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Singular Limit Solutions for a 4-dimensional Emden–Fowler System of

Liouville Type in Some General Case

Lilia Larbi and Nihed Trabelsi*

Abstract. We prove the existence of singular limit solutions for a nonlinear elliptic

Emden–Fowler system with Navier boundary conditions by using the nonlinear domain

decomposition method and the Pohozaev identity.

1. Introduction and statement of the results

In recent years, nonlinear system have received a very important attention in the do-

main of mathematics and physics since several phenomena in these domains are described

through nonlinear differential system such as thermionic emissions, isothermal gas sphere,

gas combustion and gauge theory [28]. The main purpose of studying nonlinear initial

boundary value problems involving partial differential equations is to designate whether

solutions to a given equation develop a singularity. The blow up problem can have an

impact on the physical relevance and the validity of the underlying model, therefore, it is

interesting to solve and to characterize this type of problem.

In geometry, the semilinear elliptic equations with exponential nonlinearities play a

fundamental role, precisely, in the prescription of the Q-curvature on 4-dimensional Rie-

mannian manifolds [12,13]:

Qg =
1

12
(−∆gSg + S2

g − 3|Ricg |2),

where Ricg denotes the Ricci tensor and Sg is the scalar curvature of the metric g. Re-

member that the Q-curvature changes under a conformal change of metric gw = e2wg

according to

(1.1) Pgw + 2Qg = 2Qgwe
4w,

where

Pg := ∆2
g + δ

(
2

3
SgI − 2Ricg

)
d
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is the Paneitz operator, which is an elliptic 4th order partial differential operator and it

transforms according to

e4wPe2wg = Pg,

under a conformal change of metric gw := e2wg. In particular case where the manifold is

the Euclidean space, the Paneitz operator is given by

Pgeucl = ∆2.

In that case, the equation (1.1) is now transformed to a partial differential equation with

an exponential type differential nonlinearity modulo the Q-curvature:

∆2w = Qgwe
4w.

For more details and recent developments of this problem, see [12,18].

Let Ω ⊂ R4 be a regular bounded open domain, we consider the following nonlinear

elliptic system of Emden–Fowler:

(1.2)


∆(a(x)∆u1)− V (x) div(a(x)∇u1) = ρ4a(x)eγu1+(1−γ)u2 in Ω,

∆(a(x)∆u2)− V (x) div(a(x)∇u2) = ρ4a(x)eξu2+(1−ξ)u1 in Ω,

∆u1 = ∆u2 = u1 = u2 = 0 on ∂Ω.

Here ρ, γ, ξ are constants such that γ, ξ ∈ (0, 1) and γ + ξ > 1, so in the following

we have naturally 1−γ
ξ , 1−ξγ ∈ (0, 1). The potential V (x) belongs to L∞

loc(R4) which is

smooth and bounded, the function a = a(x) is a given smooth function over Ω, called the

Schrödinger wave function, solution of the linear form of stationary smooth nonhomoge-

nous Schrödinger problem

(1.3)

−∆a(x) + V (x)a(x) = λf(x, a) in Ω,

∥∇a∥∞ ≤ β

satisfying

(H) 0 ≤ c1 ≤ a(x) ≤ c2 ≤ +∞,

λ and β are small parameters and f is a smooth bounded function over Ω. Furthermore,

|f(x, a(x))| ≤ c(1 + |a(x)|3), x ∈ R4, a ∈ R and c > 0.

For more details about asymptotical behaviors of the solution a(x) of problem (1.3), see [26]

and some references therein, see also [9, 10].
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We are interested to the study of the existence of positive solutions for the problem (1.2)

with singular limits as the parameter ρ tends to 0 and when the singular sets intercept

each other.

In [19], the authors considered the system (1.2), precisely they studied the existence

of a singular limits solution for the system in the case where the singular sets are dis-

joint. Several researchers are interested in the study of problem (1.2) without the term

∆(a(x)∆u), see [15, 30]. In dimension 2 and 4, the researchers in [1, 7, 29], are interested

exactly in the study of system (1.2) without the term V (x) div(a(x)∇u) and the function

a(x), in fact, they proved the existence of solutions with singular limits when parameter

ρ tends to 0.

The author in [25], investigated the case of an Emden–Fowler equation with exponential

nonlinearity, he proved the existence of singular limits for solution of this type of equation

given by ∆(a(x)∆u)− V (x) div(a(x)∇u) = ρ4a(x)eu in Ω ⊂ R4,

u = ∆u = 0 on ∂Ω.

Indeed, he looks for solutions which concentrate at the points xj ∈ Ω, j = 1, . . . ,m as the

parameter ρ tends to 0. He gives sufficient conditions under which, as ρ tends to 0, there

exists an explicit class of solutions which admit a concentration behavior with a prescribed

bubble profile around some given m-points in Ω, for any given integer m.

In dimension 2, Chanillo and Keissling [14] established a strict isoperimetric inequality

and a Pohozaev–Rellich identity for the system

(1.4) −∆ui = exp

(∑
j∈J

γi,juj

)
in R2, i ∈ J = {1, . . . , N},

under the finite mass conditions

(1.5)

∫
R2

eui dx <∞, i ∈ J .

Here {γi,j} ≡ γ ∈ GLN (R) is a symmetric matrix such that γi,j ≥ 0 and γi,i > 0, satisfying

(1.6)
∑
j∈J

γi,j = 1, i ∈ J .

They prove that all solutions ui are radially symmetric and decreasing about some point.

This system of nonlinear elliptic PDEs of Liouville type (called “L-systems”) is a natural

generalization of Liouville’s equation, see [23]:

(1.7) −∆u = eu in R2.

In another way, (1.7) is the simplest special case of L-system. In [16], Chen and Li proved

the following important classification result.
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Theorem 1.1. [16] Let u ∈ L1
loc(R2) be a weak solution of (1.7), satisfying the finite-mass

condition

(1.8)

∫
R2

eu dx <∞.

Then u is radial symmetric and decreasing about some point in R2.

This result is definitive for solving completely (1.7) under (1.8), since it reduces the

problem to a simple ODE problem. Then Chen and Li conclude that all solutions of (1.7)

and (1.8) are given by

u(x) = −2 log
1 + λ2|x− x0|

2
√
2λ

,

where λ > 0 and x0 ∈ R2.

The system (1.4), under slightly more general conditions which include (1.6) as a

special case, is applied precisely in the physics of charged particle beams. For more

details, see [11, 21, 22]. Moreover, as the Liouville’s equation, the system (1.4) has an

obvious geometrical significance. A solution N -tuple ui of (1.4)–(1.6) defines a set of N

metrics, all of which are conformally equivalent to the Euclidean metric on R2.

If we consider the corresponding Dirichlet problem on a bounded domain in R2,

(1.9) −∆u = ρ2eu in Ω, u = 0 on ∂Ω,

when the parameter ρ tends to 0, the blow-up analysis and the asymptotic behavior of

nontrivial branches of solution of equation (1.9) are well-understood thanks to the result

of Suzuki [27] and Nagasaki–Suzuki [24]. Moreover, this result allows to localize the blow-

up set of singular limit solutions (up to subsequence) as critical point of functions given

by the Green’s functions. In contrast, the blow-up analysis for Liouville system (1.2) is

almost open.

Consider the following problem

(1.10)

−∆u = ρ2f(u) in Ω ⊂ R2,

u = 0 on ∂Ω

when ρ tends to 0 and

|f(t)| ≤ cet.

Theorem 1.2. [27] Let Ω be a smooth bounded domain in R2. Assume that uρ is a

solution of (1.10) which converges to some nontrivial function u∗ as ρ tends to 0. Then

the limit function u∗ is a solution of problem−∆u∗ =
∑n

j=1 8πδxj in Ω,

u∗ = 0 on ∂Ω.
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Moreover, (x1, . . . , xn) ∈ (R2)n is a critical point of the functional

W : (x1, . . . , xn) ∈ (R2)n 7→
n∑
j=1

H(xj , xj) +
∑
j ̸=l

G(xj , xl).

Moreover, the general result has been obtained by Baraket–Paccard [6] and Baraket–

Ye [8] for eu + eγu, γ ∈ (0, 1) instead of eu.

In fact, they prove the inverse problem of the result of Suzuki [27], more precisely they

prove

Theorem 1.3. [6] Let Ω be a smooth open subset of R2, β ∈ (0, 1) and x1, . . . , xm ∈ Ω.

Assume that (x1, . . . , xm) is a nondegenerate critical point of the function

E : (x1, . . . , xm) ∈ Cm →
∑
j

H(xj , xj) +
∑
j ̸=l

G(xj , xl),

then there exists a constant ρ0 > 0 and (uρ)ρ∈(0,ρ0) is a one parameter family of solutions

of (1.9) such that

lim
ρ→0

uρ =
m∑
i=1

G( · , xi) in C2,β
loc (Ω \ {x1, . . . , xm}),

where G(x, x′) is the Green’s function defined on Ω× Ω, the solution of

−∆G(x, x′) = 8πδx=x′ in Ω, G(x, x′) = 0 on ∂Ω

and H(x, x′) := G(x, x′) + 4 log |x− x′| its smooth part.

Some generalizations can be found in [3, 5, 8, 17,20].

To describe our result, let us denote by

∆2
au1 −∆au1 =

1

a
∆(a∆u1)−

V (x)

a
div(a∇u1) = ∆2u1 +Σ1

au1 +Σ2
au1,

∆2
au2 −∆au2 =

1

a
∆(a∆u2)−

V (x)

a
div(a∇u2) = ∆2u2 +Σ1

au2 +Σ2
au2,

where

Σ1
aui = 2

∇a
a

· ∇(∆ui)− V (x)∇ log a · ∇ui and Σ2
aui =

(
∆a

a
− V (x)

)
∆ui, i = 1, 2.

Then to solve (1.2) is equivalent to solve the following system

(1.11)


∆2
au1 −∆au1 = ρ4eγu1+(1−γ)u2 in Ω,

∆2
au2 −∆au2 = ρ4eξu2+(1−ξ)u1 in Ω,

∆u1 = ∆u2 = u1 = u2 = 0 on ∂Ω
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when the parameter ρ tends to 0. Let Ga(x, y) defined over Ω× Ω be the Green function

associated to the bi-Laplacian operator with a Navier boundary conditions, which is the

solution of ∆2Ga(x, y) = 64π2δx=y in Ω,

∆Ga(x, y) = Ga(x, y) = 0 on ∂Ω

and denote by Ha(x, y) := Ga(x, y) + 8 ln |x− y| its smooth part.

In this paper, we prove the following results.

Theorem 1.4. Let Ω be a regular open subset of R4 and x1, x2, x3 ∈ Ω be given distinct

points. Suppose that (uρ1, u
ρ
2) is a one parameter family of solutions of (1.11) such that

lim
ρ→0

uρ1 =
1

γ
Ga( · , x1) +Ga( · , x3) = u∗1 in C4,α

loc (Ω \ {x1, x3})

and

lim
ρ→0

uρ2 =
1

ξ
Ga( · , x2) +Ga( · , x3) = u∗2 in C4,α

loc (Ω \ {x2, x3}).

Then (x1, x2, x3) is a critical point of the functional

E(x1, x2, x3) = 1− ξ

2γ
Ha(x

1, x1) +
1− γ

2ξ
Ha(x

2, x2) +
2− γ − ξ

2
Ha(x

3, x3)

+
1− γ

ξ

1− ξ

γ
Ga(x

1, x2) +
1− ξ

γ
Ga(x

1, x3) +
1− γ

ξ
Ga(x

2, x3).

A natural question that arises: can one find a solution u1 respectively u2 that concen-

trates in x1, x3 respectively in x2, x3. Before giving a partial answer of this question, we

define an auxiliary function φ which is a truncation function in C∞
0 (Ω) such that

φ ≡


1 in B(x1, r0),

1 in B(x2, r0),

0 in Ω \ (B(x1, r0) ∪B(x2, r0)),

where r0 > 0 and such that B(xi, 2r0) ⊂ Ω for i = 1, 2 and B(x1, 2r0) ∩B(x2, 2r0) = ∅.

Theorem 1.5. Let Ω be a regular open subset of R4 and x1, x2, x3 ∈ Ω be given distinct

points. Suppose that (x1, x2, x3) is a nondegenerate critical point of the functional

E(x1, x2, x3) = 1− ξ

2γ
Ha(x

1, x1) +
1− γ

2ξ
Ha(x

2, x2) +
2− γ − ξ

2
Ha(x

3, x3)

+
1− γ

ξ

1− ξ

γ
Ga(x

1, x2) +
1− ξ

γ
Ga(x

1, x3) +
1− γ

ξ
Ga(x

2, x3).
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Then, there exists a constant ρ0 > 0 and (uρ1, u
ρ
2)ρ≤ρ0 is a one parameter family of solutions

of (1.11) such that

lim
ρ→0

φuρ1 =
φ

γ
Ga( · , x1) in C4,α

loc (Ω \ {x1}),

lim
ρ→0

φuρ2 =
φ

ξ
Ga( · , x2) in C4,α

loc (Ω \ {x2}),

and

lim
ρ→0

(
(1− ξ)uρ1 + (1− γ)uρ2

)
=

1− ξ

γ
Ga( · , x1) +

1− γ

ξ
Ga( · , x2)

+ (2− γ − ξ)Ga( · , x3) in C4,α
loc (Ω \ {x1, x2, x3}).

Under an additional assumption on the points x1, x2 and x3, we can give the asymptotic

behavior of uρ1 and uρ2 separately.

Theorem 1.6. Let Ω be a regular open subset of R4 and x1, x2, x3 ∈ Ω be given distinct

points. Suppose that (x1, x2, x3) is a nondegenerate critical point of the functional

E(x1, x2, x3) = 1− ξ

2γ
Ha(x

1, x1) +
1− γ

2ξ
Ha(x

2, x2) +
2− γ − ξ

2
Ha(x

3, x3)

+
1− γ

ξ

1− ξ

γ
Ga(x

1, x2) +
1− ξ

γ
Ga(x

1, x3) +
1− γ

ξ
Ga(x

2, x3)

such that

(1.12)
1

γ
Ga(x

3, x1) =
1

ξ
Ga(x

3, x2) and
1

γ
∇Ga( · , x1)(x3) =

1

ξ
∇Ga( · , x2)(x3).

Then, there exists a constant ρ0 > 0 and (uρ1, u
ρ
2)ρ≤ρ0 is a one parameter family of solutions

of (1.11) such that

lim
ρ→0

uρ1 =
1

γ
Ga( · , x1) +Ga( · , x3) in C4,α

loc (Ω \ {x1, x3}),

lim
ρ→0

uρ2 =
1

ξ
Ga( · , x2) +Ga( · , x3) in C4,α

loc (Ω \ {x2, x3}).

