TAIWANESE JOURNAL OF MATHEMATICS

Vol. 17, No. 5, pp. 1627-1650, October 2013

DOI: 10.11650/tjm.17.2013.2798

This paper is available online at http://journal.taiwanmathsoc.org.tw

_MULTIPLE SOLUTIONS FOR NONHOMOGENEOUS
SCHRODINGER-POISSON SYSTEMS WITH THE ASYMPTOTICAL
NONLINEARITY IN R3

Ling Ding, Lin Li and Jing-Ling Zhang

Abstract. In this paper, we study nonhomogeneous Schrodinger-Poisson systems

—Au+u+ K(z)p(x)u = a(z)f(u) + h(z), z€R3,

~A¢ = K(z)u?, x € R3,
where f(t) is either asymptotically linear or asymptotically 3-linear with respect
to ¢ at infinity. Under appropriate assumptions on K, a, f and h, the existence

of two positive solutions of the above system is obtained by using the Ekeland’s
variational principle and the Mountain Pass Theorem in critical point theory.

1. INTRODUCTION AND MAIN RESULTS

In this paper, we are concerned with the existence of two positive solutions for the
following nonhomogeneous Schrodinger-Poisson system

—Au+u+ K(x)p(x)u = a(z)f(u) + h(z), =z cR3
(D) ~A¢ = K(x)u?, r € R3,
u > 0, T e RS?

where K, h € L?(R3), K, h,> (#)0, a is a nonnegative function, the function
f € C(R,RT) and F is the primitive function of f with F(t) = [ f(s)ds. This
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system arises in an interesting physical model which describes the interaction of a
charged particle with electrostatic field (we refer the reader to [4] and the references
therein for more details on the physical aspects). In particular, if we are looking for
electrostatic-type solutions, we just have to solve system (1).

When K = 0, system (1) becomes into a single equation

() —Au~+u = a(x)f(u) + h(z).

Problem (2) with h(z) = 0 (homogeneous) has been studied extensively in the last
decade, see [13, 17, 18, 19, 24] and so on. In these mentioned papers, the condition:
f(t)/t is nondecreasing in ¢ > 0 is usually assumed to prove that the (PS) sequence
is bounded. In the case of h(z) # 0 (nonhomogeneous), Zhu in [28] proved that
problem (2) has at least two positive solutions in RY with a(z) = 1 and f(t) =
tP(p € (1,2* — 1) if h(z) is small in some sense. After [28], there has been quite
a lot of interesting existence results of positive solutions to problem (2) in RY, see
[7, 9, 14, 27] and the references herein, the results in these papers are on the base of
assuming that f(t) satisfies usual Ambrosetti-Rabinowitz( AR) condition in [2]:

3) (AR) 0 < F(t) = /Otf(s)ds < 0Lf(t), fort >0

and some 0 € (0, %) Wang and Zhou in [26] obtained the existence of two positive
solutions for problem (2) in RV (N > 3), for suitable a and h under the conditions
(f1)-(f3) (seen in Theorem 1.1). From all above papers, we find that methods used in
the homogenous case are difficult to apply to the nonhomogenous case of h(x) # 0.
However, in this paper, we shall obtain solutions for nonhomogeneous Schrodinger-
Poisson systems. Moreover, these systems have the asymptotical nonlinearity: the
asymptotically linear or the asymptotically 3-linear at infinity. Clearly, the nonlinearity
assumed in the following main results satisfies the (AR) condition as in (3) with = 1.
When K # 0, Cerami and Vaira in [8] studied system (1) with f(¢) = [t|P"lu(p €
(3,5)) and h(z) = 0 (homogeneous) and obtained the existence of positive ground
state solutions by minimizing I restricted to the Nehari manifold when K and a satisfy
different assumptions, respectively. Sun, Chen and Nieto in [23] also studied system
(1) with general f which is asymptotically linear at infinity(lim;_, 4 o0 @ = [ < 400)
and obtain the existence of positive ground state solution under suitable K and a by
Mountain Pass Theorem. Wang and Zhou in [25] studied Schrodinger-Poisson systems
with external potential, parameter A and f(x,¢) which is asymptotically linear with
respect to ¢ at infinity
A —Au+ V(z)u + Ap(z)u = f(z,u), xRS
@ —A¢ =u?, limpy 4o ¢(x) =0 x € R3,
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and obtained a positive solution for small A\ and not obtained any nontrivial solution
for A large. Zhu in [29] generalized system (4) with autonomous nonlinearity f(¢) to
system (4) with non-autonomous nonlinearity K (x) f(¢) and obtained the same results
as in [25] with the vanishing potential at infinity. Later, Zhu in [30] studied system (4)
with V(x) = ( and asymptotically linear nonlinearity f(x,t)t where f(z,t) tends to
p(z) and q(z) € L>(R3), respectively, as t — 0 and ¢ — 4-oc and obtained existence
and nonexistence results depending on the parameters 5 and A\. Furthermore, there
are abundant results with respect to Schrodinger-Poisson systems, see [1, 3, 6, 11, 12,
21, 22] and so on. But there are few results for system (1) with K # 0, h(xz) #Z 0
(nonhomogeneous) and asymptotically linear or 3-linear at infinity. So I think it is
worth to study. To our best knowledge, this is the first paper which consider this type
of problem.

