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ALGORITHMIC AND ANALYTICAL APPROACHES TO THE SPLIT
FEASIBILITY PROBLEMS AND FIXED POINT PROBLEMS

Li-Jun Zhu, Yeong-Cheng Liou*, Yonghong Yao and Chiuh-Cheng Chyu

Abstract. The split feasibility problem and fixed point problem is considered.
New algorithm is presented for solving this split problem. Some analytical tech-
niques are demonstrated and strong convergence results are obtained.

1. INTRODUCTION

Recently, some split problems have been presented and studied by some authors.
See, e.g., [1]-[16]. In which the following split feasibility problem is now well-known:
Finding a point x∗ such that

x∗ ∈ C and Ax∗ ∈ Q,(1.1)

where C and Q are two closed convex subsets of two Hilbert spaces H1 and H2,
respectively, and A : H1 → H2 is a bounded linear operator. The prototype of this
problem was first introduced by Censor and Elfving [3] in the finite dimensional Hilbert
spaces. The background of the split feasibility (1.1) is based on the field of intensity-
modulated radiation therapy when one attempts to describe physical dose constraints
and equivalent uniform dose constraints within a single model. Censor and Elfving [3]
used the simultaneous multi-projections algorithm to solve the split feasibility problem
(1.1) where C ∈ R

N and Q ∈ RM . Their algorithms, as well as others, see, e.g., Byrne
[2], involve matrix inversion at each iterative step. Calculating inverses of matrices
is very time-consuming, particularly if the dimensions are large. Therefore, a new
algorithm for solving the split feasibility problem was devised by Byrne [1], called the
CQ-algorithm:

xn+1 = PC(xn − τA∗(I − PQ)Axn), n ∈ N,
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where τ ∈ (
0, 2

L

)
with L being the largest eigenvalue of the matrix A∗A, I is the unit

matrix or operator and PC and PQ denote the orthogonal projections onto C and Q,
respectively. Consequently, CQ algorithm has been extensively by many mathemati-
cians, see, for instance, [5-10]. Especially, in [12], Xu gave a continuation of the study
on the CQ algorithm and its convergence. He applied Mann’s algorithm to the split
feasibility problem (1.1) and proposed an averaged CQ algorithm:

xn+1 = (1− αn)xn + αnPC(xn − τA∗(I − PQ)Axn), n ∈ N,

which was proved to be weakly convergent to a solution of the split feasibility problem
(1.1) under suitable choices of iterative parameters. Xu [12] further suggested a single
step regularized method:

xn+1 = PC((1 − αnγn)xn − γnA∗(I − PQ)Axn), n ∈ N.(1.2)

Xu proved that the sequence {xn} generated by (1.2) converges in norm to the minimum-
norm solution of the split feasibility problem (1.1) provided the parameters {αn} and
{γn} satisfy the following conditions:

(i) αn → 0 and 0 < γn ≤ αn

‖A‖2+αn
;

(ii)
∑

n αnγn = ∞;
(iii) |γn+1−γn|+γn|αn+1−αn|

(αn+1γn+1)2
→ 0.

Next, we concern the following problem: Find hierarchically a fixed point of a
nonexpansive mapping T with respect to another mapping S, namely

(1.3) Find x̃ ∈ Fix(T ) such that 〈x̃ − Sx̃, x̃− x〉 ≤ 0, ∀x ∈ Fix(T ).

It is not hard to check that (1.3) is equivalent to the fixed point problem

Find x̃ ∈ C such that x̃ = PFix(T ) · Sx̃,

where PFix(T ) stands for the metric projection on the closed convex set Fix(T ). By
using the definition of the normal cone to Fix(T ), i.e.,

NFix(T ) : x 	→
{
{u ∈ H ; (∀y ∈ Fix(T )) 〈y − x, u〉 ≤ 0}, if x ∈ Fix(T );
∅, otherwise.

We easily prove that (1.3) is equivalent to the variational inclusion

0 ∈ (I − S)x̃ + NFix(T )x̃.