Our paper is organized as follows: In Section 2, we give necessary condition about

the position of the points (x1, x2, x3) thanks to the Pohozaev identity and by using the

techniques inspired by the work of Suzuki [27], we determine the appropriate functional,

which proves Theorem 1.4. Next, we want to show the inverse result of Theorem 1.4

without adding any condition which is a priori impossible, so we thought of adding an

auxiliary function which is proved in Section 3, where we prove Theorem 1.5 motivated by

the technics of Baraket et al. [4]. In fact, we introduce some crucial results and definitions

about the weighted Hölder spaces, linearized operators and the bi-harmonic extensions,
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we recall some studies about the analysis of the bi-Laplace operator in weighted spaces.

We construct our approximate solution of (1.2) by using the appropriate transformation

in a large balls. Next, we consider a nonlinear interior problem, where the existence of a

family of solutions of (1.2), which are close to the approximate solution is proven. Then,

we prove the existence of a family of solutions to (1.2), which are defined on Ω with

small balls removed. Finally, we show how parameters of these families can be connected

to produce solutions of (1.2). Indeed, we patch these pieces together via a nonlinear

version of Cauchy data matching. In Section 4, we prove Theorem 1.6 by considering the

topological condition (1.12) and by using the same techniques as in the previous section.

2. Proof of Theorem 1.4

Let ω be a subset of Ω. We multiply the equation ∆2
au1 − ∆au1 = ρ4eγu1+(1−γ)u2 by

∇(γu1 + (1− γ)u2) and then integrating over ω, we obtain a Pohozaev type identity

(2.1)

γ

∫
ω
(∆2

au1 −∆au1)∇u1 + (1− γ)

∫
ω
(∆2

au1 −∆au1)∇u2 = ρ4
∫
∂ω

(eγu1+(1−γ)u2 − 1)ν dσ.

We have∫
ω
(∆2

au1)∇u1 =
∫
ω

1

a
∆(a∆u1)∇u1

=

∫
ω
(∆2u1)∇u1 +

∫
ω

1

a
∆a∆u1 · ∇u1 +

∫
ω

2

a
∇a∇(∆u1) · ∇u1.

Using the Green’s formula we obtain∫
ω
(∆2

au1)∇u1 = −1

2

∫
∂ω

(∆u1)
2ν dσ −

∫
∂ω

(∇(∆u1) · ∇u1)ν dσ +

∫
∂ω

∇u1 · ν∇(∆u1) dσ

+

∫
∂ω

∇(∆u1) · ν∇u1 dσ +

∫
ω

1

a
∆a∆u1 · ∇u1 +

∫
ω

2

a
∇a∇(∆u1) · ∇u1.

On the other hand,∫
ω
∆au1∇u1 =

∫
ω

V (x)

a
div(a∇u1)∇u1 =

∫
ω

V (x)

a
∇a∆u1 +

∫
ω
V (x)∆u1∇u1.

Then ∫
ω
(∆2

au1 −∆au1)∇u1

= −1

2

∫
∂ω

(∆u1)
2ν dσ −

∫
∂ω

(∇(∆u1) · ∇u1)ν dσ +

∫
∂ω

∇u1 · ν∇(∆u1) dσ

+

∫
∂ω

∇(∆u1) · ν∇u1 dσ +

∫
ω

1

a
∆a∆u1 · ∇u1 +

∫
ω

2

a
∇a∇(∆u1) · ∇u1

−
∫
ω

V (x)

a
∇a∆u1 −

∫
ω
V (x)∆u1 · ∇u1.
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Similarly we multiply the equation ∆2
au2 −∆au2 = ρ4eξu2+(1−ξ)u1 by ∇(ξu2 + (1− ξ)u1)

and then integrating over ω we obtain a Pohozaev type identity

(2.2) ξ

∫
ω
(∆2

au2−∆au2)∇u2+(1−ξ)
∫
ω
(∆2

au2−∆au2)∇u1 = ρ4
∫
∂ω

(eξu2+(1−ξ)u1−1)ν dσ.

Using the Green’s formula we obtain∫
ω
(∆2

au2 −∆au2)∇u2

= −1

2

∫
∂ω

(∆u2)
2ν dσ −

∫
∂ω

(∇(∆u2) · ∇u2)ν dσ +

∫
∂ω

∇u2 · ν∇(∆u2) dσ

+

∫
∂ω

∇(∆u2) · ν∇u2 dσ +

∫
ω

1

a
∆a∆u2 · ∇u2 +

∫
ω

2

a
∇a∇(∆u2) · ∇u2

−
∫
ω

V (x)

a
∇a∆u2 −

∫
ω
V (x)∆u2 · ∇u2.

Making use of the identity∫
ω
(∆2

au1 −∆au1)∇u2 +
∫
ω
(∆2

au2 −∆au2)∇u1

=

∫
ω
∆2
au1∇u2 +

∫
ω
∆2
au2∇u1 −

∫
ω
∆au1∇u2 −

∫
ω
∆au2∇u1

and calculating

I1 =

∫
ω
∆2
au1∇u2 +

∫
ω
∆2
au2∇u1

= −
∫
∂ω

(∆u1 ·∆u2)ν dσ +

∫
∂ω

∇u2 · ν∇(∆u1) dσ +

∫
∂ω

∇u1 · ν∇(∆u2) dσ

+

∫
ω

1

a
∆a∆u1 · ∇u2 +

∫
ω

1

a
∆a∆u2 · ∇u1 +

∫
ω

2

a
∇a∇(∆u1) · ∇u2

+

∫
ω

2

a
∇a∇(∆u2) · ∇u1,

I2 =

∫
ω
∆au1∇u2 +

∫
ω
∆au2∇u1

= 2

∫
ω

V (x)

a
∇a∇u1∇u2 +

∫
ω
V (x)∆u1∇u2 +

∫
ω
V (x)∆u2∇u1,

we obtain

I1 − I2 =

∫
ω
(∆2

au1 −∆au1)∇u2 +
∫
ω
(∆2

au2 −∆au2)∇u1

= −
∫
∂ω

(∆u1 ·∆u2)ν dσ +

∫
∂ω

∇u2 · ν∇(∆u1) dσ +

∫
∂ω

∇u1 · ν∇(∆u2) dσ

+

∫
ω

1

a
∆a∆u1 · ∇u2 +

∫
ω

1

a
∆a∆u2 · ∇u1 +

∫
ω

2

a
∇a∇(∆u1) · ∇u2
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+

∫
ω

2

a
∇a∇(∆u2) · ∇u1 − 2

∫
ω

V (x)

a
∇a∇u1∇u2 −

∫
ω
V (x)∆u1∇u2

−
∫
ω
V (x)∆u2∇u1.

Then by combination of (2.1) and (2.2) we obtain

γ(1− ξ)

[ ∫
∂ω

(
− 1

2
(∆u1)

2ν − (∇(∆u1) · ∇u1)ν +∇u1 · ν∇(∆u1) dσ +∇(∆u1) · ν∇u1
)
dσ

+

∫
ω

1

a
∆a∆u1 · ∇u1 +

∫
ω

2

a
∇a∇(∆u1) · ∇u1 −

∫
ω

V (x)

a
∇a∆u1 −

∫
ω

V (x)∆u1 · ∇u1
]

+ ξ(1− γ)

[ ∫
∂ω

(
− 1

2
(∆u2)

2ν − (∇(∆u2) · ∇u2)ν +∇u2 · ν∇(∆u2) dσ +∇(∆u2) · ν∇u2
)
dσ

+

∫
ω

1

a
∆a∆u2 · ∇u2 +

∫
ω

2

a
∇a∇(∆u2) · ∇u2 −

∫
ω

V (x)

a
∇a∆u2 −

∫
ω

V (x)∆u2 · ∇u2
]

+ (1− γ)(1− ξ)

[ ∫
∂ω

(
− (∆u1 ·∆u2)ν +∇u2 · ν∇(∆u1) +∇u1 · ν∇(∆u2)

)
dσ

+

∫
ω

1

a
∆a∆u1 · ∇u2 +

∫
ω

1

a
∆a∆u2 · ∇u1 +

∫
ω

2

a
∇a∇(∆u1) · ∇u2 +

∫
ω

2

a
∇a∇(∆u2) · ∇u1

− 2

∫
ω

V (x)

a
∇a∇u1∇u2 −

∫
ω

V (x)∆u1∇u2 −
∫
ω

V (x)∆u2∇u1
]

= ρ4(1− ξ)

∫
∂ω

(eγu1+(1−γ)u2 − 1)ν dσ + ρ4(1− γ)

∫
∂ω

(eξu2+(1−ξ)u1 − 1)ν dσ.

(2.3)

We insert the profile of the limits of the solutions in the identity (2.3) when ρ tends to 0

and η fixed small enough, we choose ω = B(xi, η) = Bi for i = 1, 2, 3. We obtain, thanks

to the regularity of solutions of (1.11) on Ω \ {x1, x2, x3},

lim
ρ→0

ρ4(1− ξ)

∫
∂ω

(eγu1+(1−γ)u2 − 1)ν dσ + ρ4(1− γ)

∫
∂ω

(eξu2+(1−ξ)u1 − 1)ν dσ = 0.

Then

γ(1− ξ)

[ ∫
∂ω

(
− 1

2
(∆u∗1)

2ν − (∇(∆u∗1) · ∇u∗1)ν +∇u∗1 · ν∇(∆u∗1) dσ +∇(∆u∗1) · ν∇u∗1
)
dσ

+

∫
ω

1

a
∆a∆u∗1 · ∇u∗1 +

∫
ω

2

a
∇a∇(∆u∗1) · ∇u∗1 −

∫
ω

V (x)

a
∇a∆u∗1 −

∫
ω

V (x)∆u∗1 · ∇u∗1
]

+ ξ(1− γ)

[ ∫
∂ω

(
− 1

2
(∆u∗2)

2ν − (∇(∆u∗2) · ∇u∗2)ν +∇u∗2 · ν∇(∆u∗2) dσ +∇(∆u∗2) · ν∇u∗2
)
dσ

+

∫
ω

1

a
∆a∆u∗2 · ∇u∗2 +

∫
ω

2

a
∇a∇(∆u∗2) · ∇u∗2 −

∫
ω

V (x)

a
∇a∆u∗2 −

∫
ω

V (x)∆u∗2 · ∇u∗2
]

+ (1− γ)(1− ξ)

[ ∫
∂ω

(
− (∆u∗1 ·∆u∗2)ν +∇u∗2 · ν∇(∆u∗1) +∇u∗1 · ν∇(∆u∗2)

)
dσ

+

∫
ω

1

a
∆a∆u∗1 · ∇u∗2 +

∫
ω

1

a
∆a∆u∗2 · ∇u∗1 +

∫
ω

2

a
∇a∇(∆u∗1) · ∇u∗2 +

∫
ω

2

a
∇a∇(∆u∗2) · ∇u∗1

− 2

∫
ω

V (x)

a
∇a∇u∗1∇u∗2 −

∫
ω

V (x)∆u∗1∇u∗2 −
∫
ω

V (x)∆u∗2∇u∗1
]
= 0.



Singular Limit Solutions for Emden–Fowler System 331

In the desire to construct solutions of the system that blow-up in the points x1, x2 and

x3 this means that, if ρ tends to 0, we have

u1 → u∗1 =
1

γ
Ga(x, x

1) +Ga(x, x
3) and u2 → u∗2 =

1

ξ
Ga(x, x

2) +Ga(x, x
3).

• In B3 = B(x3, η), since we have Ga(x, x
3) = −8 ln |x − x3| +Ha(x, x

3) where Ha is

a smooth function in Ω, then

u∗1 =
1

γ
Ga(x, x

1)+Ga(x, x
3) = −8 ln |x−x3|+R(x) with R(x) = Ha(x, x

3) +
1

γ
Ga(x, x

1)

and

u∗2 =
1

ξ
Ga(x, x

2)+Ga(x, x
3) = −8 ln |x−x3|+M(x) with M(x) = Ha(x, x

3) +
1

ξ
Ga(x, x

2).

We set

Ilhs

= γ(1− ξ)

[ ∫
∂ω

(
− 1

2
(∆u∗1)

2ν − (∇(∆u∗1) · ∇u∗1)ν +∇u∗1 · ν∇(∆u∗1) dσ +∇(∆u∗1) · ν∇u∗1
)
dσ

+

∫
ω

1

a
∆a∆u∗1 · ∇u∗1 +

∫
ω

2

a
∇a∇(∆u∗1) · ∇u∗1 −

∫
ω

V (x)

a
∇a∆u∗1 −

∫
ω

V (x)∆u∗1 · ∇u∗1
]

+ ξ(1− γ)

[ ∫
∂ω

(
− 1

2
(∆u∗2)

2ν − (∇(∆u∗2) · ∇u∗2)ν +∇u∗2 · ν∇(∆u∗2) dσ +∇(∆u∗2) · ν∇u∗2
)
dσ

+

∫
ω

1

a
∆a∆u∗2 · ∇u∗2 +

∫
ω

2

a
∇a∇(∆u∗2) · ∇u∗2 −

∫
ω

V (x)

a
∇a∆u∗2 −

∫
ω

V (x)∆u∗2 · ∇u∗2
]

+ (1− γ)(1− ξ)

[ ∫
∂ω

(
− (∆u∗1 ·∆u∗2)ν +∇u∗2 · ν∇(∆u∗1) +∇u∗1 · ν∇(∆u∗2)

)
dσ

+

∫
ω

1

a
∆a∆u∗1 · ∇u∗2 +

∫
ω

1

a
∆a∆u∗2 · ∇u∗1 +

∫
ω

2

a
∇a∇(∆u∗1) · ∇u∗2 +

∫
ω

2

a
∇a∇(∆u∗2) · ∇u∗1

− 2

∫
ω

V (x)

a
∇a∇u∗1∇u∗2 −

∫
ω

V (x)∆u∗1∇u∗2 −
∫
ω

V (x)∆u∗2∇u∗1
]
.

By computation, we prove that

Ilhs = −8

η

[
(1− ξ)

∫
∂B3

∇∆R(x)ν dσ + (1− γ)

∫
∂B3

∇∆M(x)ν dσ

]
+

16

η2

[
(1− ξ)

∫
∂B3

∆R(x)ν dσ + (1− γ)

∫
∂B3

∆M(x)ν dσ

]
+

32

η3

[
(1− ξ)

∫
∂B3

∇R(x)ν dσ + (1− γ)

∫
∂B3

∇M(x)ν dσ

]
+O(η)

with

R(x) = Ha(x, x
3) +

1

γ
Ga(x, x

1) and M(x) = Ha(x, x
3) +

1

ξ
Ga(x, x

2).
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Then

(1− ξ)

∫
∂B3

∇R(x)ν dσ + (1− γ)

∫
∂B3

∇M(x)ν dσ

= (2− γ − ξ)

∫
∂B3

∇Ha(x, x
3) dσ +

1− ξ

γ

∫
∂B3

∇Ga(x, x1) dσ +
1− γ

ξ

∫
∂B3

∇Ga(x, x2) dσ

= O(η).

