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On the Limiting Spectral Distributions of Stochastic Block Models

May-Ru Chen and Giap Van Su*

Abstract. Erdés—Rényi graph is a random graph in which the probability of a connec-
tion between two nodes follows a Bernoulli distribution independently. The stochastic
block models (SBM) are an extension of the Erdés—Rényi graph by dividing nodes
into K subsets, known as blocks or communities. Let Ay = (ggv)) be an N x N
normalized adjacency matrix of the SBM with K blocks of any sizes, and let y1 7 = be
the empirical spectral density of Ay .

In this paper, we first showed that if the connecting probabilities between nodes
of different blocks are zero, then limy_, o, pt iy = M exists almost surely, and we gave
the explicit formulas for p and its Stieltjes transform, respectively. Second, we showed
under a suitable condition on the maximum of connecting probability between nodes
in different blocks, say by o, p 7, converges both in probability and expectation as
first N — oo and then (y; — 0.

1. Introduction

Random matrix theory (RMT) plays an important role in many fields, such as physics,
chemistry, economics, statistics, data science, and social science (see, e.g., [5,[15,25]). An
interesting problem in RMT is to determine the limiting distribution of the empirical
spectral distribution (ESD) of a random matrix as its size goes to infinity. In the 1950s,
Wigner [26}27] derived the semicircle law for a particular class of real symmetric random
matrices, called Wigner matrices. Later, numerous results were published on the spectrum
of Wigner matrices (see, e.g., [4,11,[12}|17,22]).

Random graph theory is an interesting branch of RMT, which can be viewed as the
intersection between graph theory, probability theory, and computer science (see, e.g.,
[5,/7,13L15,120,28]). In 1959, Erd6s—Rényi [13] considered a random graph with N nodes,

in which the associated adjacency matrix A"E = (A{”;R)ﬁyj:l has entries that represent
the connection between two nodes that independently follows a Bernoulli distribution

with a probability of success p € (0,1) that depends on N. Ding and Jiang [10] showed
that if sup;<;j<n E\AéEjR —p|'/\/p(1 —p) < oo for some t > 0 and Np(1 —p) — oo,
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then the ESD of the scaled matrix AP®/\/Np(1 — p) weakly converges to the semicircle
law almost surely. Tran et al. [24] derived that when Np — oo, the ESD of the matrix
AER [ /Np(1 — p) converges in distribution to the semicircle distribution as N — oo.

Holland et al. [14] introduced stochastic block models (SBM), which generalize the
Erdés—Rényi graph. A stochastic block model is an undirected random graph with N
nodes divided into K blocks, denoted by {C4,Cs,...,Ck}. Without loss of generality, we
label the nodes by 1,2,..., N satisfying

K—-1 K
C1={1,2,...,N1}, Co={N1+1,...,Ni+N,}, ..., CK—{ZNerL...,ZN —N},
m=1 m=1

where " K71 N, = 0if K = 1. Let ay, = N,p/N fixed, m = 1,2,..., K. Then N, = ayy N

and Zﬁzl am = 1. For myn = 1,..., K, the connection between nodes ¢ and j exists

with probability p,, = pm (V) if 4,j € Cp, and with probability py, = pmn(N) if @ € Cpy,

j € C, and m # n. All edges are distributed independently. Without loss of generality,
assume hereafter that p; > ps > --- > pg.

Let Ay = (Agv))fyjzl be N x N adjacency matriz of Gy with
AZ(-;-V)ZA%V)N B(pm) ifi,jelCp,m=1,...,K,
B(pmn) ifi € Cnp, jeCy, m#n,

where Az(év) ~ B(p) means that A™N) follows the Bernoulli distribution with mean p. Let

~ ]
also Ay = v(N)[Ay — E(An)| be the normalized matriz of Ay, where v = (N) =
1/A/Npi(N)(1 — p1(N)) and E[Ay] = (E[AN)Y

ij=1"
that

Thus, the entries of Ay satisfy

~ ~ Q: ™ms f’ECm, :]_,...,K’
(1.1) A = A (pm>7y)  if i, m
C(pmn,y) ifi€Cm, j€EC, m#n, mn=1,...,K.

Here, the random variables €(p,~) with 0 < p <1 are distributed as follows:

v(1 = p) with probability p,
Q:(p, 7) = . N
=P with probability 1 — p.

