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GENERALIZED INTEGRATION OPERATORS BETWEEN BLOCH-TYPE
SPACES AND F(p, ¢, s) SPACES

Zhong Hua He* and Guangfu Cao

Abstract. Let H(D) denote the space of all holomorphic functions on the unit
disk D of C. Let ¢ be a holomorphic self-map of I, n be a positive integer and
g € H(D). In this paper, we investigate the boundedness and compactness of a
generalized integration operator

10 f(2) = / F(e(O)g(Q)dC, = €D,

between Bloch-type spaces and F(p, ¢, s) spaces.

1. INTRODUCTION

Let D be the open unit disk in the complex plane C, H(ID) the class of all holo-
morphic functions on D, and H°°(D) the space of all bounded holomorphic functions
with the supremum norm || f||o = sup.¢p | f(2)|.

Let 1 be a weight, that is, u is a positive continuous function on D. The Bloch-type
B,, consists of all f € H(ID) such that

bu(f) = iggu(@\f’(@\ < o0.

With the norm || f[|5, = [ f(0)| + b,(f), it becomes a Banach space. The little Bloch-
type space B, is a subspace of B, consisting of those f € B, such that

lim pu(2)] /()] = 0.
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When u(z) = (1 — |2]%)%, @ > 0, the Bloch-type space becomes the a-Bloch space
B* (see [28][22][6][18]) and the quantity b,(f) is denoted by b, (f), while the little
Bloch-type space B,, o becomes the little a-Bloch space 3.

A positive continuous function v on the interval [0, 1) is called normal (see [17])
if there are 0 € [0,1) and a, b, 0 < a < b such that

(1”(7;)) is decreasing on [d, 1) and hm L (7;)) =0,

(1_( )) is increasing on [4, 1) and hm 1 (r)) s

If we say that a function v : D — [0 1) is normal we also assume that it is radial,
i. e. v(z) =v(|z]), z € D.

Let 0 < p,s < 00, =2 < ¢ < co. A function f € H(D) is said to belong to
general function space F(p, q,s) = F(p, q, s)(D) (see [26]) if

1 = FOP 450 [ PP = 27 2. a)aA() < .
where h(z,a) = In|p,(z)| ! is the Green’s function for ID with logarithmic singularity
at a. And f € H(D) is said to belong to Fy(p, q, s) if

tim [ 7P~ 2)h(z, 0)dA() =
a|—

The space F(p,q, s) is called a general function space because we can get many
function spaces from which, such as BMOA space, ), space, Bergman space, Hardy
space, Bloch space, if we take special parameters of p,q,s. if ¢ + s < —1, then
F(p, q, s) is the space of constant functions.

Let ¢ be an analytic self-map of D, then the composition operator on H (D) is
given by

Cof = foo.
Composition operators acting on various spaces of analytic functions have been the
object for recent years, especially the problems of relating operator-theoretic properties
of C, to function theoretic properties of ¢. See the book of Cowen and MacCluer
[4] and Shapiro [15] for discussions of composition operators on classical spaces of
analytic functions.

Assume that g : D — C is a holomorphic map of the unit disk D, for f € H(D),
define

/f ¢)d¢, zeD.

This operator is called Riemann-Stieltjes operator (or Extended-Cesaro operator). Ch.
Pommerenke [13] initiated the study of Riemman-Stieltjes operator I, on H 2, where
he showed that I, is bounded on H? if and only if ¢ is in BMOA. This was extended
to other Hardy spaces H”(1 < p < oo) in [1] and [2] where compactness of I, on
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HP and Schatten class membership of I, on H? was also completely characterized in

terms of the symbol g.

In this paper, we consider an integration operator Ig(fg which is defined as

%ﬂﬂ@:%fWWwom«m;zeD.

