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On a Porous Medium Equation with Weighted Inner Source Terms and a

Nonlinear Nonlocal Boundary Condition

Wentao Huo, Chenyuan Jia and Zhong Bo Fang*

Abstract. This paper deals with the asymptotic behavior for a porous medium equa-
tion with weighted inner source terms and a nonlinear nonlocal boundary condition.
We find the influences of spacetime-varying weight functions and competitive relation-
ship between the multiple nonlinearities on whether determining blow-up of solutions
or not, and establish the blow-up rate estimate under some appropriate conditions.

Especially, our results include the situation of slow, linear and fast diffusion.

1. Introduction
We consider a quasilinear parabolic equation with weighted inner source terms
(1.1) (™) = Au+ c(z, t)uP, (z,t) € 2 x (0,7T),
subject to Dirichlet-type weighted nonlinear nonlocal boundary and initial conditions
(1.2) u(z,t) = /Qk(x,y,t)ul(y,t) dy, (x,t) € 00 x (0,T),
(1.3) u(z,0) = ug(x), x €,

where Q C RV (N > 1) is a bounded domain with C? boundary 052, constants m,p,l >

0. The weight function c(x,t) is a nonnegative continuous function defined on (z,t)

m

Q x [0,T) and k(z,y,t) is a nonnegative nontrivial continuous function defined on y
Q, (x,t) € 092 x [0,T). Moreover, the initial data ug(x) € C*T*(Q) (0 < a < 1) i
a nonnegative nontrivial function, which satisfies the compatibility condition wug(z) =
Jo k(z,y,0 ub(y) dy for x € 9Q.

In fact, if we set v(x,t) := u™(x,t), then (L.1)) can be rewritten as

m

—
»n

ve = AvY™ o e(x, P™, () € Q x (0,T).
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Therefore, the model is of the porous medium type with weighted inner source terms,
it appears in the model of Newton flux through a porous medium, the model of evolution of
plasma temperature, and so on (cf. [21,33]). In the nonlinear diffusion theory, there exist
obvious differences among the situations of slow (m < 1), fast (m > 1) and linear (m = 1)
diffusion. For example, there is a finite speed propagation in the slow and linear diffusion
situations, whereas an infinite speed propagation exists in the fast diffusion situation.
Meanwhile, there are some important phenomena formulated as parabolic equations, which
are coupled with weighted nonlocal boundary conditions in mathematical models, such as
thermoelasticity theory. In this situation, the solution u(x,t) describes entropy per volume
of the material (see [5,/6]).

To state our research motivation, let us recall some qualitative properties of solutions
for the initial boundary value problems of parabolic equations with Dirichlet-type nonlocal
boundary conditions. Concerning the research on the semilinear parabolic equation, one
can refer to |7,|13H15|18H20] and the references therein. For example, Friedman [13] first

studied the linear parabolic equation
u—Au=0, (z,t)€Qx(0,T)

subject to the Dirichlet-type weighted linear nonlocal boundary condition, i.e., (1.2]) with
Il =1and k = k(z,y), where A is an elliptic operator,

n

n 82
A= Z ai’j<l‘)m+ :

P 2 bz(ac)aaxz +c(x) and c(z) <0.

He showed that when [, |k(z,y)|dy < p < 1, the solution tends to 0 monotonously and
exponentially as ¢ — oo. Deng [7] considered a more general form of semilinear parabolic
equation

up = Au+ g(z,u), (z,t)€Qx(0,7T)

under the Dirichlet-type weighted linear nonlocal boundary condition, he established the
local solvability, comparison principle and derived the long-time asymptotic behavior of so-
lution. Afterwards, Gladkov and Kim [18]/19] investigated a semilinear parabolic equation

with weighted inner source terms
up = Au+ c(z, t)uP, (x,t) € QA x (0,T)

with p > 0 subject to Dirichlet-type weighted nonlinear nonlocal boundary condition .
They proved the local well-posedness, global existence, blow-up phenomena of solutions
by the method of super- and sub-solutions. Furthermore, with regard to the advances
on local semilinear parabolic equation with weighted absorption source terms and local

semilinear parabolic system with weighted source terms, we refer to [14,/15420].
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For the studies on the porous medium equation with the local source term, Wang et

al. [32] investigated a porous medium equation with power-like source term
u = Au" +uP,  (z,t) € A x(0,T),

where m,p > 1. Under the condition with k& = k(z,y), they established the blow-up
criteria and give the blow-up rate estimate. In addition, with respect to the research of
local quasilinear coupled systems, nonlocal parabolic equation (system) under Dirichlet
type nonlocal boundary conditions, as well as parabolic equation (system) under Neumann
or Robin type nonlocal boundary conditions, we refer to |2(3,8,/10,11,/16,17,24-31}34,36].

As mentioned above, the research on the porous medium model with spacetime-varying
weighted inner source term under weighted nonlinear nonlocal Dirichlet boundary condi-
tion f has not been carried out yet. A difficulty lies in finding influences of
spacetime-varying weight functions and competitive relationship between the multiple
nonlinearities on the asymptotic behavior of solutions. Motivated by this observation,
based on the method of super- and sub-solutions, Kaplan’s argument, the method of
auxiliary problem and some ODE techniques, etc., we establish sufficient conditions to
guarantee the solution globally exists or blow-up, and also give the blow-up rate estimate.
Additionally, note that our results include the situation of slow, linear and fast diffusion.

The remainder of our paper is organized as follows. In Section [2] the definition of the
solution to problem 7, comparison principle and the property of positiveness of
the solution are introduced. In Section |3] under suitable assumptions on the exponents
m, p, | and weighted functions, we proved the global existence and blow-up of solutions.
The blow-up rate estimate is given in Section 4l Finally, we discuss in the last section the

conclusions obtained in this paper.

2. Preliminaries

We begin with definitions of super- and sub-solution. Throughout the paper, we denote
Qr:=Qx(0,T), Qp :=Q x[0,T), Sp:=00 x (0,T),0<T < o0.

Definition 2.1. A nonnegative function u(x,t) € C(Qr) N C*1(Qr) is called a super-

solution of problem ([1.1)—(1.3) in Q7 if

(2.1) (@™)e > Au + c(x, t)u?, (x,t) € Qr,

(2.2) (t) > / Ry a0 dy,  (at) € S,
Q

(2.3) u(x,0) > up(x), x € Q.

Similarly, a nonnegative function u(z,t) € C(Qr) N C%1(Qr) is a sub-solution of

problem (1.1)—(1.3) in Qp if it satisfies (2.1)—(2.3)) in the reverse order. We say that
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u(x,t) is a solution to problem (1.1)—(1.3) in Qp if it is both a super-solution and a
sub-solution to problem (1.1)—(1.3) in Q7.

By the similar arguments in the literature [19], one can deduce the property of posi-

tiveness of the solution. The proof is more or less standard, so it is omitted here.

Lemma 2.2. Let up(x) is a nonnegative nontrivial function in €, and suppose that
k(z,-,t) #£0, V(x,t) € Sp.

If u(x,t) is a solution of problem (L1)—(1.3) in Qr, then u(z,t) > 0 in Q.

Next, the following modified comparison principle plays a crucial role in our proofs,
which can be obtained by selecting a suitable test function and employing Gronwall’s

inequality.