The stochastic block models have been widely studied in the statistical analysis of
graphs and networks (see, e.g., [1,8,[19]). Athreya et al. [2] derived the weak convergence
of the joint limiting distribution of the largest eigenvalues of the SBM’s adjacency matrix.
Avrachenkov et al. [3] analyzed the asymptotic ESD of the normalized adjacency matrix of
the SBM with each community having the same size. Recently, there has been significant
interest in community detection in SBM (see, e.g., [1,/6]). The aim of community detection

is to partition nodes into groups with a higher probability of connection within the same
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group than between different groups. Therefore, in this paper, we consider the SBM with
the assumption py, > Pmn, m,n =1,..., K and m # n. Throughout this paper, we mainly
employ tools developed in RMT to study the asymptotic ESD of the adjacency matrix of
the SBM in which communities can be of different sizes.

The organization of this paper is as follows. First, in Theorem .5 we show that if the
connecting probabilities between the nodes of different blocks are zero, then the limiting
ESD of the stochastic block models exist almost surely. We provide explicit formulas for
the limiting ESD and its Stieltjes transform. In particular, the semicircle law for the
limiting ESD of the Erdos—Rényi graph is a special case of our results. In Corollary
we give all the moments of limiting ESD. Finally, in Theorem we derive that under
a suitable condition on the probabilities of connection between nodes in different blocks,
the limiting ESD converges in both probability and expectation. All proofs are presented
in Section 2l

Before presenting the main results, we review some definitions.

Definition 1.1. [21,22] Let My = (&;;) be an N x N symmetric random matrix with
independent random entries &;; = &j;. Define the empirical spectral distribution (ESD) of
MN by

1 N
Py () = ~ Z Oy, ()
=1

and the empirical cumulative distribution function (abbreviated to ECDF) of My by

1 & @
Fuy (z) = N ZX{)\i <r}= / dpnry (1),
i=1 —0

where A\; = \(Mpy), Ay > A2 > -+ > Ay are the eigenvalues of My, x is the indicator

function and d, is the Dirac’s delta function at the point p.

Let C.(R) be the set of continuous functions with compact support. Next, we will
examine three distinct notions of weak convergence for jipr, . For brevity, we will use the

symbol “%” to denote weak convergence from this point forward.

Definition 1.2. [21}23] Let ppz, be the ESD of a random matrix My which are random

probability measures, and let u be a deterministic probability measure.

(i) pary — p in the almost sure sense (a.s.) if Pr (Emy oo fp o duny = Jpedu) =1
for all ¢ € C.(R).

(i) pary — p in probability (in p) if for any € > 0, impy o0 Pr (| [ 0 dpnry — [z 0 dp| >
€) =0 for all ¢ € Cs(R).
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(iil) pary — p in expectation if limy o0 E| [gedury] = [z edu for all ¢ € Co(R).
Remark 1.3. From Definition [1.2] and probability theory, it is not hard to see that if
My 2 1 a.s., then HMy Z win p.

Next, we review the Stieltjes transform, which is a useful tool in random matrix theory.

Definition 1.4. [22] The Stieltjes transform of a given cumulative distribution function

F (or a probability measure pu, respectively) is defined by

sm(z) = /R - L _dF(z) <0r by 5,(2) = /R - ! (), resp.)

for z€e Ct ={z +iy: 2z € R,y > 0}.

Notice that the density p can be recovered from the Stieltjes inversion formula:
1
(1.2) p(r) = lim =S(s(2)), z=x+iyeCh, z,y € R,
yl0+ T
where $(z) is the imaginary part of the complex number z.

To simplify the notation, throughout this paper, let

pm(N)(l_pm(N)) C(N): max pmn(N)(l_pmn(N))
p(N)(L—pi(N)) ma=1...&k p1(N)(1—pi(N))

m#n

Cm(N) =

formy,n=1,2,..., K and m # n, and let
Cm = lim (n(N), m=0,1,2,..., K.
N—oo

Note that (,,(N) and (,, are deterministic for all m. The main contribution of this
paper is the derivation of Theorems [I.5 and [I.7] All proofs are in Section [2]

Let By = (El-(jv))i7j:1 be the normalized matrix of the SBM given by with
Pmn = 0 for all m # n. Then we have the following theorem. Moreover, in the proof of

Theorem the matrix By will depend on the matrix Ay given in Theorem

Theorem 1.5. Let By be the normalized matriz of the SBM given by (1.1|) with py, =0
for all m # n, and let L5y be the ESD of Bn. If imy 007 =0 and 0 < (G < 00 for
m=1,2,..., K, then there exists a deterministic probability measure u such that for all
w?

