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Singular Limit Solutions for a 4-dimensional Emden—Fowler System of

Liouville Type in Some General Case

Lilia Larbi and Nihed Trabelsi*

Abstract. We prove the existence of singular limit solutions for a nonlinear elliptic
Emden—Fowler system with Navier boundary conditions by using the nonlinear domain
decomposition method and the Pohozaev identity.

1. Introduction and statement of the results

In recent years, nonlinear system have received a very important attention in the do-
main of mathematics and physics since several phenomena in these domains are described
through nonlinear differential system such as thermionic emissions, isothermal gas sphere,
gas combustion and gauge theory [28]. The main purpose of studying nonlinear initial
boundary value problems involving partial differential equations is to designate whether
solutions to a given equation develop a singularity. The blow up problem can have an
impact on the physical relevance and the validity of the underlying model, therefore, it is
interesting to solve and to characterize this type of problem.

In geometry, the semilinear elliptic equations with exponential nonlinearities play a
fundamental role, precisely, in the prescription of the Q)-curvature on 4-dimensional Rie-

mannian manifolds [12}|13]:

1

Qg = E(—Agsg + 57 — 3| Ricg |),

where Ricy denotes the Ricci tensor and Sy is the scalar curvature of the metric g. Re-
member that the Q-curvature changes under a conformal change of metric g, = e?*“g

according to
(1.1) Pyw +2Q4 = 2ng€4w7

where

2
Pyi=A2+6 <35g1 — 2Ricg> d
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is the Paneitz operator, which is an elliptic 4th order partial differential operator and it

transforms according to

4w _
(& Peng — Pg,

under a conformal change of metric ¢, := €*g. In particular case where the manifold is

the Euclidean space, the Paneitz operator is given by

P, = A2

Geucl

In that case, the equation ((1.1)) is now transformed to a partial differential equation with

an exponential type differential nonlinearity modulo the @-curvature:
A = Qg ™.

For more details and recent developments of this problem, see [12,18].
Let © C R?* be a regular bounded open domain, we consider the following nonlinear

elliptic system of Emden—Fowler:

A(a(z)Aur) — V(z) div(a(z)Vuy) = pta(z)errt0=1v  in Q,
(1.2) Ala(z)Auy) — V(z) div(a(z)Vug) = pta(z)etv2t(-8u in
AuleUQ:ulz’UQ:O on 0f).

(
(

=0
=p

Here p, 7, £ are constants such that v,§ € (0,1) and v+ & > 1, so in the following
we have naturally 1_%, 17_5 € (0,1). The potential V(z) belongs to Li’sc(]lgl) which is
smooth and bounded, the function a = a(z) is a given smooth function over €2, called the
Schrodinger wave function, solution of the linear form of stationary smooth nonhomoge-

nous Schrodinger problem

—Aa(z) + V(x)a(z) = Af(x,a) in Q,

(1.3)
[Vallee < 8
satisfying
(H) 0<c <a(r) <c < +oo,

A and /3 are small parameters and f is a smooth bounded function over Q. Furthermore,
|f(x,a(x)] < c(l+ |a(@)]®), ze€R* acRandc>0.

For more details about asymptotical behaviors of the solution a(z) of problem (1.3, see [26]

and some references therein, see also [9}/10].
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We are interested to the study of the existence of positive solutions for the problem (|1.2))
with singular limits as the parameter p tends to 0 and when the singular sets intercept
each other.

In [19], the authors considered the system ([1.2)), precisely they studied the existence
of a singular limits solution for the system in the case where the singular sets are dis-
joint. Several researchers are interested in the study of problem without the term
A(a(z)Au), see [15[30]. In dimension 2 and 4, the researchers in [1,[7,29], are interested
exactly in the study of system without the term V(z)div(a(x)Vu) and the function
a(x), in fact, they proved the existence of solutions with singular limits when parameter
p tends to 0.

The author in [25], investigated the case of an Emden-Fowler equation with exponential

nonlinearity, he proved the existence of singular limits for solution of this type of equation

given by
Ala(z)Au) — V(z)div(a(z)Vu) = p*a(z)e® in Q C R?,
u=Au=0 on 0f).
Indeed, he looks for solutions which concentrate at the points 27 € Q, j = 1,...,m as the

parameter p tends to 0. He gives sufficient conditions under which, as p tends to 0, there
exists an explicit class of solutions which admit a concentration behavior with a prescribed
bubble profile around some given m-points in 2, for any given integer m.

In dimension 2, Chanillo and Keissling [14] established a strict isoperimetric inequality

and a Pohozaev—Rellich identity for the system

(1.4) —Aui:exp<2fyi’juj> inR* icJ={1,...,N},
JjeT

under the finite mass conditions
(1.5) / eldr <oo, i€J.

R2
Here {77} = v € GLy(R) is a symmetric matrix such that v/ > 0 and "¢ > 0, satisfying
(1.6) doAi=1, ieJg

JjeJ

They prove that all solutions u; are radially symmetric and decreasing about some point.
This system of nonlinear elliptic PDEs of Liouville type (called “L-systems”) is a natural

generalization of Liouville’s equation, see [23]:
(1.7) —Au=¢" in R

In another way, (|1.7) is the simplest special case of L-system. In [16], Chen and Li proved

the following important classification result.
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Theorem 1.1. [16] Let u € Li (R?) be a weak solution of (1.7)), satisfying the finite-mass

condition
(1.8) / e'dr < oo.
RQ

Then v is radial symmetric and decreasing about some point in R?.

This result is definitive for solving completely (1.7)) under (1.8]), since it reduces the
problem to a simple ODE problem. Then Chen and Li conclude that all solutions of ([1.7)

and are given by
u(z) = —2log 1+ M2 = ol Nz — o]
22\
where A > 0 and zo € R2.

The system , under slightly more general conditions which include as a
special case, is applied precisely in the physics of charged particle beams. For more
details, see [11}[21,[22]. Moreover, as the Liouville’s equation, the system has an
obvious geometrical significance. A solution N-tuple u; of f defines a set of N
metrics, all of which are conformally equivalent to the Euclidean metric on R2.

If we consider the corresponding Dirichlet problem on a bounded domain in R?,
(1.9) —Au=p’" inQ, wu=0 on Y,

when the parameter p tends to 0, the blow-up analysis and the asymptotic behavior of
nontrivial branches of solution of equation are well-understood thanks to the result
of Suzuki [27] and Nagasaki-Suzuki [24]. Moreover, this result allows to localize the blow-
up set of singular limit solutions (up to subsequence) as critical point of functions given
by the Green’s functions. In contrast, the blow-up analysis for Liouville system is
almost open.

Consider the following problem

—Au=p?f(u) in QCR?
u=20 on 0f2

(1.10)

when p tends to 0 and
()] < ce.

Theorem 1.2. [27] Let Q be a smooth bounded domain in R*. Assume that u, is a
solution of (1.10)) which converges to some nontrivial function u* as p tends to 0. Then

the limit function u* is a solution of problem

—Au* =370 870y, in Q,
u* =0 on 0.
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Moreover, (z1,...,2,) € (R®)™ is a critical point of the functional

n

W: (z1,...,2,) € (R®)" — ZH(xj,a:j) + ZG(xj,:cl).
i=1 il

Moreover, the general result has been obtained by Baraket—Paccard [6] and Baraket—
Ye [8] for e* 4 €7, v € (0,1) instead of e".
In fact, they prove the inverse problem of the result of Suzuki [27], more precisely they

prove

Theorem 1.3. [6] Let Q be a smooth open subset of R%, B € (0,1) and 1, ...,x, € Q.

Assume that (x1,...,zm) is a nondegenerate critical point of the function
E:(x1,...,2p3) € C" — ZH(:Ej,a:j) + ZG(:cj,xl),
J J#l

then there exists a constant po > 0 and (up) e

of (1.9) such that

0,00) 1S @ one parameter family of solutions

lim u, = ;G("m in Co2(Q\ {1, 2m}),
where G(x,x') is the Green’s function defined on Q x Q, the solution of

—AG(z,2") = 870p—yy in Q, G(z,2") =0 on N
and H(z,2') := G(x,2') + 4log |x — 2'| its smooth part.

Some generalizations can be found in [3}5,[8}/1720].

To describe our result, let us denote by

1
AZul — Ayu; = —A(alAuy) — V(z) div(aVuy) = A%uy + E}Lul + EZul,
a a

1
A2uy — Aqug = ~A(aAugy) — Viz) div(aVug) = A%ug + Slug + X2us,
a a

where

Va

a

Aa

Yiu; = 2-— - V(Au;) — V(z)Vlega-Vu; and X2u; = (a - V(:):)) Au;y, 1=1,2.

Then to solve (|1.2)) is equivalent to solve the following system

Agul —Agjup = p467“1+(1_7)“2 in €,
(1.11) A2uy — Aguy = phefmt-0u iy
Aui = Aug =up =ug =0 on 0N}
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when the parameter p tends to 0. Let Gq(z,y) defined over Q2 x Q be the Green function
associated to the bi-Laplacian operator with a Navier boundary conditions, which is the
solution of

A2Gy(z,y) = 64720,y in Q,

AGy(z,y) = Go(z,y) =0 on 0N

and denote by H,(z,y) := Go(z,y) + 81n |z — y| its smooth part.

In this paper, we prove the following results.

Theorem 1.4. Let Q be a reqular open subset of R* and z', 22, 2> € Q be given distinct
points. Suppose that (uf,u5) is a one parameter family of solutions of (L.11) such that

lim UT - "])-/G(l< : 71'1) + Ga( : 71.3) = ’U’){ in C4’Q(Q \ {1.17373})

=0 loc

and

lim uf) = 2Ga( 22+ Gal 2 =uh in G\ {22, 2°)).

loc
Then (zt, 2%, 23) is a critical point of the functional

1- 1-
E(xt 22, 2%) = JHa(arl,ml) + JHa(xz, %) +

28
1—v1-¢ 1.2y, 1—¢ 1.3y, 1= 2 3
+ —— Gz, 2°) + —=Go(z,2°) + ——Go(z7, 27).
£ 5 ( ) 5 ( ) ¢ ( )

9~y
SRR

A natural question that arises: can one find a solution u! respectively u? that concen-

1 3 2

trates in x', 3 respectively in 22, 23. Before giving a partial answer of this question, we

define an auxiliary function ¢ which is a truncation function in C§°(€2) such that

1 in B(z',rp),
=41 in B(2? 1),
0 in Q\ (B(z!,70) UB(22,19)),

where rg > 0 and such that B(x%, 2rg) C Q for i = 1,2 and B(x!,2rg) N B(x2,2ry) = .

Theorem 1.5. Let Q be a reqular open subset of R* and z', 22, 2> € Q be given distinct

points. Suppose that (x', 22 23) is a nondegenerate critical point of the functional

1-¢ 1—~y 2—7v-¢
1.2 .3\ _ 1.1 2 2 3.3
E(x ,x%x )_727 Hy(z,x )—1—725 H,(z,x )+72 H,(xz°,x°)
l—y1-¢ 1.2 1-¢ 1.3 1—~ 2 .3
4+ —— =Gz, 2°)+ —2Go(x,x°) + —— Gz, 7).
G et + G + G
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Then, there exists a constant pg > 0 and (uf,ub)p<p, is a one parameter family of solutions

of (1.11)) such that

. ® . 4,0

lim pui = ZCa(-, ) in Gl (@ {a'}),
. p_f i 2 . 4,0( 2
lim, o = fGa( ya7) in Cge (2\{z7}),

and
lim ((1 = &uf + (1 —y)ub) = 5G (- :cl)—l-gG (-,2?)
pare; 1 2 ~ al "y g )
+(2=7=OGCa(,2%) inC(Q\ {z', 2% %)

loc

Under an additional assumption on the points 2!, 22 and 23, we can give the asymptotic

behavior of uf and uf separately.

Theorem 1.6. Let Q be a reqular open subset of R* and z',z2, 2% € Q be given distinct

points. Suppose that (x', 22 23) is a nondegenerate critical point of the functional

1-¢ l—~ 2-7v—-¢
1.2 3y _ 11 2 2 3.3
5(1’,1‘,1’)— 27 Ha(x,fb)—i- 2§ Ha(.’L',.Z')+ 2 Ha('x?x>
1—v1- 1-—
+ grnga( L 2)+7£Ga(a;1 3)+T7Ga(x2,x3)
such that
1 3 1y _ 1 3.2 1 1.3y _ L 2y(..3
(1.12) ;Ga(x ,T) = EGa(x ,x7)  and ;VGGJ(-,.% )(z°) = EVGa(-,x ) (7).

Then, there exists a constant pg > 0 and (uf, ug)pgpo s a one parameter family of solutions

of (1.11) such that

loc

lim uf = ’1yGa( Lz + Gal(-, 2 in CEYQN\ {2, 2%)),

p—0
. 1 . 4,a
lim 15 = £Gal,0%) + Gal,2°) in G2\ {a?,2°}).

Our paper is organized as follows: In Section [2] we give necessary condition about
the position of the points (z!, 22, 23) thanks to the Pohozaev identity and by using the
techniques inspired by the work of Suzuki [27], we determine the appropriate functional,
which proves Theorem Next, we want to show the inverse result of Theorem
without adding any condition which is a priori impossible, so we thought of adding an
auxiliary function which is proved in Section [3] where we prove Theorem [I.5| motivated by
the technics of Baraket et al. [4]. In fact, we introduce some crucial results and definitions

about the weighted Holder spaces, linearized operators and the bi-harmonic extensions,
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we recall some studies about the analysis of the bi-Laplace operator in weighted spaces.
We construct our approximate solution of by using the appropriate transformation
in a large balls. Next, we consider a nonlinear interior problem, where the existence of a
family of solutions of , which are close to the approximate solution is proven. Then,
we prove the existence of a family of solutions to , which are defined on ) with
small balls removed. Finally, we show how parameters of these families can be connected
to produce solutions of . Indeed, we patch these pieces together via a nonlinear
version of Cauchy data matching. In Section [4] we prove Theorem [I.6] by considering the
topological condition and by using the same techniques as in the previous section.

2. Proof of Theorem

Let w be a subset of Q. We multiply the equation A2u; — Agu; = prerut(-7uz by
V(~yui + (1 — v)uz) and then integrating over w, we obtain a Pohozaev type identity
(2.1)

v [ (@ - gV + -9 [

w

(A2uy — Agup)Vug = p4/ (ermt(="uz _ 1), o,
Ow

We have
1
/(Azul)Vul :/GA(aAul)Vul

w

1 2
= /(Azul)Vul +/ EAaAul -Vuy +/ gVaV(Aul) -Vuy.
Using the Green’s formula we obtain
1
/(Agul)Vul = —2/ (Aup)?vdo —/ (V(Auy) - Vuy)vdo + Vuy - vV (Auy) do
w Ow

ow Ow

1 2
+ V(Auy) - vVuy do +/ 5AaAu1 -Vuy + / gVaV(Aul) -Vuy.
Ow w w

On the other hand,

/AamVul :/V(x)div(aVul)Vul :/ V(x)VaAul—k/V(x)Auqul.

a a w

Then

/(AZul — Aqup)Vuy

= —;/ (Auy)?vdo — / (V(Auy) - Vug)v do + Vuy - vV(Auy) do
Ow Ow Ow

1 2
+ V(Auq) - vVuy do + / aAaAul -Vup —I—/ 5VaV(Au1) -Vu
Ow w w

—/wV(:E)VaAul—/wV(a:)Aul-Vul.

a
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Similarly we multiply the equation A2uy — Aqug = plef®2t(1=8u by V(€uy + (1 — &)uy)
and then integrating over w we obtain a Pohozaev type identity

(2.2) ¢ / (A2uy— Agus) Vit +(1—€) /

w

(A2uy—Aqug)Vuy = p4/ (efu2t(1=8u 1)y dg.
Ow

Using the Green’s formula we obtain
/ (A2uy — Agug) Vg

1
= —2/ (Aug)?v do — / (V(Aug) - Vug)vdo + Vug - vV (Aug) do
Ow Ow Ow

1 2
+ V(Aug) - vVug do + / —AaAus - Vug +/ 5VaV(Au2) - Vo
ow w a w

—/ VE:E) VaAus — / V(z)Aug - Vus.

Making use of the identity

/(Agul — Aaul)VUQ + / (A?LUQ — AGUQ)VQH

= / A2uy Vg + / AZuyVuy — / AquiVug — / Aqus Vg

and calculating

Il :/A?LU1VU2+/A§UQVU1

= —/ (Auy - Aug)vdo + Vug - vV (Auy) do + Vuy - vV (Aug) do
Ow Ow Ow

+/ 1AaAu1~VuQ—|—/1AaAuQ-Vu1+/ §VCLV(AU1)‘VU2
/ —VaV(Aug) - Vuy,

I A u1Vu2+/A uaVuy
/ VanVuQ—I—/V Au1Vu2—|—/V(x)AuQVu1,

we obtain

L — 1 = /(Agul — Aaul)VuQ + /(AZUQ — ACLUQ)V'Ul

w

= —/ (Auy - Aug)v do + Vug - vV (Auy)do + Vuy - vV (Aug) do
Oow ow Ow

1 1 2
+/ “AaAuy - Vug +/ —AaAuy - Vuy +/ aVaV(Am) - Vug
wa wa w
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2
+/ EV@V(Au2)~VU1 2/ Vflx)VanVUQ/V(az)AulVUQ

w

= / V(z)AuaVuy.
Then by combination of and we obtain
(2.3)
~(1 =) {/ ( - %(Aul)Qu — (V(Auq) - Vur)v + Vug - vV(Aug) do + V(Auq) - uVu1> do
Ow

1 2 Vv |
+/ aAaAul -V —|—/ EVaV(Aul) -V —/ %V@Aul — / V(z)Auy - Vuy

+&(1—7) [/aw ( — %(Auz)2y — (V(Aug) - Vu2)v + Vug - vV(Aus) do + V(Aug) - VV'LLQ) do

1 2
+/ EAaAu2'Vu2+/ aVCLV(AUg)'VUz*/

w

@vamz - /w V(z)Aus - vu2:
L1 =) (1—8) [/aw ( — (A - Aus)v + Vs - vV (Auy) + Vg - Z/V(Aug)> do

1 1 2 2
+/ —AaAu; - Vus +/ aAaAug - Vuy —|—/ EVaV(Aul) - Vus —|—/ EVaV(AuQ) - Vuy

wa’ w w

—9 / Vix)VanVuQ— / V(2)Auy Vs — /

w

V(x)AuNul}

=p*(1 - f)/ (vt =mvz _ 1)y dg 4 p(1 — fy)/ (eSut1=8w _ 1)y do.
ow 5]

w

We insert the profile of the limits of the solutions in the identity (2.3)) when p tends to 0
and 7 fixed small enough, we choose w = B(x%, 1) = B; for i = 1,2,3. We obtain, thanks
to the regularity of solutions of (I.11)) on Q\ {z', 22, 23},

lim p*(1 — f)/ (7t =12 _ 1)y do + p*(1 — fy)/ (efu2t(1=0m _ 1), do = 0.
p—0 Hw dw

Then
v(1=¢) [/ ( - %(Au’{)% — (V(AuY) - Vul)v + Vui - vV(Aul) do + V(Auy) - VVUI) do

Ow
V(z)

1 2
—|—/ EAaAui‘ -Vuy —|—/ 5VaV(Au’1‘) -Vui — / VaAui — / V(z)Auj - Vu“{}

w

1
+4(1—7) [/ < - 5(Au§)21/ — (V(Au}) - Vub)v + Vui - vV (Aul) do + V(Au3) - I/VUZ) do
Ow
1 2
-|-/ gAaAug -Vuj —|—/ aVaV(Aug) -Vuy — / @VaAug - / V(z)Aus - Vuz}
+(1-y(1-9 [/ ( — (Au - Aus)v + Vus - vV (Au]) + Vui - VV(Au§)> do
Ow

1 1 2 2
+/ aAaAuT -Vus +/ gAaAuz - Vuy +/ gVaV(AuT) -Vus +/ gVaV(Aug) -Vui

_2/ V(w)VaVu*{VUZ _/V(:c)Au’{Vu; _/V(x)AuSVu’{] = 0.

a
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In the desire to construct solutions of the system that blow-up in the points z!, 2% and

22 this means that, if p tends to 0, we have
.1 1 3 1 2 3
up = u] = —Go(z,27) + Go(z,2°) and ug — u5 = 5Ga(az,ac )+ Go(z,2°).
Y

e In B3 = B(x3,7), since we have G, (z,2%) = —81n |z — 23| + H,(z,23) where H, is

a smooth function in €2, then

uy = }yGa(a:,xl) +Go(r,2%) = —8In |z — 2| + R(z) with R(x) = H,(x,2%) + }yGa(x,xl)

1 1
uy = EGa(x,a:Q)—i—Ga(x,xS) = —8In|z—a23|+M(x) with M(z) = Hy(z,2%) + EGQ(:E,J:Q).
We set