Proposition 2.3 (Comparison principle). Suppose that u(x,t) and u(x,t) are the non-
negative sub- and super-solution of problem f, respectively. If u(z,0) < u(zx,0),
u(z,0) > 0 and u(z,0) > § > 0 in Q, where § is a positive constant. Then u(z,t) < u(x,t)
in Q.

Proof. We first introduce a transformation. Let v(x,t) = u™(z,t). Then problem (1.1
becomes that

(2.4) vy = Av" + ez, t)v"P, (z,t) € Qr,

(2.5) Vet = [ Ko 0@ 0ds, (o) e S,
Q

(2.6) v(x,0) = vo(x) = ug', x €,

where n = 1/m > 0.
Let o(z,t) € C*'(Q1) be a nonnegative function with ¢(z,t) = 0 and % < 0 on
St. Multiplying both sides of (2.4) by ¢(z,t) and integrating over @y for 0 < t < T,

making use of (2.5) and Green’s formula, one can see that

/ v(z, t)(z,t) dx
Q

= / v(z,0)p(x,0)dx + // v, dedr + // (AV" + ¢(z, T)v"P)p dzdT
Q t t
/ v(x,0)p(x,0) dx—i—// v, dxdv—i—// v"Apdzdr
Qt t
// c(xz, m)v"™ (,Dd{L‘dT—// " (pdeT
¢ St
:/v(:v,O)gp(:U,O) dac—i—// vor da:d7+// V" Ap dadr
Q Q¢ t
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+ // c(x, 7)o" dedr — // </ k(z,y, 7)o" (y, 7) dy) a—('Dd,S’dT.
t St Q on

Then by the definitions of the sub- and super-solution, we obtain the following inequalities

/ v, t)p(a, 1) da
Q

(2.7) </ v(z, 0)p(x, O)dx—k//Qt vgofdasz—k//t V" A dzdr
//t =" “dedT_//St (/ z y,T)v”l(y,T)dy) g—ideT,

/v(m,t)go(x,t) dz
Q
/v(:z: 0)p(z,0)dx + // v, dedr + // " Ap dzdr
Q t t
i) =nl a(p
+ c(x, 7)o" drdr — k(x,y, 7)0™ (y,7)dy | = dSdr.
t St Q on

Setting w(x,t) = v(x,t) — v(z,t), combining (2.7 and (2.8)), we get
/w(m,t)go(x,t) d:c</ (@, 0)(x, 0) dz
Q

/

and

(2.8)

r+ ¢1(2, 7)Ap + c(z, 7)o (z, 7)) w dadr

(
(/ k(z,y, 7)é3(y, )wdy> a7deT,
Q 871,

where

1
¢1(x,7):/ n(fv+ (1-0)v)"" e,
01 1
<z52(:v,7)—/0 np(6v + (1 —0)v)"™" " do,

1
¢3(x,7) =/0 nl(6v + (1 - 6)v)™ " dp.

Noticing that v(x,t), v(x,t) are bounded functions, it follows from n > 1, nl > 1 and
np > 1 that ¢; (i = 1,2,3) are bounded nonnegative functions. If n < 1, nl < 1 and
np < 1, we have ¢1 < 0”1, ¢p < 6"~ ¢3 < 6™~ by the condition that u(x,0) > 0
or u(x,0) > § > 0. Thus, we may choose appropriate function ¢ with g—ﬁ < 0 on 0f) as
in [1, pp. 118-123] to obtain

/w(x,t)+d:v<Cl/w(x,0)+da:+02 // w(z, 7) dzdr,
Q Q t
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where wy = max{w, 0} and constants C7,Cy > 0. It follows from w(z,0); < 0 that

/Qw(x,t)erx <0 //tw(y,T) dydr.

By Gronwall’s inequality, we know that w(x,t);+ < 0, that is, v(z,t) < v(z,t) in Q.
On the other hand, for (z,t) € Sy, we have

Q(Jﬁ,t) _@(xat) < \/Qk(xa:%t) (Ql(yat) _@l@/vt)) dy

Since k(z,y,t) is continuous function, one can see

/ k(.’ﬂ,y,t) (Ql(yat) _El(yvt))+dy = / k(xvyat)¢3(y7t) (Ql(yat) —5l(y,t)) dy
Q Q
< Cg/Q [(y,t) —0(y,1)] , dy,

where ¢3(x,T) fo nl(6v + (1 —0)v )nl !

In view of [, [v(y, t) — v(y, )]Jr dy = 0, it can be easily seen that

df and constant C3 > 0.

v(a, 1) =B, t) < /Q k() (0 (5, 1) — 7y, 1)) dy <0,

and so v(z,t) < v(x,t) on Sr. In conclusion, we obtain v(z,t) < ©(x,t) in Q7. The proof

is completed. O
Finally, we state the local solvability theorem without proof.

Theorem 2.4 (Local existence theorem). Let m > 0, p > 0, | > 0 and c(z,t) be a
nonnegative continuous function in @T and k(z,y,t) is nonnegative nontrivial continuous
function in OQxQx[0,T). If the initial value ug(z) € C?*T(Q) with0 < a < 1 is a nonneg—
ative nontrivial function satisfying the compatibility condition ug(x fQ x y, ( ) dy
for x € 0N), then there exists a constant T > 0 such that the pmblem f admzts a
nonnegative solution u(z,t) € C>1(Q2x (0,8))NC(Q2x[0,S]) for each S < T. Furthermore,
either T = oo or

lim sup [[u( -, t)|lcc = 0.
=T~

Remark 2.5. Indeed, the proof of Theorem can be obtained by using the Schauder’s
fixed point theorem (see [9,[34,135]) or the regular theory to get the suitable estimate in
a standard limiting process (see [4,123]). For the sake of readers’ understanding, a sketch

outline of the proof process using Schauder’s fixed point theorem is given below. Let

K= {v(@,t) : [vll=(@qr) < Ko},
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where Kj is an appropriate constant. For any given v € K, we introduce the following

auxiliary problem

(2.9) (W™)y = Au + e(z, D, (2,1) € Q x (0,T),

(2.10) u(et) = [ Mo 0 dy, (o.0) €02 x (0.7)
Q

(2.11) u(z,0) = ug(z), x €.

According to the standard parabolic equation theory [1222], problem ([2.9)—(2.11]) admits
a solution u € C%1(Qr) N C(Q7). Now, we define a mapping 1" as follows:

T:o(z,t) e K L¥(Qr) — Tv] = u(x, t) € C(Qr),

where u(x,t) is the solution of f. Next, proving the mapping 7" is continuous
and precompact from K to K. Therefore, Schauder’s fixed-point theorem implies that the
mapping 7" has a fixed point u € C(Q), which is a solution to problem (1.1))~(L.3)). Then,
it follows from the regularity theory for parabolic equations that v € C%1(Qr) N C(Q7).

Remark 2.6. By the comparison principle above, we can get the uniqueness of the solutions

to the problem (1.1))—(1.3)) in the case of p > m.