PRy 2w almost surely as N — oo,

where

Z 4C¥mCm X{|x‘ <v 4amCm}

and the Stieltjes transform ofu is given by

K R
(13) S‘LL(Z) _ Z Z+ ;C OlmCm.

m

m=1
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Corollary 1.6. Assume p is as defined in Theorem [I.5] Then the k-th moment of u is
0 if k is odd,
R j%(jj) Zm 104%1 G, ifk=2j is even,

m!
nl(m—n)!"

where (Tg) =

In Theorem we consider the adjacency matrix determined by (|I.1]) with assuming
Dm = Pmn, Myn=1,..., K and m # n.

Theorem 1.7. Let Ay be the normalized matriz of the SBM given by . Assume
Pm > Pmn, mon = 1,..., K and m # n. If limy_ ooy = 0 and 0 < (p < oo for
m = 0,1,2,..., K, then, for almost all x € R, lim¢,_olimy_o0 B3y 2 1 in p and in
expectation, where pu(x) is as defined in Theorem .

2. Proofs

2.1. Proof of Theorem

In our model, the distributions of all A;; depend on NN, so for any fixed ¢ and j in the
same block and for different values of IV, the distributions of {A )}{ Neny are not identical.

Therefore, to prove Theorem [L.5], we will use Theorem 2.9 in [4], which is stated as follows:

Theorem 2.1. [4, Theorem 2.9] Suppose that My = (Mi(jv))i,jzl is an N x N Wigner
matrix whose entries above or on the diagonal are independent (not necessarily identically
distributed) random variables with mean zero and unit variance. If, for any constant ™ > 0,

lim —ZE U (N)|2x{]Mi(JN)| > T\/N}} =0,

N—oo N

then the ESD of M](VN)/\/N converges weakly to the semicircle distribution ps. a.s. as
N — oo, where
VA —a?
27
We also need the following lemma for the proof of Theorem Recall that v =
= 1/\/Npi(1 —p1), CT = {z+iy : 2 € R,y > 0} and {(n}5_, are defined in
Section [l

prse() = x{lz| <2}

Lemma 2.2. [22| pages 171-172] Let {un} be a sequence of random probability measures
on the real line, p be a deterministic probability measure, and s, (z) (or s,(z)) be the

Stieltjes transform of un (or u, respectively).

(i) pn = p a.s. if and only if Suy (2) converges to s, a.s. for every z € CT.
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ii) pun = win p if and only if s z) converges to s, in p for every z € C™.
KN K
iii) pn = w in expectation if and only if E's z) converges to s,, for every z € CT.
BN H

Proof of Theorem [L.5. From the definition of By, denote

Wy 0 0
- 0 Wy -~ 0

(2.1) By=1| |
0 0 e Wi

where W, is an Ny, x N,,, symmetric matrix whose entries follow the distribution &(p,,, )
with mean zero and variance (,,,(N)/N, m =1,..., K. Since 0 < (, = Imy_00 (i (V) <
oo for all m = 1,2,..., K, it follows that for any € > 0, there exists Ng € N such that
€ <(m(N)<ooforallm=1,2,...,K and all N > Ny. Thus, for any m =1,..., K and
all N > Ny, all entries of the matrix X (Vm) = Wn \/N/T are mean zero and unit

variance. 1\/[OI'GOV€I'7

lim — Z E { m M))ijPX{KXq(nNm))iﬂ > TM}}

N—oo N2
M §,5€CM
1 (1—pm)2 1—ppm
= lim — ————PmX | ———=>TVN
N—o0 N2 jEZC’m pm(l_pm) " pm(lfpm) \/77”

Ph B
" pm(l - pm) (1 pm)X (

. 1 1 —pm amNpm(l — Pm)
= lim — 1—p >T
N—o0 N2 Z [( m)X ( (L —p1) p1(l —p1)