Now, we firstly give some notations. For any 1 < s < 400, we denote by || - |5
the usual norm of the Lebesgue space L*(R3). H!(R3) is the usual Sobolev space
endowed with the standard product and norm

(u,v):/RS(Vu~Vv+uv)dx, ul] = </RS(\Vu\2+\u\2)dx)%.

DV2(R3) is the completion of C5°(R3) with respect to the norm

1

2

lull prages) == (/ \W\%@:) .
R3

Here, we state our main results as follows.

Theorem 1.1. Suppose that K, h € L?>(R3), K, h > (#)0, and the following
conditions hold:

(f1) f € C(R,RT), f(0) =0, and f(t) =0 fort < 0.
(/2) Timy o L2 = 0.

(f3) limy— 400 @ =1 with 0 <[ < +o0.

(A1) a(z) is a positive continuous function and there exists Ry > 0 such that
sup{f(t)/t: t >0} <inf{l/a(z): |z| > Ry}.
(A2) There exists a constant 3 € (0, 1) such that

DO | =~

(1= B)l>u": = inf {/RS(\Vu\Q—i—uz)da:  ue H(RS, RY), /R a(2)F(u)dz >

K (2)¢u(x)uldr < QBZ} .

R3
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Then there exists m > 0 such that system (1) has at least two positive solutions
ug, uy € H'(R3) satisfying I(ug) < 0 and I(uy) > 0 if ||h]]2 < m.

Remark 1.1. In this paper, K # 0 and h(x) # 0, system (1) is nonhomogeneous
and the existence of two positive solutions for system (1) has been proved in our The-
orem 1.1. Note that the first local minimum solution exists due to the homogeneous
term which is looked a small perturbation because ||h||2 < m. Moreover, the second
solution u; is the mountain pass solution with the positive energy. Furthermore, func-
tions K, a, f which satisfy the above conditions of Theorem 1.1 exist. For example,
for any Ry > 0 and 7 > 0, taking ¢ € C5°(R3, [0, 1]) such that ¢ (z) = 1 if |z| < r,
Y(x) = 0if x| > 2r and |V (x)] < % for all x € R3, where C' > 0 is an arbitrary
constant independent of =, and K € L?(R?) such that K(z) > 0 for all x € R?,
K(x)#0and |K|j3 < ﬁS”?%REQ (C? + R(Q))_2, where S, S are also seen
in Section 2. Let

(2) = 1000/(1 + |z]), if |z| < e,
| 1/(1+ Ry), if |z| > Ry,

and
Rot?/(1+1), ift>0,
, ift <0.

These functions are also seen in Remark 1.1 of [23].

Theorem 1.2. Suppose that K, h € L?(R3), a € L3(R®). Let K, h and a > (%£)0.
Assume (f1), (f2) and the following conditions hold:

(f4) limy— 1 oo % =1 with0 <l < +o0.

(f5) F;Ef) is nondecreasing for t > 0.

(A3) There exists a constant 3 € (0, 1) such that

(1-B) > p* : = inf {/ (|IVul? + u¥)dz : v e HY(R3RT), / a(z)utdr > 1,
R3 R3

K (2) ¢y (z)uldz < Bl} .

R3

Then there exists m > 0 such that system (1) has at least two positive solutions
ug, uy € H'(R3) satisfying I(ug) < 0 and I(uy) > 0 if [|h]]2 < m.

Remark 1.2. In Theorem 1.2, f is superlinear at zero and asymptotical 3-linear at
infinity, of course, is also superlinear at infinity. We usual need the (AR) condition as
in (3) with 0 € (0, i), to deal with this superlinear case( seen [10] and the references

herein). But here, (f5) only satisfies condition (3) with § = 1 & (0, 1). Furthermore,
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since f is asymptotical 3-linear at infinity, (A1) is not meaning. We try to replaced
(A1) by (A4) as follows:

(A4) a(z) is a positive continuous function and there exists Ry > 0 such that
sup{f(t)/t>: t > 0} <inf{l/a(z): |z| > Ry}.

We find that other conditions are needed to prove our result. So, I can’t consider (A4).
In order to obtain the compact result: f|$|> r(IVun|? + uy|*)dz < €, we assume that

a € L3(R3) and a > (#)0.

Remark 1.3. It is not difficult to find some functions K, a, f satisfying conditions
of Theorem 1.2. For example, for any r > 0, taking ¢ € C$°(R3, [0, 1]) such that
W(z) = 1if [z < r, ¢(z) = 0if [z] > 2r and |Vip(z)| < € for all z € R, where
C > 0 is an arbitrary constant independent of z, and K € L?(R?) such that K (z) > 0
for all 2 € R3, K(x) # 0 and || K3 < ms—@‘“}zf (C% + R2)™>. Setting

3 . . .
a(x) = %ﬁ?ﬁ if |z| <7, a(z) = 0if |[z| > r. Let f(t) =3 if t > 0 and
f(t) =0ift < 0. Clearly, f satisfies (f1), (f2), (f4) and (f5) and [ = 1 € (0, +00).

Taking 8 = % Furthermore, for any r» < Rj, we have

3Y1+R 1

/ a(z)(x)de > # S

R? ARy Jjg)<r /14 |2
> VL R 1 / dx

T ArRG VT4 Ro Jai<ny
3Y1+ Ry 1 4_7T
(5)  4nR} Y1+ Ry 3

02

I I Ry

|z|<2r |z|<2r

r

C?\ 327
2
= —337Tr (C’2 + r2) .

