). Finally, we denote

L& N;,) = (f(6) €8 ([ 1]y, a0 < oc).
R
3. PROOF oF THEOREM 1
Let &y =211 &, N =1,2,...,m. By [6], we observe that
FT(D.h f17 17 D]mfm><§>
= [ Lo BNk €~ )l = 5)
j=1
M(fluf?u 7§_ f;z—l)dfldfmu

and the support of FT'(0j, f1, ..., 0;,.fm) (&) is contained in the ball

B(Z kj,myn) ={z € R": [{ — ij\ < my/n}.
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We will prove the Theorem 1 with several steps.

Step 1. 0 < p < 0o, ¢ = co. Recall that the choice of o satisfies ), ;. 0% = 1.
By seeing the proof of [6], we have

DkT(flu ceey fm><113>

SUD SR B § CACHC)

k1,k2,....km L™ j=
€1, €2, oy Em) TS Gy (68 ) A
and that for r > p,

HT(flu f2, s fm)HMgﬁq(Rn)
S O B NDT(fr, for s )| 0)7

keZn

Q=

Let

Q=

A= (Z (Y U BRT (f1, for s f) 150) 7

keZn
Here, by Appendix Theorem E (for 0 < p < 1) and the Young’s inequality (for p > 1),
we have, in the case ¢ = oo,

A = supkezn<k>sH Z Dk‘T(Dk‘1 f17 Dk‘2f27 seey Dk‘mfm>HLp

LA km €Z™
[k14...+km —k|<(m+1)vn

(m+1)v/n
< suppezn (k)° Z I Z T(Ok, f1, Oy for ooy O fin) | Lo
t=0 k1,....,km €Z™
km=k—k} i+t

where kf = k1 + ko + ... + kp—1. For

B = Supk‘EZ"<k>8H Z T(Dk‘lfluDszQu"'aljk‘mfm)HLpu
km=k—kr |

we write
B = Supkezna(k, k*>b(k, k*>H Z T(Dk‘1 f17 Dk2f27 ceey Dk‘mf??’b)”lzpu

with
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It is easy to check that b(k, £*) < 1 uniformly on k and kj, j = 1,2, ...,m. Thus the
proof can be classified into the following two cases.

Casel. 1<p<oo s>n,;
Case 2. 0 <p<1,s>n/p Inthecase 1, by the Minkowski and Holder’s

inequalities, we have

B < supreze Y. a(k, k)T Ok, fr, Oty far oo Oy fon) 1 20

K1y km €Z™

km=k—k¥% 4 £t
m—1
S suprezn y, alk, k) [T 10k £l 1Ok ol o
B yeeeskm €27 j=1
km=Ek k;kn 1it

Let
O(k) = {(k1, ko) € Z" s k1, ko € 25 kg = k — by + 1},

Vo = {(k1, k2) € Z2" 2 (k1) ~ (ka)},
Uy = {(kl, kg) e 7. <k1> > <k2>},

Uy = {(kl, kg) € 72" <k1> < <k2>}

For any subset © C Z" x Z™, we define
@% = {kl cZ™: dks € 7" s.t. (kl, kg) S @},

@2L = {kg cZ™:3k €Z" s.t. (kl, kg) S @}

Then we have (in the case m = 2)

B < supkezr > a(k, k)| Ok, £l o1 | Oy fol L2
k1 .k EZM
ko=k—k* %t

< suprezn Y, alk, k)| Ok, foll 2o | Ok, fol| o2
BNy

tsuprezn Y a(k, k)| Ok f1l Lo || Ok, fol o2
O(k)NTy

tsuprezn Y a(k, k)| Ok, f1l Lo || Ok, fol o2
B(k)NTy
= supgeznl + supgezn Il + supgeznI11.
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For any ks € (B(k) N (¥o U W1))s with any fixed k, s > n, we have

(I+11) 3 > a(k, k)||Bk, f1ll Loy [|Ok, f2ll e
(k‘l,k‘Q)EU(k‘)ﬂ(\Ifou\I/l)