Since

∇Ha(x, x
3) = ∇Ha(x

3, x3) +O(η), ∇Ga(x, x1) = ∇Ga(x3, x1) +O(η)

and

∇Ga(x, x2) = ∇Ga(x3, x2) +O(η),

we get

(2− γ − ξ)∇Ha(x
3, x3) +

1− ξ

γ
∇Ga(x3, x1) +

1− γ

ξ
∇Ga(x3, x2) = O(η),

which means that x3 is a critical point of the functional

(2.4) E3 : x→ Ha( · , x3) +
1− ξ

γ(2− γ − ξ)
Ga( · , x1) +

1− γ

ξ(2− γ − ξ)
Ga( · , x2).

• In B1 = B(x1, η), since we have Ga(x, x
1) = −8 ln |x − x1| +Ha(x, x

1) where Ha is

a smooth function in Ω, then

u∗1 =
1

γ
Ga(x, x

1)+Ga(x, x
3) = −8

γ
ln |x−x1|+K(x) with K(x) =

1

γ
Ha(x, x

1) +Ga(x, x
3)

and u∗2 =
1
ξGa(x, x

2) +Ga(x, x
3) = S(x).

We already have

Ilhs

= γ(1− ξ)

[ ∫
∂ω

(
− 1

2
(∆u∗1)

2ν − (∇(∆u∗1) · ∇u∗1)ν +∇u∗1 · ν∇(∆u∗1) dσ +∇(∆u∗1) · ν∇u∗1
)
dσ

+

∫
ω

1

a
∆a∆u∗1 · ∇u∗1 +

∫
ω

2

a
∇a∇(∆u∗1) · ∇u∗1 −

∫
ω

V (x)

a
∇a∆u∗1 −

∫
ω

V (x)∆u∗1 · ∇u∗1
]

+ ξ(1− γ)

[ ∫
∂ω

(
− 1

2
(∆u∗2)

2ν − (∇(∆u∗2) · ∇u∗2)ν +∇u∗2 · ν∇(∆u∗2) dσ +∇(∆u∗2) · ν∇u∗2
)
dσ

+

∫
ω

1

a
∆a∆u∗2 · ∇u∗2 +

∫
ω

2

a
∇a∇(∆u∗2) · ∇u∗2 −

∫
ω

V (x)

a
∇a∆u∗2 −

∫
ω

V (x)∆u∗2 · ∇u∗2
]

+ (1− γ)(1− ξ)

[ ∫
∂ω

(
− (∆u∗1 ·∆u∗2)ν +∇u∗2 · ν∇(∆u∗1) +∇u∗1 · ν∇(∆u∗2)

)
dσ

+

∫
ω

1

a
∆a∆u∗1 · ∇u∗2 +

∫
ω

1

a
∆a∆u∗2 · ∇u∗1 +

∫
ω

2

a
∇a∇(∆u∗1) · ∇u∗2 +

∫
ω

2

a
∇a∇(∆u∗2) · ∇u∗1
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− 2

∫
ω

V (x)

a
∇a∇u∗1∇u∗2 −

∫
ω

V (x)∆u∗1∇u∗2 −
∫
ω

V (x)∆u∗2∇u∗1
]
.

By computation, we prove that

Ilhs = −8

η

[
(1− ξ)

∫
∂B1

∇∆K(x)ν dσ +
(1− ξ)(1− γ)

γ

∫
∂B1

∇∆S(x)ν dσ

]
+

16

η2

[
(1− ξ)

∫
∂B1

∆K(x)ν dσ +
(1− ξ)(1− γ)

γ

∫
∂B1

∆S(x)ν dσ

]
+

32

η3

[
(1− ξ)

∫
∂B1

∇K(x)ν dσ +
(1− ξ)(1− γ)

γ

∫
∂B1

∇S(x)ν dσ
]
+O(η)

with

K(x) =
1

γ
Ha(x, x

1) +Ga(x, x
3) and S(x) =

1

ξ
Ga(x, x

2) +Ga(x, x
3).

Then

(1− ξ)

∫
∂B1

∇K(x)ν dσ +
(1− ξ)(1− γ)

γ

∫
∂B1

∇S(x)ν dσ

=
1− ξ

γ

∫
∂B1

∇Ha(x, x
1)ν dσ +

1− ξ

γ

∫
∂B1

∇Ga(x, x
3)ν dσ +

(1− ξ)(1− γ)

γξ

∫
∂B1

∇Ga(x, x
2)ν dσ

= O(η).

By virtue of the relations

∇Ha(x, x
1) = ∇Ha(x

1, x1) +O(η), ∇Ga(x, x3) = ∇Ga(x1, x3) +O(η)

and

∇Ga(x, x2) = ∇Ga(x1, x2) +O(η),

then

1− ξ

γ
∇Ha(x

1, x1) +
1− ξ

γ
∇Ga(x1, x3) +

(1− ξ)(1− γ)

γξ
∇Ga(x1, x2) = O(η),

we conclude that x1 is the critical point of the functional

(2.5) E1 : x→ Ha( · , x1) +Ga( · , x3) +
1− γ

ξ
Ga( · , x2).

• In B2 = B(x2, η), we can prove similarly as in B1 = B(x1, η) that x2 is a critical

point of the functional

(2.6) E2 : x→ Ha( · , x2) +Ga( · , x3) +
1− ξ

γ
Ga( · , x1).

Finally by combination of (2.4), (2.5) and (2.6), we conclude that the point (x1, x2, x3) is

a critical point of the functional E defined by

E(x1, x2, x3) = 1− ξ

2γ
Ha(x

1, x1) +
1− γ

2ξ
Ha(x

2, x2) +
2− γ − ξ

2
Ha(x

3, x3)

+
1− ξ

γ
Ga(x

1, x3) +
1− γ

ξ
Ga(x

2, x3) +
(1− ξ)(1− γ)

γξ
Ga(x

1, x2).
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3. Proof of Theorem 1.5

3.1. Construction of the approximate solution

We denote by ε the smallest positive parameter satisfying

ρ4 =
384ε4

(1 + ε2)4
.

Let

uε(x) := 4 ln
(1 + ε2)

ε2 + |x|2
,

which is a solution of

(3.1) ∆2u = ρ4eu in R4.

Hence for all τ > 0, the function

(3.2) uε,τ (x) := 4 ln
τ(1 + ε2)

ε2 + |τx|2

is also a solution of (3.1).

3.1.1. A linearized operator

First we introduce some definitions and notations.

Definition 3.1. Given k ∈ N, α ∈ (0, 1), µ ∈ R and |x| = r, we introduce the weighted

Hölder spaces Ck,αµ (R4) as the space of the functions w ∈ Ck,αloc (R
4) for which the norm

∥u∥Ck,α
µ (R4)

= ∥u∥Ck,α(B1(0))
+ sup

r≥1

(
(1 + r2)−µ/2∥u(r · )∥Ck,α(B1(0)\B1/2(0))

)
is finite. Similarly, for given r ≥ 1, let Ck,αµ (Br(0)) be the space of functions in Ck,α(Br(0))
for which the following norm

∥u∥Ck,α
µ (Br(0))

= ∥u∥Ck,α(B1(0))
+ sup

1≤r≤r

(
r−µ∥u(r · )∥Ck,α(B1(0)\B1/2(0))

)
is finite. Finally, set B∗

r (x
i) = Br(x

i) \ {xi}, let Ck,αµ (B
∗
1(0)) be the space of the functions

in Ck,αloc (B
∗
1(0)) for which the norm

∥u∥Ck,α
µ (B

∗
1(0))

= sup
r≤1/2

(
r−µ∥u(r · )∥Ck,α(B2(0)\B1(0))

)
is finite.
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We define the linear elliptic operator L by

L := ∆2 − 384

(1 + r2)4
,

which corresponds to the linearization of (3.1) about the radial symmetric solution uε=1,τ=1

defined by (3.2). When k > 2, we let [Ck,αµ (Ω)]0 to be the subspace of functions w ∈ Ck,αµ (Ω)

satisfying ∆w = w = 0 on ∂Ω.

Proposition 3.2. [4] All bounded solution of Lw = 0 on R4 are linear combinations of

ϕ0(x) = 4
1− |x|2

1 + |x|2
and ϕi(x) =

8xi
1 + |x|2

for i = 1, . . . , 4.

Moreover, for µ > 1, µ /∈ Z, the operator L : C4,α
µ (R4) → C0,α

µ−4(R4) is surjective.

In the following, we denote a right inverse of L by Gµ. Similarly, using the fact that

any bounded bi-harmonic solution on R4 is constant, we claim

Proposition 3.3. [4] Let δ > 0, δ /∈ Z then ∆2 is surjective from C4,α
δ (R4) to C0,α

δ−4(R
4).

We denote a right inverse of ∆2 by Kδ : C0,α
δ−4(R

4) → C4,α
δ (R4) for δ > 0, δ /∈ Z.

Finally, we consider punctured domains. Given x̃1, x̃2, x̃3 three distinct points in Ω,

we define x̃ := (x̃1, x̃2, x̃3) and Ω
∗
(x̃) := Ω \

{
x̃1, x̃2, x̃3

}
. Let r0 > 0 be small such that

Br0(x̃
i) are disjoint and included in Ω. For all r ∈ (0, r0), we define

Ωr(x̃) := Ω \
3⋃
i=1

Br(x̃
i).

Definition 3.4. Let k ∈ R, α ∈ (0, 1) and ν ∈ R, we define the weighted Hölder space

Ck,αν (Ω
∗
(x̃)) as the space of the functions w ∈ Ck,αloc (Ω

∗
(x̃)) such that the norm

∥w∥Ck,α
ν (Ω

∗
(x̃))

:= ∥w∥Ck,α(Ωr0/2
(x̃)) +

3∑
i=1

sup
0<r≤r0/2

(
r−ν∥w(x̃i + r · )∥Ck,α(B2(0)\B1(0))

)
is finite. Furthermore, for k ≥ 2, we denote by

[
Ck,αν (Ω

∗
(x̃))

]
0
the space of all functions

w ∈ Ck,αν (Ω
∗
(x̃)) satisfying ∆w = w = 0 on ∂Ω.

We recall the following result.

Proposition 3.5. [4] Let ν < 0, ν /∈ Z. Then ∆2 is surjective from
[
C4,α
ν (Ω

∗
(x̃))

]
0
to

C0,α
ν−4(Ω

∗
(x̃)).

We denote by K̃ν : C0,α
ν−4(Ω

∗
(x̃)) →

[
C4,α
ν (Ω

∗
(x̃))

]
0
a right inverse of ∆2 for ν < 0,

ν /∈ Z.
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3.1.2. Ansatz and first estimates

For all σ ≥ 1, we denote by ξµ,σ : C0,α
µ (Bσ(0)) → C0,α

µ (R4) the extension operator defined

by

(3.3) ξµ,σ(f)(x) =

f(x) for |x| ≤ σ,

χ
( |x|
σ

)
f
(
σ x
|x|
)

for |x| ≥ σ.

Here χ is a cut-off function over R+, which is equal to 1 for t ≤ 1 and equal to 0 for t ≥ 2.

It is easy to check that there exists a constant c := c(µ) > 0 independent of σ such

that

(3.4) ∥ξµ,σ(w)∥C0,α
µ (R4)

≤ c∥w∥C0,α
µ (Bσ(0))

.

For all ε, β, λ, τi > 0, i = 1, 2, 3 and γ, ξ ∈ (0, 1), we define

rε := rε,β,λ := max
(
ε1/2, ε

γ+ξ−1
γ , ε

γ+ξ−1
ξ , β1/2, λ1/2

)
and Riε := Riε,β,λ := τi

rε
ε
.

Here, we are interested to study in Brε(x
1), the system

∆2
au1 −∆au1 = ρ4eγu1+(1−γ)u2 ,

∆2
au2 −∆au2 = ρ4eξu2+(1−ξ)u1 .

(3.5)

Using the transformation

v1(x) = u1

(
ε

τ1
x

)
+

8

γ
ln ε− 4

γ
ln

(
τ1(1 + ε2)

2

)
and v2(x) = u2

(
ε

τ1
x

)
,

the previous system can be written as

(3.6)

∆2v1 +Σ1
ã1
v1 +Σ2

ã1
v1 = 24eγv1+(1−γ)v2 in BR1

ε
(x1),

∆2v2 +Σ1
ã1
v2 +Σ2

ã1
v2 = 24

2
4
(

γ+ξ−1
γ

)
ε
8
(

γ+ξ−1
γ

)
(
τ1(1 + ε2)

)4( γ+ξ−1
γ

) eξv2+(1−ξ)v1 in BR1
ε
(x1)

with

Σ1
ã1
vi = 2

∇ã1
ã1

· ∇(∆vi)− Ṽ1(x)

(
ε

τ1

)2

∇ log ã1 · ∇vi,

Σ2
ã1
vi =

(
∆ã1
ã1

−
(
ε

τ1

)2

Ṽ1(x)

)
∆vi for i = 1, 2,

where ã1(x) = a
(
ε
τ1
x
)
, Ṽ1(x) = V

(
ε
τ1
x
)
. Here τ1 > 0 is a constant which will be fixed

later. We denote by u = uε=τ=1, we look for a solution of (3.6) of the form

v1(x) =
1

γ
u(x− x1)− 1− γ

γ
Ga

(
εx

τ1
, x3
)
− 1− γ

γξ
Ga

(
εx

τ1
, x2
)
− ln γ

γ
+ h11(x),

v2(x) =
1

ξ
Ga

(
εx

τ1
, x2
)
+Ga

(
εx

τ1
, x3
)
+ h12(x).
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Using the fact that eu(x−x
1) = 16

(1+|x−x1|2)4 , this amounts to solve the system

Lh11 =
384

γ(1 + r2)4

[
eγh

1
1+(1−γ)h12 − γh11 − 1

]
− Σ1

ã1
v1 − Σ2

ã1
v1,

∆2h12 =
24 · 16

1−ξ
γ C

4 γ+ξ−1
γ

1,ε ε
8 γ+ξ−1

γ

γ
1−ξ
γ (1 + r2)

4 1−ξ
γ

e
ξh12+(1−ξ)h11+

γ+ξ−1
γ

(
1
ξ
Ga

(
εx
τ1
,x2
)
+Ga

(
εx
τ1
,x3
))

− Σ1
ã1
v2 − Σ2

ã1
v2

(3.7)

in BR1
ε
(x1), where r = |x− x1| and C1,ε =

2
τ1(1+ε2)

. We fix µ ∈ (1, 2) and δ ∈
(
0,min

{
1,

γ+ξ−1
γ , γ+ξ−1

ξ

})
. To find a solution of (3.7), it is enough to find a fixed point (h11, h

1
2) in a

small ball of C4,α
µ (R4)× C4,α

δ (R4) solutions of

h11 = Gµ ◦ ξµ,R1
ε
◦ T1(h11, h12) = N1(h

1
1, h

1
2),

h12 = Kδ ◦ ξδ,R1
ε
◦ R1(h

1
1, h

1
2) = M1(h

1
1, h

1
2).