3. Global existence and blow-up criteria

In this section, by virtue of the method of super- and sub-solutions, Kaplan’s argument,
the method of auxiliary problem and some ODE techniques, etc., we present the suitable
conditions of nonlinear exponents p, m, | and the weighted functions ¢(z,t) and k(z,y,t),
which ensure solution exists globally or blows up in finite time. For the remainder of this

paper, we denote

w:=supug(x), ci(t):=infe(z,t), ca(t) :=supc(z,t).
Q Q Q

We first establish the results of global existence for solutions with arbitrary initial

value.

Theorem 3.1. Assume that m > 0, p < m and c(x,t) is a nonnegative continuous

function. If one of the following conditions is satisfied:

(i) I < 1 and k(z,y,t) is nonnegative continuous function or I = 1 and the weighted
function k(z,y,t) satisfies [, k(z,y,t)dy <1, Y (x,t) € St;

(ii) m # 1, I < 1 and the weighted function k(x,y,t) satisfies [ok(z,y,t)dy < 1,
V({L‘, t) € St,
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then problem (1.1)—(1.3) has global solutions for any nonnegative nontrivial initial data.

Remark 3.2. Take the unit disc Q = {z = (z1,22) € R? | |z = E?:l x? <1}, k(z,y,t) =

)

%tﬁ; for (x,t) € Sr, y € Q, which satisfies the condition [, k(z,y,t)dy < 1, ¥ (x,t) €

St.

Proof of Theorem [3.1] (i) Let T be any positive number. Since ¢(z,t) and k(z,y,t) are

continuous functions, there exists positive constant M such that
(3.1) c(z,t) <M, k(z,y,t) <M in Qp and 9Q x Qp, respectively.
We construct a super-solution of problem f in the form
u(z,t) = a/meBtm,
where
(3.2) a > max {1,u™, (M|Q)™ DY 5> M.
Since p < m, and , it is easy to check that
@™); — AT — c(z, t)a” = afe’ — c(z, )PP > aePt(3 — M) > 0.
Moreover, by 7, u satisfies the following boundary and initial conditions:
u(x,t) > M]Q|a(l_1)/mﬂ(:n,t) > /Qk(m,y,t)al/mewt/m dy = /Qk(:):,y,t)ul dy,
u(2,0) = /™ > 1 > up(z).

Therefore, by virtue of Proposition we know that u(x,t) is a super-solution of
problem f, which means that the solution of problem f exists globally.

In the case of [ = 1, u(z,t) is a super-solution of f provided fQ k(z,y,t)dy
<1,V (z,t) € Sr.

(ii) We divide the proof of Theorem [3.1f(ii) into two cases.

Case 1: 0 < m < 1. Let h(z) be the positive solution of the linear problem

(3.3) Ah(z) =X\, 2 €Q; h(x)=1, z €09,
with
(3.4) 0<h < h(.CL‘) <hy <1

for z € ) and some positive constants hq and hs.
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We construct a super-solution of problem (|1.1))—(1.3]), taken of the form
u(z,t) = AgeMllog [h(x)eko(m_l)t + By,

where h(x) is the solution of problem (3.3, constants Ay > 1, By > e, ko > 0 and satisfy

(35) BO log BO > 2(1 - m)hg,
2M By[log(hs + Bo)]” + 2457\
(3.6) > 0[ og(h 0)] 0 7
Bom(log Bo)m
(3.7) Aplog(hy + By) > p.

By virtue of (3.5)) and p < m, after simple calculation, we have

(@) = komAg'eko™ [ log (h(x)eko =Dt 4 Bg)]™
m—1k(m — 1)h(z)ero(m—11

(3.8) + At m [log (h()et ™D+ Bo)] " S s e
> %k‘omqu’ekomt(log By)™,
(3.9) Ag— Ao AR(z)  Ao[V (A(z)etotm ! + Bo))’ < Aerkomt,
h(z)eko(m=1)t 1 B, (h(x)eko(mfl)t + Bo)2 By
(3.10) a? < Agret™ [ log(hs + By)]".

It follows from and (3.8)—(3.10) that
(@™)e — Au — c(x, t)a? > 0.
In addition, for (x,t) € Sp, one can see
u(z,t) = Apefotlog (eko(m_l)t + Bo) > Aget log (hgeko(m_l)t + BO)
> /Qk:(m,y,t)AéekOlt[log (h(y)eko(m_l)t +Bo)]ldy = /Qk(a:,y,t)ul dy,

and by (3.7), we have u(z,0) > Aglog(hy + Byg) > up(z). Consequently, u(z,t) is a
super-solution of problem (|1.1))—(1.3)) by Proposition
Case 2: m > 1. We introduce the eigenvalue problem of the operator —A under the

homogeneous Dirichlet boundary condition
(3.11) —Ap=M¢, 2€Q, ¢=0, e,

where A\; and ¢(z) are the first eigenvalue and the corresponding eigenfunction, respec-
tively. Then A1 > 0, ¢(z) > 0 in ©, 32 < 0 on 99 and normalized supg p(z) = 1.

Moreover, denote

> 0.

on

= \% >0 = mi
c3 I;lgg! ¢(2)] >0, cq:= min
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We construct a super-solution of problem (|1.1))—(1.3)) in the form
(.’E t) _ 6k1t [Ml + (2M1)B1L 1 —L(j)(x)ekl(m 1)t/2]7

where ¢(x) is the eigenfunction of problem (3.11]), constants ki, My and L are defined by

(3.12) gy > MEM)P+ (A -1+ Le3)ey ' (2My)
> = ,

281\l —1)(2M)A
(3.13) My = max{2||u||s0, 2}, L:= max{ L (m—=1)(2M)

C4 ’ 26(M1 — 1)04
By a straightforward calculation, one can see that
(— ) _ klmeklmt [Ml + (2M1)51L 1 —Ld)(x)ekl(m 1)t/2]

R (& §<m ~D(-Lg)ckim ) |

It follows from —Ye™ > —e~! for any Y > 0 that

— )

_L¢6k1(m—l)t/26—L¢(:Jc)ek1(m_l)t/Q > et
and hence
(3.14) @), > kymekr™,

Furthermore, according to p < m and (3.13)), we have

(2M )51L 1 Rt Ae Lp(x)ek1(m=1)t/2

(3.15) ( ) _16*L¢(x)€kl(m_1)t/2 [A(—(b)ekl(erl)t/Q 4 L‘v¢|2ek1mt/2]
2L (2My)Pr R (A + Le3),

(3.16) P = eklpt [Ml + (2M1)61L 1 e~ Lé(x)e kl(m_l)t/Q]P < (2M1)p€k1mt‘

Combining (3.12)) and (3.14] -, we obtain

@™)e — Au — c(z, t)u” > [kym — (A + Led)e  (2M)P — M (2M)P] efmt >,

IN

On the other hand, for (z,t) € Sp, one can see
a(x,t) = Mt [My + (2M1) L) ] > / k(w,y,t)e™ [My + (2M1) L™ et dy
Q
> / k‘(l‘,y, ) k1lt[M1+(2M1),31L 1 —L¢( Je k1(m1)t/2]ldy:/k(x’y’ t)ﬂl dy,
Q Q

and by (3.13)), we have @(x,0) = My + (2M;)"' L~ ¢;' > wug(z). Now applying Proposi-
tion we obtain the desired result. The proof is completed. O
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Remark 3.3. Theorem [3.11i) involves the result in |18, Theorem 2.5]. And Theorem 3.1(ii)
is new conclusion, in which we adopts the technique of constructing the appropriate super-

solution to deal with the quasilinear case.