This operator is called the generalized integral operator, which was introduced in [16]
and studied in [20, 16]. Also, the operator Ig(fg is a generalization of the Rimann-

Stieltjes operator I, induced by g. In fact, the operator Ig(fg can induce many known
operators. For example, when n = 1, Ig(fg reduces to an integration operator recently

studied by S. Stevié, S. Li, X. Zhu and W. Yang in [7, &, 9, 10, 19, 24, 31]. When
n =1 and g(z) = ¢(z), we obtain the composition operator C,, defined as C,,f =
fop— fle(0), f e H(D). Let D be the differentiation operator, n = m + 1 and
g(2) = ¢'(2), then we get the operator C, D™ f(2) = ™ (p(2)) — f™((0)) which
was studied in [5, 11, 30].

In [16], S. D. Sharma and A. Sharmat have characterized the boundedness and com-
pactness of generalized integration operators I, 9(772 from Bloch type spaces to weighted
BM O A spaces by using logarithmic Carleson measure characterization of the weighted
BMO A spaces. This paper is devoted to investigating the boundedness and compact-
ness of generalized integration operators between Bloch-type spaces and F'(p,q, s)
spaces.

Throughout this paper, we will use the letter C' to denote a generic positive constant
that can change its value at each occurrence. The notation ¢ < b means that there is
a positive constant C' such that a < Cb. If both @ < b and b < a hold, then one says
that a < b.

2. AUXILIARY RESULTS

Here we quote some auxiliary results which will be used in the proofs of the main
results in this paper.

Lemma 2.1. ([28]). For a > 0, if f € B®, then
|l B 0<a<l;

2
f(z) < 0 WflseIng—rg, =1

£l e
—_— 1.
- [zPoT 7
and

=[Py
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for some C' independent of f.

Lemma 2.2. ([23]). For 0 < p,s < 00, 2 < g< oo, gq+s>—1 if f €
F(p,q,s), then

n HfHF ,q,S
") <0 G

(1~ 12"

for some C' independent of f.

Lemma 2.3. ([32]). Let 0 < p < oo and suppose that ny is an increasing sequence
of positive integers with Hadamard gaps, that is,

Ng+1
N

> A>1,

for all k. Then there exists constants Cy and Co depending on p and N, such that

1/2

o 1/2 | e 1/p o
a(Z\am?) S<g / \Zakemk@\pcw) s%(Z\akP) ,
k=1 0 px k=1

&S
for any scalars ay, as, - - - with Y |ag|* < .
k=1

Lemma 2.4. ([21]). Let X, Y be two Banach spaces of analytic functions on D.
Suppose that

(1) The point evaluation functions on X are continuous.

(2) The closed unit ball of X is a compact subset of X in the topology of uniform
convergence on compact sets.

(3) T : X — Y is continuous when X and Y are given the topology of uniform
convergence on compact sets.

Then, T is a compact operator if and only if given a bounded sequence {f,} in
X such that f, — 0 uniformly on compact sets, then the sequence {T f,} converges
to zero in the norm of Y.

Let @ > 0, then by [14] there are two holomorphic functions f;, fo € B<, such

that .
Lf1(2)| + | f2(2)| > m, z € D.

If we choose ¢1(z) = fi(z) — zf1(0) and g2(2) = fa(z) — 2f5(0), then by the well
known result (see [28])

(1= )T )+ £ 0) = (1= |21 (),
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we obtain that g1, go € B* and
1! 1! C
191 (2)] +192(2)| = A=yt * e D.

Proceeding this way, then we have the following result

Lemma 2.5. ([29]). Let o > 0, then there are two holomorphic functions hi,
ho € B%, such that
C

I ()] + (7 (2)] > AT z eD.

3. BOUNDEDNESS AND COMPACTNESS OF Iéfﬁg : B%(or By) — F(p,q, s)

In this section, we study the boundedness and compactness of the operators I;n) :

B*(orBy) — F(p,q,s).