+ P \/amNpm pm)
" \/ D1 1—p1 p1(l —p1)
= lim (1= p)X (Y0~ ) > TV Gu (X)) + 2 (10 > TV Gn V)

N—oo
< J&E)noo {X('Y(l —Pm) > TV amCm(N)) + X(me > Ty oszm(N))] :
Since limy 00y = 0 and 0 < §, = UMy 00 (n(N) < 0o for all m = 1,..., K, it follows

that for any m=1,..., K and 7 > 0,

lim (1 —pp) = lim vpy, =0 < 7/ @mGn = lim 74/ Gn(N),
N—oo N—o0 N—o0

which implies that

Jim X (v(1 = pm) > TV amGn(N)) = 0= lm x(ypm > 7/ @mGn(N)).
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Therefore,

lim N% > E[;(Xgnzvm))ij|2X{|(X7(nzvm))ij\ zr\/ﬁ}} =

N—oo
m §.i€CH

Next, from Theorem for each m and all z, as N — oo, the ESD pu,, of X,(nNm)/\/Nim
= W \/m converges weakly to the semicircle law ug. a.s. That is, for each m
and all x, as N — oo,
o () =5 pse(z)  aus.
Let sy, and s, be the Stieltjes transforms of p B and p,, respectively, where m =
., K. According to Lemma we see that for all z € CT,

(2.2) Spm (2) = Ssc(2)  a.s.as N — oo.

Refer to |22, page 172], the Stieltjes transform for the ESD ups of an N x N symmetric
matrix M is defined as .
-1
Sy = Ntr(M —zIN)7,
where Iy is the N x N identity matrix. Consequently, this implies that for every z € CT,

Sug, (2) = tr[(By — 2In) 7]

2l zl-

M=

tr[(Wp — 21N, )]

3
1§

-1
L tr ( Won - : INm)
amCm(N) \/amCm(N) \/OémCm<N)
K a1 W, z o
B Z Cm(N) Ni " (\/amCm ) \/amcm(N) IN"‘)

K
B Z:l CW(N)SHm ( amCm(N)) ’

3
Il

I
M=
=|7

-

(2:3) SMEN(Z):mi_l g,j(nzlv)s“m <W> f:\/Tms““ (vaiﬁ)

m=1

as N — oo.
Further, since the Stieltjes transform of pg. is
—z+Vz22 -4

Ssc(z) = 72 , ZE€ (C+,
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it follows that by (2.3)), for every z € C*, as N — oo,

N X Oy [ —2/V amCm + ZZ/QmCm -4
a2 v<m ( amcm)_n;\/cm< 2

i -2+ 22 —daninm
2(m

Il
-

m

I
bﬁﬂx

m(2),

3
I

where ¢y, (2) = (—2 + V22 — damGm)/(2¢n), m=1,..., K.
Using the formula on the square root of a complex number (see [9, page 72]), it follows

that for each m = 1,2,..., K and any z = x + iy € C*, the imaginary part of ¢,,(z) is

2% — y? — dapGn)? + 4o?y? — (22 — y? — damn
S(en(2)) = \/V( e Ly,

and then

1 K K

e it i

g}fgl -3 (2_:1 cm(z)> = 1ylig_lF S(em(2))
K
1 |22 — e G| — (22 — 4 Gn)

24 =
2 S s 2

K 7 )
- Z MX{‘ﬂ < /4OémCm}-

27 Cm

A/ _r2
Since ngzl % x{|z| < VAam(n} is a deterministic probability measure, denote

Z ‘ 4amCm X{\$| < VAamGm -

Then from the Stieltjes inversion formula ((1.2)) and ([2.4)),

K K 1
(2.5) su2) = Y em(e) = 3 2F - Gmbm.
m=1 m=1 m

By (2.3) and (2.5), as N — oo, Suz,, (z) = su(z) as. for every z € C*. Therefore, using
Lemma as N — oo, 1y 2, 1 a.s. Hence the proof is completed. ]

Remark 2.3. The deterministic probability measure p can also be obtained from ({1.3) and

we show it as follows:
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From the definition of the Stieltjes transform and by pus.(z) = 7v42;‘rzx{\x| < 2}, it
follows that for every z € CT,

(o () = e Lt
me—1 Cm Cm Cm T — Z Oémgm)
L3 i
2m 2 Cm J{jej<2y T — (2/VamGm)

/ \/4am<m— Vamgmx) d\/mx
{|z]<2}

(2.6)

M=

I
Mw

= 21 Vom(mx — 2
1 V 4 m&m
= /R - ( a%gc x{ly\ < \/4amCm}> dy
m=1 m
1
= |y p(dy)

Il
»

#(z)
Then by (2.3) and (2.6), as N — oo, SHEN(Z) — su(z) as. for every z € CT, so by

Lemma as N — oo, By = as.