Corollary 3.4. If m > 1, p < 1, 1l = 1, ¢(x,t) is a nonnegative continuous function
and [o k(z,y,t)dy < 1 is not valid for (x,t) € St, then problem (LI)-(L.3) exists global

solution for any nonnegative nontrivial initial datum.

Proof. Let A1 > 0 and ¢(x) be the first eigenvalue and the corresponding eigenfunction of
problem (3.11]), respectively, and ¢ be chosen to satisfy for 0 < €1 < 1 that

1
(3.17) M/Qd)( el

where the constant M is given in ({3.1). We construct a super-solution of problem ([1.1f)—
(1.3), taken of the form

(2.1 Cent/m
u(z,t) = ——,
o(x) 4+ 1
where C' > supg(¢ + €1), 71 > 0 are constants to be chosen later. A direct calculation
leads to
(@™) — Au — c(x, t)u?
Cmyen? < A1g 2|Vg|? > -
= — u—c(x,t)u?
(3.18) G@+enm \ota T@rap) Y

c \"! ) Mo 20Vo|2 \ | _ _
<¢+51) meln =) _<¢+51+(¢+51)2> 7 el

Combining p <1 and C' > supg(¢ + €1), we have the inequality
(3.19) wf(x,t) <u(z,t), (x,t)€Qr.

According to (3.1)) and (3.18)—(3.19), we obtain

C N\ (aem)e Mo 2|V -
<¢>+61> ne _<¢+61+(¢+61)2>_MU

Ao 2|Vol? )_ }
[ <¢+61 (¢ +¢e1)2 Mju=0,

(@™) — Au — c(x, t)u? >

provided that 1 > A1 + supg ((;,l+g |)2 + M.

Furthermore, for (z,t) € Sr, it follows from (3.1]) and (3.17) that
Cert/m / Cet/m g
= > = 7

o o(y) +e

It is clear from Proposition that @(z,t) is a super-solution of problem ((1.1))—(1.3)) if
C > max { supg uo(z) supg(¢ + £1), supg(¢ + €1) }. This completes the proof. O

u(z,t) = dyZ/k(fC,yi)udy-
Q

€1
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Now we shall show the existence of global solutions to problem (1.1))—(1.3) for small

initial data. We suppose in the following statement that

DA + bPea ()Rl — b™ea(t) R
3.20 My >
(3.20) 2= R ’

where constants A\, hj, hy are given in (3.3)—(3.4), b > 0 is determined later, and there

exist a positive constant A; such that

t >0,

(3.21) / k(x,y,t) dye%(fot cal(s) ds+Mat) <Ay, V(z,t)eSr.
Q
Let Q be a bounded domain in RY satisfying the property that Q & O and we introduce
the eigenvalue problem of the operator —A given by
(3.22) —AD =\ ®(z), z€Q, B(x)=0, z €,

where Xl and ®(x) are the first eigenvalue and the corresponding eigenfunction, respec-
tively. Then A1 > 0 and ®(x) >0 in Q. It is obvious that

sup, .5 ®(x
(3.23) M

lnfreﬁ q)(x)
for some a > 1. For convenience, we denote p := sup, g ®(z). Meanwhile, suppose that

oo —
(3.24) / co(t)e " dt < oo for some y < b mpl_mkl,
0
and for some Ay > 0 and o < %pl_m)\l,
(3.25) / k(z,y,t)dy < Ase®, V(z,t) € Sp,
Q

where A; is the first eigenvalue of problem (3.11]).
Theorem 3.5. Assume m > 1,1 > 1. If one of the following conditions is satisfied:

(i) p < m, the weighted function c(x,t) satisfies [~ ca(t) dt < oo and hypotheses (3.20) -
B21) hold;

(ii) p > m and hypotheses (3.24]) —(3.25|) hold,
then the solution of problem (1.1)—(1.3)) exists globally for small initial data.

Remark 3.6. In fact, the weight functions ¢(z,t) and k(z,y,t) satisfying Theorem [3.5 can
be selected. Take the unit ball Q@ = {z = (z1,22,23) € R® | |z]* = Y3 a? < 1},
2 DA+ (bPRE—bm R 2 1ol
clo.t) = 2o for (e.1) € Qr, My = POV gy gy o 2t Rt rtaniity
for (z,t) € Sr, y € Q, then c3(t) = ﬁ, which satisfies [;° c2(t)dt = § < oo, and the
assumption ([3.21)) holds. Choose ¢(x,t) = eﬁ;l;t for (z,t) € Qr, k(z,y,t) = lizg et for

(z,t) € S, y € Q, then ¢y(t) = e~V and the assumptions ([3.24)(3.25)) are satisfied.
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Proof of Theorem [3.5]. (i) We construct a super-solution of problem (I.1))—(1.3]) in the form
t
(z,t) = bem!Dn(z), f(t) = / ca(s) ds + Mot,
0

where b < 1 is a positive constant and M, is defined in (3.20), and h(z) is the solution of
problem (3.3)). By a straightforward calculation, we obtain

(ﬂm)t — Al — c(:c, t)ﬂp — bmhmef(t)f/(t) _ beif(t)Ah _ bpc($7 t)hp(i%f(t)
> IO [V R (ea(t) + M) — bA — bPhbea(t)] > 0.

On the other hand, for (z,t) € St, one can see

1) = bend® > Ayplenf® > /

k(. y, el O pl(y) dy = / ke, y, ) dy,
Q

Q

provided b < Ai/(l_l).

Hence, by Proposition we know that there exists global solution of problem ([1.1])—
(1.3)) provided ug(z) < bh(x).

(ii) Let ®(z) is the eigenfunction corresponding to the first eigenvalue A; of prob-
lem , and satisfy ®(x) > 0 in Q, A1 < A\1. Now, choosing any ¢ which satisfies the
inequality

(3.26) 0 <e < (Agah)~/=D),
where a > 1, Ay is given in (3.25]), and taking

(3.27) sup ®(x) = ae,
z€Q

then by (3.23]) we have the inequality

(3.28) inf ®(z) > e.
€S

We construct a super-solution of problem ([1.1)—(1.3]) in such a form that
Uz, t) = ®(x) F/™(t),

where

t — —m/(p—m)
(@™ [ eals)e R ,
0

p—m

F(t)=e M@ "t g
m

— 0 ~ p—m —m
B=1+72 m(ae)p_m/ 02((9)(5_>‘1PT(‘1€)1 *ds.
m 0
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Noticing F'(t) < e~ M) M < 1 and F(t) is a solution of the equation
F'(£) 4+ A (ae) "™ F(t) — eo(t)(ag)P "™ FP/™(t) = 0.
It can be shown by a simple calculation that

(™) — Au — c(x, t)uP
= O"F/(t) — ADFY™ — ¢(z, t)OPFP/™ > O F'(t) + M ®F /™ — cy(t) P FP/™
> @™ [F/ 4+ M BITE — () BPTMEP™] > 0.