(3.8)

Here ξσ,R1
ε
, is defined in (3.3), Gµ and Kδ are defined after Propositions 3.2 and 3.3 re-

spectively and

T1(h11, h12) =
384

γ(1 + r2)4
[
eγh

1
1+(1−γ)h12 − γh11 − 1

]
− Σ1

ã1
v1 − Σ2

ã1
v1,

R1(h
1
1, h

1
2) =

24 · 16
1−ξ
γ C

4 γ+ξ−1
γ

1,ε ε
8 γ+ξ−1

γ

γ
1−ξ
γ (1 + r2)

4 1−ξ
γ

e
ξh12+(1−ξ)h11+

γ+ξ−1
γ

(
1
ξ
Ga

(
εx
τ1
,x2
)
+Ga

(
εx
τ1
,x3
))

− Σ1
ã1
v2 − Σ2

ã1
v2.

Lemma 3.6. Given κ > 0, there exist εκ > 0, λκ > 0, βκ > 0, cκ > 0 and cκ > 0 (only

depending on κ) such that for all ε ∈ (0, εκ), λ ∈ (0, λκ), β ∈ (0, βκ), µ ∈ (1, 2) and

δ ∈
(
0,min

{
1, γ+ξ−1

γ , γ+ξ−1
ξ

})
with rε := rε,β,λ. We have

∥N1(0, 0)∥C4,α
µ (R4)

≤ cκr
2
ε , ∥M1(0, 0)∥C4,α

δ (R4)
≤ cκr

2
ε ,

∥N1(h
1
1, h

1
2)−N1(k

1
1, k

1
2)∥C4,α

µ (R4)
≤ cκr

2
ε∥(h11, h12)− (k11, k

1
2)∥C4,α

µ (R4)×C4,α
δ (R4)

and

∥M1(h
1
1, h

1
2)−M1(k

1
1, k

1
2)∥C4,α

δ (R4)
≤ cκr

2
ε∥(h11, h12)− (k11, k

1
2)∥C4,α

µ (R4)×C4,α
δ (R4)

for all (h11, h
1
2), (k

1
1, k

1
2) ∈ C4,α

µ (R4)× C4,α
δ (R4) satisfying

(3.9) ∥(h11, h12)∥C4,α
µ (R4)×C4,α

δ (R4)
≤ 2cκr

2
ε , ∥(k11, k12)∥C4,α

µ (R4)×C4,α
δ (R4)

≤ 2cκr
2
ε .
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Proof. We denote r = |x−x̃1|, taking in to account that (Σiã1), i = 1, 2 are linear operators.

Given κ > 0, there exists a constant cκ > 0 (which can depend only on κ) such that for

µ ∈ (1, 2), we have

sup
r≤R1

ε

r4−µ|T1(0, 0)|

≤ sup
r≤R1

ε

r4−µ

∣∣∣∣Σ1
ã1

(
1

γ
u− 1− γ

γ

(
1

ξ
Ga

(
εx

τ1
, x2
)
+Ga

(
εx

τ1
, x3
))

− ln γ

γ

)∣∣∣∣
+ sup

r≤R1
ε

r4−µ

∣∣∣∣Σ2
ã1

(
1

γ
u− 1− γ

γ

(
1

ξ
Ga

(
εx

τ1
, x2
)
+Ga

(
εx

τ1
, x3
))

− ln γ

γ

)∣∣∣∣
≤ cκ sup

r≤R1
ε

r4−µ

(∣∣∣∣Σ1
ã1

(
1

γ
u

)∣∣∣∣+ ∣∣∣∣Σ2
ã1

(
1

γ
u

)∣∣∣∣)
+ cκ

1− γ

γ
sup
r≤R1

ε

r4−µ

(∣∣∣∣Σ1
ã1

(
1

ξ
Ga

(
εx

τ1
, x2
)
+Ga

(
εx

τ1
, x3
))∣∣∣∣

+

∣∣∣∣Σ2
ã1

(
1

ξ
Ga

(
εx

τ1
, x2
)
+Ga

(
εx

τ1
, x3
))∣∣∣∣)

≤ cκ sup
r≤R1

ε

r4−µ

(
2

∣∣∣∣∇ã1ã1

∣∣∣∣∣∣∣∣ 1γ∇(∆u)

∣∣∣∣+ ( ε

τ1

)2∣∣Ṽ1(x)∣∣∣∣∇ log ã1
∣∣∣∣∣∣ 1γ∇u

∣∣∣∣)
+ cκ

(
ε

τ1

)2

sup
r≤R1

ε

r4−µ

∣∣∣∣ 1ã1
((

ε

τ1

)−2

∆ã1 − Ṽ1(x)ã1

)∣∣∣∣∣∣∣∣ 1γ∆u
∣∣∣∣

+ cκ
1− γ

γ
sup
r≤R1

ε

r4−µ

[
2

∣∣∣∣∇ã1ã1

∣∣∣∣∣∣∣∣∇(∆(1

ξ
Ga

(
εx

τ1
, x2
)
+Ga

(
εx

τ1
, x3
)))∣∣∣∣

+

(
ε

τ1

)2∣∣Ṽ1(x)∣∣∣∣∇ log ã1
∣∣∣∣∣∣∇(1

ξ
Ga

(
εx

τ1
, x2
)
+Ga

(
εx

τ1
, x3
))∣∣∣∣]

+ cκ
1− γ

γ

(
ε

τ1

)2

sup
r≤R1

ε

r4−µ

∣∣∣∣ 1ã1
((

ε

τ1

)−2

∆ã1 − Ṽ1(x)ã1

)∣∣∣∣∣∣∣∣∆(1

ξ
Ga

(
εx

τ1
, x2
)
+Ga

(
εx

τ1
, x3
))∣∣∣∣.

Using the fact that a(x) is a solution of (1.3) satisfying (H), V (x) is a smooth bounded

potential and that Ga(x, y) verifies |∇iGa(x, y)| ≤ c|x− y|−i for i ≥ 1, we obtain

sup
r≤R1

ε

r4−µ|T1(0, 0)| ≤ cκ∥∇a∥∞
(
ε

τ1

)
1

γ
sup
r≤R1

ε

r4−µ r(3 + r2)

(1 + r2)3
+ cκ

(
ε

τ1

)3

∥∇a∥∞
1

γ
sup
r≤R1

ε

r4−µ r

1 + r2

+ cκ

(
ε

τ1

)2

λ∥f∥∞
1

γ
sup
r≤R1

ε

r4−µ 2 + r2

(1 + r2)2

+ cκ
1− γ

γ
sup
r≤R1

ε

r4−µ

[(
ε

τ1

)
∥∇a∥∞

(
1

ξ
|x− x2|−3 + |x− x3|−3

)
+

(
ε

τ1

)3

∥∇a∥∞
(
1

ξ
|x− x2|−1 + |x− x3|−1

)
+

(
ε

τ1

)2

λ∥f∥∞
(
1

ξ
|x− x2|−2 + |x− x3|−2

)]
.

Taking into account that for r very large, we have (1 + r2)−α ∼ r−2α and the fact that
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∥∇a∥∞ < β, then we get

sup
r≤R1

ε

r4−µ|T1(0, 0)| ≤ cκβε
1

γ
+ cκβε

µ 1

γ
r3−µε + cκλε

µ 1

γ
r2−µε + cκε

µ−3β
1− γ

γ
r4−µε

+ cκε
µ−1β

1− γ

γ
r4−µε + cκε

µ−2λ
1− γ

γ
r4−µε ≤ cκr

2
ε .

Making use of Proposition 3.2 together with (3.4), for µ ∈ (1, 2), there exists a constant

cκ such that

∥N1(0, 0)∥C4,α
µ (R4)

≤ cκr
2
ε .

For the second estimate, we have

R1(0, 0) =
24 · 16

1−ξ
γ C

4 γ+ξ−1
γ

1,ε ε8
γ+ξ−1

γ

γ
1−ξ
γ (1 + r2)4

1−ξ
γ

e
γ+ξ−1

γ

(
1
ξGa

(
εx
τ1

,x2
)
+Ga

(
εx
τ1

,x3
))

− Σ1
ã1

(
1

ξ
Ga

(
εx

τ1
, x2
)
+Ga

(
εx

τ1
, x3
))

− Σ2
ã1

(
1

ξ
Ga

(
εx

τ1
, x2
)
+Ga

(
εx

τ1
, x3
))

.

Then

sup
r≤R1

ε

r4−δ|R1(0, 0)|

≤ sup
r≤R1

ε

r4−δ24C
4 γ+ξ−1

γ

1,ε ε8
γ+ξ−1

γ

(
16

γ(1 + r2)4

) 1−ξ
γ

e
γ+ξ−1

γ

(
1
ξGa

(
εx
τ1

,x2
)
+Ga

(
εx
τ1

,x3
))

+ sup
r≤R1

ε

r4−δ

[∣∣∣∣Σ1
ã1

(
1

ξ
Ga

(
εx

τ1
, x2
)
+Ga

(
εx

τ1
, x3
))∣∣∣∣+ ∣∣∣∣Σ2

ã1

(
1

ξ
Ga

(
εx

τ1
, x2
)
+Ga

(
εx

τ1
, x3
))∣∣∣∣]

≤ cκC
4 γ+ξ−1

γ

1,ε ε8
γ+ξ−1

γ sup
r≤R1

ε

S(r)

+ cκ sup
r≤R1

ε

r4−δ

(
2

∣∣∣∣∇ã1ã1

∣∣∣∣∣∣∣∣∇(∆(1

ξ
Ga

(
εx

τ1
, x2
)
+Ga

(
εx

τ1
, x3
)))∣∣∣∣

+

(
ε

τ1

)2∣∣Ṽ1(x)∣∣∣∣∇ log ã1
∣∣∣∣∣∣∇(1

ξ
Ga

(
εx

τ1
, x2
)
+Ga

(
εx

τ1
, x3
))∣∣∣∣)

+ cκ

(
ε

τ1

)2

sup
r≤R1

ε

r4−δ

∣∣∣∣ 1ã1
((

ε

τ1

)−2

∆ã1 − Ṽ1(x)ã1

)∣∣∣∣∣∣∣∣∆(1

ξ
Ga

(
εx

τ1
, x2
)
+Ga

(
εx

τ1
, x3
))∣∣∣∣,

where S(r) = r4−δ

(1+r2)
4
1−ξ
γ

. Then we use the fact that ∥∇a∥∞ < β and |∇iGa(x, y)| ≤

c|x− y|−i for i ≥ 1, we get

sup
r≤R1

ε

r4−δ|R1(0, 0)|

≤ cκC
4 γ+ξ−1

γ

1,ε ε
8 γ+ξ−1

γ sup
r≤R1

ε

S(r) + cκ∥∇a∥∞
(
ε

τ1

)
sup
r≤R1

ε

r4−δ
(
1

ξ
|x− x2|−3 + |x− x3|−3

)
+ cκ∥∇a∥∞

(
ε

τ1

)3

sup
r≤R1

ε

r4−δ
(
1

ξ
|x− x2|−1 + |x− x3|−1

)
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+ cκ

(
ε

τ1

)2

λ∥f∥∞ sup
r≤R1

ε

r4−δ
(
1

ξ
|x− x2|−2 + |x− x3|−2

)
.

If 4 − δ + 8(ξ − 1)γ−1 ≤ 0, then S is bounded on R+. If 4 − δ + 8(ξ − 1)γ−1 > 0, then

supr≤R1
ε
S(r) = S

(
rε
ε

)
. Then we obtain

sup
r≤R1

ε

r4−δ|R1(0, 0)| ≤ cκmax
{
ε
8 γ+ξ−1

γ , ε4+δr4−δ+8(ξ−1)γ−1

ε

}
+ cκβε

δ−3r4−δε + cκβε
δ−1r4−δε + cκλε

δ−2r4−δε

≤ cκr
2
ε .

Using the same argument as above, we get

∥M1(0, 0)∥C4,α
δ (R4)

≤ cκr
2
ε .

Let (h11, h
1
2), (k

1
1, k

1
2) in B(0, 2cκr

2
ε) of C

4,α
µ (R4)× C4,α

δ (R4), then we have

sup
r≤R1

ε

r4−µ
∣∣T1(h11, h12)− T1(k11, k12)

∣∣
≤ sup

r≤R1
ε

r4−µ

γ(1 + r2)4
∣∣eγh11+(1−γ)h12 − eγk

1
1+(1−γ)k12 − γ(h11 − k11)

∣∣
+ sup
r≤R1

ε

r4−µ
∣∣Σ1

ã1
(h11 − k11)

∣∣+ sup
r≤R1

ε

r4−µ
∣∣Σ2

ã1
(h11 − k11)

∣∣
≤ cκ sup

r≤R1
ε

r4−µ

γ(1 + r2)4
(
γ2|(h11)2 − (k11)

2|+ (1− γ)|h12 − k12|
)

+ cκ sup
r≤R1

ε

r4−µ
(
2

∣∣∣∣∇ã1ã1

∣∣∣∣∣∣∇(∆(h11 − k11))
∣∣+ ( ε

τ1

)2∣∣Ṽ1(x)∣∣∣∣∇ log ã1
∣∣∣∣∇(h11 − k11)

∣∣)
+ cκ

(
ε

τ1

)2

sup
r≤R1

ε

r4−µ
∣∣∣∣ 1ã1
((

ε

τ1

)−2

∆ã1 − Ṽ1(x)ã1

)∣∣∣∣∣∣∆(h11 − k11)
∣∣.

Recall that for all functions w in Ck,αµ (R4) bounded by a constant times (1 + r2)µ/2, have

their ℓ-th partial derivatives that are bounded by (1 + r2)(µ−ℓ)/2, for ℓ = 1, . . . , k + α, . . .

(a.e. |∇ℓw| ≤ cκr
µ−ℓ∥w∥Ck,α

µ (R4)
, (1 + r2)(µ−ℓ)/2 ∼ rµ−ℓ for r very large), then there exists

a constant cκ > 0, using the fact that a(x) is a solution of (1.3) satisfying (H) and V (x)

is a smooth bounded potential, we deduce that

sup
r≤R1

ε

r4−µ
∣∣T1(h11, h12)− T1(k11, k12)

∣∣
≤ cκ sup

r≤R1
ε

r4−µ

γ(1 + r2)4
[
γ2r2µ

(
∥h11∥C4,α

µ (R4)
+ ∥k11∥C4,α

µ (R4)

)
∥h11 − k11∥C4,α

µ (R4)

+ (1− γ)rδ∥h12 − k12∥C4,α
δ (R4)

]
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+ cκβεR
1
ε∥h11 − k11∥C4,α

µ (R4)
+ cκβε

3(R1
ε)

3∥h11 − k11∥C4,α
µ (R4)

+ cκλε
2(R1

ε)
2∥h11 − k11∥C4,α

µ (R4)

≤ cκr
2
ε∥h11 − k11∥C4,α

µ (R4)
+ cκ(1− γ)∥h12 − k12∥C4,α

δ (R4)
+ cκβrε∥h11 − k11∥C4,α

µ (R4)

+ cκβr
3
ε∥h11 − k11∥C4,α

µ (R4)
+ cκλr

2
ε∥h11 − k11∥C4,α

µ (R4)
.