Theorem 3.1. Let g € H(D), n be a positive integer and ¢ be a holomorphic
self-map of D, 0 < p,s < 0o, =2 < q <00, q+5>—1, a>0. Then the following
Statements are equivalent

(1) Iéf:g : B* — F(p,q, s) is bounded;
(14) Iéf:g : By — F(p,q,s) is bounded,
(i)
|9(2)[P(1 — |2[*)

M :=su / h®(z,a)dA(z) < oo.
LB o T e 004

Moreover, if the operator Iéf:g : B(orBy) — F(p,q,s) is bounded, then the
following relationship holds

1
(1) Hlé?ngBaﬂF(pqus) = HI;?Q’HBBX_’F(ZMLS) = Ml/p'

Proof. (i) = (it) This implication is clear.

(1) = (i4i) Assume that (i7) holds. We adopt the methods of Theorem 16 in [3],
as well as its extension in [12] and [25].

Let r; € (1/2,1) such that r; — 1 as j — oo, and let

o0

fio(z) = ZakZQk = ZQk(a_l)(rjewz)Qk.
=1

k=1
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Since 2¢(1=%)|qy| — 0 as k — oo and r; € (0, 1), by Theorem 1 in [22], we have that
fie € By and || fjellBe < C < oo, where C' > 0 is a constant independent of n and

9. Since I;”Q, : BY — F(p, q, ) is bounded, it follows that

/ 158 (@DPla(2) P(L = 2*)2h* (2, a)dAGz) < TS0 F0 0y .0y < CIUIEDIP-

Integrating above inequality with respect to 6, applying Fubini’s Theorem, Lemma 2.3
and the inequality

nk
2k —m) > 2—', neN, keN, 28 >n,
n!
we obtain
C’HI(” I 0 —F(p,q,s)
27 &
> [ o [T13 Mm@ - mze () e
T k>[log n|
x df|g(2)[P(1 = |2|*)7h* (2, a)dA(2)
o0 p/2
n— 2 a— k_n
> [ (mhet - m) e )
D k>[logy n]

% g(2)P(1 = [2])7h* (2, a)d A(2)

c 2ka+n1 2(2F—n
> S ) g () )

k>[log, n]
% g(2)[P(1 = [2*)Th* (2, a)dA(2),

where [z] is the greatest integer less than or equal to x. By lemma 3.1 of [12] there is
a constant C' depending only on « and n such that

o
2ak, 2k +1 c
S

for r € (e7%,1). Now since v +n — 1 > 0, there is an {, € (e~ el 1) such that
C

p/2

> PR I(rlp(e))* <
=91 _ | 2)2(a+n—1
1<k<[log, n] 2(1 — |rjp(2)[?)2a+n=1)
for all r{, < rj|¢(z)| < 1. Thus we have
C

PRI (il p(2))* = :
HZ ; ! 2(1 — [ryp(2)[2)2@tn=D)
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Using Fatou’s lemma,

lg(2)[P(1 — |2[2)
(2) sup/ hs Z,adAz < oo,
a€D JD\A(0,r}) (1— ‘(p(z)‘2>p(a+n_1) ( ) ( )
and also
l9(2)[P(1 — |2]2)
(3) sup/ h Z,adAz < oo,
P Jaory (= [p(apam " (AR

since Zr - € Bg. Hence, (iii) follows from (2) and (3).
(m) = (i) Suppose that (7i7) is true, then by Lemma 2.1 we have that

522 9 = S0 / PO () Plg(2) P~ [2P)ohe (2, a)dA(2)

< Cllfll5e sup /D (1‘_(f;‘(i(>1‘2;p‘(i‘+2:) he (2, a)dA(2).

Thus Iéf:g : B* — F(p, q, s) is bounded.
From the proofs of (ii) = (4i7) and (4i7) = (i) the relationship (1) follows.