In order to solve (1.3), Moudafi et al. [17]-[18] suggested a well-known viscosity
algorithm and obtained convergence result. Further, Marino and Xu [19] suggested the



Algorithmic and Analytical Approaches to the Split Feasibility Problems and Fixed Point Problems 1841

following general iterative algorithm to minimize a quadratic function 1
2 〈Bx, x〉−〈x, b〉

over the set of fixed points of nonexpansive mapping T , where B is a strongly positive
linear bounded operator and b is a given point:

(1.4) xn+1 = αnσf(xn) + (I − αnB)Txn, ∀n ∈ N.

Subsequently, algorithm (1.4) and its variant have been extensively studied. Please
consult [23]-[30].
Motivated and inspired by the works in this direction, in this paper we will devote

to study the split feasibility problem and fixed point problem. In section 2 we recall
some basic concepts and cite some useful lemmas. In section 3, we first introduce our
problem and construct our iterative algorithm for the studied problem. In section 4, we
give convergence analysis of the suggested algorithm.

2. BASIC CONCEPTS AND USEFUL LEMMAS

Let H be a real Hilbert space with inner product 〈·, ·〉 and norm ‖ · ‖, respectively.
Let C be a nonempty closed convex subset of H .

Definition 2.1. A mapping T : C → C is called nonexpansive if

‖Tx − Ty‖ ≤ ‖x − y‖,
for all x, y ∈ C.

We will use Fix(T ) to denote the set of fixed points of T , that is, Fix(T ) = {x ∈
C : x = Tx}.
Definition 2.2. A mapping f : C → C is called contractive if

‖f(x)− f(y)‖ ≤ ρ‖x− y‖,
for all x, y ∈ C and for some constant ρ ∈ (0, 1). In this case, we call f is a
ρ-contraction.

Definition 2.3. A linear bounded operator B : H → H is called strongly positive
if there exists a constant γ > 0 such that

〈Bx, x〉 ≥ γ‖x‖2,

for all x, y ∈ H .

Definition 2.4. We call PC : H → C the metric projection if for each x ∈ H

‖x − PC(x)‖ = inf{‖x − y‖ : y ∈ C}.
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It is well known that the metric projection PC : H → C is characterized by:

〈x − PC(x), y − PC(x)〉 ≤ 0

for all x ∈ H , y ∈ C. From this, we can deduce that PC is firmly-nonexpansive, that
is,

(2.5) ‖PC(x) − PC(y)‖2 ≤ 〈x − y, PC(x) − PC(y)〉
for all x, y ∈ H . Hence PC is also nonexpansive.
It is well-known that in a real Hilbert space H , the following two equalities hold:

(2.6) ‖tx + (1− t)y‖2 = t‖x‖2 + (1 − t)‖y‖2 − t(1 − t)‖x − y‖2,

for all x, y ∈ H and t ∈ [0, 1], and

(2.7) ‖x + y‖2 = ‖x‖2 + 2〈x, y〉+ ‖y‖2,

for all x, y ∈ H . It follows that

(2.8) ‖x + y‖2 ≤ ‖x‖2 + 2〈y, x + y〉,
for all x, y ∈ H .

Lemma 2.5. ([20]). Let {xn} and {yn} be two bounded sequences in a Ba-
nach space X and let {βn} be a sequence in [0, 1] with 0 < lim infn→∞ βn ≤
lim supn→∞ βn < 1. Suppose that

xn+1 = (1 − βn)yn + βnxn

for all n ≥ 0 and

lim sup
n→∞

(‖yn+1 − yn‖ − ‖xn+1 − xn‖) ≤ 0.

Then, limn→∞ ‖yn − xn‖ = 0.

Lemma 2.6. ([21]). Let C be a closed convex subset of a real Hilbert spaceH and
let S : C → C be a nonexpansive mapping. Then, the mapping I − S is demiclosed.
That is, if {xn} is a sequence in C such that xn → x∗ weakly and (I − S)xn → y

strongly, then (I − S)x∗ = y.