R} =1,

This and (11) in section 2 yield

4
[ K@owis < 75|13
R3
532272
9

—4 32272
S5 I1K115~

< S25||K|| r? (C? + 1)’

R2(C* + R2)®

IN
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Taking Ry =1, r = %RO = % and C' =
of p* and (5), one has

3%. Moreover, in view of the definition

[

e R e 1
RS

So, condition (A3) holds.

As we know, in order to obtain two different solutions, for the asymptotically
linear case, the method is standard. Precisely, similar to [27], by the Ekeland’s vari-
ational principle [15], it is not difficult to get a weak solution g for ||h||2 suitably
small. Moreover, wug is the local minimizer of I and I(ug) < 0. However, under
our assumptions, it seems difficult to get the Mountain Pass solution (different from
the local minimum solution) of (1) by applying the Mountain Pass Theorem as the
mentioned references because h(z) > (#)0, the nonlinearity is asymptotical and the
working space is H!(IR?). We have to find new ways to show that a Cerami sequence
is bounded in H'(R?). Once a Cerami sequence is bounded in H'(R3), the usual
strategy is try to show this sequence converges to a solution different from wg, but
this seems not so easy because the imbedding of H!(R3?) — LP(R3) (p € (2,6))
is not compact. In fact, firstly, this difficulty can be avoided by restricting I to the
subspace of H!(R?) such as radially functions subspace usually denoted by H,(R3),
see [1, 3, 8, 11, 21, 22]. Especially, many authors avoid the lack of the compact-
ness by the external potential V'(z), some conditions are assumed on V' (z) to make
the working space which is a subspace of H!(R3) have compactness imbeddings, see
[10, 21, 23, 29]. However, for the asymptotically case, we have to find another method
to verify Cerami condition. Motivated by [26, 23], we consider system (1) with the
following two asymptotical cases at infinity: asymptotically linear and asymptotically
3-linear in this paper, respectively. Secondly, in order to recover the compactness,
we establish the equi-absolutely-continuity at infinity: |, (|Vun)? + |ug|?)dz < e
which is also called the compactness result in this paper.

This paper is organized as follows. In section 2, some important preliminaries are
listed out. In sections 3 and 4, we manage to give proofs of Theorems 1.1 and 1.2. In the
following discussion, we denote various positive constants as C or C;(i = 0,1, 2,3, ...)
for convenience.

z|>R

2. PRELIMINARIES
System (1) has a variational structure. Indeed we consider the functional
J: HY(R? x DM?(R3) — R
defined by

1 1 1
T(w.0) = 5l [ IVoPdosg [ K@olda—| aw)Fluyto-[ nwyuds

R3
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Evidently, the action functional 7 belongs to C*(H!(R3) x D1:2(R?), R) and the partial
derivatives in (u, ¢) are given, for ¢ € H(R?) and n € DY?(R3), by

(G0.00,6) = [ (Vu- Ve -+ ug + K(x)ou — aa) () — h(a))d

R3

1

§/RS(—V¢~V17+K(x)u2n)da:.

~
R
=
&
=
~
I

Thus, the pair (u, ¢) is a weak solution of system (1) if and only if it is a critical
point of J in H*(R3) x DY2(R3). Clearly, the action functional 7 exhibits a strong
indefiniteness, namely it is unbounded both from below and from above on infinite
dimensional subspaces. This indefiniteness can be removed using the reduction method
described in [5], by which we are led to study a one variable functional that does not
present such a strongly indefinite nature.

For all u in H'(R?), the Lax-Milgram theorem (see [16]) implies that there exists
a unique ¢, € D%?(R?) such that —A¢, = K (x)u? in a weak sense. Then, insert ¢,
into the first equation of (1), we have

(6) —Au+u+ K(x)pu(x)u = a(z) f(u) + h(z).

That is, system (1) can be easily transformed to a nonlinear Schrodinger equation (6)
with a non-local term. Moreover, we can write an integral expression for ¢, in the
explicit form:

K(y)u(y)?
R3 ‘33 - y\

(7 Pulz) = dy

for any u € H'(R?). So, we can consider the functional I : H!(R3) — R defined by
I(u) = J(u, ¢). After multiplying —A¢, = K (z)u? by ¢, and integration by parts,
we obtain

@®) / Vul*dz = / K (2)¢u()u’de.
R3 R3
Therefore, the reduced functional takes the form
I(u)
1 1
= —HuH2+—/ K(x)¢u(x)u2dx—/ a(a:)F(u)da:—/ h(z)udr, ueH'(R?).
2 4 Jr3 R3 R3

Using the reduction method, this indefiniteness for 7 can be removed and we are led
to study a one variable functional I that does not present such a strongly indefinite
nature structure.
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Recall the Sobolev ’s inequalities with the best constant S and S
©) lvlle < Slvllpres), llvlle < Slvll,

together with (8) and the Holder’s inequality, we have

[ullproesy = [ K@ou(apida

< K 2llu?llsl éulle
= | Kll2llullgll éulle
—2
< S |2llul®lgull pr2(rs)-

This yields
—9 —2
(10) Nl¢ullpraes) < SSTIK 2llul®, ll¢ulls < Sllgull praas) < S*S7IIK |l2ul®

Therefore, by the Holder’s inequality, (10) and (9) we have

s K(z)¢u(z)u(z)?dz

(11) < ||K||2)lull§llpulls
—4
< S*SK |5 ul*

= Collul|*.