Tins

1
=~(1-¢) {/ ( — i(Au’{)2V — (V(AuY) - Vul)v + Vui - vV(Aul) do + V(Au]) - VVuf) do
ow
1 2 i
+/ aAaAuT -Vui Jr/ aVaV(AuI) -Vuy — / Véx) VaAui — / V(z)Au] - Vui

+£(1—7) {/8 ( - %(AUS)QV — (V(Au3) - Vus)v + Vus - vV (Auj) do + V(Au3) - VVuS) do
V(x)

1 2 |
—|—/ EAaAug -Vus —|—/ EV@V(AU’Q‘) -Vus — / VaAu; — / V(z)Aus - Vus

+(1=7(1-¢ {/‘% (— (Aut - Aud)v + Vul - vV (Auy) + Vui - VV(AUZ)) do

1 2
+ EAaAuf-VuS—!—/ —AaAus - Vui + /gVCLV(Aul) Vus + / —VaV(Au3) - Vuj

w

72/ V(x)VaVu’{Vugf/ x)AuiVus — /V AuQVul]

a

By computation, we prove that
8
Ips = —— [(1 —£) VAR(z)vdo + (1 —7) VAM(J:)VdU]
77 aBg aBS

16
+ ? [(1 —&) . AR(z)vdo + (1 —7) . AM(SL‘)Z/CZO']

L 32 [(1 — ¢ | VR@vdo+(1-7) VM(x)VdU] +0()
e 98, 8Bs

with

R(z) = Hy(z,2%) + rlyGa(x,xl) and M(z) = Hy(z,23) + éGa(az,xQ).
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Then

(1-¢) VR(z)vdo + (1 —7) VM(z)vdo

0B3 0B3
1-— 1-
=2-7-¢) VH,(x,z3) d0—|—€/ VGo(z,z') do + b VGo(z,2%) do
0By Y Jons € Jon,
=0).
Since

VH,(z,2%) = VH, (2%, 2%) + O(n)), VGa(z,2') = VG, (23,2 + O(n)

and
VGo(x,2%) = VGqa(23, 2%) + O(n),
we get
3,3 1-¢ 3,1 -~ 3,2
(2 -7 - f)VHa(.%' y L ) + TVGGL(:C y L ) + TVGCL(x » L ) = 0(77)7
which means that 23 is a critical point of the functional
1-¢ 1—7x

2.4 Eix— Hy(-,2%)+ ————Gol -, ') + ————Ga(-,2%).

PR P R

e In By = B(x!,n), since we have G, (z,2') = —81n |z — 2| + H,(z,2') where H, is

a smooth function in 2, then
1 8 1

uf = ~Go(z, ") +Go(x,2%) = —— In |z —2' |+ K(z) with K(z) = —H,(z,2") + Go(x, %)
Y Y v

and uj = %Ga(l',l'z) + Go(z,2%) = S(z).
We already have

Tns

=~(1-¢) [/ ( - %(AUT)QV — (V(AuY) - Vul)v + Vui - vV(Au]) do + V(Au) - uVu’{) do
ow

V(z)

1 2 1

+/ aAaAuT - Vuy +/ aVaV(AuT) -Vuy — / VaAui — / V(z)Au] - Vui

) J

+£&(1—7) {/ ( - §(Au§)2y — (V(Au3) - Vud)v + Vus - vV (Auj) do + V(Au3) - VVU%) do
Ow

V(x)

1 2 |
—l—/ EAaAuS -Vuj —|—/ EVQV(AUS) -Vus — / VaAus — / V(z)Aus - Vul

w

+(1-y(1-¢ {/&U (— (Auj - Aud)v 4+ Vui - vV (Au) + Vui - VV(Au§)> do

1 1
+ [ —AadAuj - Vu; —|—/ —AaAul - Vuj —|—/
a

w w w

2 2
~VaV(Au) - Vus + / “VaV(Au3) - Vi
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—2/ Vix)VaVu*{Vu; —/

w

V(x)AuTVuZ—/V(m)AuQVu’{].

By computation, we prove that

Ips = 8 [(1 —&) VAK (z)vdo + d-980-9) VAS(z)v da]
n 0B, Y 0B,
+ 1—2 {(1 —) AK(xz)vdo + 1-90-9) AS(az)yda]
n 0B Y 0B1
+ % [(1 - &) VK(z)vdo + (=61 =) VS(x)v do’] + O(n)
n 0B, v 0B,
with
K(z) = PlyHa(x,xl) + Ga(x,x?’) and S(z)= 2Ga(x,x2) + Ga(:n,xg).
Then
_ wdo 4 =90 =7 W do
-9 /681 V(e do+ Y 0B, VSl
_1=¢ VH,(z,z")vdo + 1=¢ VGy(z,2%)vdo + 1-90-9) VG, (z,2%)vdo
7 Jom 7 Jem Y 0B,
=O0(n).

By virtue of the relations
VH,(z,2') = VH, (2", 2') + O(n), VGa(z,2%) = VG, (z',2%) + O(n)
and
VGy(z,2%) = VG (2, 2%) + O(n),

then

Lo m, e at) + LGt oty + L2

Y v 073

we conclude that 2! is the critical point of the functional

VGG(J“J? $2) = 0(77)7

(2.5) £ x%Ha(-,x1)+Ga(-,x3)+?Ga(~,x2).

e In By = B(z?%7n), we can prove similarly as in B; = B(x!,7) that 22 is a critical
point of the functional

(2.6) & :v—>Ha(-,332)—|—Ga(-,:L‘3)—|—lnga(-,xl).

Finally by combination of (2.4)), (2.5) and (2.6]), we conclude that the point (z!, 22, 23) is
a critical point of the functional £ defined by
1-— 1-— 2
E(xt, 2?23 = %gHa(xl,wl) + %Ha(xz,xz) +
1-¢ 11—

+ TGa(xl, z3) + TGG(I2,$3) + O_gr)y(;_v)Ga(xl,xz).
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3. Proof of Theorem

3.1. Construction of the approximate solution

We denote by e the smallest positive parameter satisfying

4 384et
N =Ty
Let )
' (1+¢2)
UE(ZL‘) = 41 m,
which is a solution of
(3.1) A%y = pte*  in R
Hence for all 7 > 0, the function
(3.2) (2) = 41 7(1+ €2)
. Ue () i =4In ———F
=T g2 + |rz|?

is also a solution of (3.1]).

3.1.1. A linearized operator

First we introduce some definitions and notations.

Definition 3.1. Given k € N, o € (0,1), u € R and |z| = r, we introduce the weighted
Holder spaces Cp®(R%) as the space of the functions w € CF*(R*) for which the norm

loc

ol ey = Nl cme, oy + S0P (L P22 el eme g, 0y, 0

is finite. Similarly, for given 7 > 1, let Cﬁ’a(BF(O)) be the space of functions in C¥*(Bx(0))

for which the following norm
— _ —p ) _
lelleto oy = Iellera o + 32 (M1l Yk @005, 2001)

is finite. Finally, set B} (2%) = B,(2%) \ {2'}, let Cﬁ’a(ﬁ){ (0)) be the space of the functions
in (B} (0)) for which the norm

loc
lellego s o)) = ﬂl/)z (r Il lere Baop51(0))

is finite.
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We define the linear elliptic operator L by

384

— A2 _ R
Li= &% - o

which corresponds to the linearization of (3.1)) about the radial symmetric solution u.—1 r—1
defined by (3.2). When k > 2, we let [CF*(Q)]o to be the subspace of functions w € Ci®(2)
satisfying Aw = w = 0 on 0f).

Proposition 3.2. [4] All bounded solution of Lw = 0 on R* are linear combinations of

_ el

8.%2'
po(r) = T+ 2P

and ¢Z(m):T|x’2 fOT’Z.Zl,...,4.

Moreover, for > 1, u & Z, the operator L: Cp®(RY) — Cg’i(R‘*) is surjective.

In the following, we denote a right inverse of I by G,,. Similarly, using the fact that

any bounded bi-harmonic solution on R? is constant, we claim
Proposition 3.3. [4] Let § > 0, § ¢ Z then A? is surjective from C?’Q(R‘l) to Cgfz(R‘l).

We denote a right inverse of A% by Kjs: Cgfil(]R‘L) — Cé’a(R‘l) for 6 >0, 0 ¢ Z.

L 22 23 three distinct points in €,
we define x := (z!,22,7%) and (%) = Q\ {51,52,53}. Let 79 > 0 be small such that

B, (7%) are disjoint and included in Q. For all 7 € (0,7¢), we define

Finally, we consider punctured domains. Given x

3
Q,x) =9\ B,
=1

Definition 3.4. Let £k € R, a € (0,1) and v € R, we define the weighted Holder space
CL*(7 (%)) as the space of the functions w € C>*(Q"(F)) such that the norm

3
[0l eho @y = lwllerna@,, oy T2 s (7 I0(@ +7 ) lera @By 00 5 0))
i—1 0<r<ro/2

is finite. Furthermore, for £ > 2, we denote by [Clj’a(ﬁ*(i))]o the space of all functions
w e CP(Q" (X)) satisfying Aw = w = 0 on 9.

We recall the following result.

Proposition 3.5. [4] Let v < 0, v ¢ Z. Then A? is surjective from [Cﬁ’a(ﬁ*(i))]o to

(@ (%))
We denote by K, : Cgf4(§*(§)) — [Céa(ﬁ*(i))]
v el

o @ right inverse of A? for v < 0,
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3.1.2. Ansatz and first estimates

For all o > 1, we denote by &,.,: Cp®(By(0)) — Cy*(R?) the extension operator defined
by

f(x) for |z| < o,

X(%)f(aﬁ) for |z| > o.

Here x is a cut-off function over R, which is equal to 1 for £ < 1 and equal to 0 for ¢t > 2.

(3-3) Suo(f) (@) =

It is easy to check that there exists a constant ¢ := ¢(u) > 0 independent of o such
that

(3.4) Hfﬂ,a(w)ucg’a(w) < EHL‘)HcngL(EG(o))-
Forall e,8,\, 7, >0,i=1,2,3 and v,§ € (0 1), we define

yHE-l 7+§ ; ; r
Te 1= T B\ ‘= Max (61/2, g 7 51/2 >\1/2) and Ré = Ré,ﬁ,)\ = Tif

Here, we are interested to study in B,_(x!), the system
Ay — Aguy = plerat=muz,
3.5
> Ay — Agug = plefrztli=8m

Using the transformation

4 14 &2
vi(x) = wy (:lzv> + ilne — ;ln (71(2—1—5)> and  va(x) = ug <7ix> )

the previous system can be written as
A2U1 + Eél V1 + 2%11}1 = 24671}1—'—(1_7)”2 in BR; (.,”Ul),

(36) ) . , 24(74—5—1)88(7-"-5—1)
A“vg + Ealvg + E—dlvg =24

efr2t(1-8n in BRé (:):1)

el
(r(1+e2)) " (57)
with
Va1 ~ e 2 ~
Zl Ui = 2—— - V(Av;) — V() () Vloga; - Vi,
a1 T1
~ 2
E%lvi = (Afh — <€> ‘Z(w)) Av; fori=1,2,
ai T1

where a;(z) = a(%x), Vi(z) = V(Tilx) Here 71 > 0 is a constant which will be fixed
later. We denote by @ = u.—r—1, we look for a solution of (3.6]) of the form

1 1 - 1- 1
(o) = Jata =) =26 () - S (07) - 5 ko)

vg(x)zéaa (i"f )+G ( =3 3) + hl().
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Using the fact that gile—al) = 1, this amounts to solve the system

16
(I+[z—z']?)

384 1o (1—~ Al
Lh% = m e’yhl—‘r(l Mhy ’}’hi - 1] - Z’}ilvl - E%’lvb
1= 4Tl govet
(37) Aghl o 24 16 v Cla € 7 efh%+(1_§)h%+W+§_1 (%G (Ez 2)+G (Ez 3))
5=
~)/ il (1+7"2) l’Yé

1 2
— 2511)2 - 251’02

in BR%(JJI), where r = |z — 2! and C; . = ﬁ We fix p € (1,2) and § € (0, min {1,
%5_1, %ﬁ_l}) To find a solution of , it is enough to find a fixed point (h}, hd) in a

small ball of Cy*(R*) x C3*(R*) solutions of

1 = gﬂ OguRl Oﬂ(hl 1) :Nl(hl 1)’

(3.8) .
h2 K&OgaRl ORl(h ) Ml(h h2)
Here &, g1, is defined in (3.3), Gu and Ks are defined after Propositions and re-

spectively and

384

1 1\ _
ﬂ(hlth) - 7(1_‘_7”2)4

[ewhh(l_ﬂh% - 'yh% - 1] - Eélvl - 252;1111,

1=¢ 47+§ L gaté—1
Ri(hl,hd) = 24.16 v O T e egh%+(17§)h%+$(%Ga(iTv 2)+Ga(‘m )
’ 1
(1 +72)* =

1
- ZaIUQ - ZEI'UQ.

Lemma 3.6. Given k > 0, there exist e, > 0, Ay > 0, 8 >0, ¢, > 0 and ¢, > 0 (only
depending on k) such that for all e € (0,e5), A € (0,As), B € (0,84), p € (1,2) and
0 € (O,min{l7 %H, %H}) with 1z :=r. g x. We have

”Nl(O, 0)”(14"" (R4) < C,ﬂ“?, M1 (0, O)HC:slv‘l(Rél) < CHT??

HNl(h ) Nl(k17k2)||c4a (R4) < Cnr2||(h ) (kik%)||cﬁ’a(ug4)><c§’a(ﬂg4)

and
M (b 1) — M b D) gty < r 2 0d 1) = (kd, D) gyt
for all (R}, hY), (K1, k3) € Ci®(RY) x C3™(R*) satisfying

(3.9) H(h%?h%)”cﬁ’o‘(R4)XC§*D‘(R4) < 20,{7“5, H(k%’k%)”gﬁva(w)xcgﬂ(w) < 2057"3-
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Proof. We denote r = |z—7!|, taking in to account that (E%l), i = 1,2 are linear operators.
Given k > 0, there exists a constant ¢, > 0 (which can depend only on ) such that for
w € (1,2), we have

sup 7"4*”|7'1(0, 0)]

r<R!
1 1- 1 1
(G e () re(5) =)
v 7 \¢ m 1 gl
o220 (5) 0 (2) )
gl 7 \¢ 1 Gl ot
4— 1 17 2 1,
<cpsup rt B [ Sw )|+ (2, | U
r<Rl Y Y
1-— 1
e (o (2)

7 r<R:

(o (2)-e(29
"\ & T T1

+ Cx

Va ||l
ar ||y

—2
~i (<E) Aay — ‘71(,%)61) HlAu
ay T1 Y
(2 ) e (2.))
a1 ¢ 71 1
V(e (5t) ren (50|
§ 1 T1
H(5) s e fa o (Gt) v (5|
== Aay — Vi(@)ay | ||A =Go| —,2° | + Go| —, .
ai \\ 71 § T1 T1

Using the fact that a(z) is a solution of (1.3)) satisfying (H]), V(z) is a smooth bounded
potential and that G, (z,y) verifies |V:Gy(x,y)| < c|x — y|~¢ for i > 1, we obtain

< ¢, sup riH (2
r<R!

2
€ _
+ cm( ) sup rH
T1 r<R!

1—
i sup ri# [2
Y r<R!

2
n (;) 174 (@) ||V log |

1—- e\?
+ cx 2 (> sup riH
v T/ r<R!

+ ¢k

p 1T (0,0)) < el Falloo (£ ) E sup -6 EET (€N g L o T
r<R! ’ - “\n 7Y r<R! (1+7"2)3 "\ OO’YrgR; 1+7r2

2 2

15 1 _, 247
+Cn(> M| flloo— sup W5
T1 Y r<Rl (1+T )

1-— 1
Y sup r4_“[<€> ||Vaoo<|fr 2 |- x3|_3>
Y r<Rl T §

3
€ 1 _ _
+(> ||Va||oo<z—as2| Uz — 28 1)
T 3

+(€>2A||f| (1|x—x2|2+|x—x“)}
T1 e f ’

Taking into account that for r very large, we have (1 + r2)™® ~ r72% and the fact that

+ ¢k
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|Valls < B, then we get
Ay 1 L 5 L 5 N
sup 7 HT1(0,0)| < exfBe— + cufBet —riH + cphet —rZTH 4 et T p——rH
r<R} Y Y Y Y

—|—c€“1ﬂ 74“4—05“2)\ 74p<crz
v Y

Making use of Proposition together with (3.4), for p € (1,2), there exists a constant
¢, such that
IN1(0, 0)| gt ey < cxr.

For the second estimate, we have

42+ gatE—1
R1(0,0) = 24 . 16 ~ 015 f Bl e@(%ga(%yxz)%@a(%’rg))
(1+r2)

. (1Ga () e ()) 2 <1Ga () LG, ()) |
AN T1 T1 tA\¢ T T

sup 7‘4_5\731 (0,0)|
r<Rl

Then

1-¢
T st ((“") T (tau (g et) e (2.00))

y(1 4 r2)4

E;li <1Ga<m7$2> +Ga(€x7x3>> + Z% <1Ga<myx2) +Ga<m7m3>) :|
1 5 T1 T1 ! g 1 T

4L oyye
<ec.Cl .7 7 sup S(r)

r<Rl
v(a(gen () v (50))
g T1 T1
v(ge () (5
£ 1 T’

e\ 2 1 e\ 2 ~ 1 ex ET
+CK(> sup 7’4_6~(<) Aal_vl(x)al) ‘A(Ga(ax2>+Ga<’$3)>
71/ r<Rl a1 71 3 ! 71

4-5

where S(r) = 7"75 Then we use the fact that |Va|lw < 8 and |V!G.(z,y)| <
e
cle —y|7" for i > 1, we get

< sup 52401 R
r<Rl

+ sup 7“4_6[
r<Rl

Vai

a1

+ ¢, Sup pA=o (2
r<Rl

2
n (Z) 17 (@) Log |

)

sup 7“4_6|7€1(0, 0)]
r<R}

4atE-1 +e—1 e 1
<Oy 7 S5 sup S(r) + ¢x||Vall o <> sup 7470 (\x — 2P 4|z - x?’\g)
’ r<R! T1 ) r<R} 3

3
€ 1
+ cx||Va||so <> sup 470 <|x—332]_1 + |x—:v3|_1>
1 r<Rl §
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2
e _ 1 _ _
+ ¢ <> Al flloo sup r 5<|x—:v2| 2+|ZL‘—JC3| 2).
it r<R} 3

If4—36+8(&—1)yt <0, then S is bounded on Ry. If 4 — § + 8(¢£ — 1)y~! > 0, then
sup,<p1 S(r) = S(%=). Then we obtain

y+é—1 _
sup r17%|R1(0,0)| < ¢, max {587 v, gt AmaH8iEl)y 1}
r<Rl

+ 05655*37“375 + c,iﬁs‘s*lr?*a + c,{Aa‘S*Qr?"S

< c,.irg.

Using the same argument as above, we get
[ M1(0, O)HCC‘;*Q(RAL) < c,.irg
Let (hl, hd), (k1 k3) in B(0,2¢,r2) of Cy™(R*) x C4Q(R4) then we have

sup 7-4*/!}7'1(}&’ h%) - 7-1(]{3%7 k%)’
r<R}
ri—n
< sup ———
B r<}£)1 7(1 + T2 4

+ sup v H|SL (b — ky)| + sup ' TH|22 (b — k)|
r<R}. r<R!
rid—n

‘evhH(l*v)hé — MRk _ o pl k)|

(v?1(h1)* = (kD) + (1 = 7)|hg — k3])

< ¢k SUPp ———5—
; r<rl V(L4 12)t

e T£1r4—u< Var | g (am! - k) \+< )yvl )HVlogZilHV(h}—k%)D

2 —
+ c,§<€> sup 1| = ((5) Aty — vl(x)al) ‘\A(hi — k).
71/ r<R} a1 T1

Recall that for all functions w in Cﬁ’a (R*) bounded by a constant times (1 + r2)*/2, have
their ¢-th partial derivatives that are bounded by (1 + TQ)(“_Z)/Q, ford{=1,....k+a,...
(a.e. |[Viw| < CHT”_EHW||C§&(R4)7 (14 1r2)B=0/2 1= for 1 very large), then there exists
a constant ¢, > 0, using the fact that a(z) is a solution of satisfying and V(z)

is a smooth bounded potential, we deduce that

supr “‘ﬂh ) ﬂ(k%,k%)‘
7‘<R1
4—p

r
< ¢k SUp ———5—
HT’SRé (1 +7r2)4 il

+ (1 — ’Y)TéHh% - k%Hcg!a(Rﬂ]

P (gt oy + I logo g I = Fillcse gy
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+ cxBeR}||hy — k%HCz,a(Rzl) + B’ (R)?|Ihy — ki”cﬁva(w)
+ Cn)\52(R;)2Hh% - k%Hcﬁva(Rél)
< carZlIhf = Kllgte gy + a1 = Dl = k3l gt gy + cnbrell bl — kil pta g

+ Cﬁﬂrg”h% - k%”c‘lva(Rzl) + Cn>\7°§‘|h% - kMCﬁ’Q(R‘l)'

Provided h!, k} € C4 H(RY) x C4 H(RY), i = 1,2, satisfies (3.9) and making use of Proposi-

17

tion E 3.2| together with ( -, we conclude that
INL (i, ) = Na(ka, ko)t gy
< Cnrth% - kl HC‘W ®y T CN(l - W)Hh% - k%|’6§’°‘(R4)
< max {cmr c(l— }H h (k%,k%)]\cﬁ,a(R4)XC§,a(R4).