On the other hand, for (z,t) € St, it follows from (3.25)—(3.28)) that

a(x,t) > eFY™(t) > Ag(ae) FY™(t) > /

k(z,y, t)® (y) F'/™ (t) dy:/k(wvy,t)ul dy.
Q Q

As a result, by Proposition there exists a global solution of problem ([1.1)—(1.3)) for
any nonnegative initial data such that ug(z) < B~Y/®~™®(z). The proof is completed.
O

Remark 3.7. Theorem [3.5] is concerned with the slow diffusion case and presents the new
global existence conditions, such as hypothesis (3.21).

In order to show the following results, we suppose that
(3.29) e (t)pPt =X\ >0, / [P Lea(t) — A1) dt < oo,
0

where p := sup, 5 ®(z), A1 and ®(x) are given in (3.22).

Theorem 3.8. Assume m > 0, the weighted function k(x,y,t) satisfies

(3.30) / k(o y ) dy <1, ¥(a,) € Sr.
Q
If one of the following conditions is satisfied:

1) p>m, !l >1, the weighted function c(x,t) satisfies &) < 00, ana wmitial aata
i I > 1, the weighted functi ti o calt d initial dat

is sufficiently small;

1) p=m, t <1, the weightea function c(x,t) satisfies &) < 00, ana wmitial aata
ii I <1, the weighted functi t) sati o calt d initial dat

is arbitrary nonnegative function;
(iii) m < 1, min{p,l} > 1, hypothesis (3.29) holds, and initial data is sufficiently small,

then problem (1.1)—(1.3) admits global solutions.
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Remark 3.9. Take the unit disc Q@ = {z = (z1,22) € R* | 2> = S22t < 1},
c(x,t) = m2(p£‘ll + #) for (z,t) € Qr, then co(t) = pP~! + #, which satisfies the

condition ({3.29).

Proof of Theorem [3.8 (i) Consider the following Cauchy problem

(3.31)

where By = [1 + B2 [ c(t)dt]. Then we can write the explicit solution of prob-

lem (3.31)) as

)

t 1/(m—p)
p—m
t)y=|B — —— d
o) = BP0 [ as]
and ¢(t) < 1. It can be easily seen that ¢(t) is a super-solution of problem (|1.1)—(1.3) for
initial data ug(z) < Bl_l/(p_m).

(ii) Since p =m and [ < 1, it is not difficult to verify that
71 (t) =q (0)6# fot ca(s)ds

with ¢1(0) > max{1, u} is a super-solution of problem (1.1))—(L.3).
(iii) As in the proof of Theorem [3.5(ii) we consider eigenfunction ®(z), which satisfies

(3.27) and (|3.28)), where

(3.32) 0<e<a VU1,

We construct a super-solution of problem ({1.1)—(1.3]) in the form of separated variables
(. t) = ()G (1),

where G(t) is the solution for the following initial value problem of ordinary differential

equation
G'(t) + [\ — (ag)PLea(8)]GY™(t) =0, >0,
G(0) = By,

where -
By=1+ I_Tm /0 (ca(t)(as)P~™ — Ay dt.

Then G(t) can be written in an explicit form
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It can be easily seen that G(t) < 1. A direct calculation leads to
(@) — AT — ez, t)aP = "G (t) — ADGY™ — ¢(x,t)DPGP/™
> "G () + MOGY™ — ¢y (£)DPGP/™
> 0[G" + (M — (ae)"Lea(t))GY™] > 0.

On the other hand, for (z,t) € Sp, by (3.27)—(3.28]), (3.30) and (3.32)), we have

u(z,t) > GV () > (ae)'GY™(t) > /

k(@ y, )@ (y)GY™ (t) dy = / k(z,y, ) dy.
Q Q

Therefore, by employing Proposition we know that there exists global solution of
problem (L.I)-(L.3) for initial datum such that ug(z) < By / (mfl)cb(@. The proof is
completed. ]

Remark 3.10. For p =m, 1 > 1,if [ k(z,y,t)dy < et Jo c2(s) 45 then problem (T.1])(T.3)
exists global solution.

We proceed to derive the blow-up phenomenon for large initial data.

Theorem 3.11. Assume p < m < 1,1 > 1. If the weighted functions c(xz,t) and k(z,y,t)

satisfy, respectively

(3.33) c(x,t) > Ms  for some Mz > 0,

and

(3.34) / k(g 1) dy > 209 5 1, Y (2,4) € S,
Q

then the solution of problem (1.1)—(1.3]) blows up in finite time provided that initial data
uo(x) 2 21/(1_17)_

Remark 3.12. Take the unit ball Q = {2 = (z1,29,23) € R? | |z]* = 3 a2 < 1},

=13

c(x,t) = 5 > 1 for (z,t) € Qr, k(x,y,t) = 21/(1*1”)%7;3”2 for (z,t) € Sp, y € Q, then

2—x2

Jo k(x,y,t)dy > 4%21/(1_1’) > 1,V (x,t) € Sp.

Proof of Theorem |3.11] We shall to construct a blow-up sub-solution in such form

w(z,t) = [ah(z) + (1 — ct)~*]",

where h(x) is the solution of problem (3.2)) with 0 < hy < h(z) < hg < 1, and constants

a, ko, 0, c are defined as

1—-mb-
ko +1 _ 1 c>2 a)\'

9 jti

a:=—, kyi=—— 0:=
TRy T o w ko(l—m) 1-—p

kgm
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By a direct computation, one can see

(W™); = mBkyc[ah(z) + (1 — ct) ™2™ 711 = at)~F2 1

(3:35) < m0k202m9_1(1 — ct)_kae_l,
Au = af[ah(z) + (1 — ct) 2] An(z)
(3.36) +a%0(0 — 1) [ah(z) + (1 — ct) ] | Vh|?
> GA0(1 — ct) k20Fh2
(3.37) uP > (1 —ct)~ker?,

By virtue of (3.33]) and (3.35)—(3.37)), we obtain
(u™)y — Au — c(z, t)uP < [m0k202me*1 —aM — c(z,t)] (1 — ct) R0tk < )
provided Mz = mBkoc2™—1 — aN0.
On the other hand, for (z,t) € Sr, according to (3.34)), we get

u(z,t) = [a+ (1 —ct)™2]" < 27(1 - et) ™0 < /Qk:(a:,y,t) [@h(y) + (1 — ct) %% dy

< [ ke tfant) + 0 -] dy = [ kel a.

Consequently, u is a sub-solution of problem (|1.1)—(L.3|) by Proposition which implies
u(z,t) blows up before 1/c. The proof is completed. O

Remark 3.13. Theorem [3.8] presents the conditions for global existence of solution when
Jo k(z,y,t)dy < 1; while Theorem gives the blow-up phenomenon for large initial
data when fQ k(xz,y,t)dy > 1. Meanwhile, we point out that the conclusions and technique

of constructing super- and sub-solution are new.

In addition, by virtue of Kaplan’s technique, we present the sufficient conditions to
ensure the solution of problem (|1.1)—(1.3)) blows up in finite time. For the sake of conve-
nience, we denote

A1,
(bs ‘= sup ¢a kl(t) = ll’lfik‘(:l?,y, t)?
a s 90xQ
where ¢ is the eigenfunction of problem (3.11)) corresponding to the first eigenvalue Ap,
and normalized [, ¢(z)dz = 1.