In this paper, we shall look for the positive solution of problem (1). By assumption
(f1), we know that to seek a nonnegative weak solution of problem (1) is equivalent
to finding a nonzero critical point of the following functional I on H!(R?) defined by

1

(12) 1) = 3llalf+ [ K(@)ou(e)wida— [

5 a(x)F(u+)da:—/ h(z)udz,

3 R3

where u™ = max{u,0}. Combining (10), (11), (f1)-(f3), and Lemma 3.3 in [23], T
is well defined. Furthermore, I is C' and we have

(I'(u),v) = /RS(Vu Vo4 uv + K (2)pu(2)uv — a(z) f(uT)v — h(z)v)de.

Hence, if u € H'(R3) is a nonzero critical point of I, then (u, ¢,) with ¢, as in (7),
is a nonnegative solution of (1). In fact, by (f1) and h > 0, we have (I'(u),u”) =
—llu™ > = Jgs h(z)u~dz = 0, where v~ = max{—u, 0}. This yields that u~ = 0,
then v = v —u~ = u* > 0. By the strong maximum principle, the nonzero critical
point of I is the positive solution for problem (1).

In the following sections, we shall discuss system (1) with the two cases: asymp-
totically linear case and asymptotically cubic case at infinity, respectively.
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3. THE ASYMPTOTICALLY LINEAR CASE

In this section, we prove that system (1) has a mountain pass type solution and a
local minimum solution. For this purpose, we use a variant version of Mountain Pass
Theorem [15], which allows us to find a so-called Cerami type (P.S) sequence (Cerami
sequence, in short). The properties of this kind of Cerami sequence are very helpful in
showing its boundedness in the asymptotically case. The following lemmas will show
that I defined in (12) has the so-called mountain pass geometry.

Lemma 3.1. Suppose that K, h € L*(R3), K > (£)0, (f1)-(f3) and (Al) hold.
Then there exist p, o, m > 0 such that I(u) > a > 0 for ||h]l2 < m.

ll=p
Proof. For any € > 0, it follows from (f1)-(f3) that there exists C. > 0 such that
(13) |f(t)] < elt| + CL|t] for all ¢ € R.

Therefore, we have

1 o, Ce
(14) |F(t)] < zelt|” + E‘t‘ for all t € R.
Furthermore, by (f1)-(f3) and (A1), there exists C; > 0 such that
(15) a(x) < Oy for all € R3.

According to (14), (15) and (9), we deduce

C C1C.
/ a(z)F(uh)dz| < =1 \uﬂ%la:—l—g/ |u™|®dx
R3 2 R3 6 R3
801
< St 4 ol
801
< THUHQJF@HU\’G,
-6

where Cy = %. Together with (7), K > (£)0, h € L?(R3) and the Holder

inequality, one has

1 801
I(u) > Sllul® = == llull® = Collull® = [[A]l2]lull:
1 801
(16) > Sllull® = == ull* = Collull® = [[Afl2]lul

v

1—801
Jul ( o llull = Callul” - uhuz) .
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Taking ¢ = ﬁ and setting g(t) = 1t — Ot for t > 0, we see that there exists

1
p = (ﬁ) " such that max;>o g(t) = g(p) := m > 0. Then it follows from (16)

that there exists v > 0 such that I(u)|y =, > o > 0 for ||A[|2 < m. Of course, p can
be chosen small enough, we can obtain the same result: there exist & > 0, m > 0 such
that I(u)‘HuH:p >« > 0 for HhHQ < m. [ |

Lemma 3.2. Suppose that K, h € L*(R?), K, h > (#)0, (f1)-(f3) and (A1)-(42)
hold. Then there exists v € H'(R3) with ||v|| > p, p is given by Lemma 3.1, such that
I(v) <O.

Proof. By (A2) and h > (#)0, in view of the definition of x* and (1 — 3)I > u*,
there is a nonnegative function v € H'(R3) such that

K (z)¢vidr < 201, / h(z)vdx > 0,
R3

l
/R3 a(x)F(v)dz > 2’

R3
and u* < ||v||? < (1 — B)I. Then, we have
Lo, 1 2
I(w) = <o+ = | K(@)py(x)vdx — | a(x)F(v)de— [ h(x)vdx
2 4 R3 R3 R3
1, 1 l
< = .l _ 2
< 2HvH +7 x 201 5

1

= §(HUH2 - (1= <0.

Choosing p > 0 small enough in Lemma 3.1 such that ||v|| > p, then this Lemma is
proved. ]

From Lemmas 3.1, 3.2 and Mountain Pass Lemma in [15], taking « as in Lemma
3.1 and v as in Lemma 3.2, there is a Cerami sequence {u, } C H*(R3) such that

A7) | (un)|g-1 (1 + |Junl]) — 0 and  I(up) —c>a>0asn — oo,
here, ! denotes the dual space of H'(R?) and ¢ denotes by

= inf I(y(t
¢ = inf max (v(1)),

where
7= {y e ([0,1], H'(R*)|y(0) = 0,7(1) = v}.