Provided h1i , k
1
i ∈ C4,α

µ (R4)× C4,α
δ (R4), i = 1, 2, satisfies (3.9) and making use of Proposi-

tion 3.2 together with (3.4), we conclude that

∥N1(h
1
1, h

1
2)−N1(k

1
1, k

1
2)∥C4,α

µ (R4)

≤ cκr
2
ε∥h11 − k11∥C4,α

µ (R4)
+ cκ(1− γ)∥h12 − k12∥C4,α

δ (R4)

≤ max
{
cκr

2
ε , cκ(1− γ)

}
∥(h11, h12)− (k11, k

1
2)∥C4,α

µ (R4)×C4,α
δ (R4)

.

Reducing εκ if necessary, we can assume that cκr
2
ε ≤ 1/2 for all ε ∈ (0, εκ). There exists

a constant γ0 ∈ (0, 1) such that cκ(1− γ) ≤ 1/2 for all γ ∈ (γ0, 1), we can find a constant

cκ > 0 such that

(3.10) ∥N1(h
1
1, h

1
2)−N1(k

1
1, k

1
2)∥C4,α

µ (R4)
≤ cκr

2
ε∥(h11, h12)− (k11, k

1
2)∥C4,α

µ (R4)×C4,α
δ (R4)

.

Similarly we get the estimate for M1, then

sup
r≤R1

ε

r4−δ
∣∣R1(h

1
1, h

1
2)−R1(k

1
1, k

1
2)
∣∣

≤ sup
r≤R1

ε

24 · 16
1−ξ
γ C

4 γ+ξ−1
γ

1,ε ε
8 γ+ξ−1

γ

γ
1−ξ
γ (1 + r2)

4 1−ξ
γ

r4−δe
γ+ξ−1

γ

(
1
ξ
Ga

(
εx
τ1
,x2
)
+Ga

(
εx
τ1
,x3
))

×
∣∣eξh12+(1−ξ)h11 − eξk

1
2+(1−ξ)k11

∣∣
+ sup
r≤R1

ε

r4−δ
∣∣Σ1

ã1
(h12 − k12)

∣∣+ sup
r≤R1

ε

r4−δ
∣∣Σ2

ã1
(h12 − k12)

∣∣
≤ cκ16

1−ξ
γ γ

− 1−ξ
γ C

4 γ+ξ−1
γ

1,ε ε
8 γ+ξ−1

γ sup
r≤R1

ε

r4−δ

(1 + r2)
4 1−ξ

γ

(
ξ|h12 − k12|+ (1− ξ)|h11 − k11|

)
+ cκ sup

r≤R1
ε

r4−δ
(
2

∣∣∣∣∇ã1ã1

∣∣∣∣∣∣∇(∆(h12 − k12))
∣∣+ ( ε

τ1

)2∣∣Ṽ1(x)∣∣∣∣∇ log ã1
∣∣∣∣∇(h12 − k12)

∣∣)
+ cκ

(
ε

τ1

)2

sup
r≤R1

ε

r4−δ
∣∣∣∣ 1ã1
((

ε

τ1

)−2

∆ã1 − Ṽ1(x)ã1

)∣∣∣∣∣∣∆(h12 − k12)
∣∣

≤ cκ16
1−ξ
γ γ

− 1−ξ
γ C

4 γ+ξ−1
γ

1,ε ε
8 γ+ξ−1

γ

× sup
r≤R1

ε

r4−δ

(1 + r2)
4 1−ξ

γ

(
ξrδ∥h12 − k12∥C4,α

δ (R4)
+ (1− ξ)rµ∥h11 − k11∥C4,α

µ (R4)

)
+ cκβrε∥h12 − k12∥C4,α

δ (R4)
+ cκβr

3
ε∥h12 − k12∥C4,α

δ (R4)
+ cκλr

2
ε∥h12 − k12∥C4,α

δ (R4)
.
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We conclude that

(3.11) ∥M1(h
1
1, h

1
2)−M1(k

1
1, k

1
2)∥C4,α

δ (R4)
≤ cκr

2
ε∥(h11, h12)− (k11, k

1
2)∥C4,α

µ (R4)×C4,α
δ (R4)

.

Therefore, (3.10) and (3.11) are enough to show that

(h11, h
1
2) 7→

(
N1(h

1
1, h

1
2),M1(h

1
1, h

1
2)
)

is a contraction from the ball{
(h11, h

1
2) ∈ C4,α

µ (R4)× C4,α
δ (R4) : ∥(h11, h12)∥C4,α

µ (R4)×C4,α
δ (R4)

≤ 2cκr
2
ε

}
into itself and hence a unique fixed point (h11, h

1
2) exists in this set. This fixed point is a

solution of (3.8). Then we have

Proposition 3.7. Let µ ∈ (1, 2) and δ ∈
(
0,min

{
1, γ+ξ−1

γ , γ+ξ−1
ξ

})
. Given κ > 0, there

exist εκ > 0, λκ > 0, βκ > 0, cκ > 0 (which can depend only on κ) and γ0 ∈ (0, 1) such

that for all ε ∈ (0, εκ), λ ∈ (0, λκ), β ∈ (0, βκ) and γ ∈ (γ0, 1), there exists a unique

(h11, h
1
2) ∈ C4,α

µ (R4)× C4,α
δ (R4) solution of (3.8) such that

v1(x) :=
1

γ
u(x− x1)− 1− γ

γ
Ga

(
εx

τ1
, x3
)
− 1− γ

γξ
Ga

(
εx

τ1
, x2
)
− ln γ

γ
+ h11(x),

v2(x) :=
1

ξ
Ga

(
εx

τ1
, x2
)
+Ga

(
εx

τ1
, x3
)
+ h12(x)

solves (3.6) in BR1
ε
(x1). In addition,

∥(h11, h12)∥C4,α
µ (R4)×C4,α

δ (R4)
≤ 2cκr

2
ε .

• In BR2
ε
(x2), using the following transformation

v1(x) = u1

(
ε

τ2
x

)
and v2(x) = u2

(
ε

τ2
x

)
+

8

ξ
ln ε− 4

ξ
ln

(
τ2(1 + ε2)

2

)
,

the system (3.5) can be written as

(3.12)
∆2v1 +Σ1

ã2
v1 +Σ2

ã2
v1 = 24

2
4( γ+ξ−1

ξ
)
ε
8( γ+ξ−1

ξ
)(

τ2(1 + ε2)
)4( γ+ξ−1

ξ
)
eγv1+(1−γ)v2 in BR2

ε
(x2),

∆2v2 +Σ1
ã2
v2 +Σ2

ã2
v2 = 24eξv2+(1−ξ)v1 in BR2

ε
(x2)

with

Σ1
ã2
vi = 2

∇ã2
ã2

· ∇(∆vi)− Ṽ2(x)

(
ε

τ2

)2

∇ log ã2 · ∇vi,

Σ2
ã2
vi =

(
∆ã2
ã2

−
(
ε

τ2

)2

Ṽ2(x)

)
∆vi for i = 1, 2,
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where ã2(x) = a
(
ε
τ2
x
)
, Ṽ2(x) = V

(
ε
τ2
x
)
. Here τ2 > 0 is a constant which will be fixed

later. We look for a solution of (3.12) of the form

v1(x) =
1

γ
Ga

(
εx

τ2
, x1
)
+Ga

(
εx

τ2
, x3
)
+ h21(x),

v2(x) =
1

ξ
u(x− x2)− 1− ξ

ξ
Ga

(
εx

τ2
, x3
)
− 1− ξ

γξ
Ga

(
εx

τ2
, x1
)
− ln ξ

ξ
+ h22(x),

this amounts to solve the system

∆2h21 =
24 · 16

1−γ
ξ C

4 γ+ξ−1
ξ

2,ε ε
8 γ+ξ−1

ξ

ξ
1−γ
ξ (1 + r2)

4 1−γ
ξ

e
γh21+(1−γ)h22+

γ+ξ−1
ξ

(
1
γ
Ga

(
εx
τ1
,x1
)
+Ga

(
εx
τ1
,x3
))

− Σ1
ã1
v1 − Σ2

ã1
v1,

Lh22 =
384

ξ(1 + r2)4
[
eξh

2
2+(1−ξ)h21 − ξh22 − 1

]
− Σ1

ã1
v2 − Σ2

ã1
v2

(3.13)

in BR2
ε
(x2), where C2,ε =

2
τ2(1+ε2)

. We denote by

∆2h21 = T2(h21, h22) and Lh22 = R2(h
2
1, h

2
2).

To find a solution of (3.13), it is enough to find a fixed point (h21, h
2
2) in a small ball of

C4,α
δ (R4)× C4,α

µ (R4) solutions of

h21 = Kδ ◦ ξδ,R2
ε
◦ T2(h21, h22) = N2(h

2
1, h

2
2),

h22 = Gµ ◦ ξµ,R2
ε
◦ R2(h

2
1, h

2
2) = M2(h

2
1, h

2
2).

(3.14)

Then, we have the following result.

Lemma 3.8. Given κ > 0, there exist εκ > 0, λκ > 0, βκ > 0, cκ > 0 and cκ > 0 such that

for all ε ∈ (0, εκ), λ ∈ (0, λκ), β ∈ (0, βκ), µ ∈ (1, 2) and δ ∈
(
0,min

{
1, γ+ξ−1

γ , γ+ξ−1
ξ

})
with rε := rε,β,λ. We have

∥N2(0, 0)∥C4,α
δ (R4)

≤ cκr
2
ε , ∥M2(0, 0)∥C4,α

µ (R4)
≤ cκr

2
ε ,

∥N2(h
2
1, h

2
2)−N2(k

2
1, k

2
2)∥C4,α

δ (R4)
≤ cκr

2
ε∥(h21, h22)− (k21, k

2
2)∥C4,α

δ (R4)×C4,α
µ (R4)

and

∥M2(h
2
1, h

2
2)−M2(k

2
1, k

2
2)∥C4,α

µ (R4)
≤ cκr

2
ε∥(h21, h22)− (k21, k

2
2)∥C4,α

δ (R4)×C4,α
µ (R4)

,

provided (h21, h
2
2), (k

2
1, k

2
2) ∈ C4,α

δ (R4)× C4,α
µ (R4) satisfying

∥(h21, h22)∥C4,α
δ (R4)×C4,α

µ (R4)
≤ 2cκr

2
ε , ∥(k21, k22)∥C4,α

δ (R4)×C4,α
µ (R4)

≤ 2cκr
2
ε .
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Proof. The proof is similar to Lemma 3.6, in fact we have only to respect the symmetry of

systems obtained and their appropriate spaces in BR1
ε
(x1) and BR2

ε
(x2). We deduce that

(3.15) ∥N2(h
2
1, h

2
2)−N2(k

2
1, k

2
2)∥C4,α

δ (R4)
≤ cκr

2
ε∥(h21, h22)− (k21, k

2
2)∥C4,α

δ (R4)×C4,α
µ (R4)

.

Following the same arguments as the first case, we prove the second estimate

(3.16) ∥M2(h
2
1, h

2
2)−M2(k

2
1, k

2
2)∥C4,α

µ (R4)
≤ cκr

2
ε∥(h21, h22)− (k21, k

2
2)∥C4,α

δ (R4)×C4,α
µ (R4)

.

Therefore, (3.15) and (3.16) are enough to show that

(h21, h
2
2) 7→

(
N2(h

2
1, h

2
2),M2(h

2
1, h

2
2)
)

is a contraction from the ball{
(h21, h

2
2) ∈ C4,α

δ (R4)× C4,α
µ (R4) : ∥(h21, h22)∥C4,α

δ (R4)×C4,α
µ (R4)

≤ 2cκr
2
ε

}
into itself and hence a unique fixed point (h21, h

2
2) exists in this set, which is a solution of

(3.14). We summarize this in the following proposition.

Proposition 3.9. Given κ > 0, µ ∈ (1, 2) and δ ∈
(
0,min

{
1, γ+ξ−1

γ , γ+ξ−1
ξ

})
, there

exist εκ > 0, λκ > 0, βκ > 0, cκ > 0 (only depending on κ) and ξ0 ∈ (0, 1) such

that for all ε ∈ (0, εκ), λ ∈ (0, λκ), β ∈ (0, βκ) and ξ ∈ (ξ0, 1), there exists a unique

(h21, h
2
2) ∈ C4,α

δ (R4)× C4,α
µ (R4) solution of (3.14) such that

v1(x) =
1

γ
Ga

(
εx

τ2
, x1
)
+Ga

(
εx

τ2
, x3
)
+ h21(x),

v2(x) =
1

ξ
u(x− x2)− 1− ξ

ξ
Ga

(
εx

τ2
, x3
)
− 1− ξ

γξ
Ga

(
εx

τ2
, x1
)
− ln ξ

ξ
+ h22(x)

solves (3.12) in BR2
ε
(x2). In addition,

∥(h21, h22)∥C4,α
δ (R4)×C4,α

µ (R4)
≤ 2cκr

2
ε .

• In BR3
ε
(x3), using the following transformation

v1(x) = u1

(
ε

τ3
x

)
+ 8 ln ε− 4 ln

(
τ3(1 + ε2)

2

)
,

v2(x) = u2

(
ε

τ3
x

)
+ 8 ln ε− 4 ln

(
τ3(1 + ε2)

2

)
,

the system (3.5) can be written as

(3.17)
∆2v1 +Σ1

ã3
v1 +Σ2

ã3
v1 = 24eγv1+(1−γ)v2 in BR3

ε
(x3),

∆2v2 +Σ1
ã3
v2 +Σ2

ã3
v2 = 24eξv2+(1−ξ)v1 in BR3

ε
(x3)
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with

Σ1
ã3
vi = 2

∇ã3
ã3

· ∇(∆vi)− Ṽ3(x)

(
ε

τ3

)2

∇ log ã3 · ∇vi,

Σ2
ã3
vi =

(
∆ã3
ã3

−
(
ε

τ3

)2

Ṽ3(x)

)
∆vi for i = 1, 2,

where ã3(x) = a
(
ε
τ3
x
)
, Ṽ3(x) = V

(
ε
τ3
x
)
. Here τ3 > 0 is a constant which will be fixed

later.