Lemma 2.7. ([22]). Assume that {an} is a sequence of nonnegative real numbers
such that

an+1 ≤ (1− γn)an + δn, n ∈ N,

where {γn} is a sequence in (0, 1) and {δn} is a sequence such that
(1)

∑∞
n=1 γn = ∞;

(2) lim supn→∞
δn
γn

≤ 0 or
∑∞

n=1 |δn| < ∞.
Then limn→∞ an = 0.



Algorithmic and Analytical Approaches to the Split Feasibility Problems and Fixed Point Problems 1843

3. PROBLEMS AND CONSTRUCTED ALGORITHMS

In this section, we first introduce our problem and consequently suggest our algo-
rithm for solving this problem. Now we give the assumptions on the underlying spaces,
involved operators and additional parameters which will be used in the next section,
throughout.
1. Underlying Spaces:
(S1): H1 and H2 are two real Hilbert spaces;
(S2): D ⊂ H1 and E ⊂ H2 are two nonempty closed convex sets.
(S3): C ⊂ D and Q ⊂ E are two nonempty closed convex sets.
2. Involved Operators:
(O1): A : H1 → H2 is a bounded linear operator with its adjoint A∗;
(O2): B is a strongly positive bounded linear operator on H1 with coefficient γ >0;
(O3): f : D→D is a ρ-contraction;
(O4): S : Q → Q and T : C → C are two nonexpansive mappings.
3. Additional Parameters:
(P1): δ ∈ (0, 1

‖A‖2 ) and σ > 0 are two constants;

(P2): {αn} and {βn} are two real number sequences in (0, 1).
In this paper, we devote to study the following split feasibility problem and fixed

point problem:

Problem 3.1. Find x∗ ∈ C ∩ Fix(T ) such that Ax∗ ∈ Q ∩ Fix(S).

Remark 3.2. It is obvious this problem contains the split feasibility problem (1.1)
as a special case. In fact, if we can take T = I and S = I , then Fix(T ) = C and
Fix(S) = Q.

In order to solve Problem 3.1, we construct the following algorithm:

Algorithm 3.3. Taking x0 ∈ H1 arbitrarily, we define a sequence {xn} by the
following: {

vn = TPC(xn − δA∗(I − SPQ)Axn),

xn+1 = αnσf(xn) + βnxn + ((1− βn)I − αnB)vn,
(3.1)

for all n ∈ N.

4. CONVERGENCE ANALYSIS

In this section, we give the convergence analysis of the algorithm (3.1) and obtain
our main results. We use Γ to denote the solution set of Problem 3.1, i.e.,
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Γ = {x∗|x∗ ∈ C ∩ Fix(T ), Ax∗ ∈ Q ∩ Fix(S)}.
Theorem 4.1. Suppose Γ �= ∅. Assume the following conditions hold:
(A1) : limn→∞ αn = 0 and

∑∞
n=1 αn = ∞;

(A2) : 0 < lim infn→∞ βn ≤ lim supn→∞ βn < 1;
(A3) : σρ < γ .
Then the sequence {xn} generated by algorithm (3.1) converges strongly to p =

ProjΓ(σf + I − B)p which solves the following VI:

〈(σf − B)x, y − x〉 ≤ 0, ∀y ∈ Γ.(4.1)

Remark 4.2. It is clear that the solution of (4.1) is unique.

Proof. Set zn = PQAxn, yn = xn − δA∗(I − SPQ)Axn and un = PC(xn −
δA∗(I − SPQ)Axn) for all n ∈ N. Then un = PCyn. Let p = PΓ(σf + I − B)p.
Then, we have p ∈ C ∩ Fix(T ) and Ap ∈ Q ∩ Fix(S). By these facts and the
firmly-nonexpansivity of PC and PQ, we have the following conclusions:

(i): ‖zn − Ap‖ = ‖PQAxn − Ap‖ ≤ ‖Axn − Ap‖,(4.2)

(ii): ‖un − p‖ = ‖PCyn − p‖ ≤ ‖yn − p‖,(4.3)

(iii): ‖Szn − Ap‖2 ≤ ‖zn − Ap‖2 ≤ ‖Axn − Ap‖2 − ‖zn − Axn‖2,(4.4)