In the following, we shall prove that I satisfies the Cerami condition, that is, the Cerami
sequence {u,} has a convergence subsequence.
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Lemma 3.3. Suppose that K, h € L?(R3), K, h > (£)0, (f1)-(f3) and (Al)
hold. Then {u,,} defined in (17) is bounded in H'(R3).

Proof. By contradiction, let ||u,| — co. Define wy, = uy,||u,||~t. Clearly, {w,}
is bounded in H!(IR?®) and there is a w € H'(R3) such that, up to a subsequence,

w, — w weakly in H!(R?),
w, — w a.e. in R3,

w, — w strongly in L} (R3)

as n — oo. Therefore, we obtain that w¥ = u*|ju,| ' and

wr — wt weakly in H'(R?),

+ +

wt — wt ae. in RS,

n
= — w* strongly in L2 _(R?)

w loc

as n — 0o.
Firstly, we claim that w is nontrivial, that is w # 0. Otherwise, if w = 0, the
Sobolev embedding implies that w,, — 0 strongly in L?(Bg,), Ry is given by (Al).
By (f1)-(f3), there exists C3 > 0 such that
t
(18) Q <(Cs for all t € R.

Then, by (15) and (18), for all n € N, we have

0§/|I|<R0a(a:) f(lfw (w,)2dx < C1C3 /

(w;)2dx < C1Cs / w2dx — 0.

Un, |z|<Ro |z|<Ro
This yields
. f(uy)
(19) nli»rgo a(r)—F (w;)2dx = 0.
|z|<Ro Un

Furthermore, by (A1), there exists a constant 6 € (0, 1) such that

(20) sup{f(t)/t: t >0} <Oinf{l/a(z): |z| > Ry}.
Then, for all n € N, we have
fud) e +32 2 _
(21) a(r) == (w, ) dz <0 (wyy)*dx < O||lw,||” =6 < 1.
lz[=Ro Un |z|>Ro

Combining (19) and (21), we obtain

(22) lim sup/ a(x)f(lf> (w;)2dx < 1.
R3

n—oo
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By (17), we get
23) 0 < [{I"(un), un)| < (11 (u) |1 | < (11" () | -2 (1 + JJun]]) — O

as n — oo. Together with ||u,| — oo as n — oo, it follows that

that is,

o(1)

fanl?+ [ K@, P~ [ a0
>1- /R3 a(a:)@(w:yda:,

Un

where, and in what follows, o(1) denotes a quantity which goes to zero as n — oo.
Therefore, we deduce that

[ a@ T (a4 (1) > 1,

which contradicts (22). So, w # 0.
Furthermore, because ||u,|| — co as n — oo, it follows from (23) that

that is,

_ 1 2 _ 1 2
o) = s+ [ K@, s — s [ a@ P .

R3 Un

Together with (15) and (18), one has

(24) . K(2)¢u, (w;i)?dz = o(1).

By the same method of Lemma 3.3 in [23], we can prove

25) /R K@), (0 Pdo = [ K(@)ou(w? Pdo +o(1),
Here we omit its proof. (24) and (25) show that

K(2)¢u(w*)?de =0,
R3



Solutions for Nonhomogeneous Schrodinger-Poisson Systems 1639

which implies wt = 0. By (23), (f1), h € L?(R?) and ||u,| — oo as n — oo, we

obtain
(' (un), uy)

_ 1 -2
L T

This and w,, — w~ weakly in H'(R?) imply that w~ = 0. Thus w = w* —w™ = 0.
That is a contradiction. Therefore, {u,} is a bounded in H!(IR3). n

From the idea of Lemma 3.4 in [23] or Lemma 2.1 in [26], we have the following
Lemma. The proof of this Lemma follows from Lemma 3.4 in [23](also seen Lemma

2.1 in [26]). Here we write it for the completeness because this Lemma plays a key
role to prove our Theorem 1.1.

Lemma 3.4. Suppose that K, h € L*(R?), K, h > (£)0, (f)-(3), and (A1)
hold. Then for any € > 0, there exist R(¢) > Ry and n(e¢) > 0 such that {u,} defined
in (17) satisfies f|$|>R(\Vun\2 + |up|?)dx < e for n > n(e) and R > R(e).

Proof. Let (g @ R3 — [0, 1] be a smooth function such that

0, 0<|z|<R/2,
26) §R<x>:{ Ll =

Moreover, there exists a constant Cy independent of R such that
04 3
(27) |[VEr(x)| < B for all z € R”.

Then, for all n € N and R > Ry, by (26), (27) and the Holder inequality, we have
[ ¥ungn)Pds
R3

< [ 1VunPienPao+ [ JunPIVénPdr+2 [ fuollenl Vol Vends
R3 R3 R3
2 2 CZ% 2
< |Vuy,|“dx + |Vup|“de + —5 [ |un|“dx
R/2<|z|<R |z|>R R? Jrs