We look for a solution of (3.17) of the form

v1(x) = u(x− x3) + h31(x),

v2(x) = u(x− x3) + h32(x),

this amounts to solve the system

Lh31 =
384

(1 + r2)4
[
eγh

3
1+(1−γ)h32 − h31 − 1

]
− Σ1

ã3
(u+ h31)− Σ2

ã3
(u+ h31),

Lh32 =
384

(1 + r2)4
[
eξh

3
2+(1−ξ)h31 − h32 − 1

]
− Σ1

ã3
(u+ h32)− Σ2

ã3
(u+ h32)

(3.18)

in BR3
ε
(x3). We denote by

Lh31 = T3(h31, h32) and Lh32 = R3(h
3
1, h

3
2).

To find a solution of (3.18), it is enough to find a fixed point (h31, h
3
2) in a small ball of

C4,α
µ (R4)× C4,α

µ (R4) solutions of

h31 = Gµ ◦ ξµ,R3
ε
◦ T3(h31, h32) = N3(h

3
1, h

3
2),

h32 = Gµ ◦ ξµ,R3
ε
◦ R3(h

3
1, h

3
2) = M3(h

3
1, h

3
2).

(3.19)

Then, we have the following result.

Lemma 3.10. Given κ > 0, there exist εκ > 0, λκ > 0, βκ > 0, cκ > 0, cκ > 0 and

cκ > 0 such that for all ε ∈ (0, εκ), λ ∈ (0, λκ), β ∈ (0, βκ) and µ ∈ (1, 2) with rε := rε,β,λ.

We have

∥N3(0, 0)∥C4,α
µ (R4)

≤ cκr
2
ε , ∥M3(0, 0)∥C4,α

µ (R4)
≤ cκr

2
ε ,

∥N3(h
3
1, h

3
2)−N3(k

3
1, k

3
2)∥C4,α

µ (R4)
≤ cκr

2
ε∥(h31, h32)− (k31, k

3
2)∥C4,α

µ (R4)×C4,α
µ (R4)

and

∥M3(h
3
1, h

3
2)−M3(k

3
1, k

3
2)∥C4,α

µ (R4)
≤ cκr

2
ε∥(h31, h32)− (k31, k

3
2)∥C4,α

µ (R4)×C4,α
µ (R4)

,

provided (h31, h
3
2), (k

3
1, k

3
2) ∈ C4,α

µ (R4)× C4,α
µ (R4) satisfying

(3.20) ∥(h31, h32)∥C4,α
µ (R4)×C4,α

µ (R4)
≤ 2cκr

2
ε , ∥(k31, k32)∥C4,α

µ (R4)×C4,α
µ (R4)

≤ 2cκr
2
ε .
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Proof. We have

sup
r≤R3

ε

r4−µ|T3(0, 0)|

≤ sup
r≤R3

ε

r4−µ
(∣∣Σ1

ã3
(u)
∣∣+ ∣∣Σ2

ã3
(u)
∣∣)

≤ cκ sup
r≤R3

ε

r4−µ
(
2

∣∣∣∣∇ã3ã3

∣∣∣∣∣∣∇(∆u)
∣∣+ ( ε

τ3

)2∣∣Ṽ3(x)∣∣∣∣∇ log ã3
∣∣∣∣∇u∣∣)

+ cκ

(
ε

τ3

)2

sup
r≤R3

ε

r4−µ
∣∣∣∣ 1ã3
((

ε

τ3

)−2

∆ã3 − Ṽ3(x)ã3

)∣∣∣∣∣∣∆u∣∣
≤ cκ

(
ε

τ3

)
∥∇a∥∞ sup

r≤R3
ε

r4−µ
r(3 + r2)

(1 + r2)3
+ cκ

(
ε

τ3

)3

∥∇a∥∞ sup
r≤R3

ε

r4−µ
r

1 + r2

+ cκ

(
ε

τ3

)2

λ∥f∥∞ sup
r≤R3

ε

r4−µ
2 + r2

(1 + r2)2

≤ cκβε+ cκβε
µr3−µε + cκλε

µr2−µε ≤ cκr
2
ε .

Making use of Proposition 3.2 together with (3.4), for µ ∈ (1, 2), there exists a constant

cκ such that

∥N3(0, 0)∥C4,α
µ (R4)

≤ cκr
2
ε .

For the second estimate, we use the same argument as above and we get

∥M3(0, 0)∥C4,α
µ (R4)

≤ cκr
2
ε .

To derive the third estimate, for (h31, h
3
2), (k

3
1, k

3
2) verifying (3.20), we have

sup
r≤R3

ε

r4−µ
∣∣T3(h31, h32)− T3(k31, k32)

∣∣
≤ sup

r≤R3
ε

384r4−µ

(1 + r2)4
∣∣(eγh31+(1−γ)h32 − h31 − 1

)
−
(
eγk

3
1+(1−γ)k32 − k31 − 1

)∣∣
+ sup
r≤R3

ε

r4−µ
∣∣Σ1

ã3
(h31 − k31)

∣∣+ sup
r≤R3

ε

r4−µ
∣∣Σ2

ã3
(h31 − k31)

∣∣
≤ cκ sup

r≤R3
ε

384r4−µ

(1 + r2)4
∣∣(γ − 1)(h31 − k31) + (1− γ)(h32 − k32)

∣∣
+ cκ sup

r≤R3
ε

r4−µ
(
2

∣∣∣∣∇ã3ã3

∣∣∣∣∣∣∇(∆(h31 − k31))
∣∣+ ( ε

τ3

)2∣∣Ṽ3(x)∣∣∣∣∇ log ã3
∣∣∣∣∇(h31 − k31)

∣∣)
+ cκ

(
ε

τ3

)2

sup
r≤R3

ε

r4−µ
∣∣∣∣ 1ã3
((

ε

τ3

)−2

∆ã3 − Ṽ3(x)ã3

)∣∣∣∣∣∣∆(h31 − k31)
∣∣

≤ cκ sup
r≤R3

ε

384r4−µ

(1 + r2)4
(1− γ)

[
rµ∥h31 − k31∥C4,α

µ (R4)
+ rµ∥h32 − k32∥C4,α

µ (R4)

]
+ cκβrε∥h31 − k31∥C4,α

µ (R4)
+ cκβr

3
ε∥h31 − k31∥C4,α

µ (R4)
+ cκλr

2
ε∥h31 − k31∥C4,α

µ (R4)
.
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Making use of Proposition 3.2 together with (3.4), we conclude that

∥N3(h
3
1, h

3
2)−N3(k

3
1, k

3
2)∥C4,α

µ (R4)

≤
(
cκr

2
ε + cκ(1− γ)

)
∥h31 − k31∥C4,α

µ (R4)
+ cκ(1− γ)∥h32 − k32∥C4,α

µ (R4)

≤
(
cκr

2
ε + cκ(1− γ)

)
∥(h31, h32)− (k31, k

3
2)∥C4,α

µ (R4)×C4,α
µ (R4)

.

Reducing εκ if necessary, we can assume that cκr
2
ε ≤ 1/2 for all ε ∈ (0, εκ). There exists

a constant γ0 ∈ (0, 1) such that cκ(1− γ) ≤ 1/2 for all γ ∈ (γ0, 1), we can find a constant

cκ > 0 such that

(3.21) ∥N3(h
3
1, h

3
2)−N3(k

3
1, k

3
2)∥C4,α

µ (R4)
≤ cκr

2
ε∥(h31, h32)− (k31, k

3
2)∥C4,α

µ (R4)×C4,α
µ (R4)

.

Similarly, we get

∥M3(h
3
1, h

3
2)−M3(k

3
1, k

3
2)∥C4,α

µ (R4)

≤
(
cκr

2
ε + cκ(1− ξ)

)
∥h32 − k32∥C4,α

µ (R4)
+ cκ(1− ξ)∥h31 − k31∥C4,α

µ (R4)

≤
(
cκr

2
ε + cκ(1− ξ)

)
∥(h31, h32)− (k31, k

3
2)∥C4,α

µ (R4)×C4,α
µ (R4)

.

Then, reducing εκ if necessary, we can assume that cκr
2
ε ≤ 1/2 for all ε ∈ (0, εκ). There

exists a constant ξ0 ∈ (0, 1) such that cκ(1 − ξ) ≤ 1/2 for all ξ ∈ (ξ0, 1), we can find a

constant cκ > 0 such that

(3.22) ∥M3(h
3
1, h

3
2)−M3(k

3
1, k

3
2)∥C4,α

µ (R4)
≤ cκr

2
ε∥(h31, h32)− (k31, k

3
2)∥C4,α

µ (R4)×C4,α
µ (R4)

.

Therefore, (3.21) and (3.22) are enough to show that

(h31, h
3
2) 7→

(
N3(h

3
1, h

3
2),M3(h

3
1, h

3
2)
)

is a contraction from the ball{
(h31, h

3
2) ∈ C4,α

µ (R4)× C4,α
µ (R4) : ∥(h31, h32)∥C4,α

µ (R4)×C4,α
µ (R4)

≤ 2cκr
2
ε

}
into itself and hence a unique fixed point (h31, h

3
2) exists in this set, which is a solution of

(3.19). Then we have

Proposition 3.11. Given κ > 0, µ ∈ (1, 2), there exist εκ > 0, λκ > 0, βκ > 0,

cκ > 0 (which depend only on κ), γ0 ∈ (0, 1) and ξ0 ∈ (0, 1) such that for all ε ∈ (0, εκ),

λ ∈ (0, λκ), β ∈ (0, βκ), γ ∈ (γ0, 1) and ξ ∈ (ξ0, 1) there exists a unique (h31, h
3
2) ∈

C4,α
µ (R4)× C4,α

µ (R4) solution of (3.19) such that

v1(x) := u(x− x3) + h31(x),

v2(x) := u(x− x3) + h32(x)

solves (3.17) in BR3
ε
(x3). In addition,

∥(h31, h32)∥C4,α
µ (R4)×C4,α

µ (R4)
≤ 2cκr

2
ε .
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3.1.3. Bi-harmonic extensions

Next, we will study the properties of interior and exterior bi-harmonic extensions. Given

(φ,ψ), (φ̃, ψ̃) ∈ C4,α(S3) × C2,α(S3), where S3 is the three-dimensional unit sphere, we

define respectively H int = H int(φ,ψ · ) = H int
φ,ψ to be the solution of

∆2H int = 0 in B1(0),

H int = φ on ∂B1(0),

∆H int = ψ on ∂B1(0)

and Hext = Hext(φ̃, ψ̃ · ) = Hext
φ̃,ψ̃

to be the solution of
∆2Hext = 0 in R4 \B1(0),

Hext = φ̃ on ∂B1(0),

∆Hext = ψ̃ on ∂B1(0),

which decays at infinity. We will use also

Definition 3.12. Given k ∈ N, α ∈ (0, 1) and ν ∈ R, we define the space Ck,αν (R4−B1(0))

as the space of functions w ∈ Ck,αloc (R
4 −B1(0)) for which the following norm

∥w∥Ck,α
ν (R4−B1(0))

= sup
r≥1

(
r−ν∥w(r · )∥Ck,α

ν (B2(0)−B1(0))

)
is finite.

We denote by e1, . . . , e4 the coordinate functions on S3.

Lemma 3.13. [2] Assume that

(3.23)

∫
S3

(8φ− ψ) dvS3 = 0 and

∫
S3

(12φ− ψ)eℓ dvS3 = 0 for ℓ = 1, . . . , 4.

Then there exists a constant c > 0 such that

∥H int
φ,ψ∥C4,α

2 (B
∗
1(0))

≤ c
(
∥φ∥C4,α(S3) + ∥ψ∥C2,α(S3)

)
.

Moreover, there exists a constant c > 0 such that if

(3.24)

∫
S3

ψ̃ dvS3 = 0,

then

∥Hext
φ̃,ψ̃

∥C4,α
−1 (R4−B1(0))

≤ c
(
∥φ̃∥C4,α(S3) + ∥ψ̃∥C2,α(S3)

)
.
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If F ⊂ L2(S3) is a subspace of L2(S3), we denote by F⊥ the subspace of all elements

which are orthogonal to 1, e1, . . . , e4. We will need the following result.

Lemma 3.14. [2] The mapping

P : C4,α(S3)⊥ × C2,α(S3)⊥ → C3,α(S3)⊥ × C1,α(S3)⊥

(φ,ψ) 7→
(
∂r(H

int
φ,ψ −Hext

φ,ψ), ∂r(∆H
int
φ,ψ −∆Hext

φ,ψ)
)

is an isomorphism.

3.2. The nonlinear interior problem

Here, we look for a solution of the following system as in Section 3.1.2, we will just add

the interior harmonic extension and the perturbation term vi for i = 1, 2:

∆2v1 +Σ1
ã1
v1 +Σ2

ã1
v1 = 24eγv1+(1−γ)v2 in BR1

ε
(x1),

∆2v2 +Σ1
ã1
v2 +Σ2

ã1
v2 = 24

2
4( γ+ξ−1

γ
)
ε
8( γ+ξ−1

γ
)(

τ1(1 + ε2)
)4( γ+ξ−1

γ
)
eξv2+(1−ξ)v1 in BR1

ε
(x1).

Given φ1 := (φ1
1, φ

1
2) ∈ (C4,α(S3))2 and ψ1 := (ψ1

1, ψ
1
2) ∈ (C2,α(S3))2 such that (φ1

1, ψ
1
1)

and (φ1
2, ψ

1
2) satisfy (3.23). We write for x ∈ BR1

ε
(x1) the following system

v1(x) =
1

γ
u(x− x1)− 1− γ

γ
Ga

(
εx

τ1
, x3
)
− 1− γ

γξ
Ga

(
εx

τ1
, x2
)
− ln γ

γ
+ h11(x)

+H int,1
1

(
φ1
1, ψ

1
1;
x− x1

R1
ε

)
+ v11(x),

v2(x) =
1

ξ
Ga

(
εx

τ1
, x2
)
+Ga

(
εx

τ1
, x3
)
+ h12(x) +H int,1

2

(
φ1
2, ψ

1
2;
x− x1

R1
ε

)
+ v12(x).

Using the fact that H int is bi-harmonic and taking into account that
(
Σiã1
)
i
, i = 1, 2 are

linear operators, this amounts to solve the system

Lv11 =
384

γ(1 + r2)4
[
eγ(h

1
1+H

int,1
1 +v11)+(1−γ)(h12+H

int,1
2 +v12) − eγh

1
1+(1−γ)h12 − γv11

]
− Σ1

ã1

(
H int,1

1 + v11
)
− Σ2

ã1

(
H int,1

1 + v11
)
,

∆2v12 =
24 · 16

1−ξ
γ C

4 γ+ξ−1
γ

1,ε ε
8 γ+ξ−1

γ

γ
1−ξ
γ (1 + r2)

4 1−ξ
γ

e
γ+ξ−1

γ

(
1
ξ
Ga

(
εx
τ1
,x2
)
+Ga

(
εx
τ1
,x3
))

×
[
eξ(h

1
2+H

int,1
2 +v12)+(1−ξ)(h11+H

int,1
1 +v11) − eξh

1
2+(1−ξ)h11

]
− Σ1

ã1

(
H int,1

2 + v12
)
− Σ2

ã1

(
H int,1

2 + v12
)
.