Lemma 3.2. Let g € H(D) and ¢ be a holomorphic self-map of D, n be a
positive integer, 0 < p,s < 00, =2 < g < o0, ¢+ > —1 and o« > 0. Then

1 ;2 : By — F(p,q,s) is weakly compact if and only if it is compact.

n)

Proof. 1t is clear that Ié#, : Bf — F(p,q,s) is weakly compact if and only if
(Iéfg)* : (F(p,q,8))* — (BY)* is weakly compact. Since (B3)* = Al (the Bergman
space, see [27]), and A' satifies the Schur property, it follows that it is equivalent
to (IS")* : (F(p.q,s))* — (BY)* is compact, which is equivalent to I3 : B —
F(p,q,s) is compact as desired.

Theorem 3.3. Let g € H(D) and ¢ be a holomorphic self-map of D, n be a
positive integer, 0 < p,s < 00, =2 < qg< o0, g+ > —1 and o > 0. Then the
following statements are equivalent

(i) 1572 : B* — F(p,q, s) is compact;

(ii) Iénsp By — F(p,q,s) is compact;

(iii) Iénsp By — F(p,q,s) is weakly compact,
)

(iv

@ = sup / 9(2)P(1 = |22)9h (2, a)dA(z) <
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and

pOPA |,
®) Jing sup /Wbp (- [p()Pparnn " (7 0)dA(E) =

Proof. From Lemma 3.2 the equivalent (ii) < (7i7) holds.

(i) = (4¢) This implication is clear.

(13) = (iv) If I;”Q, By — F(p, g, s) is compact, then obviously it is bounded and
hence condition (4) holds since % € BO Let

fk( ) = , ke N.

It is easy to see that {fi} C B is a norm bounded sequence, and for each k € N,
ft — 0 as k — oo on any compact subset of D.

Hence by Lemma 2.4 we have

i 250 Fe . = O
that is,

lim sup

k=00 aeD ) / ()19 (2)[P(1 = |21%) 7 (2, a)dA(2) =

From this we have that for every ¢ > 0 there is a ky € N such that for each p € (0,1)

PRty [ g o)A <
a w(z)|>p

<(k—i—n

And hence we have that for every ¢ > 0, there is a ko € N such that for pPkogE" >
co>0

©) sup / 19(2)P(1 = |2[2)2h5 (=, a)dA(z) < =
a€D Jjp(2)|>p o

Let f € Bpg, then since Iéf:g : By — F(p, q,s) is compact, we have that for every
e > 0, there is an 7 € (0, 1) such that for every r € (rop, 1)

™) sup / (1O = £))(2)[P(1 = |22)h (2, a)dA(2) < &

a€eD o

1
Hence for a fixed r € (rg, 1), by (6) and (7) we have that for p > ¢ 2ko

sup/ (IS ) (2)[P(1 = |21*)9h* (2, a)dA(z)
lo(2)[>p

a€D

< Csup/ (IS f = £)) (2)[P(1 = [27) 7% (2, a)dA(2)
lo(2)[>p

a€D

+ Csup / (L)) (2)P(1 = [2[2)1h5 (2, a)dA(2)
lo(2)[>p

a€D
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< Ce+C| % sup/ 9(2)[P(1 = |2*)7h° (2, a)dA(z)
a€D Jp(2)[>p

< Ce(l + || fr18/ co)-

From which we have that for every f € Bps there is a po € (0,1), po = po(f; €), such
that for p € (pg, 1)

a€eD

(®) sup /|¢(z)|>p (IS (P = |2)h° (2, a)dA(2) <

The compactness of I;”Q, : By — F(p, g, s) implies that the ball Bgs is mapped by

I;Q, into a relatively compact subset of F(p, q,s). Thus for every € > 0 there exists
a finite collection of functions fl, . le in the unit ball Bpe such that for each
f € Bpg, thereisa j € {1,2,--- ,Nl} such that

©) Sug/\ IS(f = Fi) (R)P(L = |21)7h° (2, a)dA(2) < &
ac
Also, by (8) we have that for p; = maxi<j<n, pg(fj, g)and p € (p1,1)
(10) Sup/ (IS F) (R)P(L = |21)7h° (2, a)dA(2) < &
a€D J{p(2)|>p

for every j € {1,---, N1}. Hence by (9) and (10) we have
(11) / LF7((2))Plg(2)P(1 = |2]*)9h° (2, a)dA(2) < 27T e,
lo(2)[>p

for every f € Bpg, a € D and p € (p1,1). Applying (11) to delay functions (f;), =
fi(rz),j = 1,2 of the functions in Lemma 2.5, and hence using Fatou’s lemma we
can easily obtain that (5) holds.