: :
w2( [ vt ) ([ 1w et
R3 R3

02
S/ \Vun\Qda:—i-/ \Vun\Qda:—i-—é/ |, |2 da
R/2<|z|<R |z|>R R* Jrs
1

2 02 %
+2 / \Vun\2da:+/ |V, [2dz (—‘;/ \un\2dar)
R/2<|z|<R |z|>R R* Jgs
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c? 2[04
< <2+ = Jn?
< <2+ ) Il
This implies that
(28) lunrll < Cs|lunl|

for all n € N and R > Ry, where Cy = (3 + =4 —|— 2\/_C4> From Lemma 3.3, we

know that {u,} is bounded in H!(RR?). Together W1th (17), we obtain that I’ (u,) — 0
in H~1(R?). Moreover, for ¢ > 0, there exists n(¢) > 0 such that

g
(I'(un), Erun) < Cs |1 (un) |l g-1(rs) lunll < 5

for n > n(e) and R > Ry. Note that

(T'a) ) = [
+ [ K@, @07 Pends

J

‘Vun\ZJr\un\Q)fRder/ U Vuy, - VERdT
R3

K ()90, @)
(o) uif i / h(x)ungnds

e
1

IN

This yields
/ (Vatnl® + [un2)R + wnVitn - VER]da
R3
@) < [ at@ s )ugndot| b= Ko, @) o+

< /R3 a(x) f(uh)ut Epdr + /R3 h(x)up&rdr + Z
By (20), we have

a(x) f(u)ut < 0(ut)? for 6 € (0,1) and |z| > Ro.

n

This yields

60 [ atnsd)ugnde <0 [ () nds <6 [ iénds
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for all n € N and |z| > Ry. For any £ > 0, there exists R(¢) > Ry such that

1 4e?

Because h € L2(R3), h > 0, there exists p = p(¢) such that
(32) [hll2,rs\B,0) <& Yp=D.

By the Holder inequality, (32), (26) and {u,} is bounded in H'(R?), we have

[ hwuntrds < (el vl
(33) -

I3
< (@)ll2a>rp2llunlle < 7 forall B> R(e).

By the Young inequality, (27) and (31), for all n € N and R > R(e), we obtain
/ |unVuy, - VEg|dx
R3

1
= 2e|Vuy | —=|un||VE&r|d
[, VoIVl [l

(34) 1 |u \QC—zda:
4e |z|<R " R2

< 5/ \Vun\Qda:—i-a/ | |* de
R3 |z|<R

< elfun*.

< 5/ |Vu,|?dx +
R3

Combining (29), (30), (33) and (34), there exists C > 0 such that
/ ([Vun|? + (1 = 0)|up|*)épdr < g + €ljun||? < Cse forall R > R(e).
R3

Noting that Cy is independent of €. So, for any € > 0, we can choose R(g) > R( and
n(e) > 0 such that f|I|>R(\Vun\2 + |un|?)dx < € holds. [

Lemma 3.5. Suppose that K, h € L*(R®), K, h > (£)0, (f)-(f3), and (41)-(42)
hold. Then the sequence {u,} in (17) has a convergent subsequence. Moreover, u is
a positive solution of problem (1) and I(u) > 0.

Proof. By Lemma 3.3, the sequence {u,,} in (17) is bounded in H'(R?). We may
assume that, up to a subsequence, such that u,, — u weakly in H'(R?), u,, — u a.e.
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in R3 and u,, — u strongly in L? (R?) for some u € H!(R?). Now, we shall show
that ||u,| — [jul| as n — oc.
By (17), we have

(I'(un), un)
(3%5) )
= [ (TP B ), 00 0 a5t ) =o(1),

and
(I'(tn), u)
(36)
= /R(Vun~Vu—i—unu—i—K(a:)qﬁun(a:)u;tu—a(a:)f(u‘k)u‘k —h(z)u)dz=o(1).

n
3

Since u,, — u weakly in H!(R?), we obtain

(37) /RS(Vun -Vu + upu)de = /RS(\Vu\Q + [ul?)dz + o(1).

By the same argument of proof of Theorem 3.1 in [23], we have the following equalities:
69) [ @yt = [ atersitde o),

and

(39) /R K(@)6u, (@) o = [ K@), (2)uuda + o).

Moreover, h € L2(R3) imply that for any € > 0 there exists p = p(¢) such that

(40) 1Bllor\B,0) <& Vp =7

Since h € L?(IR3), the Holder inequaltiy, u,, — u strongly in L} (R?) and (40), we
have

/R3 h(z)u,dx — /R3 h(z)udx
<[ NG | @)~ wlds

B, (0)

IN

|7 (2) l2,m8\ B, (0) lun — ull2r\ B,(0) + 17(2)]2,B,(0) |Un — ull2,B,(0)

A

< ellun — ullars\B,(0) + €llun — ull2,B,(0)
068.

IN
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This yields

(1) /R () unda /R h(z)udz + o(1),

By (35)-(39) and (41), we obtain

/(\Vun\2+ui>dx—/ (IVul? + [u)dz = o(1).
R3 R3

This yields that ||u,| — |lu|| as n — oo and u is a nonzero critical point of I in
HY(R3) and I(u) = ¢ > 0 by Mountain Pass Theorem in [15]. Therefore, u is a
positive solution of problem (1). ]

Now, we give local properties of the variational functional I, which is required by
using Ekeland’s variational principle.

Lemma 3.6. Suppose that K, h € L*(R®), K, a, h > (#)0, (f1)-(3) and (A1)
hold. If ||h||2 < m, then there exists ug € H'(R?) such that

I(up) = inf{I(u): uw€ B,} <0, where B, ={uc H*(R?): |ju| < p},
m, p are given by Lemma 3.1 and uq is a positive solution of system (1).