S SUPL e (kn(wouwy ) (K1) [Tk f1]l e

> Y 1Pk felze

k‘lé(U(k‘)ﬂ(\POU\Ifl))f ko=k—kq1 £t

S supkyezn (k1)°l| Ok, f1ll Lo > > 1Bk folle

k‘zE(U(k‘)ﬂ(\I/Ou\I/l)); k1=k—ko=tt

1 fallmg, o

S Ifillag

5100 121|000 S (11l 0r

p1,%0

(Myy, C M32 ,if ¢ > g2, 81— 82 >n/q2 —n/q1; [26])For any ke € (U(k) N Ty)y

with any fixed k, s > n, we have
(I11) 5 Yo alk KOOk fill e | Ok foll e
(k‘l,k‘Q)EU(k‘)ﬂ\I/Q

S SUPge(k)nwy)s (K2)° | Oky fol o2 > > %k fllon
ko€ (O(k)NT2) 5 k1=k—k2

AN

1 fallagg, N frllagy, 0 S I llagg, N f2llag,

(Mgflql C M;Zw if @ > q2,81 —S2 >n/g—n/q.)

By the similar discussion, for general m, we have
m
HT(fluf27"'7 ’MS HHf] ’MS
7=1

Now we tune to estimate Case 2 for 0 < p < 1 and s > %.

1
BSsupezn( D al KVITO iy Daafos o O fun) 50 ) -

Then we have (in the case m = 2)

B =

BSsumez( Y alkKPITO i, Ol
UrpN(ToUTUTs)

For (K1, ka) € U N ¥g, we have
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1
(3 alk k" VIT Ok fr.On ) I3, )
UpNTq
1

< (30 )Tk Silln [T, follzea)? )

UpNTq

1
< (suprezn (k) 100 Al Y 15kl )

k2€Zn

S llazg, M F2llagy,, S I f1llagg, N f2llagg, o (5> 1/p).

P1,%0

For any (ki, k2) € U N (P U Ws) with every fixed k, imitating the process as in the
discussion above, we have, for s > n/p

2

Z( > alk KYIT( Dk1f175k2f2>H »)

i=1  UpNY;

S =

S L fallaz

P1,%0

1fellmg,

Step 2. 1 <p< oo qg<1,s>0. Similar to the estimate of Step 1, we have

(m+1)v/n i
A S < Z<k>8q Z H Z T(Dk1f17Dk2f27"'7ljk'mfm>u%@>q
kezm t=0 ki,....km €Z™
km=k—k* +t

m—1

Now, for m = 2, we have

1

A5(X X WO A ORI

keZ7l kl k2€Z7l
ko=k—ky =+t

-

S Y (R ) IOk fillen Dk follire)?)

kEZN  ki,ko€ZN
ko=k—ky =+t

S W fillag, , f2llagg,

In the above estimate, we use the Young inequality |la; * bilp < |laill o] biller -
similar estimate for m > 3.

Step3. O0<p<l1,p> > 0. By imitating the process as in Step 2 and
Appendix Theorem E, we have
(m+1)v/n 1
AS < Z<k>8q Z H Z T(Dk1f17Dk2f27"'7ljk'mfm>u%@>q
kezn t=0 kL yeeeshm €27

km=k— km 1
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Moreover, (we prove m = 2 for simplicity) by Young’s inequality again, we have

(Wl > 7O fi O f)lg)

kezn k1,koeZ™
ko=k—ky =+t

( Z Z SqHT Dklfhljsz?)HLp)

kezn  ki1,kgeZ™
ko=k—ky =+t

(X X k) ok Aillon Ok, follire)?)”

kezn  ki1,kgeZ™

1

-

ko=k—ky =+t
< Hf1HM51 q Hf2HM527q

This finishes the proof of this step.
Step 4. For 0 < p < 1, by Step 1 and Step 3, we have

m

n

HT<f17 f27 seey fm)HM;}OO g CO ]1 HfZHM;;OOu 81 > Ev
j=

and

m
ITCfr oo oo )llagzz, < CLTT Ifillagg2, o 52 > 0.
j=1

Then by the complex interpolation theorem (Appendix Theorem A), we can obtain that

f0r0<p<1,p§q<ooands>n(z—1)—$),

1T (f1s f2r o Sz, < Co H 1 fillazg, ,-
For 1 < p < oo, by Step 1 and Step 2, we have
m
HT(flu f27 (EXY) fﬂ’»HMé}oo < CO H HfZHM;;OOu 81 > n;
j=1

and

m
ITC S Fdllages < CL T Ifllages 52> 0.
j=1

Then by the complex interpolation theorem (Appendix Theorem A), we can obtain that
forlgpgoo,1<q<ooands>n(1—$),