(tv) = (i) Let { fx }xen be a bounded sequence in B converging to 0 on compact
subsets of D as k — oo. By (5) we have that for every e > 0 there is a py € (0,1)
such that for p € (pg, 1) we have

lg(2)[P(1 = [2[%)7
(12) 225/@(2)»/) - 10C)F )p(a+n_1)h (z,a)dA(z) < e

The uniform convergence of {f;.} on compact subsets of D along with Cauchy’s

estimate implies that { f,gn)} also converges to zero on compact subsets of D as k — oc.
Hence

(13) lim sup \f,gn)(w)\ = 0.

k=00 |w|<p
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By Lemma 2.1, (4), (12) and (13) we have
H kaF(pqs <C’sup/‘ [(n 2)[P(1 — |2|%)9h° (2, a)dA(2)

< Csup/ LA (0(2))Pla(2)IP(1 = |2[?)h* (2, a)dA(2)
le(2)|<p

a€D

+ Csup/ LA (0(2)Pla(2)IP(1 = |2[?)h* (2, a)dA(2)
p<lp(z)|<1

a€eD

< CM sup |f{"(2)|P + Cesup || fi|%.-
lzI<p keN

Hence, from which we can easily obtain that Iéf:g : B — F(p,q, s) is compact.

4. BOUNDEDNESS AND COMPACTNESS OF Iéf:g : F(p,q,s)(or Fo(p,q,s)) — By

In this section, we investigate the boundedness and compactness of the operators
153 F(p, g, 8)(or Fo(p.q,5)) — By,

Theorem 4.1. Let g € H(D), n be a positive integer and ¢ be a holomorphic
self-map of D, 0 < p,s < 00, =2 < q < 00, ¢+ 8 > —1, u be a normal on [0,1).
Then the following statements are equivalent

(i) Iéf:g : F(p,q,s) — By, is bounded;
(ii) Iéf:g : Fo(p, q, s) — By, is bounded;
(ii)

M plzDlg(2)|

9 :=sup

(14) Trop
D (1= fp(z)]2) " "

Moreover, if the operator Ié?:g : F(p,q,s)(or Fo(p,q,s)) — By is bounded, then
the following relationship holds

(15) H HF(p q,8) =B = HI s@HF’o(p ¢.5)—B, = Ma.
Proof. (i) = (it) This implication is clear.
(1) = (i7i) Assume that Iéfg : Fo(p,q,s) — B, is bounded, then for f(z) =

% € Fy(p, q, s), we have that

(16) sup p(|z[)|g(2)] < oo.
z€eD
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For w € D, let

1_‘()0(7“0)‘; p#q—i-?;
fulz) = (L= zp(w)) 7
e

Then fi,(2) € Fo(p,q,s) and sup,ep || fullF(pqs) < C for some constant C' > 0,
moreover,
n [p(w)|"
(17) ‘fé) )(QD(QU))‘ = 9 24+qg—p
(1= fe(w)?) "7

+n

Therefore for every w € D, we have

u(\Z\)\g(zzHﬁ‘; = u(fw) | 57 (p(w))g(w)]
g (le@P)
( < supmzm(ﬂ" fuw)'(2)]

< HI(" Full, = S By (pags)—8, < 00

By (16), we have

24+q—p

ENIE] NN
a9 A<(3) (5) 7 ebisen <o
for z € D such that |¢(z)| < 1/2. And from (18), we obtain that
(20) p(lz \)\9(+)q\ oy u(\Z\)\g(Z)Hing\"