Reducing ¢, if necessary, we can assume that c,{rg < 1/2 for all € € (0,e,). There exists
a constant 7 € (0,1) such that ¢,(1 —v) < 1/2 for all v € (y9,1), we can find a constant
¢, > 0 such that

(310) Wi (h} hd) — N (kL Bl gty < w2 (1) — (kL B ot gy o -
Similarly we get the estimate for M1, then

sup r*°| Ry (hi, hy) — Ra(ki, k3)|
r<Rl
1o 4L govet

24 - 1GTCIE 15 T‘4_5e"/+’£y—1 (%G“(f—f 2)+G (51 3))

< sup [ 1€
r<R} v (1 —|—'r'2) v
% ,gh%ﬂl—&)h% _ 2+(1—£)k%|
+ sup i~ 5‘2 — k) ‘+ sup 4~ 5|E k‘%)‘
r<R! r<R!
1=¢ _1-¢ 4L oohe 4=94
<el6r vy 7 C L7 e85 sup r71_§(6|h%_k%|+(1_€)|h%_k%|)
’ r<RL(1472)45
_ Vay £ -
+ ¢, sup r? 6( ‘ ‘V k%))‘ + () ‘V1 ||V10ga1HV(h% - k%)‘)
r<Rl T

) —2
1 - ~ ~
+ e (€> sup r*79 ~<(€) Aay — Vl(ﬂf)a1> “A(h% - k%)’
T1 7‘<R1 ai 71
_1g 4TSl ghvet
< Cm16 2 v Gt e
4-5
r 511 1 1 1
X _— h _kj N ]._ H h _k N
it (7 W = Rallekemy (1= O = Killege )

+ cxBre||hg — k%”cé,a(w) + cuBre||hy — k%|]c§,a(R4) + cxATZ || hd — k;HCg,a(W).
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We conclude that

(3.11) [ My(hk,h3) = Mu (kL kD) gty < cnr?[ (0] 1) = (kL kD) gty ctomsy O

Therefore, (3.10) and (3.11]) are enough to show that

(h1, hy) — (N1(h1, hy), Mi(hi, b))
is a contraction from the ball
{(h, 1) € CHo(RY) x CEURY) - | (d, Bt sy et gy < 26w}

into itself and hence a unique fixed point (hi, h}) exists in this set. This fixed point is a
solution of (3.8)). Then we have

Proposition 3.7. Let u € (1,2) and 6 € (O,min{l, %&1, %&1}) Given k > 0, there
exist e, > 0, Ay > 0, B > 0, ¢ > 0 (which can depend only on k) and o € (0,1) such
that for all € € (0,e4), X € (0,\s), B € (0,8x) and v € (70,1), there ezists a unique
(h}, h}) € Cu®(RY) x C3*(RY) solution of such that

1 1— 1— 1
vi(z) == —T(x — z') — 7G <€m 3) - JGa <m7$2> - % + hi(z),

Y vy 1 073 T1
1
e = g (57) 6 () a0

solves (3.6)) in Br (xY). In addition,
”(hi7 h%)HCﬁ’O‘(R‘l)xC?’Q(Rﬂ < 2057"3'

e In Bpo (2?), using the following transformation

ule) =u (jx) and  vy(x) = up <:x> + §1n5 — gln <T2(12+52)> ’
2 2

the system (3.5) can be written as

24(%) g(%ﬁ*l
A2y + 3L v + %2 0 =24 c e t(1=7)v in Bpe(2?),
as as Rz

Fe1
(3.12) (72(1+€2))4(V )
A2y + BL vy + 32 gy = 24ef02t1-Hu in Bpo(z?
ao as Rz
with
1 V(IQ ~ e 2 ~
26201 = 272 V(A'Ul) - VQ(.’E) ?2 V10g a - V’Ui,

9 Aag 9 2 .
Yo vi=|—=—— (= Valz) |Av; fori=1,2,
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where as(z) = a(%x), Vo(z) = V(£z). Here 1, > 0 is a constant which will be fixed

T2

later. We look for a solution of (3.12)) of the form

vl(m):lGa g—x,xl + G, g,:{:?’ —|—h%(m),
i T2 T2

1 1-— 1— 1
o) = e =) - - fa, (F00) - e (Tt ) - g

this amounts to solve the system

4PY+§ 1 8"/+5—1

24 - 16%6’ 96 e ¢ eﬂ/h%+(1_ﬁ{)h§+w+§71 (%Ga( )+Ga(sx 3))

AQh% = 1— : 1
€7 1+
(3.13) 1
— Ealvl — 2617]1,
384 h2 _ h2
LA = g [e787070% — g —1] — 5o — 5,0

in Bp2 (z%), where Cy = We denote by

(1+a )"
A%h? = To(h3,h3) and ILLh3 = Ro(h? h3).

To find a solution of (3.13), it is enough to find a fixed point (h?,h3) in a small ball of
Cy™(RY) x Cy*(RY) solutions of

(3.14) 2 2 12 2 72
hy =Gy o fu,Rg o Ra(hi, hy) = Ma(h1, h3).
Then, we have the following result.

Lemma 3.8. Given k > 0, there exist e, > 0, Ay > 0, B > 0, ¢ > 0 and ¢, > 0 such that
foralle € (0,e4), A € (0,As), B € (0,84), n € (1,2) and 6 € (O,min{l,%g_l, %5_1})
with r. :=r. g . We have

IN2(0, 0)llgt0 gay < e, || Mo 0, 0)ll s gy < cur?,
IN2(RT, h3) — Na(k?, k%)Hcg’a(Rzl) < Cnr?”(h%vhg) - (khk2)||c§aa(R4)Xc3»&(R4)

and
HMQ(h ) M2<k2> k2)Hc4 «(R4) < CHTQH(h27 h2) (k%a k%)”cgva(Rﬂxcﬁva(Rﬂ?
provided (h?,h3), (k?,k3) € C?’Q(R4) X Cﬁ’a(R‘l) satisfying

H(h27 h%)”c?“([@)xcﬁv“([&él) < QCHTS’ H(k% k%)”c;aa(ﬂy)xcﬁva@@ﬂ < 20%74?'
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Proof. The proof is similar to Lemma[3.6] in fact we have only to respect the symmetry of

systems obtained and their appropriate spaces in Bpi (') and Bpz(2?). We deduce that
2 12 2 1.2 2(12 12 2 1.2

(3.15)  [INo(hE. 1) — Na(k2, D)l gty < enr?l(3 13) — (K2, k3) ot gy oy

Following the same arguments as the first case, we prove the second estimate

(3'16) HMQ(h% h%) - MQ(k% k%)”cﬁ’o‘(ﬂw) < éﬁr?”(h% h%) - (k%v k%) HC?’Q(R“)XC:LL’D‘(R‘l)‘ ]

Therefore, (3.15) and (3.16]) are enough to show that

is a contraction from the ball
{(h2,h3) € Clo(RY) x Che(RY) « (12, h3)llgto iy et ey < 26872}

into itself and hence a unique fixed point (h?, h2) exists in this set, which is a solution of
(3.14). We summarize this in the following proposition.

Proposition 3.9. Given k > 0, p € (1,2) and § € (O,min{l,%&l,%&l}), there
exist £, > 0, Ay > 0, B > 0, ¢ > 0 (only depending on k) and & € (0,1) such
that for all e € (0,e,), A € (0,\s), B € (0,8x) and & € (&,1), there exists a unique
(h2,h2) € C?’Q(R"L) X Cﬁ’a(R"‘) solution of such that

1
vi(z) = =Gy <Z,x1> + G, <Z,w3) + h%(x),

7

solves (3.12)) in BRg(:L‘z). In addition,
||(h%7 h%)”cg’a(ﬂgzl)xcﬁ’a(ﬂgzl) < 2C,€’l“§.

e In Bps (23), using the following transformation

vi(z) = u (%) +8lne—4In <T3(1+52)> |

T3 2
2(1 4+ &2
vo(z) = ug (81’) +8lne —4In <T5(+5)> ,
T3 2

the system (3.5) can be written as

A2111 + E’(li3vl + 2%3’1}1 = 24677}1—’_(1_7)”2 in BRg, (x3),

(3.17)
AQUQ + 2;11/31)2 + 2%3’02 = 24ebr2t(1-8u in BRS’ (CL‘S)
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with
) i ~ £\’ N
Ya,vi = 2—=— - V(Av;) — V3(7) () Vlogas - Vv,
as 73
AG 2
Z%svi = <fb3 - <€> V},(w))Avi fori=1,2,
as 73

where a3(z) = a(£x), Vs(z) = V(%l’) Here 73 > 0 is a constant which will be fixed

T3
later.
We look for a solution of (3.17)) of the form

vi(z) =a(x —2°) + h

3
1
vo(z) = u(z — 23) + h

)

—~
8 8
~— ~—

)

this amounts to solve the system

384 3 (1 \h3 _ _
(3.18) LAt = oy 707 — b = 1] — 55, (@ h) — 2, (@ + h),
3.18
384 31 e _ _
Lh3 = v [eShat =0T _ B3 1] — %L (@ + h3) — B2 (T + h3)

in Bgs (x3). We denote by

To find a solution of ([3.18), it is enough to find a fixed point (h$,h3) in a small ball of
C*(RY) x C™(R*) solutions of

hi’ = gﬂ o é_u’Rg (¢} %(h:{),hg) = N3(h€)7hg)’

(3.19)
h3 = Gu o &, ps © Ra(hi, h3) = Ms(hi, h3).
Then, we have the following result.

Lemma 3.10. Given x > 0, there exist €, > 0, Ay > 0, B > 0, ¢, > 0, ¢ > 0 and
¢ > 0 such that for alle € (0,ex), A € (0,\s), B € (0,B:) and p € (1,2) with e := 1. g ).
We have

NS0, 0) oty < exr?s [ Ms(0,0)[ gt ey < exr?,
H/\/E;(h?, h%) - N3(k:137 kg)”cjva(R4) < EKTgH (h?a h%) - (ki kg)”cﬁa([gél)xcﬁva(Rq
and
HM3(h37 h%) - M3<k%> kg)”cﬁva(Rél) < EKTSH(h?a h%) - (ki kg)‘|cz*a(R4)Xcﬁva(R4)7
provided (h3,h3), (k3,k3) € Cﬁ’a(R4) X Cﬁ’a(R4) satisfying

(3.20) ||(h§)ah%)”gﬁ’a(w)xcﬁva(w) < 2%7"?» ||(ki1))7k%)”gj“(]ygﬁl)xcja(w) < 2Cn7€-
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Proof. We have

sup r7#(75(0,0)]
r<R?

< sup r (|55, @) + |25, @)

A CIRCH [ \+()uﬁuw%mw@
r<R3

, N
+ ¢ (6) sup ri# ; <(6> As %(x)a?)) ‘}AU}
73 r<R3 as 3

<o £ |Valloo su 7“47“7“(3—’_7”2)4-6 < SHVCLH sup i1
- " T3 OOTSI% (1+T2)3 " T3 OOTSII:?? 1+ 72

2 2
€ 4y 24T
+c — A sup r*H—-u—s

< c¢ufe + cﬁﬁsurg’_“ + c,@e“r?‘“ < c,.gr?.

Making use of Proposition together with (3.4)), for u € (1,2), there exists a constant
¢, such that
| N3(0, O)HCﬁ’“(R‘l) < C,JS.

For the second estimate, we use the same argument as above and we get
[ M3(0,0) et sy < cr?
To derive the third estimate, for (h3, h3), (k3, k3) verifying (3.20), we have

sup 4 “}’7}, hl,hg) E(ki’,kg’)‘
’I"<R3

384741 3.0(1_\53 30 (113
< sup Gyl (T S b ) — (RS k)

+ sup rH|SL (B — K7)| + sup v H|52 (BT — kD))

r<R3 r<R3
384754—H
< ex sup g (7 — 1)(h} = k) + (1 = 7)(h3 — k3)|
r<R3 (1 +r
Va ~
+ e sup r4—#< Vas || g (amd — 1) + ( > V()| |V log s [V (13 — kff)\)
r<R?
2 —2
1 ~
+ ¢ £ sup ri M= £ Ads — Va(z)as || |ARS — k3
1 1
T3/ r<R3 as T3
38474—H 3 3 3 3
S ArwweiriCit) [P UIRY = Kl ege gy + 15 = R llgge )]

+ cure|[hf — k?”cﬁva(ﬂy) +exBri||hd - k?”gﬁva(w) + a2 || B - k?”gﬁ’a(w)'
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Making use of Proposition together with , we conclude that
IN3(hT, h3) — N3 (kY k3) o gay
< (enr? + en(1 = )13 — Kl gt gy + el = VIS — Kll ot g
< (CHTE +ce(1 = ’Y)) H(h?, h%) - (ki k%)”gﬁﬂ(w)xcgva(w)-
Reducing ¢, if necessary, we can assume that c,r2 < 1/2 for all € € (0,¢,). There exists

a constant 7o € (0,1) such that ¢.(1 —v) < 1/2 for all v € (y0,1), we can find a constant
¢, > 0 such that

(3:21)  [Wa(H 1) — Nk k) | ey < Er? (3 13) — (kB gt ey oy
Similarly, we get
M 1) — Malk3, k) s
< (exr? + o1 = )18 — Klloto gy + ex(l — I — kgt
< (CKTS + Cn(l - f)) ||(h:1)’7 h%) - (ki k%)”cﬁva(w)xcjv%wy

Then, reducing ¢, if necessary, we can assume that c,r2 < 1/2 for all ¢ € (0,&,). There
exists a constant & € (0,1) such that ¢,(1 — &) < 1/2 for all £ € (§,1), we can find a

constant ¢, > 0 such that

R4)

(3-22) ||M3(h?, h%) - M3(k:1))7 k%)”q‘;a(w) < 5/{@”@?7 hg) - (k'?a kg)“eﬁ’@(w)xcﬁ’a(w)' O

Therefore, (3.21)) and (3.22)) are enough to show that

(h3, h3) — (N3(h3, h3), Ms(hi, h3))

is a contraction from the ball
{0, h3) € CA™(B) x € (RY) ¢ (. Bt gyt gy < 26w}

into itself and hence a unique fixed point (h$, h3) exists in this set, which is a solution of
(3.19). Then we have

Proposition 3.11. Given v > 0, p € (1,2), there exist ¢, > 0, Ay > 0, B > 0,
¢ > 0 (which depend only on k), vo € (0,1) and & € (0,1) such that for all e € (0,¢,),
A€ (0,\), B € (0,8:), v € (70,1) and ¢ € (&,1) there exists a unique (h3,h3) €
Cﬁ’a(R4) X Cﬁ’a(R‘l) solution of (3.19)) such that

vi(z) := u(e —2°) + hi(z),

vo(z) == T(x — ) + h3(z)
solves (3.17)) in BRg(ZL‘g). In addition,

||(hi1))7 hg)HCﬁ’a(R‘l)XCﬁ’O‘(R‘l) < 2CHT§.

8
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3.1.3. Bi-harmonic extensions

Next, we will study the properties of interior and exterior bi-harmonic extensions. Given
(0,1), (3, 0) € CH(S3) x C2(S3), where S is the three-dimensional unit sphere, we
define respectively H™ = H"(p o)) = H :O“Eb to be the solution of

A2H™ =0 in B(0),
HM™ = on 9B;(0),
AH™ =+ on 0B;(0)

and H® = H™(5 ). ) = H%XfZ to be the solution of

)

A?H™ =0 in R*\ B1(0),
H™ =& on 8By(0),

AH®™" =1 on dB1(0),
which decays at infinity. We will use also

Definition 3.12. Given k € N, o € (0,1) and v € R, we define the space Ch*®(R* — B;(0))
e R4 _ B (0)) for which the following norm

as the space of functions w € C, .

1wl ere g, o)) = up (rflw(r- )”c’,f’”‘(Pz(O)—Bl(O)))
is finite.

We denote by ey, ...,es the coordinate functions on S3.

Lemma 3.13. [2| Assume that

(3.23) / (8¢ —¢)dvgs =0 and / (120 —)egdvgs =0 forl=1,...,4.
S3 S3
Then there exists a constant ¢ > 0 such that

1HZ et 32 0y < cllellcasey + [¥llezass))-

Moreover, there exists a constant ¢ > 0 such that if
(3.24) Y dugs =0,
S3
then
VS et oy < (1B leaqse) + [Flezasn).
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If F C L?(S?) is a subspace of L?(S%), we denote by F'* the subspace of all elements

which are orthogonal to 1,eq,...,es. We will need the following result.

Lemma 3.14. [2| The mapping
P C4,a(S3)J_ X CQ,a(S3)J_ N C3,a(S3)J_ % Cl,a(S?))J_
) o (B, HE), o (AH - AHE)

s an isomorphism.
3.2. The nonlinear interior problem

Here, we look for a solution of the following system as in Section [3.1.2] we will just add

the interior harmonic extension and the perturbation term v; for ¢ = 1,2
A%y + 2211«1121 + 2321'17)1 = 24701 T(1-7) in Bp (a:l),

4(&) S(LH)
e Eua+(1=8)v i 1
e~"? ! in Bpi(x").

(7'1(1+52))4( 5

Given ' (@1,90%) (CA"‘”‘(S?’))2 and ¢! = (¥1,73)
and (@2,1/1 ) satisfy (3.23)). We write for x € Bpi(x 1) the following system

1 1-— 1-— |
- =g (wx:a) =g (6%2) Y
gl 23 T g

A%yy + 2%11)2 + E%lvg =24

c (CQ,a(S3))2 such that (SO%JZ)%)

vi(z) = ;u(:p —zh

1
int,1 r—
+ H™ (SOL %’R1> + vy (x),

€

1 . o1
G, (x >+G < 3>+h§(x)+H§nt’1 <<P%, ;f”f)w%@»
7’1 Ra

vo(x) = =
(@) £ T
Using the fact that H™ is bi-harmonic and taking into account that (221)1’ i=1,2 are

linear operators, this amounts to solve the system

384 int, int,
Lof = B[O O ) _ b0
_21 (Hlnt1+ ) 22 (Hmtl—i-?)%),
3.25 24 - 16 e 4 158“5_1 e e 2 o s
(325 p2_ e T () ()

V)

(S HHL o)+ (L (R HY™ o) _ phi+(1-0h)]

X
—Zl (Hlnt1+ ) 22 (Hmtl-i—l/%).

We denote by
LU% = 81 (’U%’ ’U%) and A2U% = Pl (U%a ’U%)
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To find a solution of (3.25)), it is enough to find a fixed point (vi,vi) in a small ball of
Cu™(RY) x C5*(RY) solutions of

= Guo&,r 08i(v],v9) =Ny (v, 03),

(3.26) )
U2 =Kso&spo 771(”1’7’2) = Tl(”h%)-

Given k > 0 (whose value will be fixed later on), we further assume that the functions
(goj,w ) € (CH™ x C3) for j € {1,2} and the constant 71 > 0 satisfy

(3.27) [In(ri/m)l < w1, Nl @jlleraqssy < mr? o and  [[fllezacss) < wrl.

b
In(1/r2)
Then, we have the following result.

Lemma 3.15. Let ¢! := (p},0}) € (CH*(S®))? and ' := (i,9d) € (C*¥(S?))? such
that (¢1,v1) and (o3, ) satisfy (3.23) and (3.27). Given k > 0, there exist £, > 0,

A >0, B >0, ¢, >0 and ¢, > 0 such that for all e € (0,e,), A € (0,s), B € (0, Bx),
we (1,2) and 6 € (O,min{l, L5—17 %5_1}) with r- :==r. g x. We have

140, 0) gty < cxr?s IT1(0,0)l| gt gy < e

(R%)

1R (v, v3) — Nl(t17t2)|’c4°‘(R4) < erZ|(vi,v3) — (t17t2)||c4a (R4)xChe (R4)
and

T2 (0d. 3) = T (th. )l gy < enr2 (0, 0) = (2. ) g gy o
provided (vi,vd), (t1,t1) € Cﬁ’a(R‘l) X C?’Q(R‘l) satisfying
(3.28) H('UiU%)Hcﬁva(w)xc;!a(w) < 2%7’3: H(tiat%)”cﬁ’a(w)xcg»a(w) < 20147"2'

Proof. The first and second estimates follows from the result of Lemma together with
the assumption on the norms of gp} and w} given by (3.27)). Indeed, we have

Hlnt .
SD‘] b

for all » < R!/2. Then by (3.27), we get

int r
o9 i ()

_ < Cr* (R (llejllcan(se) + 1 llezass)
CH(B2(0)—B1(0))

< 0,4827”2.