Proof. Because h € L?(R3), h > (#)0, we can choose a nonnegative function
¢ € HY(R3) such that

(42) /R3 h(z)pdx > 0.

Together with (11), (f1), a > ()0 and (42), for ¢ > 0, we have

o) = Slel+ 7 [ K@@ (oide - [ a@P(te)do— [ hiateda

R3

IN

2 et A

Sl + Sl —t [ ha)pds
R3

<0

for t > 0 small enough. Thus there exists u small enough such that I(u) < 0. By
Lemma 3.1, we deduce that

co:= inf I(u) <0< inf I(u).
ueB, u€dB,
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By applying Ekeland’s variational principle (Theorem 4.1 in [20]) in Fp, there is a
minimizing sequence {u,} C B, such that

1 1 —
(i) co < I(up) <co+—, (i) I(w)> I(uy) — —||Jw —u,| forallw € B,.
n n

Clearly, {u,} is a bounded (PS) sequence of I. Then, by a standard procedure,
Lemmas 3.4 and 3.5 imply that there exists ug € H'(R3) such that I’(ug) = 0,
I(up) = ¢p < 0. Moreover, I(ug) = ¢o < 0 implies that uy # 0. Therefore, ug is
a nonzero critical point of I, thus wg is a positive solution of problem (1). So this
Lemma is proved. u

Proof of Theorem 1.1. By Lemmas 3.1-3.6, we know that system (1) has two
different positive solutions uy and u. Moreover, I(ug) = ¢o < 0 and I(u) > 0. [

4. ASYMPTOTICALLY 3-LINEAR CASE

To obtain two positive solutions of system (1) with asymptotically 3-linear at in-
finity, we also use the same method as Theorem 1.1. I can obtain corresponding results
by suitably modifying the proofs of Lemmas 3.1-3.6 as follows. Here, some proofs of
the following Lemmas which are the same as ones of Lemmas 3.1-3.6 are omitted.

Lemma 4.1. Suppose that K, h € L*(R?), a € L3(R?), K, a > (#)0, h > 0.
Assume that (f1), (f2) and (f4) hold. Then there exist p, &, m > 0 such that
I(u)‘HuH:ﬁ >a > OfOI" HhHQ < m.

Proof. For any € > 0, it follows from (f1), (f2) and (f4) that there exists C. > 0
such that

(43) If(t)| < elt| + CL|t]? for all t € R.

Therefore, we have
L o, Cloy
(44) |F'(t)| < zelt|* + Z‘t‘ for all t € R.

According to (44), a € L3*(R3), a(z) > (#)0, the Holder inequality, and Sobolev
imbedding theorem, we deduce

!
/ o(z) F(u™)dz| < 5/ a(z)\uﬂ?dH%/ a(z)|ut[Ada
R3 2 R3 4 R3

C/
g/ (a:)\u\Qda:—i—f/ a(z)|ul4de
R3

a
R3

IN

IN

€ C!

§Ha(fﬂ)HsHuH§ + fHa(w)HsHuH%

Cr
2

IN

lull? + Clu*
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for some C7, Cg > 0. Together with (7), h € L?>(R?) and the Holder inequality, one
has

0= b ot

Cr
2

1-—eC
Jall (1= el = Callal® ol ).

Taking ¢ = % and setting §(t) = ¢t — Cst? for t > 0, we see there exists p =

1

(Tlcg> > such that max;>0 g(t) = g(p) := m. Then it follows from (45) that there

exists & > 0 such that I(u)l|j,|=5 > @ > 0 for ||h|l2 < m. We also choose p small

enough to obtain the same result. ]

3a(m)F(u+)da: —/Rsh(a:)uda:

1
(45) > Sllull® == llull* = Csllull® = IR fa]lul

v

Lemma 4.2. Suppose that K, h € L?*(R?), a € L*(R3), K, a > (#)0, h > 0,
(f1), (2), (f4) and (A3) hold. Then there exists v € H'(R?) with ||v|| > p, p is given
by Lemma 4.1, such that 1(v) < 0.

Proof. By (A3), in view of the definition of y* and (1 — 3)I > p*, there is a
nonnegative function v € H*(R3) such that

/ a(z)vtdr > 1, / K (z)¢wvide < fl, / h(z)vdzx > 0,
R3 R3 R3

and p* < [|v]|? < (1 — B)I. Together with (f4), we have

(45
lim (t0)
t—too 4

1 9 1 - _ F(tv) 1 -

i 2wt | K (2)52 _/ 47 1
t_}inoo<2t2HvH +4/R3 () gy (z)v dx Rsa(a:)v L dx 3 Rsh(a:)vda:
1 l
=2 | K(@)¢s(2)0%dx — ~

4 R3 (x>¢v(x>v dx 4
_ A1
- 4
< 0.

Choosing p > 0 small enough in Lemma 4.1 such that ||v|| > p, then this Lemma is
proved. ]

From Lemmas 4.1, 4.2 and Mountain Pass Lemma in [15], there is a sequence
{u,} € HY(R?) such that

(46) I (up) || -1 (1 + |lupll) = 0 and  I(u,) —¢>a>0asn— oo,
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where ¢ denotes by

¢ = inf max I((t
¢ = Inf max I(7(*),

where
7= {v€ (0,1, B' &) (0) = 0,4(1) = 7}.