(1= lp(z)) "7 ™" (1= le(z)) "5 ™"

)
for z € D such that |p(z)| > 1/2. Thus combing (19) with (20) we get the condition
(14).
(7i1) = (1) Assume that (7i7) holds. For f € F(p, q, s), by Lemma 2.2 we can see
that

12§ stu—supu(\Z\)\(I(” )’(Z)\:zggu(\Z\)\f(”)(w(Z))Hg(Z)\
plzDlg(2)|

< CHfHF(p q,s) Sup 3tq—p

€D (1 — |(2)]?)
n)

from which it follows that Ié#, : F(p,q,s) — B, is bounded.
Also, from the proofs of (i7) = (iii) and (iii) = (i), we can see that (15) holds.

+n’

Theorem 4.2. Let g € H(D), n be a positive integer and ¢ be a holomorphic
self-map of D, 0 < p,s < 00, =2 < q < 00, ¢+ 8 > —1, pu be a normal on [0,1).
Then the following statements are equivalent
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(i) Iéf:g : F(p,q,s) — By, is compact;
(ii) Ié?:g : Fo(p, q, s) — By, is compact;
(iii) g € B, and
plzDlgHl

llm 24q—p +n

P (1~ ()

Proof. (i) = (1) This implication is obvious.
(i) = (iit) Suppose that Iéf:g : Fo(p,q,s) — B, is compact, then Iéfg :
Fo(p,q,s) — B, is bounded, and hence g € B, from the proof of Theorem 4.1.

Let {z;} be a sequence in D such that limy_. [¢(2)| = 1, and

1—cpzk2
\()\m DAt

(1 - 20)) 7 2

(" i=rse) <lnl—zm> poars

Then f € Fo(p,q, s) and fi uniformly converges to zero on any compact subset of
ID. From Lemma 2.4, we have

fi(z) =

Jim |17 fills, = 0.
Moreover, by (17) we have
1LY fells, = sugu(\Z\)\(Iéﬂfk)’(Z)\ = sg]gu(\ZD\fk")(cp(Z))Hg(ZM
FAS z

> (2D (o209 (20|
> Cu(\zkmg(zk)\\(ﬂ(zk)\"

24+q—p +n .

(1= fe(zr) )7

Therefore
o nablgl el
2+q—p - 2+q—p -
R (L= p(a)?) e T R L el
which implies that
plzDlgHl

24+q—p +n

=1 (1 = Jp(2)]2) S
(7i1) = (7) Suppose that (ii7) holds, then it is easy to see that (14) holds and hence
Iéfg : F(p,q,s) — B, is bounded. Let {f;}ren be a bounded sequence in F(p, g, s)
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and fr — 0 uniformly on any compact subset of D as k — oo. By (iii), for every
e > 0, there is a positive number § € (0, 1) such that when ¢ < |p(z)] < 1,

p(lzDlg(2)|

e2y) e <E.
(L—lp(z)2) " ™

From (21), g € B,, and Lemma 2.2, we have

1S ficlls, = sup (|2 (IS £ (2)] = sup |2 [ £ (0(2))]19(2))]
zeD zeD

< sup p(l2DIA @)+ sup (2D (9(2)]]9(2)]
lo(2)|<o 5<lp(2)]<1

<lglls, sup [£7(w)] + Cesup || fll pipug.s)-
|w| <8 keN

Note that {w € D : |w| < 0} is a compact subset of D, then using the Cauchy’s
estimate we have that
lim sup \f,gn)(w)\ =0.

R0 Jwl <
Hence HI;?Z fells, < Ce, and thus by the arbitrariness of the positive number ¢ it

follows that
Jim (1§D fi |, = 0.

From which and Lemma 2.4, we can see that Iéfg : F(p,q,s) — B, is compact.
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