2.2. Proof of Corollary

Proof of Corollary [1.6] Notice that

/:): du(x Z/ ' 4amCm X{|x! < \/4amCm}dx
VAamCm _
"Ejg/)4 C xkv%amgm " e

404m€m 27TCm

k _
If & is odd, then Z ¥ pmon=r"

/R 2* dp(x) =

If kK = 2j is even, where j is a positive integer, then

K rViamCn ,2j — 2
k 92 x \/4amCm x
¥ du(x :/ T dp(z E / dz.
/]R ) R m—1 2mCm

—V4amCm

is an odd function for all m =1,..., K and so

K /\/4amcm 2P /A G — 22 -
r = U.
VA Cm 27 Cm

m=1
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Let © = (vA4amGn) sinf, —7/2 < 6 < 7/2, and so

K N
400, Com J+1q /2 )
/:L‘k dp(x) = Z (04()/ sin? 6 cos® 0 df
R

m—1 2Cm T J—m/2

LI 4 1 /2 ) A
= Z PR AR REICA - / (sin® @ — sin®12 ) dg
m=1 T Jo
K . .
_ S g 27\ 1 (2j+2) 1
o~ moem I\ g ) 22 j+1)2%+3
m=
N K
1 27 : .
:j+1<j> 2 oG

m=1

The third identity holds by using Wallis’s formula for the integrals of the powers of the
sine function: fOW/Q sin 0 df = (%) /2%+1, see |18, page 540]. O

2.3. Proof of Theorem

Recall the Frobenius norm of an N x N matrix M is ||M|/% = ZZN] 1 M2 tr(M?). To
prove Theorem we need the following lemmas and for the convenience of the reader,

we quote them.

Lemma 2.4. [16, page 30] For any z € C*, the respective Stieltjes transforms of the
spectral density functions of two matrices A and B satisfy that

1

a() = 300 ()] < 1A = Bl

Lemma 2.5. |22, Theorem 2.3.16] Let M be an N x N real-valued symmetric random
matriz, with the upper triangular elements &;;, i < j jointly independent with mean zero
and variance one, and bounded in magnitude by o(v/N). Then for any positive integer k,

Eltr(M?*)] = <k Jlr : <2:> - ok(1)> Nk+L

Proof of Theorem [1.7 To prove I = 1 in p and in expectation as first N — oo and
then (o — 0, we only need to prove for z € CT,

1 1 - — =0 i and in expectation,
COIEONE}I})OLSM (2) — su(2)] in p and in exp ion

according to Lemma
Recall that EN is as defined in Theorem with Eij = ﬁij if 4 and j belong to the

same block, and Eij = 0 otherwise. Since

Clolgo A}E}noo ‘wa (2) = su(2)]

< cloiglo A}gnoo (‘SHAN () — Sug,, (z)| + ’8“5’1\1 (z) — s“(z)\) in p and in expectation.
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Our goal is to prove that for z € CT,

(2.7) glolino A}gnoo ’3u~ (z) — Sug, (2)| =0 in p and in expectation
and
(2.8) lim lim \SW (2) —su(2)] =0 in p and in expectation.