1T (s fos ooy fm)llnag,, < C2 H 1 fillazg, ,-
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Through the above discussion and the embedding relationship of Modulation space
([30]), we can obtain that for s > o(p, q),

1T Cf1s f2r o Sl &) S 11 15l azz,, @y (for T = pirj < pj)-

Jj=1
4, PROOF OF THEOREM 2

Proof. By the above observation and the Appendix Theorem F, we have
1T (s fas ooy S s, )

1
SIS (k) > | T(Bky f1, Ok, f25 o0 O frn) ) 7 M| 2
keznr K1,y km €Z™
[k1 4. hm —k|<(m+1)vn
(m+1)y/n )
S S (1 DR e G S 175 o (P | IO T4 =y A 1)K (17
t=0 keZm k1,....km €L™

km=k— km 1

Again, we will only estimate the case m = 2, for simplicity. Let A" = ||(3, czn (k)™
1
(2 wbmenn | (Do f1)l-- |t % (B fm) )1) [ 2. We have

km=k—k% |

A SO RS Y # (O f) 1 # (O, fo) ) 1o

kezn UpNTg

HICY 9570 I+ (O, F)l 1S (T ) 7 s

keZm OpN¥y

1
HICY - R0 T * (T f)l |3+ (g f2) )| o
keZm OpN¥y
=I+IT+1II

Next, we will sketch the proof in the following three cases.

Step 1. 1 < p<oo,q=1,s>0. By Holder’s inequality, Young’s inequality
(lla; * bill;n < [lai|lg]|bill2) and Appendix Theorem F, we have
<

A D Rl * (O f)llay * (O fo)llle

keZn  ki,kg€Z™

ko=k—ky =+t
S0 R = (Or, f)lllzon | Y (ko) |y (Oy fo) || o
kiez™ ko€ Zn
S k) 10k, Alllen | Y (k)| Oy fol | L2
ki ezZn ko€Zm

= Allwg, (N follvg, . < Wfallng, 12l
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(see Appendix Theorem B, 1/p = 1/p1 + 1/p2.)

Step 2. 0 <p<oo,gq=o0. Casel, 1< p<oo,s>n. By Appendix Theorem
F, with the same notation as in the Proof of Theorem 1, we have

IS \lsupezn(k)® Y i * (T fo)llps + (Qra fo)lllo
OpNTq

S Nsupryezn (k) * (T f)lllze | Y 103+ Ty fo)lll e
ko€Zm

S Nsupryezn (k) * 1O filllzon |l D |Oky folll e
ko€Zm

= [l /1l

soo 12l 0 S I L 2l -

Here we use Appendix Theorem H and Young’s inequality in the above estimate.

Case 2, 0 < p < 1,s > n. By Appendix Theorem B,F,G, we have

I 5 |supkezn(k)* > |y * Ok o)l = (Ok, f2) |l Lo
OpNTq

S lsuprezn D (ka)lpd * (T f)lluy * (O fo) 2o
[SARLA)

S Nsupryezn k)l * @ f)lllzell D 13 * (g fo) 2o
ko€Zm

S Nsupryezn (k)| Br filllo | Y (o] * i3 % (Try fo) ) pos
ko€Zm

< Nsupryeze (k)" On, fulllzell D (113 % Orgfo) Dl
k2€Zn

S WAllwg M f2llve e S Il ol 2l vg o

where, we use the relations || f|n,, = [ fllan, S N fllag, S NFllag . S 1F1Ng
for s > n. By the similar discussion, we can dominate the term Il and Ill, i.e.,

2
D Isupnezn(k)* Y I Ok Sl * (T fo)lll 2o
i=1

OpNy;
S fllvg N fellvs . (for s > n).