(3.25)

We denote by

Lv11 = S1(v
1
1, v

1
2) and ∆2v12 = P1(v

1
1, v

1
2).
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To find a solution of (3.25), it is enough to find a fixed point (v11, v
1
2) in a small ball of

C4,α
µ (R4)× C4,α

δ (R4) solutions of

v11 = Gµ ◦ ξµ,R1
ε
◦ S1(v

1
1, v

1
2) = ℵ1(v

1
1, v

1
2),

v12 = Kδ ◦ ξδ,R1
ε
◦ P1(v

1
1, v

1
2) = Υ1(v

1
1, v

1
2).

(3.26)

Given κ > 0 (whose value will be fixed later on), we further assume that the functions

(φ1
j , ψ

1
j ) ∈ (C4,α × C2,α) for j ∈ {1, 2} and the constant τ1 > 0 satisfy

(3.27)
1

ln(1/r2ε)
| ln(τ1/τ∗1 )| ≤ κr2ε , ∥φ1

j∥C4,α(S3) ≤ κr2ε and ∥ψ1
j ∥C2,α(S3) ≤ κr2ε .

Then, we have the following result.

Lemma 3.15. Let φ1 := (φ1
1, φ

1
2) ∈ (C4,α(S3))2 and ψ1 := (ψ1

1, ψ
1
2) ∈ (C2,α(S3))2 such

that (φ1
1, ψ

1
1) and (φ1

2, ψ
1
2) satisfy (3.23) and (3.27). Given κ > 0, there exist εκ > 0,

λκ > 0, βκ > 0, cκ > 0 and cκ > 0 such that for all ε ∈ (0, εκ), λ ∈ (0, λκ), β ∈ (0, βκ),

µ ∈ (1, 2) and δ ∈
(
0,min

{
1, γ+ξ−1

γ , γ+ξ−1
ξ

})
with rε := rε,β,λ. We have

∥ℵ1(0, 0)∥C4,α
µ (R4)

≤ cκr
2
ε , ∥Υ1(0, 0)∥C4,α

δ (R4)
≤ cκr

2
ε ,

∥ℵ1(v
1
1, v

1
2)− ℵ1(t

1
1, t

1
2)∥C4,α

µ (R4)
≤ cκr

2
ε∥(v11, v12)− (t11, t

1
2)∥C4,α

µ (R4)×C4,α
δ (R4)

and

∥Υ1(v
1
1, v

1
2)−Υ1(t

1
1, t

1
2)∥C4,α

δ (R4)
≤ cκr

2
ε∥(v11, v12)− (t11, t

1
2)∥C4,α

µ (R4)×C4,α
δ (R4)

,

provided (v11, v
1
2), (t

1
1, t

1
2) ∈ C4,α

µ (R4)× C4,α
δ (R4) satisfying

(3.28) ∥(v11, v12)∥C4,α
µ (R4)×C4,α

δ (R4)
≤ 2cκr

2
ε , ∥(t11, t12)∥C4,α

µ (R4)×C4,α
δ (R4)

≤ 2cκr
2
ε .

Proof. The first and second estimates follows from the result of Lemma 3.13 together with

the assumption on the norms of φ1
j and ψ1

j given by (3.27). Indeed, we have∥∥∥∥H int
φ1
j ,ψ

1
j

(
r

R1
ε

·
)∥∥∥∥

C4,α(B2(0)−B1(0))

≤ Cr2(R1
ε)

−2
(
∥φ1

j∥C4,α(S3) + ∥ψ1
j ∥C2,α(S3)

)
for all r ≤ R1

ε/2. Then by (3.27), we get

(3.29)

∥∥∥∥H int
φ1
j ,ψ

1
j

(
r

R1
ε

·
)∥∥∥∥

C4,α(B2(0)−B1(0))

≤ cκε
2r2.
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On the other hand,

sup
r≤R1

ε

r4−µ|S1(0, 0)|

≤ sup
r≤R1

ε

384r4−µ

γ(1 + r2)4
∣∣eγ(h11+Hint,1

1 )+(1−γ)(h12+H
int,1
2 ) − eγh

1
1+(1−γ)h12

∣∣
+ sup
r≤R1

ε

r4−µ
(∣∣Σ1

ã1

(
H int,1

1

)∣∣+ ∣∣Σ2
ã1

(
H int,1

1

)∣∣)
≤ cκ sup

r≤R1
ε

384r4−µ

γ(1 + r2)4
∣∣γH int,1

1 + (1− γ)H int,1
2

∣∣
+ cκ sup

r≤R1
ε

r4−µ
(
2

∣∣∣∣∇ã1ã1

∣∣∣∣∣∣∇(∆H int,1
1 )

∣∣+ ( ε

τ1

)2∣∣Ṽ1(x)∣∣∣∣∇ log ã1
∣∣∣∣∇(H int,1

1 )
∣∣)

+ cκ

(
ε

τ1

)2

sup
r≤R1

ε

r4−µ
∣∣∣∣ 1ã1
((

ε

τ1

)−2

∆ã1 − Ṽ1(x)ã1

)∣∣∣∣∣∣∆(H int,1
1 )

∣∣.
From the asymptotic behavior of H int given by the estimate (3.29) and since a(x) is

solution of (1.3) satisfying (H) and V (x) is smooth bounded potential, we get

sup
r≤R1

ε

r4−µ|S1(0, 0)| ≤ cκ sup
r≤R1

ε

384r4−µ

γ(1 + r2)4
(
γr2∥H int,1

1 ∥C4,α
2 (B

∗
1)
+ (1− γ)r2∥H int,1

2 ∥C4,α
2 (B

∗
1)

)
+ cκ

(
ε

τ1

)3

∥∇a∥∞ sup
r≤R1

ε

r5−µ∥H int,1
1 ∥C4,α

2 (B
∗
1)

+ cκ

(
ε

τ1

)2

λ∥f∥∞ sup
r≤R1

ε

r4−µ∥H int,1
1 ∥C4,α

2 (B
∗
1)
.

Making use of Proposition 3.2 together with (3.4), for µ ∈ (1, 2), there exists a constant

cκ > 0 such that

∥ℵ1(0, 0)∥C4,α
µ (R4)

≤ cκr
2
ε .

For the second estimate, we have

sup
r≤R1

ε

r4−δ|P1(0, 0)|

≤ sup
r≤R1

ε

24C
4 γ+ξ−1

γ

1,ε ε8(
γ+ξ−1

γ )r4−δ

(
16

γ(1 + r2)4

) 1−ξ
γ

× e
γ+ξ−1

γ

(
1
ξGa

(
εx
τ1

,x2
)
+Ga

(
εx
τ1

,x3
))∣∣eξ(h1

2+Hint,1
2 )+(1−ξ)(h1

1+Hint,1
1 ) − eξh

1
2+(1−ξ)h1

1

∣∣
+ sup

r≤R1
ε

r4−δ
∣∣Σ1

ã1

(
H int,1

2

)∣∣+ sup
r≤R1

ε

r4−δ
∣∣Σ2

ã1

(
H int,1

2

)∣∣
≤ cκ sup

r≤R1
ε

24C
4 γ+ξ−1

γ

1,ε ε8(
γ+ξ−1

γ )r4−δ

(
16

γ(1 + r2)4

) 1−ξ
γ (

ξr2∥H int,1
2 ∥C4,α

2
+ (1− ξ)r2∥H int,1

1 ∥C4,α
2

)
+ cκ sup

r≤R1
ε

r4−δ

(
2

∣∣∣∣∇ã1ã1

∣∣∣∣∣∣∇(∆H int,1
2 )

∣∣+ ( ε

τ1

)2∣∣Ṽ1(x)∣∣∣∣∇ log ã1
∣∣∣∣∇(H int,1

2 )
∣∣)
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+ cκ

(
ε

τ1

)2

sup
r≤R1

ε

r4−δ

∣∣∣∣ 1ã1
((

ε

τ1

)−2

∆ã1 − Ṽ1(x)ã1

)∣∣∣∣∣∣∆(H int,1
2 )

∣∣
≤ cκ sup

r≤R1
ε

24C
4 γ+ξ−1

γ

1,ε ε8(
γ+ξ−1

γ )r4−δ

(
16

γ(1 + r2)4

) 1−ξ
γ (

ξr2∥H int,1
2 ∥C4,α

2
+ (1− ξ)r2∥H int,1

1 ∥C4,α
2

)
+ cκ

(
ε

τ1

)3

∥∇a∥∞ sup
r≤R1

ε

r5−δ∥H int,1
2 ∥C4,α

2
+ cκ

(
ε

τ1

)2

λ∥f∥∞ sup
r≤R1

ε

r4−δ∥H int,1
2 ∥C4,α

2
.

Using the same argument as above, we get

∥Υ1(0, 0)∥C4,α
δ (R4)

≤ cκr
2
ε .

To derive the third estimate, for (v11, v
1
2), (t

1
1, t

1
2) verifying (3.28), we have

sup
r≤R1

ε

r4−µ
∣∣S1(v

1
1, v

1
2)− S1(t

1
1, t

1
2)
∣∣

≤ sup
r≤R1

ε

384r4−µ

γ(1 + r2)4
∣∣(eγ(h11+Hint,1

1 +v11)+(1−γ)(h12+H
int,1
2 +v12) − eγh

1
1+(1−γ)h12 − γv11

)
−
(
eγ(h

1
1+H

int,1
1 +t11)+(1−γ)(h12+H

int,1
2 +t12) − eγh

1
1+(1−γ)h12 − γt11

)∣∣
+ sup
r≤R1

ε

r4−µ
∣∣Σ1

ã1
(v11 − t11)

∣∣+ sup
r≤R1

ε

r4−µ
∣∣Σ2

ã1
(v11 − t11)

∣∣
≤ cκ sup

r≤R1
ε

384r4−µ

γ(1 + r2)4
(
γ2
∣∣(v11)2 − (t11)

2
∣∣+ (1− γ)

∣∣v12 − t12
∣∣)

+ cκ sup
r≤R1

ε

r4−µ
(
2

∣∣∣∣∇ã1ã1

∣∣∣∣∣∣∇(∆(v11 − t11))
∣∣+ ( ε

τ1

)2∣∣Ṽ1(x)∣∣∣∣∇ log ã1
∣∣∣∣∇(v11 − t11)

∣∣)
+ cκ

(
ε

τ1

)2

sup
r≤R1

ε

r4−µ
∣∣∣∣ 1ã1
((

ε

τ1

)−2

∆ã1 − Ṽ1(x)ã1

)∣∣∣∣∣∣∆(v11 − t11)
∣∣.

Using the fact that a(x) is a solution of (1.3) satisfying (H), V (x) is a smooth bounded

potential and for ℓ = 1, . . . , 4 + α, we have |∇ℓw| ≤ cκr
µ−ℓ∥w∥Ck,α

µ (R4)
. Then we get

sup
r≤R1

ε

r4−µ
∣∣S1(v

1
1, v

1
2)− S1(t

1
1, t

1
2)
∣∣

≤ cκ sup
r≤R1

ε

384r4−µ

γ(1 + r2)4

×
[
γ2r2µ

(
∥v11∥C4,α

µ (R4)
+ ∥t11∥C4,α

µ (R4)

)
∥v11 − t11∥C4,α

µ (R4)
+ (1− γ)rδ∥v12 − t12∥C4,α

δ (R4)

]
+ cκβrε∥v11 − t11∥C4,α

µ (R4)
+ cκβr

3
ε∥v11 − t11∥C4,α

µ (R4)
+ cκλr

2
ε∥v11 − t11∥C4,α

µ (R4)
.

We conclude that

∥ℵ1(v
1
1, v

1
2)− ℵ1(t

1
1, t

1
2)∥C4,α

µ (R4)

≤ cκr
2
ε∥v11 − t11∥C4,α

µ (R4)
+ cκ(1− γ)∥v12 − t12∥C4,α

δ (R4)

≤ max
{
cκr

2
ε , cκ(1− γ)

}
∥(v11, v12)− (t11, t

1
2)∥C4,α

µ (R4)×C4,α
δ (R4)

.
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Reducing εκ if necessary, we can assume that cκr
2
ε ≤ 1/2 for all ε ∈ (0, εκ). There exists

a constant γ0 ∈ (0, 1) such that cκ(1− γ) ≤ 1/2 for all γ ∈ (γ0, 1), we can find a constant

cκ > 0 such that

(3.30) ∥ℵ1(v
1
1, v

1
2)− ℵ1(t

1
1, t

1
2)∥C4,α

µ (R4)
≤ cκr

2
ε∥(v11, v12)− (t11, t

1
2)∥C4,α

µ (R4)×C4,α
δ (R4)

.

On the other hand, we have

sup
r≤R1

ε

r4−δ
∣∣P1(v

1
1, t

1
2)− P1(v

1
1, t

1
2)
∣∣

≤ sup
r≤R1

ε

24C
4 γ+ξ−1

γ

1,ε ε
8( γ+ξ−1

γ
)
r4−δ

(
16

γ(1 + r2)4

) 1−ξ
γ

e
γ+ξ−1

γ

(
1
ξ
Ga

(
εx
τ1
,x2
)
+Ga

(
εx
τ1
,x3
))

×
∣∣eξ(h12+Hint,1

2 +v12)+(1−ξ)(h11+H
int,1
1 +v11) − eξ(h

1
2+H

int,1
2 +t12)+(1−ξ)(h11+H

int,1
1 +t11)

∣∣
+ sup
r≤R1

ε

r4−δ
∣∣Σ1

ã1
(v12 − t12)

∣∣+ sup
r≤R1

ε

r4−δ
∣∣Σ2

ã1
(v12 − t12)

∣∣
≤ cκ sup

r≤R1
ε

24C
4 γ+ξ−1

γ

1,ε ε
8( γ+ξ−1

γ
)
r4−δ

(
16

γ(1 + r2)4

) 1−ξ
γ (

ξ|v12 − t12|+ (1− ξ)|v11 − t11|
)

+ cκ sup
r≤R1

ε

r4−δ
(
2

∣∣∣∣∇ã1ã1

∣∣∣∣∣∣∇(∆(v12 − t12))
∣∣+ ( ε

τ1

)2∣∣Ṽ1(x)∣∣∣∣∇ log ã1
∣∣∣∣∇(v12 − t12)

∣∣)
+ cκ

(
ε

τ1

)2

sup
r≤R1

ε

r4−δ
∣∣∣∣ 1ã1
((

ε

τ1

)−2

∆ã1 − Ṽ1(x)ã1

)∣∣∣∣∣∣∆(v12 − t12)
∣∣

≤ cκ sup
r≤R1

ε

24C
4 γ+ξ−1

γ

1,ε ε
8( γ+ξ−1

γ
)
r4−δ

(
16

γ(1 + r2)4

) 1−ξ
γ

×
[
ξrδ∥v12 − t12∥C4,α

δ (R4)
+ (1− ξ)rµ∥v11 − t11∥C4,α

µ (R4)

]
+ cκβrε∥v12 − t12∥C4,α

δ (R4)
+ cκβr

3
ε∥v12 − t12∥C4,α

δ (R4)
+ cκλr

2
ε∥v12 − t12∥C4,α

δ (R4)
.