Meanwhile, in the case of 0 < m < 1, we assume that
oo o0
(3.38) c1(t) > 2, / ca(t)dt =00 or ki(t) > 2\, / k1(t) dt = oo.
0 0
In the case of m > 1, we need another assumption that

(3.39) / ()Ml = 00 or / ki (t)eM 7D 4t = oo.
0 0
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Moreover, in order to discuss the following results, let v(z,t) = u™(x,t) is a solution of
problem (2.4))—(2.6)), and we define the auxiliary functions

(3.40) J(t) ::/Qv(x,t)é(x)dm:/Qum(a:,t)qﬁ(m) dz,

A(t) := e’\lt/ v(z,t)p(r)de = e’\lt/ u(x,t)p(z) dz,
Q Q
where ¢(x) is the eigenfunction of (3.11)).
Theorem 3.14. Assume m > 0.

(i) If 0 < m < 1, max{p,l} > 1, hypothesis (3.3 - holds, and initial data ug satisfies
fQ upp dx > 1, then solution of problem (1.1} . ) blow-up in the measure of J(t)

at finite time.

(ii) Ifmax{p,l} >m > 1, hypothesis - holds, and initial data ug satisfies [, ug'¢ dx
> 1, then solution of problem (]1.1] . blow-up in the measure of A(t) at finite

time.
Remark 3.15. Take the unit ball Q = {& = (z1,29,23) € R? | |z]* = SO a? < 1},
cle,t) = 2z for (¢,1) € Qry K(r,y1) = 20s + + 2GR for < > € Sr,y €,

then c1(t) = 2A1(1 +¢), ki1(t) = 2\ + ¢ +43, and the assumptlon ) holds. Choose
A (1— nl)t 3

c(x,t) = % r (z,t) € Qr, k(z,v, )—Wfor (z, t)EST,yeQ then
c1(t) = e M=)t k) (1) = =MDt and the assumption (3 is fulfilled.

Proof of Theorem [3.14] (i) Noticing that max{p,{} > 1, we suppose for the definiteness
that max{p,l} = p > 1, since the proof of other cases is similar. Differentiating the
function J(t) and using (2.4)-(2.5), Green’s formula and the equality [ g—f; dS = =\,

we obtain
J’(t):/QUtQZ’(l‘)dx
- [ (0" )t

_ n _ oy o n
(3.41) —/Qv A¢pdx o v dS+/ c(x, )" o de

n 8¢ nl n,
—/Q)\lv qﬁda:—/aQ B (/Qk(m,y,t)v dy) dS+/Qc($,t)v Ppdx
_ n nl np
> )\1/Qv qbd:r—i—kl(t)/ﬂv ¢dx+cl(t)/gv ¢pdx.

According to np > n > 1 and fQ up¢pdz > 1 and applying Jensen’s inequality to the
second and third terms on the right side of (3.41)), we arrive at

(3.42) J(t) > (;cl(t) _ )\1> I %cl(t)J”” > %cl (£)J".
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Integrating the inequality (3.42)) from 0 to ¢, one can derive the inequality

o — t —1/(np—-1)
(3.43) I > 1) - "2 L /0 cl(s)ds] .

Therefore, it follows from np > 1 and (3.38]) that u(x,t) blows up in measure of J(t) at
finite time T" < T7, where T} satisfies the following identity

—1 /N
JIP(0) = np2 / c1(s) ds.
0

(i) Noticing that max{p,l} > m, we suppose for the definiteness that max{p,l} =p >
1, since the proof of other cases is similar. Differentiating the function A(¢) and using

Green’s formula and the equality f 90 g—i dS = —\1, we obtain

A/(t) = )\16)\1t/

Q

vo(x) d + M / vp(x) do
Q

= MA(t) + e’\lt/ﬂ (Av™ + ¢(z, t)v"™P) ¢(z) dz

(3.44) = MA(t) + M {—)\1 /Qv”qﬁd:): - /89 gf@ (/Q k(z,y,t)o™ dy) dS]

+ e’\lt/ c(z, t)v"Ppdr
Q
> A A(t) + eAlt/ (=Mo" + k(o™ + 1 (t)o"™) ¢ da.
Q

Applying Jensen’s inequality to the second term on the right side of (3.41]), we get

n np
Al(t) > MA(E) — Attt </ o) d:n) + eMbey(t) (/ v dx)
Q Q
(3.45) > M A(t) — Attt </ U(;Sdm) + eMley(t) </ U(;Sd:n)np
Q Q
= MU=t (1) AP (1),

Integrating the inequality (3.45)) from 0 to ¢, one can derive the inequality

¢ ~1/(np-1)
A(t) > [Alm’(c)) —(np—1) / ¢1(s)eM—mp)s ds] .
0

Therefore, it follows from np > 1 and (3.39)) that u(x,t) blows up in measure of A(t) at
finite time T' < T5, where T5 satisfies the following identity

Ts
AP (0) = (np — 1)/ c1(s)eM =P g,
0

The proof is completed. O
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We proceed to analyze the blow-up phenomena for any nonnegative nontrivial initial
data. For the simplicity of our notation, we denote P(v,t) := —A10™ + k1 (t)v™ + ¢ (£)v™,

where v(x,t) = u"™(x,t), n = 1/m. Let n(t) be any nonnegative function such that

(3.46) /O Tt dt = o

Theorem 3.16. Assume that max{p,l} >m > 0, P(v,t) > n(t)v"™>P for any v >0
and t > 0. Then any solution of problem (1.1)—(1.3) blows up in finite time for arbitrary

nonnegative nontrivial initial data.

Proof. We employ the same arguments in Theorem [3.14]and discuss the blow-up of solution
in two different measures. We suppose for the definiteness that max{p,i} = p > m, then
we know np > 1, other cases can be discussed in the same way.

We first prove solution blows up in the measure of J(t). By and Jensen’s

inequality, we obtain
702 [ Po.s@ e [ aonods > uom.
Q Q

By using the arguments similar to (3.43]), we obtain the desired result.
Next, we prove solution blows up in the measure of A(t). Combining (3.44) and

Jensen’s inequality, we have

A'(t) > MA(t) + eM! /Q P(v,t)é(z) dx

(3.47) > AA(t) + n(t)eM? / V" () daz
Q
> MA(E) + MU () AP (1),
By virtue of Bernoulli’s technique to ordinary differential inequality (3.47)), we deduce

—1/(np-1)

t
A= e [470) — (= 1) [ e v 0
0

In view of np > 1 and (3.46)), it can be easily seen that u(x,t) blows up in the measure of
A(t). The proof is completed. O

Remark 3.17. Suppose that ci(t) > ¢ and kq(t) > El, where constant ¢y, /k\l > 0. We can
get the similar conclusions as in Theorem for max{p,l} > m,

(3.48) —A0" —I—Elv”l +cv™ >0 forv>0.

In fact, it is not hard to verify from (3.48) that P(v,t) > v if np > 1 and P(v,t) > g™
if nl > 1 for some € > 0 and for all v > 0 and ¢t > 0.
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Remark 3.18. Theorems and include the results in [18, Theorems 3.1 and 3.3]. In
addition, we introduce new auxiliary functions J(t) and A(t) to overcome the difficulties

caused by slow and fast diffusion situations, respectively.