(iv): ‖un+1 − un‖ = ‖PCyn+1 − PCyn‖ ≤ ‖yn+1 − yn‖,(4.5)

and

(v): ‖zn+1 − zn‖ = ‖PQAxn+1 − PQxn‖ ≤ ‖Axn+1 − Axn‖.(4.6)

From (3.1), we have

(4.7)

‖xn+1 − p‖
= ‖αn(σf(xn) − Bp) + βn(xn − p) + ((1− βn)I − αnB)(Tun − p)‖
≤ αnσ‖f(xn) − f(p)‖+ αn‖σf(p)− Bp‖ + βn‖xn − p‖

+(1 − βn − αnγ)‖un − p‖.
Using (2.7), we get

(4.8)
‖yn − p‖2

= ‖xn − p + δA∗(Szn − Axn)‖2

= ‖xn − p‖2 + δ2‖A∗(Szn − Axn)‖2 + 2δ〈xn − p, A∗(Szn − Axn)〉.
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Since A is a linear operator with its adjoint A∗, we have

(4.9)

〈xn − p, A∗(Szn − Axn)〉
= 〈A(xn − p), Szn − Axn〉
= 〈Axn − Ap + Szn − Axn − (Szn − Axn), Szn − Axn〉
= 〈Szn − Ap, Szn − Axn〉 − ‖Szn − Axn‖2.

Again using (2.7), we obtain

(4.10)
〈Szn − Ap, Szn − Axn〉

=
1
2
(‖Szn − Ap‖2 + ‖Szn − Axn‖2 − ‖Axn − Ap‖2).

By (4.4), (4.9) and (4.10), we get

(4.11)

〈xn − p, A∗(Szn − Axn)〉
=

1
2
(‖Szn − Ap‖2 + ‖Szn − Axn‖2 − ‖Axn − Ap‖2)

−‖Szn − Axn‖2

≤ 1
2
(‖Axn − Ap‖2 − ‖zn − Axn‖2 + ‖Szn − Axn‖2

−‖Axn − Ap‖2) − ‖Szn − Axn‖2

= −1
2
‖zn − Axn‖2 − 1

2
‖Szn − Axn‖2.

Substituting (4.11) into (4.8) to deduce

(4.12)

‖yn − p‖2 ≤ ‖xn − p‖2 + δ2‖A‖2‖Szn − Axn‖2

+2δ(−1
2
‖zn − Axn‖2 − 1

2
‖Szn − Axn‖2)

= ‖xn − p‖2 + (δ2‖A‖2 − δ)‖Szn − Axn‖2 − δ‖zn − Axn‖2

≤ ‖xn − p‖2.

It follows that

‖yn − p‖ ≤ ‖xn − p‖.
Thus, from (4.7), we get

‖xn+1 − p‖ ≤ αnσρ‖xn − p‖ + αn‖σf(p)− Bp‖
+βn‖xn − p‖ + (1− βn − αnγ)‖xn − p‖

= [1− (γ − σρ)αn]‖xn − p‖ + αn‖σf(p)− Bp‖
≤ max

{
‖xn − p‖, σf(p)− Bp‖

γ − σρ

}
.
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The boundedness of the sequence {xn} yields.
Next, we estimate ‖un+1 − un‖. According to (2.7) and (4.5), we have

‖un+1 − un‖2 ≤ ‖yn+1 − yn‖2

= ‖xn+1 − xn + δ[A∗(SPQ − I)Axn+1 − A∗(SPQ − I)Axn]‖2

= ‖xn+1 − xn‖2 + δ2‖A∗[(SPQ − I)Axn+1 − (SPQ − I)Axn]‖2

+ 2δ〈xn+1 − xn, A∗[(SPQ − I)Axn+1 − (SPQ − I)Axn]〉
≤ ‖xn+1 − xn‖2 + δ2‖A‖2‖Szn+1 − Szn − (Axn+1 − Axn)‖2