Co—0 N—oo

To establish (2.7]), observe that for each N € N,

K K
iy Bl =3 (A0 B =30 > > (@
=1 j=1 m=1 n=1 1 m
n;ém Ch

and for all i € Cp, j € Cn, A\ independently and identically follow the distribution
¢?(pmn, 7). Then

==

M=
oy
™~
Tz
_

1 -~ _
E [NHAN - BNH%}

3
Il
—

eC

m

s
S

3

I
3

Ses

n

2l

€2 (Prns )]

33
]l
S

I
=

M= M= M=
M=
2
=
s3]

M=

Qm Oln [72(1 - pmn)zpmn + ’72p727~m(1 - pmn)]

3
ﬂ‘
]
S

K K
_ Prn (1 — Pmn) : B 1
= E g O, Oty ————————> since 7y = —(————
pi(1—p1) Npi(1 —p1)

< K2o(N). (since s i < 1 and m < gO(N)>

Thus limy e B[4 Ax — B[] < limy—eo K2o(N) = K2(y and so

lim lim F [HAN BN||F] =

Co—0 N—oo

By Lemma we see that for z € CT,

— 2:
ClolgojvlgnooElsw (2) = sup, (27 =0,

which implies that for 2 € C*, (2.7)) holds.
Next, we would prove (2.8)) in p, that is, for z € CT,

| 1 _ — =0 inp.
COILHONE)HOO‘S# (2) — su(2)] inp
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By Theorem |1 H and Remark B3y = u a.s. implies p By 2 uin p. Again, using

Lemma [2.2) u . ) holds in p.

Next, we aim to establish (2.8) in expectation, that is, for 2 € CT, E[sug (2) —
N
Sy (z)} — 0. According to [22, page 166], we need to demonstrate the following to prove
that E[suﬁ (2) = su(z)] — 0, that is,
N

N—o0

(2.9) lim NE[U"(BN)] = /ka du(z), k=1,2,....

From the definition of By, the expression of By is as (2.1). Since Wy, /\/Cm(N) is
a Wigner matrix (see [4, page 20]), we can conclude from [4, page 24], for any positive

integer k,

1 W 2k—1
(2.10) lim —F [tr | —— =0

Applying Lemma [2.5 and N,;, = o, N, for any positive integer k,

s e )
(2.11) = % (Cm](VN)>k (lﬁl—l (2:> + Ok(1)> Ny
- (5 (3) +aw) atrictin

Since NE[tr(B )} =+ (B[tr(WH)] +-- -+ E[tr(WE)]) and Himy—o0 G (V) = ¢ exist,
we obtain by (2.10) and (2.11)), for any positive integer k,

N—o0 N—o0 <m(

lim —B[(BF)] = lim 1§3 < = >2k1 (Gn(N))F12 =0
Nz ) " |
1 [2k) &
dm B (u(B] = 5 Z ] = i () b

Applying Corollary we can conclude that ([2.9)) holds, that is, for any positive integer
k,

Jim £ [Ntr(BN)] :/Rzk du(z).

Hence the proof is completed. O



On the Limiting ESD of SBM 1223

Acknowledgments

The authors thank the referees for careful reading of the manuscript and for valuable

comments or suggestions that have led to much improved readability of this paper. This

work is financially supported by the National Science and Technology Council of Taiwan,
MOST 111-2118-M-110-001-MY2 and NSTC 112-2811-M-110-031, and Giap Van Su is
also financially supported by the Thai Nguyen University of Education, Vietnam.

1]

[2]

[10]

References

E. Abbe, Community detection and stochastic block models: Recent developments, J.
Mach. Learn. Res. 18 (2017), Paper No. 177, 86 pp.

A. Athreya, J. Cape and M. Tang, FEigenvalues of stochastic blockmodel graphs and
random graphs with low-rank edge probability matrices, Sankhya A 84 (2022), no. 1,
36-63.

K. Avrachenkov, L. Cottatellucci and A. Kadavankandy, Spectral properties of random
matrices for stochastic block model, 2015 13th International Symposium on Modeling
and Optimization in Mobile, Ad Hoc, and Wireless Networks (WiOpt), (2015), 537—
544.

Z. Bai and J. W. Silverstein, Spectral Analysis of Large Dimensional Random Matri-
ces, Second edition, Springer Ser. Statist. Springer, New York, 2010.

A.-L. Barabasi and R. Albert, Emergence of scaling in random networks, Science 286
(1999), no. 5439, 509-512.

P. J. Bickel and P. Sarkar, Hypothesis testing for automated community detection in
networks, J. R. Stat. Soc. Ser. B. Stat. Methodol. 78 (2016), no. 1, 253-273.

F. Chung and L. Lu, Complex Graphs and Networks, CBMS Reg. Conf. Ser. Math.
107, American Mathematical Society, Providence, RI, 2006.