In the following, we shall prove that sequence {u,} has a convergence subsequence.

Lemma 4.3. Suppose that K, h € L?*(R?), a € L*(R3), K, a > (#)0, h > 0,
(f1), (2) and (f5) hold. Then {u,} defined in (46) is bounded in H'(R?).

Proof. By (46), we have
[ (1), )] < T )l < 1+ [ DI () g1 — 0
as n — oo. From (f1) and (f5), we obtain
f)t—4F(t) >0 forall te€R.

Thus, we deduce
~ 1
L+¢ > I(un) = 7 (I'(un), un)
1

Hhnd?+ [ o) [10yut — ] do =2 [ hounds
1
H

(47)
>

Jun* — —Hh( )I2lunll2
> = 2_Z
> 4HunH 4Hh(w)H2HunH

for n large enough. This yields that {u,,} is bounded in H'(R3), since ||h|2 < m.

Lemma 4.4. Suppose that K, h € L*(R3), a € L3(R?), K, a > (£)0, h > 0,
(f1), (2), (f4) and (f5) hold. Then for any € > 0, there exist R(e) > Ry and n(e) > 0
such that {uy,} defined in (46) satisfies fIxIZR( + |up|?)dz < & for n > n(e)

and R > R(e).

Proof. Since a € L3(R?) and a(x) > (#)0, there exists 7 = 7(¢) > 0 such that
(48) la(z) |33\ B, (0) < € for all Vr >T.

Let £ : R3 — [0,1] be a smooth function defined by (26) and (27). By the same
method of Lemma 3.4, we also obtain

[ungrll < Collunl|
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for all n € N and R > Ry(¢) > 2F. Moreover, for ¢ > 0, there exists 7i(¢) > 0 such
that

g
(I'(un), Erun) < Gl (un) | g-1(rs)lunll < 5

forn > 7i(e) and R > Ry(e) > 27. By (43), the Holder inequality, Sobolev imbedding
inequalities, (48) and the boundedness of u,,, we have

[ at)fuinds
R3

IN

: / a@)nda+ CL [ a(w)(u))eds

R3

5/ a(z)uldr + C’é/ a(x)uldr
|z|>R/2 |z|>R/2

ella(@) 3 jof> r/2llunll + Clllal@) I3 01> ry2llunll§

IN

(49)

IN

IN

5Ha(x>HS,R3\B,~(O)HunH2 + CéHa(x>H3,R3\B,~(O)HunH4

<e

forall n € N and |z| > Ro(e) > T.
Combining (29), (49), (33) and (34), there exists C14 > 0 such that

3
/ (1Vtnl? + fun )i < 5 4 el < Crae forall R > R(e).
R3

Noting that C14 is independent of . So, for any ¢ > 0, we can choose R(¢) > Ry
and n(e) > 0 such that f|$|>R(\Vun\2 + |un|?)dx < € holds. [

Lemma 4.5. Suppose that K, h € L*(R?), a(x) € L3(R?), K, a > (#)0, h >0,
(1), (12), (4), (f5) and (A3) hold. Then the sequence {u,} in (46) has a convergent
subsequence. Moreover, I possesses a nonzero critical point U in H*(R3), I(7) > 0
and u is a positive solution of problem (1).

Proof. By Lemma 3.3, the sequence {u,,} in (46) is bounded in H'(R?). We may
assume that, up to a subsequence u,, — u weakly in H'(R?®) for some u € H(R?).
Now, we shall show that ||u,|| — ||u|| as » — oo. Under the conditions of this
Lemma, (37), (39) and (41) of Lemma 3.5 still hold. Now, we only need to prove that
(38) still holds under conditions of Lemma 4.5. By Lemma 4.3, we know that w,, is
bounded and weakly converge to % in H'(IR?). Together with Holder inequality, (43)
and Sobolev inequalities, we obtain



1648 Ling Ding, Lin Li and Jing-Ling Zhang

a(z) f(u,! )yt d — a(z) f(uNutdx
Lﬁ@<ﬁw>n [ e

|z|>R(e)

= [ e - @)
|z|>R(e)

IN

[ lat) ) lun ~lds
|lz|>R(e)

uH) 2dz : a(z)?|u, — u|>dx ’
B </|a:|ZR(5)‘f( n) ) </|ar|2R(6) @ | )

/||>R( )(5\un\2 +25C’é\un\4 +C"52\un\6)dx>
z|>R(e

A

W=

IN

</ |t — ﬁ\Gda:> la(z) |3 r\ B, (0)
|z|>R(¢e)

< Cise.

This and the compactness of embedding H'(R?) — L7 (R3) imply (38). Combining
(35), (36), (37), (38), (39) and (41), we have

/(\Vun\2+ui>dx—/ (Va2 + [il2)dz = o(1).
R3 R3

This yields that ||u,| — ||u|| as n — oo and @ is a nonzero critical point of I in
HY(R3) and I(u) = ¢ > 0 by Mountain Pass Theorem in [15]. Therefore, u is a
positive solution of problem (1). ]

Proof of Theorem 1.2. By the same method of Lemma 3.6, we can obtain system
(1) has a local minimum positive solution @y and (%) < 0. By Lemmas 4.1-4.5, we
know that system (1) has a mountain pass solution and /(%) > 0. Thus this Theorem
is proved. ]
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