+ 2δ〈Axn+1 − Axn, Szn+1 − Szn − (Axn+1 − Axn)〉
= ‖xn+1 − xn‖2 + δ2‖A‖2‖Szn+1 − Szn − (Axn+1 − Axn)‖2

+ 2δ〈Szn+1 − Szn, Szn+1 − Szn − (Axn+1 − Axn)〉
− 2δ‖Szn+1 − Szn − (Axn+1 − Axn)‖2

= ‖xn+1 − xn‖2 + δ2‖A‖2‖Szn+1 − Szn − (Axn+1 − Axn)‖2

+ δ(‖Szn+1 − Szn‖2 + ‖Szn+1 − Szn − (Axn+1 − Axn)‖2

− ‖Axn+1 − Axn‖2)− 2δ‖Szn+1 − Szn − (Axn+1 − Axn)‖2

= ‖xn+1 − xn‖2 + (δ2‖A‖2 − δ)‖Szn+1 − Szn − (Axn+1 − Axn)‖2

+ δ(‖Szn+1 − Szn‖2 − ‖Axn+1 − Axn‖2)

≤ ‖xn+1 − xn‖2 + (δ2‖A‖2 − δ)‖Szn+1 − Szn − (Axn+1 − Axn)‖2

+ δ(‖zn+1 − zn‖2 − ‖Axn+1 − Axn‖2).

(4.13)

Since δ ∈ (0, 1
‖A‖2 ), we derive by virtue of (2.7) and (4.13) that

‖un+1 − un‖ ≤ ‖xn+1 − xn‖.(4.14)

From (3.1), we write xn+1 = βnxn +(1−βn)wn where wn = Tun + αn
1−βn

(σf(xn)−
BTun) for all n ∈ N. Then, we have

‖wn+1 − wn‖ = ‖Tun+1 − Tun +
αn+1

1 − βn+1
(σf(xn+1) − BTun+1)

− αn

1 − βn
(σf(xn) − BTun)‖

≤ ‖Tun+1 − Tun‖ +
αn+1

1− βn+1
‖σf(xn+1) − BTun+1‖

+
αn

1 − βn
‖σf(xn) − BTun‖

≤ ‖un+1 − un‖+
αn+1

1 − βn+1
‖σf(xn+1) − BTun+1‖

+
αn

1 − βn
‖σf(xn) − BTun‖
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≤ ‖xn+1 − xn‖ +
αn+1

1 − βn+1
‖σf(xn+1) − BTun+1‖

+
αn

1 − βn
‖σf(xn) − BTun‖.

Noting the conditions (A2) and the boundedness of the sequences {un+1}, {yn+1},
{zn+1}, {Axn}, {f(xn)} and {BTun}, we have

lim sup
n→∞

(‖wn+1 − wn‖ − ‖xn+1 − xn‖) ≤ 0.

By virtue of Lemma 2.5, we get

lim
n→∞ ‖xn − wn‖ = 0.

Hence,
lim

n→∞ ‖xn+1 − xn‖ = lim
n→∞(1 − βn)‖xn − wn‖ = 0.(4.15)

Since xn+1 − xn = αn(σf(xn) − BTun) + (1 − βn)(Tun − xn), we obtain

‖Tun − xn‖ ≤ 1
βn

{
αn‖σf(xn) − BTun‖ + ‖xn+1 − xn‖

}
.

Thus,
lim

n→∞ ‖xn − Tun‖ = 0.(4.16)

Using the firmly-nonexpansivenessity of PC , we have

‖un − p‖2 = ‖PCyn − p‖2

≤ ‖yn − p‖2 − ‖PCyn − yn‖2

= ‖yn − p‖2 − ‖un − yn‖2.