C%2(B2(0)—-B1(0))
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On the other hand,

sup 7‘4*“|51 (0,0)]
r<R!l

4- I in in
< sup U AR A) (ARt (-nd
<m0l +r2)4

- sup (8 ()] + 53, () )
7‘<R1

3847”4 ® 1nt1 int,1

SCHTS;]%W‘ YH ™ + (1 =) H, ‘

Val

e sup 1o (2 T8 a4 (£ ) i) [V togan [V 7))
r<Rl

2
1
+Cm(€> sup r4“~<<8> Aay — Vi(z a1>“A Hmtl)‘
T/ r<R}l a 1

From the asymptotic behavior of H'™ given by the estimate (3.29) and since a(z) is
solution of (1.3)) satisfying and V' (z) is smooth bounded potential, we get

384r4—H
sup r4_“\81(0,0)\ < ¢, sup !

2 int,1 . o 2 int,1 N
r<R} r<R} Sy O gy + (= e )

3
g _ int,1
=) IVallso sup > H|H| tio e
Jrcn(ﬁ) || aHoorgull%)éT H 1 HCgo‘(Bl)

2
€ 4— int,1
+0n(n) Ml sup 7 E N g oy

r<R,

Making use of Proposition together with (3.4)), for € (1,2), there exists a constant
¢, > 0 such that
1R1(0,0)ll ¢t gy < 2

For the second estimate, we have

sup r4_5|731(0, 0)]

r<Rl
o SOEEL) 4s 16 =
< sup 24C, _ " v r ——
r<R! v(1+71?)

x o 57 (10 (5107) 4G (5 2°)) e B OO+ enira-ond

+ sup r 5|E (H;nt,1)| + sup 70475|E%I (H;nt,1)|
r<R!

r<R!
ATEESL gatesty 4o 16 = 2| pyint,1 2| pyint,1
< n Sup 210y, T SCETy T (Er® (1™ lgao + (1= Er? [ H™ |gae)

_ Val
+ ¢x sup r 5(
r<Rl

IV(AHY) \+( ) Vi ( )||V10g'dl‘|V(H§m’1)|>
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2 —2
1 -
+ Cp (5> sup 470 ~(<E) Ady — Vi( >‘|A (H>™ 1)|
T1 r<R! ay 1

1-¢

E y+E— 16 v i i
8(£) 4—65 2 int,1 _ 2 int,1
<k :<u£1 2401 - e r 77(1 T (57" | Hy ||c‘2“’ + (L= &r7(|H; ||c§”)

3 2
€
+CN(T ) HVaHOO sup ro 6||H§n“|| a0 —l—CH(T ) )\||f||C>o sup ri- 5||H§nt1||c4a.
1 1

Using the same argument as above, we get
12(0,0)l ¢t gy < ewr?.
To derive the third estimate, for (v}, vd), (t1,¢}) verifying (3.28)), we have

sup M8 ( vl vd) — Sl(tl,tz)‘

r<Rl
sup M‘( A+ o) (A ) b+ 1)
B r<R! ’7(1 + T2 4
_ (ev(hi+Hint’1+t1)+(1—7)(h5+H§m’1+t%) _evhH(l N3 _ )|
+ sup “{E vl — 1) )| + sup = “‘2 t%)|
r<R! r<R!
384rt 1 o 10g 1,2 11
< ¢k SUp ————— vi)"— (1 + (1 —=9)vy; —t
= HTSII% 7(1+T2)4(’Y ‘( 1) (t1) | ( ’Y)‘ 2 2‘)
_ Va ~
+ ¢k sup rd “< -1 V(A ‘4— < > ‘Vl HVlogaqHV(v% —t%)‘)
r<R}

v; — 1))

e\? 1 e\ 2
+ ¢k (> sup riH| = ( () Aa; — V1 )
71/ r<R} a 71

Using the fact that a(z) is a solution of (L.3)) satisfying (H)), V(z) is a smooth bounded

potential and for £ = 1,...,4 + a, we have |Viw| < cNT“_ZHwHCk,a(RAL). Then we get
o
sup ri- “‘81 01,7)2) Sl(tl,tQ)‘
r<R}
< 38474~
Cip SUp —————
= e 1)

1
['YQTZM(HU%”cﬁﬂ(RQ + Hﬂ”cja(wl)) Hv% - t%”cﬁ»“(Rél) + (1 —7)r HU% - t%”c(‘;va(Rzl)]

+ eBrellor = tillgpe gy + nBre ol = tllgpegay + eMElor = tlgse gay-
We conclude that
||N1(’U17U2) Nl(t1>t2)‘|c4a (RY)
< xr?o} — thl s oy + (L= )b — Bty

< max {corZ, e (1 —7) | (v1,v3) — (t17t2)HC4O‘ (R4)xCh ()
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Reducing ¢, if necessary, we can assume that c,r? < 1/2 for all £ € (0,¢,). There exists
a constant 7o € (0,1) such that ¢.(1 —v) < 1/2 for all v € (70,1), we can find a constant
€, > 0 such that

(330)  [Ni(od0d) — Ry (th, 1) g gy < w2l (0 03) — (P 83) ot gy oy
On the other hand, we have

sup 7’475|771 (vi,t%) — Py (vi,t%)‘

r<Rl
+£-1 16 =t
4T grate—l v oatésl (1 (ez g2 ez 3
< sup 24C, . 7 £ A0 (24> e (£Ga(55.02) +Ca(520%))
r<R! ’ y(1+12)
x | € HH o) HA-O (Y™ o) _ €t ) (1) (b HHY ) |

+ sup T4_5|Eél (v% — t%)‘ + sup ’r‘4_5|2%1 (v% — t%)‘

r<R} r<R}
1-¢
qrté=1 g(AHE=1 B 16 v
< ¢y S<u}£)1 2401,5 7€ = )7“4 5(’y(1+r2)4> (§|U% - t%’ + (1 _5)‘1}% - t“)
T— €

~ 2
+ ¢, sup =0 <2 % ‘V(A(U% - t%))‘ + (i) “Z(@HVMgale(U% - t%)‘)

r<R}

2 —2
1 - ~ ~
+ cx <€> sup Ll <<€> Aay — V1($)01> ‘}A(U% - t%)’
T1/ r<Rl ai 1
1-¢
JAHEL e 16 D
< 240, 7 ST
Sy it N )T

0
x [¢r°||vg —téucé,am‘l) + (1= &)r*||ol —tiucﬁ,a(w)]

1 1 3,1 1 2,1 1
+ exBrellvy — t2||c§va(R4) + cxfrz|lvy — t2”c§»a(R4) + cxAre|lvg — t2||c§va(R4)~
We conclude that

(3.31) ||T1(v%, U%) - Tl(t%vt%)”cﬁﬂ(w) < C,J?H(U%,v%) - (t%a t%)”aﬁ’a(w)xcéa(w)- O

Hence, (3.30) and (3.31)) are enough to show that

(v%’ U%) = (Nl(vi U%)v Tl(v%’ ’U%))
is a contraction from the ball
47 .
{(v%,v%) € Cﬁ’a(R4) x Cy “(RY) : H(v%’U%)||Cﬁ’“(R4)xC§’a(R4) < 2C,J‘§}

into itself. Then applying a contraction mapping argument, we obtain the following propo-

sition.
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Proposition 3.16. Given k > 0, p € (1,2) and § € (O,min{l,%&l,%&l}), there
exist e, > 0, Ay > 0, B > 0, ¢ > 0 (only depending on k) and vy € (0,1) such that for
all e € (0,e4), A € (0,s), B € (0,8x) and v € (y0,1), for all 7 in some fized compact
subset of [Tf,Tfr] C (0,00) and for gojl and 1/}]1 satisfying and , there exists a
unique (v, vd) == (Uie,)\,ﬁ,n,@%,w%’v;,e,k,ﬁ,nm%w%) solution of such that

H(v}’U%)Hcﬁ’a(R‘l)XC?’a(R‘l) < ZCNT‘E.

Hence

1_ 1 l—v (E:L’ 3) 1—x (sx 2) In~y 1

v(z)=-ulr—2)- —G, | —2° | - —Go | —,2° )| — — + hi(z
(@) y ( ) Y “\n v T\ m Y 1)
- T — !
S A G = PO
g

1 Ex Ex int.1 r—a!

vo(x) = gGa <7_1,x2) + G, (Tl,x?’) + hy(z) + Hy'" (gpé, 3 Ré) + vd ()

solves (]3.6)) in BRé(Jfl).

e In Bp: (x2), following the same arguments as the first case by reversing the roles of
the functions u; and us and by respecting the changes of the coefficients, we can prove
that there exists (v}, v3) € C?’Q(R‘l) x Cy“(R*) such that

2 2 9
H(UhUQ)HC;M(R4)XCZLL,O¢(R4) < 2¢,77%.

Furthermore, (v?,v3) solves the following system

4L oyt

1—v
.16 ¢ £ _
24-16 ¢ 0275 157 3 “r-‘rg 1 (lGa(%,xl)-ﬁ—Ga(%,xB))

A%? = = = e g
¢e 1+t e
v [ew<h%+Hi““2+v%)+(1—w><h§+H§“t*2+v§) _ i (1-h3)
3.32 : :
( ) o Eé2 (Hint’Z + ’U%) o Z%Q (Hint,2 + ’U%),
384 2 int,2 | 2 2 int,2 | 2 2 2
2 hs+H. +v5)+(1=&)(hi+H + h5+(1-&)h 2
]L1)2 = W[eg( 2 2 vy )+(1=€)(h¥ 1 vi) _ ef 5 H(1-6hrT _ fUQ]

— 3L (HY®? +03) — 22 (HY™ +43).
We denote by
A2 = Sy(vi,v3) and v = Po(v?, vd).
To find a solution of ([3.32), it is enough to find a fixed point (v},v3) in a small ball of
Cy™(RY) x €™ (RY) solutions of
vi = Ks 0 & g2 0 Sa(vf,v3) = Vo (v, v3),

(3.33) 5 9 o 9 9
vy =G o0&, e o Pa(v,v3) = To(v1, v3).
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Given xk > 0 (whose value will be fixed later on), we further assume that the functions
(93, 945) € (CH* x €*%) for j € {1,2} and the constant 75 > 0 satisfy

(3.34) |In(ra/75)| < krZ,  |l@Fllcrassy < k2 and |17 ]|c2a(ssy < Krl.

1
In(1/72)

Then, we have the following result.

Proposition 3.17. Given k > 0, p € (1,2) and § € (O,min{l,wf*l, wffl}), there
exist €5 > 0, Ay >0, B >0, ¢k > 0 (only depending on k) and & € (0,1) such that for
all e € (0,e), A € (0,A\), B € (0,8) and & € (&0, 1), for all T9 in some fixed compact
subset of [y, 75 ] C (0,00) and for goj and sz satisfying (3.23) and (3.34), there exists a
unique (v3,v3) == (VLe A B2 V2 A B2 ) SOlution of - ) such that

I (v%7 U%) Hcglva(Ral) KO (R4) < 20:#’3

Hence
_ 1 Er g EX 3 2 int,2 [ 2 2_1’_552 2
vl(x)_'yGa<7-2’$ >+Ga<7_2a$ )+h1($)+Hl <901, VTR + 01 (),
1_ 1-¢ exr - 1-¢ Ex ln§
va(z) = g“(m - 952) - TGa (TQﬂUS) - ?Ga (7_2,901) ra + hz( )

2
i T —
+H§nt,2 <§0%7 %, R2 >+U2( )

solves (8.12) in Bpz(x?).

o In Bps (x3), we are interested to study the system (3.17).
Given ¢* == (¢, ¢3) € (C**(5%))? and ¥* := (¥, 43) € (C>*(S?))? such that (¢, ¥?)
and (3, 3) satisfy (3.23)). For = € Bps(x 3), we look for a solution of (3.17)) of the form

— in xr — 3
(o) = e~ a*) 4 e + 1 (0t T ) + b

3 X

in _-753
(o) = (o - )+ 1o + (0 T ) + udlo)
€

This amounts to solve the system

Lod = (13842)4 [ DA OF+HH o) b +-hd 31
+r
21 (Hlnt3 + ) 22 (HlntS _'_Ui;)’
(3.35) 254 _
3 99% o e(3+HY 4ud)+(1-€) (R HI P 4od) _ _er3+(1-6h} _ 3
Ly [e € 1)2}
(147r2)4

— SL (HYY +03) — 2 (HYY® +03).
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We denote by
3 3,3 3 3,3
Loy = S3(vy,v3) and Lvy = Ps(v], vy).

To find a solution of (3.35)), it is enough to find a fixed point (v3,v3) in a small ball of
C™(RY) x C™(R*) solutions of

v} =G o &gz 0 S3(vf,v3) = Rz (vf, v3),

(3.36)
vy =Guo&, pso P3(vi,v3) = T3(v3,v3).

Given k > 0 (whose value will be fixed later on), we further assume that the functions
(gog-’, 77[}?) € (CH* x C%%) for j € {1,2} and the constant 73 > 0 satisfy

(3.37) |In(73/73)| < K2, HSD?HCM(SB) < wr? and Hw?HCQ,a(SS) < k.

1
In(1/r2)

Then, we have the following result.

Lemma 3.18. Let p € (1,2). Given k > 0, there exist e, > 0, A, > 0, B, > 0, ¢, > 0,
¢y > 0 and ¢, > 0 such that for alle € (0,e,), A € (0,\;) and B € (0, Bx) with re :==1. ).
We have

||N3(0a0)Hcﬁ’a(R4) < cﬁrg, 13(0, O)Hc‘*a(w < C,J?,
Ra (0%, 63) = Na(th, ) gt ey < Er2l(0d, 3) = (6,8 oyt
and

HT3(01,U2) T3(t1a t2)||cﬁ’a(]g4) < EKT§||(U%,U§’) - (tit%)‘|cja(R4)ch;’a(R4)v

provided (v3,03), (£3,£3) € Cw™(R*) x C™(R?) satisfying
(3.38) H(U%,Ug)“aﬁ’a(w)xcﬁ’a(w) < 2%7"?7 ||(t?at%)”@ﬁva(w)xcﬁ’a(w) < 20%7«?'

Proof. The first and second estimates follows from the estimate of H'™ given by Lemma
together with the assumption on the norms of cpg? and w? given by (13.37)), we have

Hmt .
Lp]7

for all 7 < R2/2. Then by (3.37)), we get

int r
(3.39) ‘ HY o <R§ : >

< CTQ(RZ))_Q(H(P?HC‘M(S?’) + W?Hc?,a(si"))

C4e(B2(0)—-B1(0))

< 0,4527"2.

C%2(B2(0)—-B1(0))
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On the other hand,
sup r471S3(0, 0))|
r<R3

< sup %| R H ) =) (W HY) _ b+ (=) |
- 7"<R3 (1 + ?”2 4

+ sup r (2 ()| + 52, (119) )

r<R3
3847‘4_” int,3 int,3
< Cnrsguggm"}/}ll +(]. *’}/)H2 ’
+ ¢, sup 7’4_“( VCL?, ‘V AI_Imt3 }—i-( ) ‘VE; HVloga;»,HV 1nt3>|)
r<R3

2 2
1 ~ .
+ ¢ <5) sup riH|— <<6) Aas — V3(x)2ig> “A(Hiﬂt’gﬂ.
T3) <R3 az \\ 73

From the asymptotic behavior of H™ given by the estimate ([3.39) and since a(x) is
solution of (1.3)) satisfying and V' (z) is smooth bounded potential, we get

38474~ H
sup 7”47“]83(0,0)\ < ¢ sup #

2 int,3 2 int,3
H; apm* + (1 — H, o
i G ey 0 g

3
€ 5— int,3
+%<m)HVMmsmy"“Wﬂ et

r<R

2

g

w{)mew“www)
T3 r<R3

Making use of Proposition together with (3.4]), for u € (1,2), there exists a constant
¢, > 0 such that
IR0, 0)ll ¢t gy < et

For the second estimate, we use the same argument as above and we get
1T5(0, 0l gt oy < cur?
To derive the third estimate, for (v, v3), (¢7,¢3) verifying (3.38)), we have

sup r “’83 (v, v3) — S3(t3, ¢t )‘
T<R3

4—p ; . . i . . .
< sup %ﬂ (I o)+ 1= (3 H o) i+ (- 3)
r<ps (14+72)

_ (6w(h?+Hi“t’3+t§’)+(1—7)(h§+H§“t‘3+t§) — i H-mhE _ g3y

+ sup i~ “|Zl 3—13) )| + sup rd= “‘22 vl—t3)|
r<R3 r<R3
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- 384r4—H |
Cr. SU e
- TSI% (1 + T2 4

e Su£37«4—u< Vas| g (agd - ) \+< >\v3 Hv1oga3||v<v§_t§>\>
r<R?

2
1
+ ¢k (€> sup 74H| — <<€> Ads — Va(z )
T3 r<R3 as T3

Using the fact that a(z) is a solution of (1.3)) satisfying (H]), V/(z) is a smooth bounded
potential and for £ = 1,...,4 + a, we have |Viw| < CK/T“_EH'LUHCI@,Q(RLL). Then we get
o

D] —8]) + (1 = )(v3 — £3)]

v} — 7))

sup 4~ “‘83 vl,vz) Sg(tl,tz)}
7‘<R3

384r4—H
_ Wll,3 _ 43 Kl,3 _ 43
< ¢k nglgg (1+r2) (1—7) [7“ [|v7 tl”cﬁ’a(]}y) + vy t2”cﬁ!a(R4)]

=+ CRBTEHU? - t?”cﬁ’a(ﬂ{‘l) + CHBTSHU? - t?”eﬁ’a(w) + CMT?HU? - t?”cﬁ’"‘(ﬂ{‘l)'
We conclude that
N3 (07, 03) — R(11, g)HCﬁ’“(R‘l)
< (cur? 1— 3t 1—)v3 — 3
< (ewr? 4 cu(l = 7)) |07 1||c37a(11§4) + cu(1 =)l 2||cﬁ’a(R4)

< (057’3 + Cfi(l - 7)) H(,Ui))’ US) - (ti)v t%)HCﬁ’O‘(R‘l)xCﬁ’a(R‘l)'

Reducing ¢ if necessary, we can assume that c,{rg < 1/2 for all € € (0,&,). There exists
a constant 7o € (0,1) such that ¢.(1 —v) < 1/2 for all v € (y0,1), we can find a constant
¢, > 0 such that

(3.40) ||N3(U17U2) N3(t t%)HchvQ(RQ < T 2”(”17”%) (t?,tg)||cﬁ,a(R4)Xcﬁ,a(R4).
Similarly, we get
HT?)(Uilz)vvg’) - T3(t?,t§)‘|03,a(R4)
< (Cnrg + (1 - f)) [v — t%”eﬁ’a(ﬂy) + (1= &)} — t?”q‘;a(w)

< (ewr? + ex(1 = )07, v3) = (1, 8) ] gt ety et ey

Then, reducing ¢, if necessary, we can assume that c,r? < 1/2 for all ¢ € (0,¢,). There
exists a constant & € (0,1) such that ¢,(1 — &) < 1/2 for all £ € (§,1), we can find a

constant ¢, > 0 such that

(3.41) ||T3(U1av2) TS(tlth)Hcf;va(Rzl) < E,J?H(Ui)’,vg’) - (til))’t§)||cﬁ’a(R4)Xcﬁ’a(R4)‘ O
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Therefore, (3.40) and (3.41) are enough to show that

(v%’ U%) = (N?’(U:ls’ Ug)v T3(U:1$7 ’Ug’))
is a contraction from the ball
{0}, 3) € CLO(RY) x O (RY : (03, 0] gty sy < 2077}

into itself. Then applying a contraction mapping argument, we obtain the following propo-

sition.

Proposition 3.19. Given v > 0, p € (1,2), there exist ¢, > 0, Ay > 0, B > 0,
¢w > 0 (only depending on k), vo € (0,1) and & € (0,1) such that for all ¢ € (0,¢e,),
A€ (0,M), B€(0,8x), v € (70,1) and & € (&, 1), for all T3 in some fized compact subset
of [TZ;,T;] C (0,00) and for 903? and ¢§ satisfying ([3.23)) and (3.37), there exists a unique
(v3,v3) == (V160 8,m3.0%,00% ) V2,2 Byms 8 w3 ) SOlution of such that

H(/U:f’vg)Hcﬁ’a(R‘l)XCﬁ’a(R‘l) < QCNT‘?.

Hence

3
r — X
@3, 3 > + v (z),

( 1 hTE

vi(z) =u(x — x3) + hi’(w) + Hint’?’