Finally, we obtain more information for global existence and blow-up in a finite time
of solutions for (1.1))—(1.3)) when either p =1 or [ = 1. The following statement deals with

the case that p =1, 1 > m or [ > 1 and needs two new assumptions that
3.49 c(x,t) > My and - kp (t)eM—DMa= At g — o
b -_ 4 1 )
0
(3.50) c(z,t) < Ms <y and / k(z,y,t)dy < Aze”("DEG0= )L
Q

where constants My, vy, As, K > 0, M5 > \; and )\ is defined as (3.11)).
Theorem 3.19. Let p=1.

(i) Assume that m > 0, | > m, hypothesis (3.49)) holds, and initial data uo satisfies
Joqultddz > 1, then the solution of problem (LI)—(L.3) blows up in finite time.

(ii) Assume that m > 1, 1 < 1 and hypothesis (3.50) holds, then the solution of prob-
lem (L.1)—(1.3)) exists globally for small initial data.

Remark 3.20. Take the unit ball Q@ = {z = (z1,22,23) € R? | |z]* = S a? < 1},

=11
c(z,t) = 2%221_?2 for (z,t) € Qr, k(z,y,t) = W%ﬁ:;)e_(”l_l)”% for (x,t) € Sp, y €

, and the assumption (3.49) holds. Choose

e—K(—1)t,3

e—(ni—1)7%¢

Q, then c(z,t) > 272, ki(t) = 5
2

c(z,t) = 7r221‘tf’; for (z,t) € Qr, k(z,y,t) = W for (x,t) € Sy, y € Q, then

c(z,t) < 3w < y9 = 1 + 372, the assumption (3.50) is satisfied.

Proof of Theorem [3.19. (i) Note that from (3.41)) and (3.49)), one can see

(3.51) J%0;3/1UA@;—AQU"+%q@ﬁWq¢dm
Q
Let (m —1)(Ms — A1) < 0. Making use of Jensen’s inequality to (3.51]), we arrive at
J'(t) > (Mg — M) J" + ke (8)J™,

where J(t) is defined in (3.40). Now changing the function J(t) = w(t)e™1=2t 4 simple
calculation yields
T(t) = wf (M 4 w(t) (M — Ag)eMih)"
(3.52) = ' (£)eM=A L (M — A)J(8)
> (Mg — M\)J"™ + k()™
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Then from (3.52)) we derive the following inequality
wl(t) > kl(t)Jnle—(M4—>\1)t — kfl(t)e(nl_l)(M4_)\1)twnl.

Applying the same arguments of (3.45)), the conclusion holds.

(ii) Now we prove the result of the global existence of solutions. Let
(3.53) A — (7= Ms) < A1 < A1

As in the proof of Theorem [3.5(ii) we consider eigenfunction ®(z) which satisfies (3.27)
and (3.28)), where

(3.54) 0<e < (Aza)~1/0=D),
We construct a super-solution of problem ([1.1))—(1.3]) in the form
a(z,t) = B(z)eK M=)t

m—1

where K is a positive constant satisfies mKe > 1. After a simple calculation, one

obtain
(@) — Au — c(x, , t)u

= Km(Ms — Xl)q)memK(MVXl)t — A@(m)eK(Mle)t —c(z,t)u
>mK(Ms — M)e™ a+ (M — e(z,t))a > (mKe™ ™ —1)(Ms — \)a > 0.

On the other hand, for (x,t) € Sy, by (3.27)—(3.28)), (3.50) and (3.53)—(3.54)), one can
see that

a(z,t) > K (Ms—=X1)t > AgeK(M57X1)t(a€)l > Agef(lfl)K(fyf)\l)t+lK(M5fX1)t(aE)l
> / k(a,y, )@ (y)e KA dy = / b,y )7 (3, 1) dy.
Q Q

Therefore, u is the super-solution of problem (1.1))—(1.3]) for initial data ug(z) < ®(z).
The proof is completed. O

The following Theorem [3.21] is the case when | = 1 and p > m. We consider the
blow-up phenomena of solution to problem (1.1)—(1.3)) for any initial datum.

Theorem 3.21. Assume that m > 0, p > m, |l = 1 and the weighted function k(x,y,t)

satisfies
/ k(z,y,t)dy > 1, V(x,t) € Sy.
Q

If one of the following conditions is satisfied:



On a Weighted Porous Medium Equation 23

(i) the weighted function c(x,t) satisfies [~ c1(t) dt = oo;
(ii) the weighted function c(z,t) > 1,

then the solution of problem (1.1)—(1.3) blow-up in finite time for any nonnegative non-

trivial initial data.

Proof. (i) Let to > 0 and u(x,t) be a solution of problem (1.1)—(1.3). By Lemma
there exists € > 0 such that

u(x,tg) > € for any x € Q.

It is easy to verify that

o t —1/(p—m)
O N
m to
is the sub-solution of problem (1.1)—(1.3) in Q7 N{t > to} for any to < T < T™*, where T*

satisfies the equality
m

T*
a(r)dr= ———.
/to (p —m)er—m
Since H(t) blows up in finite time, we draw the conclusion by Proposition

(ii) Let
1

u= (bo—Cot)k, te [O’bO/CO)a
where k= 1/(p —m), by = o Vk o= _Tmmin{l,gp}, 0 :=min, g uo(z). It is easy to
check that
kmco 1
™, — Ay —c(z, P = ———2 (g, t)————— <0
(Q )t U C(.T}, )@ (bg — COt)k:m—‘rl c(m, )(b() —C()t)kp -
1
u=———< [ k(z,y,t)udy,
~ (bo —cot)* _/Q (@3 tludy

1
u(@,0) = — = minup(x) < uo(x).
0 e

Thus, u(zx,t) is a sub-solution of problem (|1.1)—(1.3|) by Proposition which implies the
solution of problem ([1.1))—(1.3]) will blow up before by /co. O

Remark 3.22. It is worth noting that the divergence of the integral fooo c1(t) dt plays an

important role in the conclusion of Theorem |3.21

Remark 3.23. The conclusion in [18, Theorem 4.6] is included by Theorem i). More-

over, we derive the new blow-up phenomenon in the case of ¢(x,t) > 1.

For the case of linear boundary flux, we show that when fQ k(x,y,t)dy < 1, the

solution still can blow-up under appropriate conditions.
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Theorem 3.24. Let 0 <m <1, p=1,1=1. If0 < [ k(z,y,t)dy <1 for (x,t) € S,
and the weighted function c(x,t) satisfies

(355) Cl(t) Z 2/\1, /Ooo Cl(t) dt = oo,

where A1 is given in (3.11)), then there exists blow-up solution of problem (1.1)—(L.3|) for

any nonnegative nontrivial initial data.

Proof. Let tg > 0 and u(x,t) be a solution of problem (|1.1)—(1.3). By Lemma there
exists € > 0 such that

1/m _
(3.56) u@uto)>>2(§) for z € Q0.