Step 3. 0 <p < 1,p=gq,s > 0. By Appendix Theorem D,C,B and Young’s
inequality, we have
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1
A SIS R * (T )l * Qi f2))P)7 [l
keZ™ k1,ko€Z™
ko=k—ky =+t
1
S ST (k) (k) PIDk FillE 1O, fol )7
keZ™ ki,ko€Z™
ko=k—ky =+t
1 1
SO RPN AL TS (ko) POy foll ) 7
klezn k2€Zn

S Wl N follagg, = L fillng, 1 f2ll v,
Step 4. Let (3,.) € Di. It is easy to see that (g, ;) is a point at the line
segment connecting (1—1),0) and (p, 1). At the point (p,O) in step 2, we have shown
that | T(f1, fo)llng.. S Ifillwg I follng,. if s > . For (5, 1), in step 1, we have
shown that [|T'(f1, f2)llns, < [ fillwg, [1f2llws, if s > 0. Using the complex interpo-
lation (Appendix Theorem A), we can obtain that for ( ) € D, |T(f1, f)llng, S
I fullwg, | Follvg,, iF s > n(1 =)
If (1—1), i) € Dg, then it belongs to the segment by connecting (5, 1) and (% ),
where — p < 5 — = + land p =1 — %. In Step 1, we see that for s
HT(fl,fg)HN; S HfluNb | foll s In Step 3, we see that [|T(f1, f2)| ns

Po,1 Po,1 ﬁ
[ fillvs N f2llvs - The complex interpolation between them gives that for (1, 1) e
and s > 0, [|T(f1, PIng, S W fallwg, 12l -

If (5,2) € D, then one can make a line segment connecting (3, ) and (5, 0).
For (3, p) we see that once s > 0, | T(f1, f2)llng, < Il fillws, l f2llns - For (5,0),
we see that once s > n, [|T'(f1, f2)lIns .. HfluNgoonQHNa ~Then we use complex

H 1 1
interpolation to obtain that || T(f1, f2)llnz,, < I fillng, Il fallvg, iF s > np(; = 2).
By the above discussion, we can obtain that for

> 0,
S
Dy

n1-1), (31Y)eDy;
S > 07 (%7 é) € D27
np(%—é), (1_1;7$> €D3,

A
3

1T (s f2s ooy Sl vs () 1fill v, (-

.
Il
-

5. APPLICATIONS ON CAUCHY PROBLEMS
In this section we study the well-posedness of the following fractional Heat equation

u + |A]7% = f(u); u(0,2) =ug(x), a € (0,00). (%)
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This problem has an equivalent form of the integral equation

u(t) = R(t)ug — i /O R(t — o) f(u(r))dr,

where R(t) = F-le=tP* P, The Cauchy Problem (*) has been extensively studied in
recent years (see [16, 23, 32, 8], etc.). For the semigroup estimate, [8] established the
following result.

Theorem B. (Theorem 3.1 in [8]). Suppose 1 < p < oo and s € R. Then

He_t(_A)auoHMgﬁq < CHUOHMﬁﬁq’

where the constant C is independent of t (This result is also true, if we replace M , by
N; . ie. suppose 1 < p < ooand s € R, we have [l ") ug | vs . < Cllug]|ng,.)-

As an application of Theorem 1, we now assume that f(u) is a more general
nonlinear function

f<u> (a:, t) = T(u(t’ ~>’ u(t’ .)7 s u(t, >><x>
- / H Uty &)™ (&, oy En) s A,

where u(t,&;) is the Fourier transform of w(t,x) on the x-variable. We have the
following theorem.

Theorem 3. Suppose that the multiplier p (&1, ..., &) ensures

m
HT<f17 faross fm)HLP(R") S H HfjHLpJ'(R")
j=1
for
pj=zpand j=1,2,3,...,m.

Assume also p,q > 1, r > m. Then there exists T such that for any ug € M, ,(R")
and s > n(1 — %), the initial value problem (*) has a unique solution

we L"(0, T M;vq).
Moreover, if T* < oo, then
HuHLT(O,T*;M&q) = OQ.

Proof. By the estimates that for p > 1 and s > n(1V é — é),

1 ()llagg,, < Nullfzs 5 [1RE)uollarg,, S Clluollazg,,,
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we have

m—

H/ R(t —7)f(u(r)d7| Lro.1005,) S ST HuHL’"OTM° L

Then by the similar argument as [6] and the fixed-point theorem, we can obtain the
following results (Let T),f = u" = f).