3
r—x
©3,P5; ng) + v3 ()

vo(z) = u(x — %) + hd(z) + H;nt’?’

solves (B.17) in Bps(x®).

Remark also that the functions (vi, v3) := (Vie B0t i Vaen Bimph i) (8 € {1,2,3})

depend continuously on the parameter ;.

3.3. The nonlinear exterior problem

Given X := (z1,7%,2°) € Q2 close to x := (z',2%,23), n := (n1,7m2,1m3) € R? close to 0,

&1 = (181, 81) € (€*°(5%)?%, @y = (3,75, 89) € (C*(S%))%, oy := (¥, 47,9}) €
(C%(S3))3 and 1y := (i, 93,43) € (C**(S3))3 satisfying (3.24). Let wi and wa be
defined by
1+n 3 x— 7
g 1 ~ ~ ~i\ rrext [ ~i T4 -
wi(z) = ~ Ga(z, @) + (1 + 03)Ga(x, %) + ZXm(x — ) Hp <‘P171/11§ r) )
i=1

&€

3 —~

~ 1+ ~ ~ i rrext [~ T T — X
wo(z) = 5772 Gao(z, ) + (1 +13)Ga(z, T°) + Zxro(x — T ) H* (gpzﬂﬁ%; r> .
i=1 ¢
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Here x;, is a cut-off function identically equal to 1 in B,,/»(0) and identically equal to 0
outside By, (0).
We would like to find a solution of the system

APuy + Sluy + 220y = p4ew1+(1*7)“2,

(3.42)
AQUQ + EéUQ + 231@ = p4€£u2+(1 S

in the domain Q,_(Z) with ux = Wy, + 7}, a perturbation of wy, k = 1,2.
We recall that for p > 0, we have

4 384e!
r= (14 e2)4’
1 Va 2 Aa _
You; = 27 -V(Au;) = V(z)Vloga - Vu; and Xju; = — V(z) ) Au;,y, i=1,2.
This amounts to solve in Q,_(7),
A%y = pley(WiH )+ (U= (Wet2) _ A2 — 2l (W) 4+ 7)) — 22(W1 4+ 01),

(3.43)
A%y = plef(Wett2)H1-OWiH0) _ A2, — Bl(Wy + 05) — 22(Wa + 02).

For all ¢ € (0,79/2) and all x = (z!,72,73%) € Q3 such that ||x — x|| < rg/2, where

x = (z!,22,23), we denote by 50,( CI(Qy(X)) — CO*(Q"(X)) the extension operator
defined by

Cox(N =1 in 0(%),

go’,;c(f)('%j + J)) = %(%)f(fé] + Uﬁ) in Ba(zj) - BJ/Q(%j)> V1<j<3,

ga,)?(f) =0 in Ba/2(51) U Bo/2(f2) U BU/Q('%g)'

Here X is a cut-off function over R which is equal to 1 for ¢ > 1 and equal to 0 for ¢t < 1/2.

Obviously, there exists a constant ¢ = ¢(v) > 0 only depending on v such that

(3.44) oz (@)l eho @ gy < ellwlepo g, )

We fix v € (—1,0). In order to solve (3.43), it is enough to find (v1,72) € (Cr* (O (X)))?
solution of

(3.45) U =Ky 06, 50Q1(1,72) and By =K, 0 &5 0 Qa(01,B2),

where
Q1(T1, Dy) = pre?W1HIHA=N(W2t02) _ A2 — sl(wy 4 7)) — B2 (W1 4 01),

Qa2(V1,Tp) = ptefWetP2)+(1-0WiH01) _ A2g) — L (Wy 4 05) — B2 (Wy + B2).
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We denote by
N(@1,72) = Ky 0 & 50 Q1(71,T2) and M (D, 5) = K,y 0 &, 5 0 Qa(01, o).

Given k > 0 (whose value will be fixed later on), we further assume that for i € {1,2, 3}

and j € {1,2} the functions @;, ~;'-, the parameters 7; and the point x = (2!, 72, 7%) satisfy

(3.46) 185 llcaassy < Kre,  [Whllezasey < KrZ,
3.47 i| < kr?, 17— 2| < g
n e

Then, the following result holds.

Lemma 3.20. Under the above assumptions, there exists a constant ¢, > 0 such that

||/\7(070)||c§’a(§*(§)) < Cn?“?, HMV(QO)HC‘UW@ ) < cnr?a

-
IV (@1, T2) = N (@, 5) [l gt @ gy < Cnr2l(@1,02) = (0, 5) | i@ )2
and
IM(@1,T2) = M(TL,T) | gto e ) < xr2ll @1, B2) = (3, 35) | e )2
provided (51,7, 7, %) € (C(2°(%)))" satisfy
o

(3.48) ||(51a52)”(cjia(§*(§)))2 < 26,{/’2 and ||(U17U2)||(c§7a(§*(§)))2 < 26,47"?.

Proof. As for the interior problem, the proof of the two first estimates follows from the
asymptotic behavior of H®*' together with the assumption on the norm of boundary
data cE; and 1;; given by (3.46)). Indeed, let ¢, be a constant depending only on s, by
Lemma |3.13

(3.49) 'HeXt <<p;, % 7"a> ‘ <cprir .

On the other hand,

Q1(0,0) = pter™Ht=MWe _ A2 wlg - 22w,

and

Q2(0,0) = ptetWer1-Ow: _ A2, _ wlg, - 2x,.

We will estimate Q1(0,0) in different sub-regions of Q" (X).
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o In Br0/2( Y\ B,.(z'), we have Xro (T — ) =1, Xro (T — 72) = 0, Xro (T — ) =0
and A’w; = 0, we denote

[V, Xrolw = VXry - W+ Xro - VW,
(A, Xro]w = WAXr, + XroAw + 2V X4, - Vw,
(A% xpoJw = WA Xy + 20wA X, + AV (AW) - VXr,

4

82Xr &w
+4Vw - V(Axy,) + 4 Z az‘a;-azﬁz"
dg=1 """t " Tl

Then
1Q1(0,0)]
1
S%&M—Ffwﬂm+(?m)@H%@@UH%1+%H%GA%§M

(Y00 0wyt

ext [ ~1 7 x— T ex ~ x— T
o (122 o e (352
Te T

S

< cpet|e — | 80m)
<1fyh>{ NV () HngaHvazxmeﬂ]
+c51+n3[%MV’AG DIV (= HVk%aHV“1K%5%”}
( M 2)||AGq(2,T")] + cx(1 + n3) | — e _ V()| AGa(z, 7%

Va

+c,€<2 —_

e

v(AH@¢(~b¢ ;ﬂ>)‘+ﬂV()Hnga

~1
VHext(soi, b )D
Te
~1
AHext( 1 r—x )‘
Te

Since a(x) is a solution of (1.3)) satisfying ||Va|lcc < S and V(z) is a smooth bounded
potential and using the fact |V!G,(z,y)| < |z —y|~* for i > 1, we obtain

+ ¢k

1Q1(0,0)] < cpetla — 3780+
+ ¢k 1 4;71) [Ble — 7% + Ble — 7]
+ (1 +m3)[Blz — 2% 73 + Bla — 77| 7]
(1?m>”x—?¢2+u+w@Mm—ﬁ\2
|

(
+ ¢k
+ ¢ [,Brg’\x —Fht

+ Bri|z — 72 4+ Mz — 2P,
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Hence, for r = |z — 7|, v € (=1,0) and 7; small enough, we get

Hél(o’0)|’62f4(3r0/2(51)) < sup 7‘4_V|C§1(0,0)‘

Te <r<7‘0/2

< €Tt 4 dek B+ 20N + 20: 813 F e S < el

e In B, (z") \ B,y 2(T 1), taking into account that A2G,(z,z') = A2G,(z,2%) = 0,
using the fact that a(z) is a solution of (L.3)) satisfying (H), V() is a smooth bounded

potential, then we have

Q1(0,0)] < cpetfx — T8 4 |A2V~V1\ + [Sawi| + [S2w|
< cuet|a — 380 A2 X (z i)]Hi’Xt< 1,151,H>)
1+m ~1
+ 7[ ’ ‘V (AG,(z, 7" ‘—F IV ( )||Vloga|‘V(Ga(x,:U ))@
+(1+nﬁ[2 " (Ga(2,7°)))| + |V (2)||V 1og a| |[V(Ga(z, 7%))]]
3 Va ~ T —T
#2229 (8 (e - (31,060 ) )|
- @ Te
3 ~ :U—x
¥ wa)woga-v(xm(x 7y (74, ))\
i=1 Te
1 A Aa
+<*Wﬁa—v {+%1+m%——v )|
’}/ a
5. /Aa ~ .~ -1
(T v<x>>A(xm - (A0 )
IT+m

[Ble — "% + Bl — T[]

S 6554|1} _ ",1‘:’1|*8(1+7]1) + Cnrg|ﬂf . EU/1|75 + c

+ k(1 —}—773)[5\:1: — 1:3| -3 + Blz — 3]_1] -I-C,{ﬁTS’fL‘ - %1\_4 —i—c,{ﬁrg’\x — f1|_2

1+m

+ ¢k Mz — 22 + eI+ )Nz — 372 + el |z — 2173

Hence for v € (—1,0) and 7; small enough, we get

||QV1(0’0)||Cgf‘4(BTO(51)—BT0/2(f1)) < sup T4—V|é1(070)|

r0/2<r<rg

<c.et+ C,Jg’ + 5ce B+ ZCnﬂrg’ + 2¢ A + c,{)\rg’ < cnrg.

o In B, /2(7%) \ By, (7?), we have xp,(z — ') = 0, xro(z — 72) = 1, Xno(z — %) =0
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and A%, = 0, so Q1(0,0) = pterWi1t(l=1)W2 _$11g) — 32, Then

o (1=7)(4n9) 1+
2‘ 87g 4= T

1Q1(0,0)| < e*|lz — 7 |28Ga(z,2Y)| + (14 n3)|SeGalz, 7%)|

2
!EiGa(x,Ec’l)H +13)|S2Ca(2, 7 |+‘2 Hoxt( &, ;T)'

g
. _ 2
st (31,502 7)|
:

€

IL+m

_'_

Hence, v € (—1,0) and 7, small enough, we get

Hél(o’0)||Cgf4(BTO/2(%2))é sup  r*7[Q1(0,0)]

re<r<ry/2
<t +4c 4 20\ + 2¢,. 012 4 e

< cnrg.

e In B, (7?) \ By, 2(7?), using the estimate (3.49), there holds

27 XTo(x - 551)] eXt <~17 Jl» H) '

Te

3
Q (1=7)(1+n2)
0,01 < el 5
i=1
+ [Sewi| + [Z5w1].
Hence for v € (—1,0) and 7 small, we find
”Q1(07 0)“C2f4(BT0 (51)731‘0/2(%1)) S sup ,',,4—[/’Q1(O, 0)‘

ro/2<r<rg

< c.et+ cﬁrg’ + 5¢. 8 + 2c,iﬂr§ + 2¢ M\ + c,i/\rg’ < c,irg.

Similarly, for v € (—1,0) and 53 small enough, we can prove the same result for z°.
e In Q\ (B, (z") U By, (%) U By, (2?%)), we have xy,(z — Z') = 0, xp(z — %) = 0,
Xro(z — @3) = 0 and A%wy = 0. Thus

Q1(0,0)] < g™ HI=MW2 L 9lG) | + 22w,

F 80|y 52’787(1’”)21’"2>

< 0584’1'— |x ~3’ (14n3)

1+

+ 2 G, )| + el + 13)| ShGa(2, 7))

1+ N N
+ cx ﬁynl‘EZGa(l"g}IH +CR(1+773)‘22G@(1‘,$3)‘
< cpellz —

1
+Cﬁ+"71[
v

551 ‘—8(1—1—7]1)

’+|V )HVlogaHV (z ml))@

+ co(1+13) [2

)] + rv<x>||v1oga\\wGa(x,%?’))\}
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Aa

Aa

1tm 2)||AGa(a, )| + en(1 +m3)| — —

v

Cx

x) ’AGa(ac,f3)|

< etz — 31|80 Hm) Lo — 7Y 73 + cufBlz — 34!

14+m

(L +m)|z — T3 2 + B+ )|z — 27 + e Nz — 712

+ M1+ n3) | — 33|72
So, for v € (—1,0), r = |z — Z!| and 7, small enough, we get

1Q1(0,0)l] .0 o (AU, By () S SUP r7VQ1(0,0)] < cre? + 4w+ 200\ < cr?
Now, we are interested in the second equation of the previous system.

e In B, /(T DA\ B, (1), we have xpo(x — 1) = 1, xpo (2 — 22) = 0, Xpo(x — 2%) = 0
and A%ws = 0 so that QQ(O 0) = ptefW2t(1=OW1 _ yilg, — %2%,. Then

g1= é)(1+n1> n 1+n9
3
‘EZGa(x,%Qﬂ +(1+ ng)‘ZgGa(:U,:E?’)‘
~1
EQHeXt 1. r—T )
2 ( P25 P23 r

&€

Q2(0,0)] < &'z — |~

1+mn2
§

+ | HSXt( ¥2, %7M>’
Te
Hence for v € (—1,0), r = |z — 7| and 7; small enough, we get

Q20 0)llgoe, (3, ey S 5P r47¥1Q2(0,0)

re<r<ro/2

|ZaGa(, 7)| + (1 + 1) [BeGal, 7]

_l’_

< 2 F4c B+ 20\ + 20,812 4 co A < cur?

e In B, (z') \ B,y /2("), using the estimate (3.49), then we have

3
a-90+n) e ~ -
1Ga(0,0)] < enela — #° | S182 (o — )8 ( i} )\
i=1 Te
1+ . - 1+ "
+ ¢4 772‘21 (2,2%)] + cu(1 4+ n3) | SeGalz, 2%)| + e nQ‘EZGa(x,a:Q)]

£

3
I CERELA
i=1 Te
3
+ ZE?L(XTo(x_fi)HSXt< 27{/;2’x_x)>"

i=1 Te

+ (14 ng)‘EgGa(x, 53)’ +

So, for v € (—1,0) and 7; small enough, we get

”@2(0’0)HCSf4(3r0(51)—5’7«0/2(51)) < sup T4*V|©2(O,O)‘

ro/2<r<rg

<c.et + c,.gr? + 5e B+ QCNIB’I”S + 2¢ A + cn)\rg’ < c,.irg.



366 Lilia Larbi and Nihed Trabelsi

o In Br0/2( I\ B,.(2?), we have Xro (T — ) =0, Xro (T — 7?) =1, Xro (T — ) =0
and A2Wy = 0 so that Q2(0,0) = pletW2t(1-OW1 _ »i1g, — 52w, Then

~ o 1+ _ N
102(0,0)] < cnet|z — 72|780+m) 4 ¢, §n2|E}lGa(x,a:2)‘ + (14 113) |1 G, 7)|

‘EZGa(l‘, 52)’ + (14 773)|E(21Ga(:v, .%3)‘

2 rrext 52
+ |25 H, (gog,w )‘
Te

1+mn2
§

~2
+|2 Hext(soz,w i )‘
Te

+ ¢k

We get

1Q2(0,0)llgo 5, oy S suP 7471Qa(0,0)

re <r<7"o/2

< ¢t ro Y de. B+ 200 + 2c,€5r + c,,i)\r < c,.€

e In B, (7?) \ By, 2(Z?), using the estimate (3.49), there holds

132(0,0)] < epetlar — B30

ﬁim%max—fﬂe“( i 5$>

=1

1+772 1+772

+ ¢,

’E Gal )| + cu(1 +773)‘E[11Ga(9:,53)’ + ¢k

T _N.m_gi
e -2 (0570 ) )
&€

3
ox ~ -7
2 (Xro(x_l’)H t<8027¢2, , >)’
1 £

Hence, for v € (—1,0) and 72 small enough, we get

132G, (2, 2%)|

+ (14 ng)‘ZgGa(w, 53)‘ +

_l’_

=

1Q2(00)llcoe, (5, 32)-, p@y S S 71Q2(0,0)] < cur.

ro/2<r<rog

Similarly, for v € (—1,0) and 13 small enough, we can prove the same result for 2.
e In Q\ (B, (z") U By, (%) U By, (2?%)), we have xy,(z — Z') = 0, xp(z — %) = 0,
Xro(x —T3) = 0, and A%W3 = 0. So, for v € (—1,0), we have

HQ2(0 O)HCOa ( )) < sup 7’4_'/@2(0,0)\ < cpr.

r>T0

Q-
Making use of Proposition together with (3.44]), we conclude that

‘|/\7(070)||c§’a(§*(;c)) <cpr? and HM(OaO)”cl‘fﬂ(ﬁ*(g)) < cpr?
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For the proof of the third estimate, let U1, U2, ¥} and 04, € e (ﬁ*) satisfy (3.48)), we have

sup 7’47'}‘51 (v1,02) — 51(51, fﬁé)‘
7‘657‘5

< cpet sup 117V |WIHIINW| [T _ 0 HINT | 4o sup 7|20 - 21

TEQTE TEQTE
+ ¢ sup rY|S20, — 220
TEQTE
(A—7)(1+n2)
_ ~ _g=y{+ng) ~3_
< Cn54 sup P4 l/|x 1| 1+771)| $2| 3 |£C—IL'3’ 8(14n3)
T‘Eﬁ'ra

o (1) Ha (2,3)+ (14ns) Ha (2.5°)+(1—7) 72 Ha(2,32)

_~1
'7X70 r— xZ)HEXt(‘Ppip’ivxrx )6(1 '7)X70(7: z )HeXt(‘P2awé7xr: ))

||::]w

x }evvﬁ(l*w)vz — 0 H(1=7)7;

+ ¢ sup 7“4_”’2(11(51 — )|+ sup T4_”|E?L(i71 - 5/1)’

r€Q, re€Q,
< et sup PV = BT (5[5 — B+ (1 - 9) [0z - )
’I”Eﬁ'rg
4—v Va ~ ~ ~ ~1
+ ¢, sup 7 Y|2— - V(A(v; — 7)) = V(x)Vioga - V(v; — 17)
Teﬁrs a
A ~
+ ¢, sup 7 <a —V(x )> AT —77)].
Teﬁrg a

Using the fact for all w € Co*®(Q,. (%)), there exists a constant ¢ > 0 such that |[Viw| <
Crr’” £||wHCk “@ @) and the function a(x) satisfying (H), V(z) is a smooth bounded po-
tential and ||VaHOO < B, then

sup 7”47”‘51 (:171, :172) — §1 (51, 5&)‘
reQy,

< cpet sup PV g — gt 80Em) (v |01 — 5’1||C§,a(§*@)) + (1 —)r||ve — U2Hc4a oM )))
TGQTE

+cx sup 1Y (B R = Bl g g + B I = s @ @)
TEQ’I’E

+en sup YA flloor” 1 = Tl gt )
TEQTE

For 7 = |z — 2| and 7; small enough, we have

sup 7"47’/‘51 (51, 52) — §1 (171, 17&)‘
T‘Gﬁrs

< c,{54r€_4(7]|v1 v1||c4a aa@) T (L =2 - %ch‘;’a(ﬁ*(f)))



368 Lilia Larbi and Nihed Trabelsi

< CwT: (Hvl - ll”cj}va(ﬁ*(i)) + [[v2 — %Hc‘ja(ﬁ*(i)))'
Using (3.44]) and Proposition we conclude that
(3.50) ||N(51,52)—/\/(53,17&)”63@( Q" (%)) < cpT (||U1 U1||c4a )+||U2 UQ||C4a(Q (% )))
Similarly we can use the same argument to prove

(3 51) HM(%’%) - M@&:%)Hcgva(ﬁ*(g))
< enr? (101 = Tl gpe @ ey + 172 = Boll oo p)-
This proves the lemma. ]

Reducing ¢, if necessary, we can assume that c,7? < 1/2 for all ¢ € (0,e,). Then,

(3.50) and (3.51) are enough to show that

(V1,02) = (N (1,02), M(01,72))
is a contraction from the ball

{@1,%2) € (CL®R)™ |1, 8) | (@b gayye < 26x72}

into itself. Hence there exist a unique fixed point (v1,v2) in this set, which is a solution
of (3.45). Applying a fixed point Theorem for contraction mappings, we conclude the
following proposition.