Let «(t) be a smooth function, which satisfies the following relations:

a0)= 5 . alt)>0, o()<0,
where ¢ is defined in (3.39). Set
k ) )t = N Tor
TR

then obviously,

/ k(z,y,t)dy <1, V(z,t) € Sr.
Q

Now, we construct a sub-solution in such form
u(z,t) = MY (1) [a(t)g(z) + 1],

where f(t) is the solution to the following initial value problem of ordinary differential
equation

M'(t) = L ()MY™(t), t > t,

M (t()) = % > 0.
Then M (t) can be written in an explicit form

(l=m)/m ot —m/(1=m)
M(t) = [<2> _lom c1(s) ds] ,

€ 2m - Jy,

and from (3.55) we derive M (t) blows up in finite time T3 with

9 (1-m)/m 1—m [T5
<€) - W ; Cl(S) ds = 0.
0
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By a straightforward calculation, one can see that

(w)i" — Au — c(z, t)u?
< M'(D)]at)d(x) + 1™ + Mgsa(t) MY (t) — e () MY ™ () [a(t)p(x) + 1]
<2 [M'(t) + (M — e () MY ™(1)]

< om [M’(t) + %Cl (t)Ml/m(t)] —0.

On the other hand, for z € Sp, we have

oty — mip — [ MY Babey) | MU

stent) =m0 = [ S
_ # 1/m o _ . "
_/sza(t)+|Q|M (O)[a(t)o(y) + 1] dy /Qk( sy, udy.

Moreover, using ([3.56|), we find that u(x,ty) < u(z,ty). Therefore, by Proposition the
conclusion follows. This completes the proof. O

4. Blow-up rate estimate

In order to show blow-up rate estimate of the blow-up solution, we need the following

assumptions on the initial data ug(x):
(H1) Aug(z) + e(z,0)uh > 0, z €
(Hg) there exists ¢’ > 0 such that

Aug(z) + c(z, 0)ub(z) — §'ub(z) >0, =z€Q.

Theorem 4.1. Assume that p > m, | = 1. If the weighted functions c(x,t) and k(z,y,t)

satisfy, respectively
ce(z,t) >0, c(x,t) <M, V(x,t)€Sp,
ki(x,y,t) >0, /Qk:(x,y,t) dy <1, V(x,t) € Sy, y € 09,
and initial data satisfies conditions (Hy)—(Ha), and u(x,t) is the blow-up solution of prob-
lem f in finite time T, then
T — )~V < y(a,t) < C(T — )~/ =™,
where ¢ = (M)fl/(pﬂn), C= (6(p —m))~/®=m) 5 is a positive constant.

m

Suppose that the solution u(x,t) of problem (I.1))—(1.3]) blows up in finite time 7', and

let U(t) = max, g u(z,t), then we have the following lemma.
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Lemma 4.2. Assume ug(x) satisfies conditions (H1)—(Hz), then there exists a positive
constant ¢ = (M) YD) cuch that U(t) > (T — )~/ =m),

m

Proof. Tt is obvious that U (t) is Lipschitz continuous and differentiable almost everywhere.
By (L.1) and AU (t) <0, it is easy to know that

(Um)t < MUpa
Integrating the above inequality over (¢,T"), we obtain the left conclusion. O
We are ready to give a proof of the main Theorem [4.1]

Proof of Theorem [£1]. Let J = u; — SuP™1=™ for some § > 0. Since (u™); = mu™ luy,

we know that

and

1-— 1
Ugp = mu_mut(um)t + Eul_m(Au + c(z, t)uP)y

1-— 1
= mu_mut(um)t + —ul T (Aug + (@, t)uP + pe(z, t)uP ™ uy.
m m

A straightforward computation yields

1
Jy — —ulTmAJ
m

t t
_ (1 _ m)u—luz + Ct(xv )up+1—m + pC(a:, )up—mut _ 5(]9 +1— m)up—mut
m m

+6(p+1—m)(p—m)uP ™ Vu|? + %(p +1—-2m)u’ " Au
> (1 —m)u'u? + pe(z,t)

)
uP My —S(p+ 1 —m)uP " + —(p+ 1 —2m)uP " Au
m
t 1
> (1 —m)utu? + Mup_mut — —5(p+ 1 —m)uPTI2me(g, 1),
m m
For sufficient small § > 0, we have

(4.1) J— %ul_mAJ > [(1 — m)u" Ly + <pc(;i’t) n c(fr;t)é(p r1- m)> up—m] J.

On the other hand, for (z,t) € Sy, we obtain

J = uy — duPtt—m

p+1—m
:/kt(x,y,t)udy+/ k:(q:,y,t)utdy5</ k:(:v,y,t)udy)
Q Q Q

p+1—-m
/ k(x7y>t)up+1_m dy— (/ k(%%ﬂ“@/) .
Q Q

>/k(x,y,t)ujdy+(5
Q
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Noticing that 0 < F(x,t) = [, k(z,y,t)dy < 1for (2,t) € Sp, p+1—m > 1, and applying

Jensen’s inequality to the last part in the above inequality, we can get

p+1—-m
/k'(iv,y,t)up“_mdy— (/ k(fv,y,t)udy>
Q [9]

> F(at) (/Qk:(x,y,t)u F&y t)>p+1_m _ (/Q k(x,y,t)udy>p+1_m > 0.

Hence, we have

(4.2) J>/k(ac,y,t)quy
Q

for all (z,t) € Sp. Moreover,
Since ug(x) satisfies the conditions (H;j)—(Hs), and

J(z,t) = ug(z,t) — SuP ™™ (z, 1)

= %ulfm(a:, t)[Au(z,t) + c(z, )P (z,t)] — ouP " (z,1)

_ %ul_m(x, B [Au(z,t) + (e(a, t) — )P (2, 1)),

where ¢’ = d/m, we can obtain J(z,0) > 0. It follows from (4.1)—(4.2) that J(z,t) > 0 in
Qr, that is,

ug > ouPti—m,

Integrating it over (t,7), we get
(4.3) u(z,t) < C(T — t)~ 1/ =m),

where C' = (6(p — m))/(m=P) Combining ([@.3) with Lemma we obtain the blow-up

rate estimate. The proof is completed. O

5. Conclusion

The model — considered in this paper is the Dirichlet initial boundary value
problem of quasilinear parabolic equation with weighted source term under the nonlinear
nonlocal boundary condition. To our knowledge, [18] has studied the linear diffusion
case (m = 1), but the research of slow and fast diffusion case with weighted source term
c(x,t)uP has not been carried yet. Indeed, the multiple nonlinearities and two weighted
functions that appear in our model f pose greater difficulties and challenges.
On the other hand, the methods used in 18] (linear diffusion case) can not be directly
applied in our quasilinear model 7, which makes it necessary to improvement and

innovation. In addition, it is worth mentioning that the obtained main results are more
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detailed and complex, which involve the partial results of existing literature [18], and many

results in our theorems are new, the specific instructions can refer to the aforementioned

Remarks 3.13, [3.18] and [3.23]

In this paper, our blow-up criteria can be roughly summarized as follows: (i) the larger

reaction source or boundary flow or weighted functions or initial data and smaller diffusion
term benefit the occurrence of blow-up of solutions; (ii) the global existence and blow-up
results depend on the behavior of the coefficients c(z, t) and k(z,y,t) as t tends to infinity;
(iii) the size relationship between [, k(x,y,t)dy and 1 is also an important criterion that
divides the global existence and blow-up of solutions.

Finally, we point out that the methods and techniques used in this article by improving
can be applied to a large class of diffusion model with weighted nonlocal source terms,
such as space integral source term ¢(x, t)u” [, u? dz, memory source term c(z, t)u? fg ulds

or moving localized source term c(z, t)uP(xo(t),t) etc.
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