Theorem 4. Let y; € H*(R"), L > n(5057 — 3) @ = L, ..., m and

T(f1, f2, s fm) () =Ty 1Ty, fn-

Assume also 1 < p < oo, ¢ = 1, r > m. Then there exists T* such that for
any ug € N, (R") and s > n(1 — E> the initial value problem (*) with f(u) =
T(u(t,.),u(t,.),...,u(t,.))(z) has a unique solution

we L'(0,T* N, ).
Moreover, if T* < oo, then

H’LLHLr OT*vNEq) = OQ.

Proof. Let D = {u € L"([0,T); N; ) : llull ro,y:n5,) < 0} be equipped the metric
with the distance d(u, v) = [lu — vl L0,7;n3 )- Con5|der the map

S u(t) — R()ug —i/o R(t — 7) f(ulr))dr

By the similar discussion as Theorem 3, we can obtain that the map & : (D, d) — (D, d)
is a strict contraction map. By Banach’s fixed-point theorem, there exists 7* and a
unique solution u € D satisfies the conditions in the theorem.

APPENDIX

Theorem A. Let T be a continuous multi-linear operator from A} x A% x ... x AT’
to By and From Al x A? x ... x AT to By, satisfying

IT(fD, F3, s f)l B, < CoHHf Iyo03

17D, £,y f) |, < Cy H 17110 for 7 € A7 AT,

j=1

Then T is continuous from (ASY, Ay x (A, Ay x .. x (Al™, A{™)y to
(Bo, B1) with norm at most C2~?C?, provided 0 < 6 < 1.
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Proof. One can refer to [15] (For the complex interpolation of modulation spaces
(Triebel-type space N, ), one can refer to [15] ([21])).

Theorem B. Assume 1 < po < p1 < o0, 1 < ¢ < oo, then we have

lullwg, , < llullng, -

Theorem C. (Generalized Bernstein inequality). Let Q C R™ be a compact set,
0 < r < oco. Let us denote o, = n(1/(r A1) — 1/2) and assume that s > o,. Then
there exists a constant C' > 0 such that

IF~ oF fllzr < Cllellasll £l

holds for all f € Ly, :== {f € LP: suppfc Q} and ¢ € H®. Moreover, if r > 1,
then the above estimate holds for all f € L".

Proof. One can refer to [15].

Theorem D. Assume 0 < p < g < oo, Let @ € R™ be compact set, diam2 < 2R.
Then there exists C(p, ¢, R) > 0, such that

[flle < Cllfllzr, Vf € L.
Where LE, = {f € L? : suppf C Q}.
Proof. One can refer to [29], [30].

Theorem E. (Convolution in LP with p < 1). Let 0 < p < 1. L%(mR) =

{f € LP(R") : suppf C B(wo, R)}, B(xo, R) = {z : |z — x9| < R}. Suppose that
frge Ll v0.R)’ then there exists a constants C' > 0 which is independent of x, and
R > 0 such that

1 * gllze < CR™VPV| ]| o] gl o

Proof. One can refer to [24].

Theorem F. Assume 0 < p < oo, 0 < ¢ < oo, and Q = {Q;}72, is a sequence
with compact support in R, let d;, > 0 is the diameter of Q. If s > "<m -1,
then there exists a constant C such that

|F~ My F fil| Lo eay < Csupi|| M(di- )| s | fill Lo eay
where {fk;}zo:() S Lg<€q>7 {Mk‘<x>}20:0 C H®.

Proof.  One can refer to [24].(LE,(¢7) = {f|f = {fr}i2y, C S, suppFfi C
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Theorem G. Let 0 < p,q < oo and (X, ), (Y, v) be two measure space. Let T

be a
with

positive linear operator mapping LP(X) into LY(Y") [respectively, into L9°°(Y)]
norm A. Let B be a Banach space. Then T has a B-valued extension 7' that maps

LP(X, B) into L4(Y, B) [respectively, into L%*°(Y, B)] with the same norm.

Proof. One can refer to [14] (An operator T acting on measurable functions is
called positive if it satisfies f > 0= T(f) > 0).

Theorem H. Assume s1,80 € R, 0 < p < 00, 0 < ¢q1, g2 < 00, then, for ¢ < g1,
$1 — 82 >n/ga —n/q, we have

S1 S9
Npa‘h - Npﬂz :

Proof. One can refer to [21] for the proof of the above theorems.

10.

11.
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