Proposition 3.21. Given k > 0, there exist ¢, > 0, Ay > 0, B, > 0 (depending on
k) such that for any ¢ € (0,e4), A € (0,\), B € (0,84), m and T satisfying (3.47)
and functions g’5§ and "(Z; satisfying (3.24) and (3.46|), there exists a unique (V1,v2) (=
(51,5,/\,,8,771,7;3,:?,@3,@’52,5,/\,6,772,773,)1&;,&;)) solution of (3.45)) so that for (v1,ve) defined by

1+ ~ oxt [ ~ T —T
’Ul(x) = ThGa(xvxl) + (1 +773 x .’IJ + ZXTO Hl ‘ ( 17¢17 r >
€
+ 1 (x),
1+m2 & ; .o~ o — 1
vy () == z Ga(2,2°) + (14 03)Gal@, ) + Y X (& — F)HS™ <¢g,¢;; - )
i=1 €
+52(Z)

solve (3.42)) in Q,_(X). In addition, we have

||(’01,U2)” Che (@ (%)) < 20,{7’
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3.4. The nonlinear Cauchy-data matching

We will gather the results of the previous sections. Using the previous notations, assume

that X := (z',22,2°) € Q3 are given close to x := (z', 22, 23). Assume also that

T = (7_1772’7_3) € [Tf77;r] X [7577;] X [T§7T;] C (ano)g

are given (the values of 7,7 and Tfr for [ = 1,2,3 will be fixed later). First, we consider
some set of boundary data ¢ := (¢}, b)) € (C*(S%))? and ¥' := (¥}, %) € (C>*(S3))2.
According to the results of Propositions [3.16, |3.17 and [3.19| and provided £ € (0,¢,),
A € (0,\;) and B € (0,5x), we can find uint = (Uint,1,Uint,2) a solution of in
B,.(Z') U B,_(7?) U B,_(23), which can be decomposed as

Loy (@ = T') = S2Go(2,7) — 521G, (2, 7) — 122

+hd (B=ED) g (ol 52 4 o] (BE2)) i B, (3,

Te Te

LGo(,7") + Galz, )+h2(7(% )

Uing,1(x) =
N FHP (g2, 5 >+v (Bie=2) in B,. ()
U ry (T — T3) +h3(R )
+H™? (08, 9d; 2 )+U1(Rg(+f3)) in B, (7°)
and
0a(z,3) + Gale ) + 1 (HL52)
+HYY (0, vh; ) + o (RED) in B, (7),
1 . _ 52y ;G _ 5@ 71y = Ing
Uint,2(l’) — gua, 2(1' x ) ( ) ( ) 3

+h%(@) +H5nt2(g02, 2’ x :: )—I—UQ (@) in BT5(52)’
Us (T — T 3 4+ h%(w)
FHPS (03, g 220 o (Bl in B, (%),

Te

where for i € {1,2,3} and j € {1,2}, R. = ;"= and the functions h; and U;- satisfy

I(h1, h%)”cﬁ’a(Rzl)Xcg’a(W) < 20117”57 (k3 h%)“a?Q(Rﬂ:)Xcﬁ’a(w) < 26%7"37

H(hzl))a h;)”(cﬁ’a(Rzl))Q < 20,{7"3
and

H(ULU%)Hcﬁv&(w)xc;’a(w) < 26&7"?7 H(U%)U%)Hc?»ﬂ(Rzl)xcﬁva(Rzl) < 20&7"37

| (Uil))a U%) | (Ch* (R4))2 < 20/@7”3-
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Similarly, given some boundary data @; € 04 (83, @ € 0%(83) satistying (3.24)),
(n1,m2,m3) € R? satisfying (3.47), provided ¢ € (0,e4), A € (0,\) and B € (0, Bx),

by Proposition we find a solution Uext = (Uext 1, Uext,2) Of (3:42) in Q\ (B,.2' U
B,.(7%) U B,_(7®)) which can be decomposed as

1+7n 5 x — 7
1 ~ - e o o —
Uext,1(x) 1= S Go(2, ) + (1 +13)Ga(z, ) + me(:r — T HP (Co“l, 1 . )

i=1 &
+51(x),
1+7 > x— 7
9 _ N it [ T —
uext,?(x) = § Ga($ax2) + (1 + 773)Ga($a :ES) + ZXTO(:E - xZ)HS ’ <30Z2771Z)§, 7")
i=1 &
+52(x)

with 1, 7 € C*(Q' (X)) satisfying
11, 92) g @ sy < 2em7-

It remains to determine the parameters and the boundary data in such a way that the
function which is equal to uiy in By, (') U B, (2%) U B,_(23) and t0 Uey in Q- (X) is a
smooth function. This amounts to find the boundary data and the parameters so that,

for each j =1, 2,
(352) Uint,j = Uext,j> a7‘uint,j = 87‘uext,j7 Auin‘c,j = Auext,jv 87"Auint,j = a7‘Auext,j

on dB,_(z'), 0B, (7?) and 0B, (73).

Suppose that is verified, this provides that for each ¢ small enough u, € C*®
(which is obtained by matching together the functions uin; and the function wuey), a weak
solution of our system and elliptic regularity theory implies that this solution is in fact
smooth. That will complete the proof since, as € tends to 0, the sequence of solutions we
have obtained satisfies the required singular limit behavior.

Before we proceed, the following remarks are due. First it will be convenient to observe
that the function u. ,, can be expanded as

2_—2 ‘
Uer, () = —4InT —8In|z|+ O <€|::|LQ > on 0B, (x").

e For x on 0B,_(7'), we have

(Uint,1 — Uext,1)(2)

4 8 - 1— N 1
=——Inm + ﬂln\:c — 7 - 77(;&(:(},1'2) -
Y Y v Y
3.53 ) _ =1 _ _ 1
( ) +Hint71 <(,0%, %7H> _fot <§5%? %, r—x ) B +n1Ha($,51)
Te € Y
-7 ~3 2 2
_<1+773+,y> Golz,T )+O<|x—§1|2 + O(r?).
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Next, even though all functions are defined on B, (z*) in (3.52), it will be more convenient
to solve on S? the following set of equations

(Uint,l - uext,l)(i1 +7re- ) =0, 8r(uint,1 - uext,l)(El +7re- )

0,
A(uint,l - uext,l)(%/l +7e- ) = O) a7“A(uint,1 - uext,l)(%l +7re- ) 0.

(3.54)

Since the boundary data are chosen to satisfy (3.23]) or (3.24)), we decompose
1,1
o1 = @i 0T <P1 1+ 901 ’ Y = 8@%,0 + 12@%,1 + ¢,
- 1,1
¢1 = 9010+9011+801 ; 1/’%:1?%,1‘“/11 )

where o1 0 {5% 0 € Eg = R are constant on S3, goh, @il, {/;%1 belong to E; = Span{ey, ea,
es,eq} and <P1 L, 951 -, ¢1’L, {EL are L%(S3) orthogonal to Ey and E;.

Using (3 , we have for z € S3,

(uint,l - uext,l)(%l + 7161')

4 8 In
=—fmn+lﬂmmuo——1+ﬂm%¢m&@ HPY G, 91, o)

Y Y Y

1

1 o o -7 72 7. - My & #
7(&4, )+ G ) + Gl 0 1,3, )

- 773Ga<fl7 53) + O<T:32)

Then, the projection of the set equations (3.54) over Eqy will yield

—4InT; + 8 lnrs—ln'y—i—*y(p%o—*y{ofio S(FL,X)+00H =0,
(3.55) 8m + 2710 + 27P10 + O(r2) = 0,
16m + 8719 + O(r2) = 0,
—32m + O(r2) =0,
where

N 1 -
E1(- %) = Ho(-,7Y) + — LGyl -, 72

The system (3.55)) can be simply written as

[AIn7 +Iny + &3 X)] = O(2).

)

~ 1
m= O(T2)7 (P%,O = O(T?), Vﬁ,o = O(?”g) and 1

nre

We are now in a position to define 7; and 7;". In fact, according to the above analysis,
as ¢ tends to 0, we expect that Z° will converge to 2’ for i € {1,2,3} and 7 will converge
to 71 satisfying

4In7} = —Iny — & (21, %),

Hence it is enough to choose 7, and 7'1+ in such a way that

41n(ry) < —Iny — & (2t x) < 41n(r]).
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Consider now the projection of (3.54) over E;. Give a smooth function f defined in
Q, we identify its gradient Vf = (0y, f, ..., 0z, f) with the element of E;:

4
Vi=Y 0Oufes
i=1
With these notations in mind, we obtain the system of equations
Pla = Pla— Va2 + 06 = 0
380%,1 +3¢11 + %%1 - ’1YV€1 (#,%) + O0(r?) =0,
1511 = 3511 — ¥l +O(2) =0,
1590%,1 +15p1 1 + %%1 +0(r?) =0,
which can be simplified as follows:
pi1=002), Gi1=002), ¢1,=002) and V&F',X)=0(2).

Finally, we consider the projection onto L2(S®)*. Indeed, this is the step in the
proof which makes use of the nondegeneracy condition assumed on the critical point of
the functional F, see also Remark at the end of the section. This assumption is
needed in order to obtain the order 72 in the following estimates. For more details on this

condition, we refer the reader to [4]. This yields the system

~1,1

,L

SD% -1+ O(Tg) =0,

int _opgext 2y
O yos = HEu 0) +002) =0

1,1 71,1

YT =y +O(T§) =0,

int . ext 2 =
OrAHjs o~ HEo jr) + Ol =0.

Applying Lemma, this last system can be rewritten as

ot =002), Ft=002), Wt =002) and Pt =002

£

If we define the parameter t; € R by

1 o~
t] := e [41n7-1+1n’y+51(951,x)}7

then the systems found by projecting (3.54) gather in this equality

~ ~ i e (~1 ~ 1,L ~1,1 1,1 71,1
(356) Tglz(hﬂ]h@%,m@%,m@%,p@%,1»¢%,1»V51($1,X)74P1 y 1 7% ad)l ):O(TEQ)
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As usual, the terms O(r2) depend nonlinearly on all the variables on the left-hand side,
but are bounded (in the appropriate norm) by a constant (independent of £ and k) times
r2, provided € € (0,¢e,).

e On 0B, (7'), we have

2 ~ int,1 1 1 ‘T—il
(2 = st () = = 260, 7) = mGal )+ ™ (b, T2 )
€

o~
— H$™ <~§, by, —— > +0(r2).

£

In the same manner as above, we will solve on S® the following system

(Uint.2 — Uext,2) (T +72-) =0, O (Uing,2 — Uext 2) (T +12-) =0,

(3.57) ~ ~
A(Uing2 — Uext,2) (T +72-) =0,  OpA(Uint,2 — Uext,2) (T +7e-) = 0.

We decompose

1,1 1,1
Y=ot i ey, U =8pho+ 1200 + Uy,
~ 1
Py = 9020+<P21+902 ; T/’%:%,l‘f‘%’ )

LL ~1,L 1,1 71,1
where ‘PQ 0 ‘PQ 0 € Eo, 902 1 802 1/‘?2 1 €Erand @57, 997, ¢y, by belong to (LQ(S?)))L‘
Projecting the set of equations (3 over Eg, we get

@%0 <P20+O(7’§) 0,
2<P20+29020+O(7’3) 0,
8@%70 + O(T?) = 0.

From the L2-projection of (3.57) over E1, we obtain the system of equations

90 ‘P21+O7"

) =

31 + 3021 + ¢21+OT§)= ,
15051 — 38021 77Z’21‘|‘O7°)
) =

(
(
(
15051 + 15¢5 + %1 +0(r?

Finally, we consider the L?-projection onto (L?(S3))*. This yields the system

2 Gy +O(r) =0,

Oy (Hm Lt T H~u7@ )+ 0(r2) =0,
Uy =y +0(r2) =0,

aA(H H~1l — )+ 0@r2) =0.

"pz ¢2
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Using Lemma [3.14] again, the above system can be rewritten as
1,1 ~1,1 1,1 1,1
Yo = o(r2), Yo = o), Yy = O(r2) and Yy~ = o).
Then, the systems found by projecting (3.57) gather in this equality

Lo~ L 1L 7L 2
(‘P207§02079021790217w217902 » Po 7¢2 7¢2 ):O(ra>'

e On 0B, (7?), we have

~2
o : xr — X
(Uint,1 — Uext,1) () = —%Ga(l‘ 7)) = n3Gala, 7°) + HM™? <90?, f,r)

e
~2
~9 T9 T — X
(33 E) sou
Te

Next, even though all functions are defined on 9B, (7?) in (3.52), it will be more

convenient to solve on S3 the following set of equations

(3.58) (Uint,1 — Uext,1)(552 +7re-) =0, Op (Uing,1 — uext’l)(:EQ +7re-)=0
A(uint,l - uext,l)(ﬂxv2 +re- ) =0, arA(uint,l - Uext,l)(:fQ +re- ) =0

We decompose
2,1 2,1
pi=glo+telitor, ¥ =8pTo+ 1207, + 4,
- ~ ~ ~2. 1 s s 72,1
P=0lo+Pli+o1 s Vi=vii+U,
T i
where goio, @?70 € Eo, @%,17 90%,17 @Z’il € E; = ker(Ags + 1) = Span{ey, 2, e3,e4} and 50% ,

@%’l, 1/1%’{ {EL belong to (L%(S%))*. Projecting the set of equations (3.58)) over Eg, we
get

@%,o - ﬁ,o +0(r2) =
207 o + 2079 + O(r2)
880%,0 +0(r2) =

Y

0
0,
0

From the L2-projection of (3.58) over 1, we obtain the system of equations

P11 @1,1 +0(r2) =0,

3p1 1 +3¢11 + ¢11+O(T) 0,
1507 | — 397 1 — J% 1 +0(r2) =0,
158011+158011+ 1/)11+O(7“) 0.
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Finally, we consider the L?-projection onto (L2(53))l. This yields the system

gp%L —I— O(Tg) 0,

On(H0 jos — HESL ﬁL) +0(r2) =0,
vy . — Pt +0(r?) =0,

O AHE s ypus = His jas) +0lre) =0,

Applying Lemma [3.14] this last system can be written as
Pt =007, =002, Wi =007) ad P =002).

€

Then, the systems found by projecting (3.58) gather in this equality

~ o~ % 2,1 72,1
(@%,0790%,0790%,17‘70%,171#%17901 7901 7¢1 awl ) 0(7“5)
e On 0B, (7?), we have

(Uint,Q - uext,2)<37)

4 812 o 1-¢ ~1 Ing 1nt2< 2 2 $—§2>
=—hn+—h|lr—2° - —=G4(z,27) — — + H. , U3,
¢ 2 ¢ | | ~E ( ) ¢ Y2, Y2 )
~ —7? 1 1—
§Xt (@27 %:x rx ) - —Z.TIQHa(xaiz)_ <1+773+€€> Ga(xafg)

£

(3.59)

2_—2
+0 (\;—T%:E?P) O3,
Next, even though all functions are defined on 0B, (Z?) in (3.52)), it will be more
convenient to solve on S3 the following set of equations
(Uint,2 — Uext,2) (T2 + 71+ ) =0, Or (Uint,2 — Uext,2) (T° + 72+ ) = 0,
AUint2 — Uext,2)(@> +7:-) =0, O A(Uint2 — Uext2) (T +12+) = 0.
Since the boundary data are chosen to satisfy or , we decompose

(3.60)

2,1 2,1
903290304‘@%1"‘902 ; w§:8<p§,o+12<p§,1+¢2 ;
T .1
@5 = 9020+9021+802 ; 1/1%:%5%,1‘“/12 ;

where 3 , @% 0 € Eo = R are constants on 5%, ¢3 |, @3 , ng belong to Eq = Span{e, e,
es, eq} and <p2 2L @g L 1/15’{ {/;;L are L2(S%) orthogonal to Ey and E;.

Using (3 , we have for z € S3,

(Uint,Q - uext,2)(§2 + T<€x)

4 8 In :
= —Clnm+ “Bln(ra]) - f + HIM2 (03,43, x) — HPY 33,43, @)

'3 '3
_1 52 %2 1 ~2 ~1 2 ~3 2 %2 %2
s(H“( )+ = Gal@,8) + Gl >) 2 (7,7

- USGQ(52) %3) + O(Ts)'
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Then, the projection of the set equations (3.60) over Ey will yield

—4ln7'2—|—87721n7°€—ln§+£cp%0—§g5%0 (T2, %)+ 0(rY) =0,

(3.61) 812 + 265 o + 265 5 + O(r2) = 0,
16m2 + 863 o + O(r2) =0,

—32n9 + O(r?) = 0,

where

Ex(-,%) = Ho(-,72) + 1;5@@(-,51) b Gal-, 7).

The system (3.61) can be simply written as

. 1 9 ~
= 002), y=002), Fo=00?) and ——[Anm+né+EE D) = O0)
&€

3

We are now in a position to define 7, and 7. In fact, according to the above analysis,
as ¢ tends to 0, we expect that Z° will converge to 2’ for i € {1,2,3} and 7 will converge
to 75 satisfying

4In7y = —In€ — E(2?, x).

Hence it is enough to choose 7, and 7'2+ in such a way that
41n(ry ) < —In€ — &E(2?,x) < 41n(7)).

Consider now the projection of (3.60) over E;. Give a smooth function f defined in
Q, we identify its gradient Vf = (0, f, ..., 0z, f) with the element of E;:

4
Vi=Y 0Oufei
=1

With these notations in mind, we obtain the system of equations

" 11—, o5
%0%,1 - 80%,1 - gvg2($2ax) +0(r?) =0,

1~ 1— . 5
3802 1+ 3902 1+ 51/’5,1 - gVé’g(ﬁ,x) +0(r?) =0,
1590% 1 3@%,1 - 12’31 +0(r?) =0,

18 ~
15902 1+ 15902 1+ Zi/)%,l +0(r?) =0,
which can be simplified as follows:

W3, =002), P3,=002), ¥}, =002 and V&E(FEX) = O(r2).
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Finally, we consider the projection onto L2(S)*. This yields the system

sog’ — & +002) =0,
AT e =0
OB (His yga = o jpa) +002) =0

Applying Lemma, this last system can be rewritten as
2,1 2.1 2,1 ~ 1
P2 = 0(’/“?), P2 = O(Tg), 1/}2 = O(’l‘g) and ¢2 = O(Tg)
If we define the parameter to € R by

to 1= [4ln72+ln§+52(527§)]7

Inr.
then the systems found by projecting (3.54) gather in this equality

. 9 Y e e~ 21 2.1 72,1
(362) T52:(t27772790%07805079051790%17¢%17vg2(z2az)7902 1902 7¢2 an ):O(T?)

As usual, the terms O(r2) depend nonlinearly on all the variables on the left-hand side,
but are bounded (in the appropriate norm) by a constant (independent of € and k) times
r2, provided ¢ € (0,¢,).

e On 0B, (7%), we have

(1 = &) (tint,1 — Uext,1) (@) + (1 —7) (Uint,2 — Uext,2)(T)

- i r— 23
~A42-y =T +8(2— 7~ nsln e — 3|+ (1 - H™ (soi’, %,T)

€

s o .
+ (1 _V)Hint (@27 37 ° T‘Ex ) _( g)HeXt ( P15 19’7 a T'Ex ) _( )HeXt ( P25 371:7,5:1;)
2
((2 vy — &) Hy(z, 53)+1775Ga( )+1T7G (z, )) +0 <|527‘13|2> +0(r).

We denote
P = (1=¢i + (1 =3, ¢° = (1= v+ (1 -5,
P =1-OF+(1-78, ¢ =1-O9f+ (1 -9
Then, we have
(1 — &) (tint,1 — Uext,1) () + (1 — ) (Uint,2 — Uext,2) ()
—42—7 =73 +82—y— & nfz — 7|

_|_Hint< ¢3 x_$3 Hext (@3 3 .'I,'—f[f >

’nga(x,%l) + 1€7Ga(az, 552)>

(3.63)
- ((2 . f)Ham,f’) n

2 _—2
+0 (5 i > +002).

|z — 232
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Next, even though all functions are defined on B, (z?) in (3.52), it will be more convenient

to solve on S3, the following set of equations

((1 5)(u1nt,1 - uext,l) + (1 - '7)(u1nt 2 — Uext 2)) (-'L' + 7 ) =0,
(364) (( g)(umt,l - Uext,l) + (1 - 7)(u1nt 2 — Uext 2)) (.’B +7re- ) = 07
(( 5)(u1nt,1 - Uext,l) + (1 - 'Y)(Umt 2 — Uext 2)) (x + 7re- ) = 07
((1 5)(u1nt,1 _uext,l) + (1 _7)(U1nt2 Uext 2))($ +T5') =0

Since the boundary data are chosen to satisfy (3.23)) or (3.24)), we decompose

P =gh el HePt 0’ = 8] + 1207 + 9
FP=E e+ =yt
where ¢}, 53 € Eg = R are constant on S3, ¢3, &3, {/;‘rf belong to Eq = Span{ey, ea, e3, €4}
and @3+, 3L, 3t 1;34 are L?(S?) orthogonal to Eg and E;.
We insist that for z € S3, both equations ([3.63)) involve the same relation of the

parameter 73 and the appropriate energy £;. Then we have

((1 - 5)(uint,1 - uext,l) + (1 - ’y)(uint’? - uext,2)) (%3 + ’I“gx)
= 42—y —8InT + 82— — ) lnre|z| + H™ (3, 03, z) — H™(Z?, Jg,’ )

- (e-r-om@ ) + @ ) + L 6w )
-2
+0 (&) + O(r?).
Projecting the set of equations over Eg, we get
—42 -y —nrs+8(2 -7 —nslnre + ) — & — E(F°,%) + O(r?) =0,
(365) 82—~ ®3+wmﬂ%+0@)(x
16(2 — 7 — &)nz + 8¢ + O(r2) = 0,
=322 =7 =&z + O(r2) = 0,
where
B R) 1= (2=~ OHal,T) + Gl 7)) + Gl )

The system ([3.65]) can be simply written as

13 =0(r2), ¢ =002), ¢ =0(Z) and (2 =y = Odlnm + &(F°, %) = O(2).