A. Condon and R. M. Karp, Algorithms for graph partitioning on the planted partition
model, Random Structures Algorithms 18 (2001), no. 2, 116-140.

R. Cooke, Classical Algebra: Its nature, origins, and uses, John Wiley & Sons, Hobo-
ken, NJ, 2008.

X. Ding and T. Jiang, Spectral distributions of adjacency and Laplacian matrices of
random graphs, Ann. Appl. Probab. 20 (2010), no. 6, 2086-2117.



1224

[11]

[12]

[13]

[14]

[24]

[25]

May-Ru Chen and Giap Van Su

L. Erdés, S. Péché, J. A. Ramirez, B. Schlein and H.-T. Yau, Bulk universality for
Wigner matrices, Comm. Pure Appl. Math. 63 (2010), no. 7, 895-925.

L. Erdds, B. Schlein and H.-T. Yau, Local semicircle law and complete delocalization
for Wigner random matrices, Comm. Math. Phys. 287 (2009), no. 2, 641-655.

P. Erdés and A. Rényi, On random graphs I, Publ. Math. Debrecen 6 (1959), 290-297.

P. W. Holland, K. B. Laskey and S. Leinhardt, Stochastic blockmodels: First steps,
Social Networks 5 (1983), no. 2, 109-137.

H. Jeong, B. Tombor, R. Albert, Z. N. Oltvai and A.-L. Barabdsi, The large-scale
organization of metabolic networks, Nature 407 (2000), 651-654.

N. El Karoui, The spectrum of kernel random matrices, Ann. Statist. 38 (2010), no. 1,
1-50.

A. Knowles and J. Yin, Figenvector distribution of Wigner matrices, Probab. Theory
Related Fields 155 (2013), no. 3-4, 543-582.

R. Larson and B. H. Edwards, Calculus, Eleventh edition, Cengage Learning, 2018.

C. Lee and D. J. Wilkinson, A review of stochastic block models and extensions for
graph clustering, Appl. Netw. Sci. 4 (2019), no. 122, 50 pp.

D. D. S. Price, A general theory of bibliometric and other cumulative advantage pro-
cesses, J. Assoc. Inf. Sci. Technol. 27 (1976), no. 5, 292-306.

S. D. S. Santos, A. Fujita and C. Matias, Spectral density of random graphs: Conver-
gence properties and application in model fitting, J. Complex Netw. 9 (2021), no. 6,
1-27.

T. Tao, Topics in Random Matrixz Theory, Grad. Stud. Math. 132, American Math-
ematical Society, Providence, RI, 2012.

T. Tao, V. Vu and M. Krishnapur, Random matrices: Universality of ESDs and the
circular law, Ann. Probab. 38 (2010), no. 5, 2023-2065.

L. V. Tran, V. H. Vu and K. Wang, Sparse random graphs: Eigenvalues and eigen-
vectors, Random Structures Algorithms 42 (2013), no. 1, 110-134.

S. Wasserman and K. Faust, Social Network Analysis: Methods and applications,
Cambridge University Press, 1994.



On the Limiting ESD of SBM 1225

[26] E. P. Wigner, Characteristic vectors of bordered matrices with infinite dimensions,
Ann. of Math. (2) 62 (1955), 548-564.

, On the distribution of the roots of certain symmetric matrices, Ann. of Math.
(2) 67 (1958), 325-327.

[27]

[28] G. U. Yule, A mathematical theory of evolution, based on the conclusions of
Dr. J. C. Willis, F.R.S., Philosophical Transactions of the Royal Society of Lon-
don, Series B. 213 (1925), 21-87.

May-Ru Chen
Department of Applied Mathematics, National Sun Yat-sen University, 70 Lien-hai Rd.,
Kaohsiung 80424, Taiwan

E-mail address: chenmr@math.nsysu.edu.tw

Giap Van Su

Department of Applied Mathematics, National Sun Yat-sen University, 70 Lien-hai Rd.,
Kaohsiung 80424, Taiwan

and

Department of Mathematics, Thai Nguyen University of Education, 20 Luong Ngoc
Quyen Rd., Thai Nguyen 24117, Vietnam

E-mail address: giapvansu89@gmail.com



	Introduction
	Proofs
	Proof of Theorem 1.5
	Proof of Corollary 1.6
	Proof of Theorem 1.7