(4.17)

Applying (2.8) to (4.7) to deduce

‖xn+1 − p‖2 = ‖αn(σf(xn) − Bp) + βn(xn − Tun) + (I − αnB)(Tun − p)‖2

≤ ‖(I − αnB)(Tun − p) + βn(xn − Tun)‖2

+ 2αn〈σf(xn) − Bp, xn+1 − p〉
≤ [‖I − αnB‖‖Tun − p‖ + βn‖xn − Tun‖]2

+ 2αn‖σf(xn) − Bp‖‖xn+1 − p‖
≤ [(1− αnγ)‖un − p‖+ βn‖xn − Tun‖]2

+ 2αn‖σf(xn) − Bp‖‖xn+1 − p‖
= (1− αnγ)2‖un − p‖2 + β2

n‖xn − Tun‖2

+ 2(1− αnγ)βn‖un − p‖‖xn − Tun‖
+ 2αn‖σf(xn) − Bp‖‖xn+1 − p‖

≤ ‖xn − p‖2 + β2
n‖xn − Tun‖2 + 2(1− αnγ)βn‖un − p‖‖xn − Tun‖

+ 2αn‖σf(xn) − Bp‖‖xn+1 − p‖.

(4.18)
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This together with (4.17) imply that

‖xn+1 − p‖2 ≤ ‖yn − p‖2 − ‖un − yn‖2 + β2
n‖xn − Tun‖2

+ 2(1− αnγ)βn‖un − p‖‖xn − Tun‖
+ 2αn‖σf(xn)− Bp‖‖xn+1 − p‖

≤ ‖xn − p‖2 − ‖un − yn‖2 + β2
n‖xn − Tun‖2

+ 2(1− αnγ)βn‖un − p‖‖xn − Tun‖
+ 2αn‖σf(xn)− Bp‖‖xn+1 − p‖.

(4.19)

It follows that

‖un − yn‖2

≤ ‖xn − p‖2 − ‖xn+1 − p‖2 + β2
n‖xn − Tun‖2

+ 2(1 − αnγ)βn‖un − p‖‖xn − Tun‖ + 2αn‖σf(xn) − Bp‖‖xn+1 − p‖
≤ (‖xn − p‖+ ‖xn+1 − p‖)‖xn+1 − xn‖ + β2

n‖xn − Tun‖2

+ 2(1 − αnγ)βn‖un − p‖‖xn − Tun‖ + 2αn‖σf(xn) − Bp‖‖xn+1 − p‖.
This together with (4.15), (4.16) and (A1) imply that

lim
n→∞ ‖un − yn‖ = 0.(4.20)

Returning to (4.18) and using (4.12), we have

‖xn+1 − p‖2

≤ (1 − αnγ)2‖un − p‖2 + β2
n‖xn − Tun‖2

+ 2(1− αnγ)βn‖un − p‖‖xn − Tun‖ + 2αn‖σf(xn) − Bp‖‖xn+1 − p‖
≤ ‖yn − p‖2 + β2

n‖xn − Tun‖2 + 2(1− αnγ)βn‖un − p‖‖xn − Tun‖
+ 2αn‖σf(xn)− Bp‖‖xn+1 − p‖

≤ ‖xn − p‖2 + (δ2‖A‖2 − δ)‖Szn − Axn‖2 − δ‖zn − Axn‖2

+ β2
n‖xn − Tun‖2 + 2(1− αnγ)βn‖un − p‖‖xn − Tun‖

+ 2αn‖σf(xn)− Bp‖‖xn+1 − p‖.
Hence,

(δ − δ2‖A‖2)‖Szn − Axn‖2 + δ‖zn − Axn‖2

≤ ‖xn − p‖2 − ‖xn+1 − p‖2 + β2
n‖xn − Tun‖2

+ 2(1 − αnγ)βn‖un − p‖‖xn − Tun‖ + 2αn‖σf(xn) − Bp‖‖xn+1 − p‖
≤ (‖xn − p‖+ ‖xn+1 − p‖)‖xn+1 − xn‖ + β2

n‖xn − Tun‖2

+ 2(1 − αnγ)βn‖un − p‖‖xn − Tun‖ + 2αn‖σf(xn) − Bp‖‖xn+1 − p‖,
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which implies that

lim
n→∞ ‖Szn − Axn‖ = lim

n→∞ ‖zn − Axn‖ = 0.(4.21)

So,

lim
n→∞ ‖Szn − zn‖ = 0.(4.22)

Note that

‖yn − xn‖ = ‖δA∗(SPQ − I)Axn‖
≤ δ‖A‖‖Szn − Axn‖.