Inr,

We are now in a position to define 75~ and Tgr . In fact, according to the above analysis,
as ¢ tends to 0, we expect that Z° will converge to 2% for i € {1,2,3} and 73 will converge
to 73 satisfying

42—y =& Ints = —&(a3, x).
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Hence it is enough to choose 75 and T:.j_ in such a way that
42—-v—¢&In(ry) < —&3(23,x) <4(2—~ —¢) In(73).

Consider now the projection of (3.64) over E;. Given a smooth function f defined in €,
we identify its gradient Vf = (0y, f,. .., 0z, f) with the element of Eq:

4
Vf = Z(‘)wlf €;.

i=1

With these notations in mind, we obtain the system of equations

o3 — V&(T3,%) + 0(r?) = 0,

3¢% + 355 + 51/;1 V& (33,%) + O(r2) = 0,
15¢7 — 3s01 1/11 +0(r2) =0,

1503 + 1553 + 1/11 +0(r?) =0,

which can be simplified as follows:

Pi=002), F =002, ¥3=00?) and VE&E,X) =0(?).

B
Finally, we consider the projection onto L2(S®)*. This yields the system
Pt = G+ 06
O (Hi s o — HEY, 5,1) +0(2)

W3 =gt 4 0(r) = 0,

O A(HG L o = HE, 55,) +002) =0

Thanks to the result of Lemma this last system can be rewritten as

Pt =002), Ft=002), ¢*=002) and PP =0(2).

€

If we define the parameter t3 € R by

ty = —[(2— v — &)dInTs + E(F, X)),

Inre

then the systems found by projecting (3.64)) gather in this equality
(3.66) T2 = (ta,m, 98, G0, 01, A, 01, VE(@, %), 5, G, 0, %) = 0(r2).

As usual, the terms O(r2) depend nonlinearly on all the variables on the left-hand side,
but are bounded (in the appropriate norm) by a constant (independent of £ and k) times

r2, provided ¢ € (0,¢,).
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We recall that d = r.(x — x), in addition the previous systems can be written as for
i=1,2,3:
(d7 i, i, @iv &iv W’ wiv vgl) = O(T?)
Combining ([3.56), (3.62) and (3.66|), we have
(3.67) T. = (T}, 72,72) = (O(r2), 0(r2), 0(r2)).

grrer—e 3 3 3

Then the nonlinear mapping which appears on the right-hand side of is continu-
ous, compact. In addition, reducing e, if necessary, this nonlinear mapping sends the ball
of radius k72 (for the natural product norm) into itself, provided & is fixed large enough.
Applying Schauder’s fixed point theorem in the ball of radius xr? in the product space
where the entries live, we obtain the existence of a solution of equation .

This completes the proof of Theorem O

Remark 3.22. In order to inverse problem (3.56)), (3.62)) and (3.66), we remark that the

fact that x' is a nondegenerate critical point of & (-,x), i € {1,3} is equivalent to say that

(x', 22, 23) is a nondegenerate critical point of the function F defined by
1-¢ -~ 2—v-¢
1.2 .3 1.1 2 .2 3.3
= Ha ; Ha ) Ha ’
Flata?a) = St Hu )+ g (et a?) + S He )
1-— 1-— 1-— 1-—
+ — gGa(ajl,a;?’) + e ’yGa(acz, z3) + 1-90d-7) %(f ) Ga(z!t, 2%).

Indeed, we have
oOF oF oOF
1,2 .3y _ 1,2 .3 1,2 .3 1,2 .3
V]—‘(:cjx,x)_<a$1(x,x,x ),a$2(x,x,x),ax3(;r,x,x )>

On the other hand,

£
mmbmmmamﬁ+fwmw
and
63(.27,X) = (2 -7 f)Ha(iL‘,J?g) + %Ga(x7~1) + %Ga(wviﬂ)a

then

o0& 0H, 0G, 1—~0G, oF

T @) = ) et )+ S T e a?) = n e a?),

o0& 0H, a 1—£0G, OF

7o @h%) = Gt + @t e?) + = e e?) = (et )
and

= O (@)
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4. Proof of Theorem

4.1. Construction of the approximate solution
4.1.1. Ansatz and first estimates

Here, we are interested to study the system

2 4 1—
Aaul — Aqu = P 67“14_( ’Y)U27

A?;UZ — Agug = p4€§u2+(1—£)u1.

Using the following transformations

ul(flzn)+§lnsf%ln (%—’_82)) in BR;(l‘l),
Ul(x) =y ul (%:E) in BR? ($2),
ui(£x) +8ne —4In (M) in Bps(z?)
and
uz(57) in B (z!),
va(x) = ug(%x) + %lns — %111 (%%2)) in BRg(ac2),

uz(£x) +8lne —4In (M) in Bps(z?).

So, the previous systems can be written as

A% + Eélvl + Z%lvl = 24701 H(1=7)v2 in Bpi (xl),
(4.1) T
A21)2 + Eé Vg + E% Vg = 24Cf:+’y 158W+’§Y 1€§U2+(1_§)U1 in BRI (l‘l)
1 1 ) = ’
42048 oypen
(4.2) APvy + XL vy + 52,0 = 24C,, © ST iy B (),
szg + 22122 V9 + E%z Vg = 24€§v2+(1—§)v1 in BRE (1‘2)
and
(4 3) AQUl + 2;11/31)1 + 2%3’01 = 2401 t(I=7)v2 in BRS’ (CL’S),
A%y + 2;11«3112 + E%SUQ = 24¢8v2t(1=8ur in Bps (xg),
where C; . = ﬁ for ¢ = 1,2. Here 7; > 0 is constant which be fixed later. We denote

by U = te=1,r,=1. In Bpi (x!) and Bp2 (x2), we reproduce exactly the same as in the proof

of Theorem [I.5], so we have the following propositions.

Proposition 4.1. Let p € (1,2) and § € (O,min{l,%ﬁfl,%&l}). Given k > 0,
there exist €, > 0, Ay > 0, B > 0, ¢ > 0 (depending on k) and vy € (0,1) such
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that for all € € (0,e4), A € (0,\s), B € (0,8x) and v € (70,1), there ezists a unique
(h}, h}) € Cu™(RY) x C5*(RY) solution of (3-8) such that

1 1-— 1-— 1
m@wzu@—wU—WGan@ﬁ“wG“Cm”ﬂ i)

g gl 71 23 71
1
va(x) = EGQ <f,x2> + G, <€T:f,a:3> + h%(m)

solves (4.1)) in Bp (x'). In addition,
H(hi h%)||C2’a(R4)XC§’a(R4) < 20/@"“?-

Proposition 4.2. Given k >0, p € (1,2) and 6 € (O,min {1, %H, %&1}), there exist
gx >0, \g >0, B > 0, ¢, > 0 (which can depend only on k) and & € (0,1) such
that for all e € (0,e4), A € (0,\s), B € (0,84) and & € (&o,1), there exists a unique
(h},h3) € C3*(RY) x Cy*(RY) solution of such that

1
Ul(IL’) = *Ga §,$1 +Ga gal‘g —i—h%(l‘),
vy T2 T2

N S N St er 3 1-¢ ex 1\ In& o,
va(x) = —u(r — z°) ¢ Ga<7_2,x> p: G< ,I> ¢ + h3(x)

solves (4.2) in BRg(xQ). In addition,
”(hQ7 h%)"cg,a(R4)Xcﬁ,a(R4) S 2657’3.

e In Bps (x3), we look for a solution of (4.3) of the form

o) =@ — ")+ —— @, <€x m1> = 5(1_7Ga <ixx2) + hi(x),

Y2=7-9) T3 2—-7-¢) 3
_ 1-¢ <6x > 1-¢ <5m )

3 1 2 3
vwe)=ulz—2°) - —=Go | —, 2" | + =——=G, | —, 2" | + h5(x).
) == = e g\ n ) e —o % 5 5(@)

This amounts to solve the equations
LK = 3842)4 [ (36 (501) - 16a(502) ) it omb _ s 1}
1+7r i
(4 4) — Zzlzgvl — 2%31}1,
Lh3 — (11842)4 TG (< 16u (201 +16a (52.0%) ) +end(1-)hE —h%—l]
r

1 2
- 2531}2 - EaSUQ.

We denote by
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To find a solution of (4.4)), it is enough to find a fixed point (h$,h3) in a small ball of
Cr(RY) x Cy™(R*), solutions of
(45) Wt = Guo & rp © Ta(hi, h3) = Ns(hi, h3),

h3 = Gu o &, ps © Rs(hi, h3) = Ms(hi, h3).
Then, we have the following result.

Lemma 4.3. Let u € (1,2). Given k > 0, there exist e, > 0, Ay > 0, B; > 0, ¢,; > 0,
¢ > 0 and ¢, > 0 such that for alle € (0,e,), A € (0,\s) and B € (0, Bx) withre := 1. ).
We have
”N3(0a 0)”cﬁva(R4) < 65737 HM3(07 0)Hcﬁva(R4) < C,d"g,
HNB(h?a h%) - /\/'3(145:1)’, k%)”aﬁ“(w) < Enr?”(h% h%) - (kil))a k%)”@ﬁ’a(mzi)xcﬁ’a(w)
and
[ Ma (b, 1) = Ma (kR gy < B2 () — (B ) ot gy et
provided (h3,h3), (3, k3) € Cy™(R*) x Cy™(R) satisfying
(4.6) (3, h3)

< 20,.&“2, H(kz?, k:g) < 20,{7"3.

lego meyxee re) leg o reyxce (ra)

Proof. We have

sup r4_“|7§(0, 0)]

r<R3
< Bl S )40 (5
N r<R3 (1 + 7’2)4

_ _ 1—7 ex 1—x ET o
+ sup r7#|xL (u—i—Ga(’xl) —Ga<7$ >)‘
r<hs A\ T "\ 5 2-v-0 "\ n
_ _ 1—7 £x 1 -7 ET o
4 sup riln2 (u—i—Ga(,azl) —Ga<,a: ))‘
r<RS T\ E2—v-6 "\

Using (|1.12]), we obtain
sup 7| 73(0,0)|

r<R?
< ¢, sup T4_“(|E;1i3 (ﬂ)‘ + ’2%3@)‘)
r<R3
< c IVal|so su r4_“r(3+r2)+c c 3HV@H sup i1 —"
P 0T =
- T3 OOTS}% (1+T2)3 " T3 OOTSI% 1+ 72
2 2
€ 4y 24T
+oee|l — ) A sup r* H——o
() At s v s

< ¢, fPe + cﬁﬂeur‘?*“ + c,i)\a“rgfu < c,{r?.
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Making use of Proposition together with (3.4)), for u € (1,2), there exists a constant
¢, such that
2
|’N3(0,0)Hcﬁ,a(R4) < ckle

For the second estimate, we use the same techniques to prove
2
M3 (0,0l gt ey < e
To derive the third estimate, for (h3, h3), (k3, k3) verifying (4.6]), we have
sup | Ta(hi, h3) — Ta(k7, k3)|
r<R3

A=yy+e-1) (1 ez ,1)_1 ez 42 34 (1—~)h3
< sup 384 4ou| UG (L0a (2 et) - 16a(5.0%) ) +hd+(1-y)hS yx

= )t

_ SR (o (e - t6u(507)) k- s

+ sup 7‘47”‘2é3 (h:{’ — k‘;’)‘ + sup 7“47“‘2%3(]1?1’ — k::f)|

r<R3 r<R?
<cosmp Sl = 10— )+ (1 =) - k)
+cx e PRI (B — KD + e s rH|S2 (B — )|
<o A =1 = Rl + 18— lgpeqas)

el — Kl gty + enBr2l — ey + exdr2IBE = K lgno g
Making use of Proposition together with , we conclude that
NG, 1) — N (kD ) et
< (enr? + en(1 = )1 — Kl gt gy + el = VIS — Klloto g
< (enr? + e =) 1) = (K k) gty o -

Reducing ¢, if necessary, we can assume that c,r? < 1/2 for all £ € (0,¢,). There exists
a constant 7o € (0,1) such that ¢,(1 —v) < 1/2 for all v € (y0,1), we can find a constant
¢, > 0 such that

(A7) (NG 1) — Nk Bt gy < @r? (3 1) — (S K)ot gy oy
Similarly, we get
M () — M (k. k) gt
< (en2 + en(1 = )18 = Kl uay + (1 = O = Kl gpo e

< (CHTS +cx(1— f)) ||(h?, h%) - (ki k%)”cﬁaa(w)xcﬁ»a(w)-
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Reducing ¢, if necessary, we can assume that c,r? < 1/2 for all £ € (0,¢,). There exists
a constant &y € (0,1) such that ¢, (1 — &) < 1/2 for all £ € (§,1), we can find a constant
¢, > 0 such that

(48) [ Ma(hd ) — Ma(k. k) ot oy < Zer? (0, 3) — (Dl gtnggipmctoey O
Consequently, and are enough to show that
(W, h3) = (Na(hi, h3), Ms (i, h3))
is a contraction from the ball
{(h,13) € CHo(RY) > CLORY) ¢ | (3 W)t sy iy < 2077}

into itself and hence a unique fixed point (h$, h3) exists in this set, which is a solution of

(4.5). Then we have

Proposition 4.4. Given K > 0, p € (1,2), there exist €, > 0, Ay > 0, B, >0, ¢,; >0
(depending on k), vo € (0,1) and & € (0,1) such that for all ¢ € (0,e5), A € (0, ),
B€(0,8x), 7€ (70,1) and & € (&, 1) there exists a unique (h$,h3) € Cﬁ’a(R4) X ij’a(]R‘l)
solution of (4.5) such that

o) =tz — %)+ ———1 @, (”“’xl) - 5(1_7@ <€”“’x2) + (),

Y(2—7—-¢) 73 2—7—¢& “\m
L 3 1-¢ Exr 1-¢ ET o 3
UQ(m)_u(x_gc)_7(2—7—£)Ga<73’m>+£(2—7—§)Ga<73’$)+h2($)

solves (4.3) in BRg,(x?’). In addition,

”(h:l))?h%) S 2657“3'

HC,‘i’a(R‘l) xCp ™ (R%)

4.2. The nonlinear interior problem
Here, we are interested to study the following system in Bps (23)

A?v; + Eégvl + 2%31)1 = 2467U1+(177)v27

A2/U2 + E'}iS’UQ + 2%3’1}2 = 2465U2+(17£)U1‘

Remark 4.5. Given ¢' 1= (¢}, %) € (C4’°‘(S3))2 and ¥¢ 1= (Y, 4h) € (CQ’O‘(S?’))2 for
i = 1,2 such that (¢%, %) and (¢4, %) satisfy (3.23)). In Bp: (x!) and B2 (2?), we proceed
in the same way as the proof of Theorem so we have the following propositions.
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Proposition 4.6. Given k > 0, p € (1,2) and § € (O,min{l,%&l,%&l}), there
exist g, > 0, Ay > 0, B > 0, ¢, > 0 (depending on k) and vy € (0,1) such that for all
e € (0,ex), A € (0,e4), B € (0,8k), v € (70,1), for all 71 in some fixred compact subset
of [Tf,TlJr] C (0,00) and for <,0J1- and wjl satisfying ([3.23)) and (3.27), there exists a unique
(vi,vd) = (V1en8,m1 0l ol V2, By b d) SOlution of such that

1 2
H ('Ul > U%) Hcﬁ’o‘(R4) ><C§’°‘(R4) < 2,7

Hence

1_ T <5$ 3> 1—~ <533 2> Iny
vi(z) =-u(lxr—2) - —G | —,2° | = ——Go | —, ——+h
1( ) ~y ( ) ~ a - ~E a - 1( )

; x — !
+Hint’1 <<P%> %’Rl> + i (2),
€

1 Ex Ex int.1 xr — !

va(x) = gGa (7_17332> + Gq (7_17173) + hy(x) + Hy'™ <()0%7 2 Ré) + vy ()

solves (A1) in Bp(x').

Proposition 4.7. Given k > 0, p € (1,2) and § € (O,min{l,%g_l,%g_l}), there
exist ., > 0, Ay > 0, B > 0, ¢, > 0 (depending on k) and & € (0,1) such that for all
e € (0,ex), A € (0,\s), B € (0,8x), £ € (&,1), for all 7o in some fixed compact subset
of [ty , 73] C (0,00) and for go? and 1/1]2 satisfying (3.23|) and (3.34)), there exists a unique
(v3,v3) = (V160 Byma02.02 V2, A Bymap2,2) SOlution of such that

2 2 9
H(vhUQ)Hc(‘;lva(R4)XCﬁ,a(R4) < 2¢,77%.

Hence

1 ex Ex in x — a2
’Ul(x) = §Ga <T27x1) + Ga <7_27x3) + h%(x) +H1 v? <90%7 %; Rg ) +U%<x)7

1 9y 1-¢ <5x 3> 1-¢ <5a; 1> In¢
m(x)=-u(lr —2°) — —=G4 | —,2° | — —=Go | —, 27 | — —=+ h5(=x
) =gl m ) =Gl g, € T\ m gt

in x — 2
+ H, 2 (90%7 3; R2> + v5 ()
(3

solves (4.2)) in Bpe (2?).

e In Bps (z3), we look for a solution of (4.3) as in Section by adding the interior
3

.3 11—y ex 1\ l1—n ET o 3
vi(z) =u(x x>+fy(2—fy—§)Ga<Tg,’x> §(2_7_£)Ga(73,x>+h1($)

i r—x
+H" <¢?, 5 >+vi”(a:),
€

harmonic extension and the disturbance term v?, i = 1,2 as follows:
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. 3 1-¢ er 4 1-¢ Er 3
wle) =z - o )_7(2—7—£)G“<73’x > +£(2—7—£)Ga<fz’x > + hale)

— 3

+H;nt,3( 27¢ R3 >+’Ug’($)

This amounts to solve the equations

(4.9)
Lot = 38 [ O (10a (500 1 Ga(55.0%) )+t H Sl 4 () (o)
YT 1+ r2)8
_ R (R0a(2 ) —1Ca(50%) )t (1-hg “ﬂ
_Eé’3(Hlnt3+U1) E%S(Hmtg"‘vl)
Lod = 384 [ ORROEE (1 6a (50) 4460 (50%) ) He0d+ 1) + (1= (W 40])
(1+7r2)4
_ TR (36 (0t 110 (52 02) ) Heng - f>h?_vg}

21 (Hmt 3 + ’U%) . E%S(Hmt 3 + ’U2)
We denote by
Lo} = S3(v3,v3) and Lovs = P3(v,v3).
To find a solution of (4.9), it is enough to find a fixed point (v},v3) in a small ball of
C(RY) x Cy™(R*) solutions of
'U:f = gp o §ﬂ,Rg o 53(17:137’03) = N3(U%a 03)7
Vg = g,u o @,Rg © ,P3(Ui)’7 ’U%) = T3(U%v ’U%)

Then, we have the following result.

(4.10)

Lemma 4.8. Let p € (1,2). Given k > 0, there exist ¢, > 0, A, > 0, 8, > 0, ¢, > 0,
¢x > 0 and ¢, > 0 such that for all € € (0,ex), A € (0, ), B € (0,5:) with re == 1. p).
We have

800, 0)l gt oy < €t T3(0,0) gty < xr
[R50, v3) = Nath, )l ey < 20 vd) = (B )l gt oy oy
and
HT?)(Ula”Q) T3(t t%)”gﬁﬂ(ﬂy) < Enr?”(”%v”%) - (t?vt%)Hcﬁva(th)Xcﬁaa(w):
provided (v3,v3), (£3,t3) € C4O‘(R4) X C4a(R4) satisfying

2
(4.11) H(U%,Ug)“aﬁ’a(w)xcﬁ’a(w) < 2%7"?7 ||(t?at%)”@ﬁva(w)xcﬁ’a(w) < 2¢p7%.
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Proof. The first and second estimates follows from the estimate of H™ given by Lemma
together with the assumption on the norms of gp? and ¢? given by (13.37)), we have

Hlnt T .
Lp]7

for all 7 < R2/2. Then by (3.37)), we get
55 )
Sajv

sup r4_“|83(0, 0)]

B < Cr* (R (I1¢3llcan(se) + 10 lcze(s3))
42 (B2(0)-B1(0))

< 0,4627“2.

¢4 (B2(0)—B1(0))

On the other hand,

r<R3
A=) (yv+£-1) 1) _1 3 int,3 3 int,3
< sup 3842 4r4_“ eﬁ( Ga (73 )7EGa(T3 ))+'y(h +HE3Y 4 (1—7) (R34 HIM3)
r<R3 (1 +r )

_ M (GG (5 0) —10u(5.02) ) +ant -

+ sup 744 ,u(‘z 1nt3 |+ ‘2 1nt3)‘)
r<R3

384
< ¢, sup

4— 2 int,3
AT

2 int,3
se@y + (=N epey)

3
€ 3
\Y S| HY™ | e
+cm<73> | “”Wfﬁ,&” | et

2

13

w()wmmwwwww)
T3 r<R3

Making use of Proposition together with (3.4), for p € (1,2), there exists a constant
¢, > 0 such that
1Rs(0,0)ll gt gy < et

For the second estimate, we use the same argument as above and we get
2
”T?)(O’ 0) HCﬁ’a(R‘l) S CxTe.
To derive the third estimate, for (v3,v3), (¢3,¢3) verifying (4.11)), we have
sup r'7#|S(v}, v3) — S3(td, £3)|

r<R3

< B

,
r<is (L4+12)4

1— +£€—-1 T int,3 int,3
e (16, (2201 ) — 16 (£2.,02) )y (B + ™ P +03) + (=) (h3+HE P 40d) 3

X |e 2l T3 vy
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RS (L0a (2 01) - 16a (£2.0%) ) 41 (W HIM )+ (1=7) (W4 HP+45) L
+ sup “‘El 33 ’—i— sup 4~ “|22 —t?)‘
r<R3 r<R3
384r4—#
0 (1 — Hlay3 _ 43 w3 _ 43
< Cx ngul% (1 + 7“2)4 (1 7) [T ||’U1 t1||cﬁ’a(R4) +r ||U2 t2||cﬁya(R4)]

+ Cﬁﬁrsnv% - t?”aﬁ’a(w) + cﬁﬂrg||vi’ - t?”eﬁ’a(w) + Cm\rg\lv? - t?”aﬁ’a(w)-
We conclude that
IR (6%, 03) = Na(t, )t
< (C,{T’E + cu(1— 7)) Hv? - t?”cﬁva(n@) +c(1— ’Y)Hv% - tg||cf;va(]R4)
< (C»J’g + Cf-i(l - 7)) H(U?’ Ug) - (ti t%)HCﬁ’O‘(R‘l)xCﬁ’a(R‘l)'

Reducing ¢, if necessary, we can assume that c,r2 < 1/2 for all € € (0,¢,). There exists
a constant v € (0,1) such that ¢,(1 —v) < 1/2 for all v € (70,1), we can find a constant
¢, > 0 such that

(412)  [Na(od.0d) — ot )l gne gy < a2l (0, 05) — (B 80) ome oy ety
Similarly, we get
IT5(07, v5) = T(87, £3)l gt
< (C,,J‘? +cu(1 - f)) va - t%”cfbva([gzl) + ¢ (1 — 5)””? - t?”cﬁ”‘(]}@)
< (Cnrg + (11— f)) H(”%a U%) - (t?:t%)”cﬁva(w)xcja(w)'

Reducing ¢, if necessary, we can assume that c,{rg < 1/2 for all € € (0,&,). There exists
a constant &y € (0, 1) such that c,(1 — &) < 1/2 for all £ € (&, 1), we can find a constant
¢. > 0 such that

(413) [ Ts(f,0d) — To(t D)ot oy < ur?l (0 08) — (. D)oto oyt O

Therefore, (4.12) and (4.13]) are enough to show that

(’U%,Ug) (N3(U1702) T3(vlvv:23))
is a contraction from the ball
{(0%77)2) C4Q<R4) X Cﬁ7a(R4) : H(U%a Ug)Hcﬁ»“(R4)Xcﬁva(R4) < 20&7}2}

into itself. Then applying a contraction mapping argument, we obtain the following propo-

sition.
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Proposition 4.9. Given k > 0, p € (1,2), there ezist ¢,, > 0, Ay > 0, B, > 0, ¢, > 0
(depending on k), vo € (0,1) and & € (0,1) such that for all € € (0,e.), A € (0, \x),
B€(0,8x), 7€ (10,1) and & € (&,1), for all T3 in some fized compact subset of [73_,7;] -
(0,00) and for go? and @Z)g’ satisfying (3.23) and (3.37)), there exists a unique (v}, v3) =
(U17‘57>‘7B77—37W?7w?’U2757>\7B7T37¢37¢%) SOZUt/Lon Of " SUCh that

H (Uzli’ vg) Hcﬁ»a(R4) xCﬁ’a(R‘l) < 20;#"3

Hence

va(z) = a(x — 2°

Er g 1-¢ <595 2> 3
Y(2—v - £)G“<Ts’x>+§(2—v—£)G“ " ha(e)
int,3 r—x

+H2 27¢27 ) —i—’l)%(fL’)

solves (4.3)) in BRg(l‘ ).

Remark also that the functions (v}, v3) := (V1 2 x g.r, i > V2en Bimph i) (0 € {1,2,3})
depend continuously on the parameter ;.

o)
+Hmt3(go, : x‘x3)+vi’<x>,

) -

(v

4.3. The nonlinear exterior problem

We reproduce exactly the same nonlinear exterior problem as in the proof of Theorem

so we obtain the following proposition.

Proposition 4.10. Given k > 0, there exist ¢, > 0, A\, > 0, B; > 0 (depending on
k) such that for any € € (0,e4), X € (0,\e), B € (0,84), i and T° satisfying (3.47)
and functions QZ; and 1;; satisfying (3.24) and (3.46), there exists a unique (v1,v2) (:=

(ﬁl,s,kﬂ,mms,i@i@i’v2,e,>\,67n2m3,§,$§@§)) solution of (B-45) so that for (v1,v2) defined by

3
1+ ~ ~. z ex ~ —T
vl(q:) = 7771 Ga(CC,[L‘l) + (1 + ng)Ga(l‘,I3) + ZXT()(:C - ’ < 1)71)17 )
i=1 Te
+51(‘T)a

1 N e
() 1= ZWQGa(x,f)—i—(l—i—ng (2,3 +ZXTO Hext< R P x)

E

+ va(z)
solve (3.42)) in Q,_(X). In addition, we have

||(’01,U2)” Che (@ (%)) < 20,{7’
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4.4. The nonlinear Cauchy-data matching

We will gather the results of the previous sections. Using the previous notations, assume

that X := (z',22,2°) € Q3 are given close to x := (z', 22, 23). Assume also that

T = (7_1772’7_3) € [Tf77;r] X [7577;] X [T§7T;] C (ano)g

are given (the values of 7,7 and Tfr for [ = 1,2,3 will be fixed later). First, we consider
some set of boundary data ¢ := (¢}, b)) € (C*(S%))? and ¥' := (¥}, %) € (C>*(S3))2.
According to the results of Propositions and and provided € € (0,e4), A €
(0, ;) and S € (0, Bx), we can find uint := (Uint,1, Uint,2) & solution of in B,_(z')U
B,.(7%) U B,_(7?), which can be decomposed as

Loy (@ = T') = 52 G (2, 7) — E2G, (2, 7) — 122

+h} (BE=E)) gt (ol gl 22 4o (BRe=E)) B (3,

Te

~ 2
LGa(, ) + Gala, ) + W3 (B2

Uint,l(x) = in 2(z—72 . ~
+H™2 (93, 97 255 ) o (=) in B, (%?),
Ue, 7y (@ _353) + ﬁ(} (z,7") — ﬁGagﬂi)
1} (FEED) - HP (o, 0 52 4+ o} (GE)) in B, (@)
and
LGa(2,72) + Galz, ~3)+h1(73;(z_51))
1n T .Z‘l . ~
+H. tl( 2,¢2, . )—i—v (%) in Bra(xl),
tlem (v —7%) — 1 Gal0, 1) = 2 Galw, 1) — B
Uing,2(T) 1= £em 3

Te

T N T )
1-¢

1 ~
ten(® ~ ) - 7 Cal® T + g Galr, )
HB(REE) + I (o 0 255) + () in B,(30),

where for i € {1,2,3} and j € {1,2}, R. = 7;"= and the functions h; and U;- satisfy
121 2 2 12 2
H(h17 h2)”cﬁ’a(R4)XC§’a(R4) S 26/{7‘6, H(h17 h2)“cg,a(R4)Xcﬁ,a(R4) g QCHT67
3 1,3 2
H(hh hQ)H(CfL’O‘(RAL))Q S 2CI{TE
and
1.1 2 2 2 2
H(UhUQ)Hcﬁv&(w)Xc;’a(Rél) < 2¢x7%, H(Ul)U2)Hc§»ﬂ(R4)xcﬁva(R4) < 2047,

| (Uil))a U%) | (Ch* (R4))2 < 20/@7”3-
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Similarly, given some boundary data @; € 04 (83, zb; € 0%(83) satistying (3.24)),
(n1,712,m3) € R? satisfying (8.47), provided ¢ € (0,e4), A € (0,A«) and 8 € (0, 5) by

Proposition we find a solution uext = (Uext,1,Uext,2) of (B:42) in Q\ (B,..(z') U
B,.(7%) U B,_(7®)) which can be decomposed as

1+ ~ it [~ T T—X
Uext1 (%) 1= —— G, &) + (1 + 1) G, 7) + Zxro P < U )
E
+ v1(x),
1+n > x—x
2 ~ N ~ r—
Uext 2(T) 1= ¢ Gz, %) + (14 13)Ga(z,7°) + ZXro(l“ — ) HS < L >
i=1 Te

+ va(z)
with vy, v9 € Cé’a(ﬁ* (x)) satistying
||(U1,U2)” 40‘( ()))2 < 20,{/“?.

It remains to determine the parameters and the boundary data in such a way that the
function which is equal to uiy in By (') U B, (%) U B,_(23) and t0 Uey in Q. (X) is a
smooth function. This amounts to find the boundary data and the parameters so that,

for each j =1, 2,

Uint,j = Uext,j 5 8ruint,j = aruext,ja

(4.14)
Auint,j = Auext,ja arAuint,j = 8rAuext,j

on dB,_(z'), 0B, (7?) and 0B, (73).

Suppose that is verified, this provides that for each ¢ small enough u. € C®
(which is obtained by matching together the functions uin; and the function wuey), a weak
solution of our system and elliptic regularity theory implies that this solution is in fact
smooth. That will complete the proof since, as ¢ tends to 0, the sequence of solutions we
have obtained satisfies the required singular limit behavior.

Before we proceed, the following remarks are due. First it will be convenient to observe
that the function u. ,, can be expanded as

527_2 ,
Uer;(x) = —41InT; — 81n |z +(9< e > on 0B, (x").

e On 9B, _(7') according to the proof of Theorem and since when ¢ tends to 0, it

is enough to choose 7; and 7, in such a way that

41n(ry) < —Iny — & (2t x) < 41n(7y"),
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where )
81('7i) ::Ha(WEl)—i_ & G( 2)+Ga('7%3)-
Also using the fact that
1,1
Pl =10+ pi1+ ot Y= 810+ 1207 + 4,
- - 1,1
o1 = 9010+<P11+901 ) Tﬁ%:wil‘f‘%’ ;

where 1 , @% 0 € Eg =R are constant on %, ¢} |, ] |, {ﬂl belong to E; = Span{ey, ea,

es,eq} and @) L, &i l, w%’L, {/;il are L?(S%) orthogonal to Eg and E;. We can prove that

(Uint.1 — Uext,1) (T +72-) = 0, O (Uing,1 — Uexe1 ) (T +12-) =0,

A(Uint,l - uext,l)(:fl + e ) = 07 a7"A(uint,1 - Uext,l)(:fl + 7 ) =0

on S2 yield to

~ ~ % - ~] ~ ~1,1 1,1 71,1
(415) Tslz (tl,m?(pio,(pio,4,0%’1,@%71,¢%71,V51($1,X),901 7%01 71/}17 7¢17 ):O(Tg)v

where

t = [4InT +Iny + & (@, X))

Inr,
On the other hand, using the fact that

1,1
03 = Py ot <P2 1+ 902 ) Py = 8@%,0 + 1290%,1 + 9y,
~1 o B ~11
pg = 502,0 + 902,1 + 902 ) Py = Q/J%J + 1y,

~ - ,L ~1,1 1,1
where 90%,0’ @%,0 € EOv @%71’ @%7171/}%71 € El and P2 > @2 ’ 2 ’ ¢2 belong to (LQ(S?)))
We can prove that

(Uint,Z - uext,2)(§1 +7e- ) = 07 ar(uint,Q - Uext,Q)(il +7e- ) =0,

A(uint,Q - uext,Q)(gl +7re- ) = 0> 87"A(uint,2 - uext,Q)(-%l +7e- ) =0

on S2 yield to

1 ~1,1 1,1 71,1 2
(<P207<P207<P21780217¢217902 P Py ):O(Ta)-

As usual, the terms O(r2) depend nonlinearly on all the variables on the left-hand side,
but are bounded (in the appropriate norm) by a constant (independent of € and k) times
r2, provided ¢ € (0,¢4).

e On 0B, (7?), according to the proof of Theorem using the fact that

2,1

W= plo+ i+t YR =8ptg+ 1203 + i,
i % 72,1
g = 9010+<P11+901 ; Tﬁ%:wil‘f‘%’,
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. 2,1
where 7 o, @1 o € Eo, 11,211, ¢1, € E1 = ker(Ags + 1) = Span{ey, ea, e3, €4} and ¢,
(ﬁ?’L, w%L, w%L belong to (L?(S3))*. We can prove that

2 ~2 2 ~2 72 ~2,1 2,1 72,1 2
(901,07901,0,9017179017171?1717901 N N ):O(TE)'

Finally, according to the proof of Theorem and since ¢ tends to 0, it is enough to

choose 7, , 7_2+ in such a way that
41n(ry) < —Iné — &(2?,x) < 41n(ry),

where

Eo(-,X) == Hy(-, )4—1:;5Ga«,51)+<1x-,z%.

Also using the fact that
2,1
03 = 3 0T 902 1+ 802 ) Y3 = 890%,0 + 1290%,1 + ¢y,
~y .1
P = 9020+<P21+902 ; ¢%:¢§,1+¢2 ;

where ¢3 04 @%0 € Ey = R are constant on S3, cp%l, @%71, ng belong to E; = Span{ey, ea,

es,eq} and ¢, J‘, @3 l, @ZJ%’J‘, JgJ‘ are L?(S®) orthogonal to Eg and E;. We can prove that

(Uint,Q - uext,Z)(§2 +7e- )

O’ a7“(uint,2 - uext,?)(%2 +re- ) = 07
A(Uint,Z - uext,2)(§2 +7re- ) 0

a7“A(uint,2 - uext,Q)(%2 +7re- ) =0

on S yield to

~ ~ T2 Te (~ ~ 2,1 2,1 52,1
(416) Tg:(t2a772790570%0%,0:90%7174)0%,17¢%,17V52(Z2,Z)7902 a(p2 a¢2 7w2 )_O(T2)7

where

g = [4InTy + In€ + & (72, X))

Inr,

As usual, the terms O(r2) depend nonlinearly on all the variables on the left-hand side,
but are bounded (in the appropriate norm) by a constant (independent of € and k) times
r2, provided ¢ € (0,¢,).

e On 0B, (7%), we have

(uint,l - uext,l)(x)

_ 73 ~3 _ 73
:—41n7'3+87731n|3:—:63|—|—Hmt3<<p:£), i:vrx> eXt <~1aw1ax x)
g E
(4.17) [ 1—-¢
(2-7-¢)

2 2
+o<f”é>+0@9

|z — 232

o W e B z, T z, T
G($$)+§(2_’Y—£)Ga(7 )+Ha(7 ):|
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and
(uint,Z - uext,?)(m)
_ _ =3 =3
= —4In73+ 8nsln |z — 53| + Hént’:s <90§> S’; H) — H (35%’ %3 H)
Te Te
(4.18) [ 1—-¢ 1—~
— | —= Gulz, i)+ — L Gu(z, 7))+ H x,%?’]
12 —7-¢) o5 ) £2-v-¢ o0 ) + Halo, &)

827'_2

Next, even though all functions are defined on 9B,._(7?) in (4.14)), it will be more convenient

to solve on S3, for i = 1,2, the following set of equations

(4 19) (uint,i - Uext,i)(§3 +re- ) = O, ar(uint,i - Uext,i)(%3 +re- ) = 0’
’ = O, - O

A(uint,i - uext,i)(%3 +7re- ) arA(uint,i - Uext,i)(%3 +7re- )

Since the boundary data are chosen to satisfy (3.23]) or (3.24)), we decompose

3,1 3,1
0l =P+ G+t WP =80l + 1203+
~ ~ ~ ~3,1 e s 73,1
GP=Glo+ @ +ET, =i+
where ¢20, cﬁ?}o € Ey = R are constant on S3, go?,l, @il, Jf’l belong to E; = Span{e, e2, €3,
eq} and cp?’L, @’?7J‘, %371_’ {E’J‘ are L%(S%) orthogonal to Ey and E;.

We insist that for x € S2, both equations (4.17) and (4.18) involve the same relation

of the parameter 73 and the appropriate energy £3. Then we have

(uint,i - uext,i)(§3 + 7“5.%)

= —41117'3 + 8773 1H7’g‘flf| + Hiint73(gp?7 %va) - HzeXt(&??zZ??x)

1_6 ~3 ~1 1—’}/ ~3 ~9 3 ~3 9
_ mGa(iﬂ y L )+mGa<$ , T )+Ha($ , T ) +O(T€)

Projecting the set of equations (4.19) over Eg, we get

—4In7s +8n3lnr. + @?,0 - 5?70 — &(7°,%) + O(r?) =0,
(420) 8ns + 25 + 28,5 + O(r?) = 0,
. 16m3 + 890‘20 + (’)(r?) =0,
—32n3 + O(r?) =0,

where

17_5 _:,El 1_77 . 52
s SRR s LA
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The system ([4.20]) can be simply written as

n3 = O(TQ), SO?O = O(T?), SZ?,O = O<Tg) and

7 N [41n73+53(53,§)] :(9(7“2).

£

We are now in a position to define 7;° and 7'3 In fact, according to the above analysis,
as ¢ tends to 0, we expect that Z° will converge to 2’ for i € {1,2,3} and 73 will converge
to 73 satisfying

4In7; = —&(2P, x).

Hence it is enough to choose 753 and 7';_ in such a way that
41n(ry) < —& (23, x) < 4In(ry).

Consider now the projection of (4.19) over E;. Given a smooth function f defined in £,
we identify its gradient Vf = (0y, f, ..., 0z, f) with the element of E;:

4
Vf= Z@zifei.
i=1

Keeping these notations in mind, we obtain the system of equations

80?,1 - @31 VEs(T°,%) + O(r) = 0,

3%3,1 + 3@?,1 + }Jz | — VE(T*,%) + O(r) = 0,
15%1_3%1 @Z?l‘FO(T?) =0,

15g0Z 1+ 1590@ 1 + zbl L+ 02 =0,

which can be simplified as follows:
pi=002), F1=002), ¥} =042) and V&%) =0(2).

Finally, we consider the projection onto L2(S)*. This yields the system

~3,1
pi = F+0(2) =0,
8T(H;I;J_7w?,1_ _H~3J_7,$3J_) +O(Tg) 07
=0l =0,
arA(HiI}’,tl 3,1 — H;)?(”tl J?,L) + O(T‘g) = 0

(‘2 ﬂbi

Thanks to the result of Lemma this last system can be rewritten as

G =00, P =002, =002 and @F=00?).
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If we define the parameter t3 € R by

t3 1= [41D7’3—|—53(53,§)],

Inr.

then the systems found by projecting (4.19) gather in this equality

~ 3 3 = ~3 ~ 3,1 ~3.1 ,31 731
(4.21) T2 = (t3,m3, 050, Bro, o1, Bor Uiy, VEI(E,R), 077, @7 0,057 ) = O(r2)

for i = 1,2. As usual, the terms O(r?) depend nonlinearly on all the variables on the
left-hand side, but are bounded (in the appropriate norm) by a constant (independent of
e and k) times 72, provided € € (0,,). We recall that d = 7.(X — x), in addition the

previous systems can be written as for ¢ = 1,2, 3:
(d7 i, N, @iv &iv W’ QZ’iv vgl) = O(T?)
Combining (4.15)), (4.16) and (4.21]), we have

(4.22) T. = (T}, T2, 12) = (O(r?), 0(r?), O(r2)).

13 > 13

Then the nonlinear mapping which appears on the right-hand side of is continuous,
compact. In addition, reducing ¢, if necessary, this nonlinear mapping sends the ball of
radius 72 (for the natural product norm) into itself, provided & is fixed large enough.
Applying Schauder’s fixed point theorem in the ball of radius 72 in the product space
where the entries live, we obtain the existence of a solution of equation .

This completes the proof of Theorem ([l
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