It follows from (4.21) that

lim
n→∞ ‖xn − yn‖ = 0.(4.23)

From (4.16), (4.20) and (4.23), we get

lim
n→∞ ‖xn − Txn‖ = 0.(4.24)

Now, we show that
lim sup

n→∞
〈(σf − B)p, xn − p〉 ≤ 0.

Choose a subsequence {xni} of {xn} such that
lim sup

n→∞
〈(σf − B)p, xn − p〉 = lim

i→∞
〈(σf − B)p, xni − p〉(4.25)

Since the sequence {xni} is bounded, we can choose a subsequence {xnij
} of {xni}

such that xnij
⇀ z. For the sake of convenience, we assume (without loss of generality)

that xni ⇀ z. Consequently, we derive from the above conclusions that

yni ⇀ z, uni ⇀ z, Axni ⇀ z and zni ⇀ Az.(4.26)

By the demi-closed principle of the nonexpansive mappings S and T (see Lemma 2.6),
we deduce z ∈ Fix(T ) and Az ∈ Fix(S) (according to (4.24) and (4.22), respectively).
Note that uni = PCyni ∈ C and zni = PQAxni ∈ Q. From (4.26), we deduce z ∈ C
and Az ∈ Q. To this end, we deduce z ∈ C ∩ Fix(T ) and Az ∈ Q ∩ Fix(S). That
is to say, z ∈ Γ. Therefore,

lim sup
n→∞

〈(σf − B)p, xn − p〉 = lim
i→∞

〈(σf − B)p, xni − p〉
= lim

i→∞
〈(σf − B)p, z − p〉

≤ 0.

(4.27)
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Finally, we prove xn → p. From (3.1),we have

‖xn+1 − p‖2 = 〈αn(σf(xn) − Bp) + βn(xn − p)
+ ((1− βn)I − αnB)(Tun − p), xn+1 − p〉

= αn〈σf(xn) − Bp, xn+1 − p〉 + βn〈xn − p, xn+1 − p〉
+ 〈((1− βn)I − αnB)(Tun − p), xn+1 − p〉

≤ αnσ〈f(xn) − f(p), xn+1 − p〉 + αn〈σf(p)− Bp, xn+1 − p〉
+ βn‖xn − p‖‖xn+1 − p‖+ (1− βn − αnγ)‖Tun − p‖‖xn+1 − p‖

≤ [1− (γ − σρ)αn]‖xn − p‖‖xn+1 − p‖ + αn〈σf(p)− Bp, xn+1 − p〉
≤ 1 − (γ − σρ)αn

2
‖xn − p‖2 +

1
2
‖xn+1 − p‖2

+ αn〈σf(p)− Bp, xn+1 − p〉.

It follows that

(4.28) ‖xn+1−p‖2 ≤ [1−(γ−σρ)αn]‖xn−p‖2 + 2αn〈σf(p)−Bp, xn+1−p〉.

Applying Lemma 2.7 and (4.27) to (4.28), we deduce xn → p. The proof is com-
pleted.
In (3.1), if take T = I and S = I , then we have

Algorithm 4.3. Taking x0 ∈ H1 arbitrarily, we define a sequence {xn} by the
following: {

vn = PC(xn − δA∗(I − PQ)Axn),
xn+1 = αnσf(xn) + βnxn + ((1− βn)I − αnB)vn,

(4.29)

for all n ∈ N.

Corollary 4.4. Suppose the solution set Γ
′ of the split feasibility problem (1.1) is

nonempty. Assume the following conditions hold:

(A1) : limn→∞ αn = 0 and
∑∞

n=1 αn = ∞;
(A2) : 0 < lim infn→∞ βn ≤ lim supn→∞ βn < 1;

(A3) : σρ < γ .

Then the sequence {xn} generated by algorithm (4.29) converges strongly to p =
ProjΓ(σf + I − B)p which solves the following VI:

〈(σf − B)x, y − x〉 ≤ 0, ∀y ∈ Γ
′
.
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