We conclude that

(3.31) ∥Υ1(v
1
1, v

1
2)−Υ1(t

1
1, t

1
2)∥C4,α

δ (R4)
≤ cκr

2
ε∥(v11, v12)− (t11, t

1
2)∥C4,α

µ (R4)×C4,α
δ (R4)

.

Hence, (3.30) and (3.31) are enough to show that

(v11, v
1
2) 7→

(
ℵ1(v

1
1, v

1
2),Υ1(v

1
1, v

1
2)
)

is a contraction from the ball{
(v11, v

1
2) ∈ C4,α

µ (R4)× C4,α
δ (R4) : ∥(v11, v12)∥C4,α

µ (R4)×C4,α
δ (R4)

≤ 2cκr
2
ε

}
into itself. Then applying a contraction mapping argument, we obtain the following propo-

sition.
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Proposition 3.16. Given κ > 0, µ ∈ (1, 2) and δ ∈
(
0,min

{
1, γ+ξ−1

γ , γ+ξ−1
ξ

})
, there

exist εκ > 0, λκ > 0, βκ > 0, cκ > 0 (only depending on κ) and γ0 ∈ (0, 1) such that for

all ε ∈ (0, εκ), λ ∈ (0, λκ), β ∈ (0, βκ) and γ ∈ (γ0, 1), for all τ1 in some fixed compact

subset of [τ−1 , τ
+
1 ] ⊂ (0,∞) and for φ1

j and ψ1
j satisfying (3.23) and (3.27), there exists a

unique (v11, v
1
2) := (v1

1,ε,λ,β,τ1,φ1
1,ψ

1
1
, v1

2,ε,λ,β,τ1,φ1
2,ψ

1
2
) solution of (3.26) such that

∥(v11, v12)∥C4,α
µ (R4)×C4,α

δ (R4)
≤ 2cκr

2
ε .

Hence

v1(x) =
1

γ
u(x− x1)− 1− γ

γ
Ga

(
εx

τ1
, x3
)
− 1− γ

γξ
Ga

(
εx

τ1
, x2
)
− ln γ

γ
+ h11(x)

+H int,1
1

(
φ1
1, ψ

1
1;
x− x1

R1
ε

)
+ v11(x),

v2(x) =
1

ξ
Ga

(
εx

τ1
, x2
)
+Ga

(
εx

τ1
, x3
)
+ h12(x) +H int,1

2

(
φ1
2, ψ

1
2;
x− x1

R1
ε

)
+ v12(x)

solves (3.6) in BR1
ε
(x1).

• In BR2
ε
(x2), following the same arguments as the first case by reversing the roles of

the functions u1 and u2 and by respecting the changes of the coefficients, we can prove

that there exists (v21, v
2
2) ∈ C4,α

δ (R4)× C4,α
µ (R4) such that

∥(v21, v22)∥C4,α
δ (R4)×C4,α

µ (R4)
≤ 2cκr

2
ε .

Furthermore, (v21, v
2
2) solves the following system

∆2v21 =
24 · 16

1−γ
ξ C

4 γ+ξ−1
ξ

2,ε ε
8 γ+ξ−1

ξ

ξ
1−γ
ξ (1 + r2)

4 1−γ
ξ

e
γ+ξ−1

ξ

(
1
γ
Ga

(
εx
τ2
,x1
)
+Ga

(
εx
τ2
,x3
))

×
[
eγ(h

2
1+H

int,2
1 +v21)+(1−γ)(h22+H

int,2
2 +v22) − eγh

2
1+(1−γ)h22

]
− Σ1

ã2

(
H int,2

1 + v21
)
− Σ2

ã2

(
H int,2

1 + v21
)
,

Lv22 =
384

ξ(1 + r2)4
[
eξ(h

2
2+H

int,2
2 +v22)+(1−ξ)(h21+H

int,2
1 +v21) − eξh

2
2+(1−ξ)h21 − ξv22

]
− Σ1

ã2

(
H int,2

2 + v22
)
− Σ2

ã2

(
H int,2

2 + v22
)
.

(3.32)

We denote by

∆2v21 = S2(v
2
1, v

2
2) and Lv22 = P2(v

2
1, v

2
2).

To find a solution of (3.32), it is enough to find a fixed point (v21, v
2
2) in a small ball of

C4,α
δ (R4)× C4,α

µ (R4) solutions of

v21 = Kδ ◦ ξδ,R2
ε
◦ S2(v

2
1, v

2
2) = ℵ2(v

2
1, v

2
2),

v22 = Gµ ◦ ξµ,R2
ε
◦ P2(v

2
1, v

2
2) = Υ2(v

2
1, v

2
2).

(3.33)
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Given κ > 0 (whose value will be fixed later on), we further assume that the functions

(φ2
j , ψ

2
j ) ∈ (C4,α × C2,α) for j ∈ {1, 2} and the constant τ2 > 0 satisfy

(3.34)
1

ln(1/r2ε)
| ln(τ2/τ∗2 )| ≤ κr2ε , ∥φ2

j∥C4,α(S3) ≤ κr2ε and ∥ψ2
j ∥C2,α(S3) ≤ κr2ε .

Then, we have the following result.

Proposition 3.17. Given κ > 0, µ ∈ (1, 2) and δ ∈
(
0,min

{
1, γ+ξ−1

γ , γ+ξ−1
ξ

}
), there

exist εκ > 0, λκ > 0, βκ > 0, cκ > 0 (only depending on κ) and ξ0 ∈ (0, 1) such that for

all ε ∈ (0, εκ), λ ∈ (0, λκ), β ∈ (0, βκ) and ξ ∈ (ξ0, 1), for all τ2 in some fixed compact

subset of [τ−2 , τ
+
2 ] ⊂ (0,∞) and for φ2

j and ψ2
j satisfying (3.23) and (3.34), there exists a

unique (v21, v
2
2) := (v1,ε,λ,β,τ2,φ2

1,ψ
2
1
, v2,ε,λ,β,τ2,φ2

2,ψ
2
2
) solution of (3.33) such that

∥(v21, v22)∥C4,α
δ (R4)×C4,α

µ (R4)
≤ 2cκr

2
ε .

Hence

v1(x) =
1

γ
Ga

(
εx

τ2
, x1
)
+Ga

(
εx

τ2
, x3
)
+ h21(x) +H int,2

1

(
φ2
1, ψ

2
1;
x− x2

R2
ε

)
+ v21(x),

v2(x) =
1

ξ
u(x− x2)− 1− ξ

ξ
Ga

(
εx

τ2
, x3
)
− 1− ξ

γξ
Ga

(
εx

τ2
, x1
)
− ln ξ

ξ
+ h22(x)

+H int,2
2

(
φ2
2, ψ

2
2;
x− x2

R2
ε

)
+ v22(x)

solves (3.12) in BR2
ε
(x2).

• In BR3
ε
(x3), we are interested to study the system (3.17).

Given φ3 := (φ3
1, φ

3
2) ∈ (C4,α(S3))2 and ψ3 := (ψ3

1, ψ
3
2) ∈ (C2,α(S3))2 such that (φ3

1, ψ
3
1)

and (φ3
2, ψ

3
2) satisfy (3.23). For x ∈ BR3

ε
(x3), we look for a solution of (3.17) of the form

v1(x) = u(x− x3) + h31(x) +H int,3
1

(
φ3
1, ψ

3
1;
x− x3

R3
ε

)
+ v31(x),

v2(x) = u(x− x3) + h32(x) +H int,3
2

(
φ3
2, ψ

3
2;
x− x3

R3
ε

)
+ v32(x).

This amounts to solve the system

Lv31 =
384

(1 + r2)4
[
eγ(h

3
1+H

int,3
1 +v31)+(1−γ)(h32+H

int,3
2 +v32) − eγh

3
1+(1−γ)h32 − v31

]
− Σ1

ã3

(
H int,3

1 + v31
)
− Σ2

ã3

(
H int,3

1 + v31
)
,

Lv32 =
384

(1 + r2)4
[
eξ(h

3
2+H

int,3
2 +v32)+(1−ξ)(h31+H

int,3
1 +v31) − eξh

3
2+(1−ξ)h31 − v32

]
− Σ1

ã3

(
H int,3

2 + v32
)
− Σ2

ã3

(
H int,3

2 + v32
)
.

(3.35)
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We denote by

Lv31 = S3(v
3
1, v

3
2) and Lv32 = P3(v

3
1, v

3
2).

To find a solution of (3.35), it is enough to find a fixed point (v31, v
3
2) in a small ball of

C4,α
µ (R4)× C4,α

µ (R4) solutions of

v31 = Gµ ◦ ξµ,R3
ε
◦ S3(v

3
1, v

3
2) = ℵ3(v

3
1, v

3
2),

v32 = Gµ ◦ ξµ,R3
ε
◦ P3(v

3
1, v

3
2) = Υ3(v

3
1, v

3
2).

(3.36)

Given κ > 0 (whose value will be fixed later on), we further assume that the functions

(φ3
j , ψ

3
j ) ∈ (C4,α × C2,α) for j ∈ {1, 2} and the constant τ3 > 0 satisfy

(3.37)
1

ln(1/r2ε)
| ln(τ3/τ∗3 )| ≤ κr2ε , ∥φ3

j∥C4,α(S3) ≤ κr2ε and ∥ψ3
j ∥C2,α(S3) ≤ κr2ε .

Then, we have the following result.

Lemma 3.18. Let µ ∈ (1, 2). Given κ > 0, there exist εκ > 0, λκ > 0, βκ > 0, cκ > 0,

cκ > 0 and cκ > 0 such that for all ε ∈ (0, εκ), λ ∈ (0, λκ) and β ∈ (0, βκ) with rε := rε,β,λ.

We have

∥ℵ3(0, 0)∥C4,α
µ (R4)

≤ cκr
2
ε , ∥Υ3(0, 0)∥C4,α

µ (R4)
≤ cκr

2
ε ,

∥ℵ3(v
3
1, v

3
2)− ℵ3(t

3
1, t

3
2)∥C4,α

µ (R4)
≤ cκr

2
ε∥(v31, v32)− (t31, t

3
2)∥C4,α

µ (R4)×C4,α
µ (R4)

and

∥Υ3(v
3
1, v

3
2)−Υ3(t

3
1, t

3
2)∥C4,α

µ (R4)
≤ cκr

2
ε∥(v31, v32)− (t31, t

3
2)∥C4,α

µ (R4)×C4,α
µ (R4)

,

provided (v31, v
3
2), (t

3
1, t

3
2) ∈ C4,α

µ (R4)× C4,α
µ (R4) satisfying

(3.38) ∥(v31, v32)∥C4,α
µ (R4)×C4,α

µ (R4)
≤ 2cκr

2
ε , ∥(t31, t32)∥C4,α

µ (R4)×C4,α
µ (R4)

≤ 2cκr
2
ε .

Proof. The first and second estimates follows from the estimate ofH int given by Lemma 3.13

together with the assumption on the norms of φ3
j and ψ3

j given by (3.37), we have∥∥∥∥H int
φ3
j ,ψ

3
j

(
r

R3
ε

·
)∥∥∥∥

C4,α(B2(0)−B1(0))

≤ Cr2(R3
ε)

−2
(
∥φ3

j∥C4,α(S3) + ∥ψ3
j ∥C2,α(S3)

)
for all r ≤ R3

ε/2. Then by (3.37), we get

(3.39)

∥∥∥∥H int
φ3
j ,ψ

3
j

(
r

R3
ε

·
)∥∥∥∥

C4,α(B2(0)−B1(0))

≤ cκε
2r2.
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On the other hand,

sup
r≤R3

ε

r4−µ|S3(0, 0)|

≤ sup
r≤R3

ε

384r4−µ

(1 + r2)4
∣∣eγ(h31+Hint,3

1 )+(1−γ)(h32+H
int,3
2 ) − eγh

3
1+(1−γ)h32

∣∣
+ sup
r≤R3

ε

r4−µ
(∣∣Σ1

ã3

(
H int,3

1

)∣∣+ ∣∣Σ2
ã3

(
H int,3

1

)∣∣)
≤ cκ sup

r≤R3
ε

384r4−µ

(1 + r2)4
∣∣γH int,3

1 + (1− γ)H int,3
2

∣∣
+ cκ sup

r≤R3
ε

r4−µ
(
2

∣∣∣∣∇ã3ã3

∣∣∣∣∣∣∇(∆H int,3
1 )

∣∣+ ( ε

τ3

)2∣∣Ṽ3(x)∣∣∣∣∇ log ã3
∣∣∣∣∇(H int,3

1 )
∣∣)

+ cκ

(
ε

τ3

)2

sup
r≤R3

ε

r4−µ
∣∣∣∣ 1ã3
((

ε

τ3

)−2

∆ã3 − Ṽ3(x)ã3

)∣∣∣∣∣∣∆(H int,3
1 )

∣∣.
From the asymptotic behavior of H int given by the estimate (3.39) and since a(x) is

solution of (1.3) satisfying (H) and V (x) is smooth bounded potential, we get

sup
r≤R3

ε

r4−µ|S3(0, 0)| ≤ cκ sup
r≤R3

ε

384r4−µ

(1 + r2)4
(
γr2∥H int,3

1 ∥C4,α
2 (B

∗
1)
+ (1− γ)r2∥H int,3

2 ∥C4,α
2 (B

∗
1)

)
+ cκ

(
ε

τ3

)3

∥∇a∥∞ sup
r≤R3

ε

r5−µ∥H int,3
1 ∥C4,α

2 (B
∗
1)

+ cκ

(
ε

τ3

)2

λ∥f∥∞ sup
r≤R3

ε

r4−µ∥H int,3
1 ∥C4,α

2 (B
∗
1)
.

Making use of Proposition 3.2 together with (3.4), for µ ∈ (1, 2), there exists a constant

cκ > 0 such that

∥ℵ3(0, 0)∥C4,α
µ (R4)

≤ cκr
2
ε .

For the second estimate, we use the same argument as above and we get

∥Υ3(0, 0)∥C4,α
µ (R4)

≤ cκr
2
ε .

To derive the third estimate, for (v31, v
3
2), (t

3
1, t

3
2) verifying (3.38), we have

sup
r≤R3

ε

r4−µ
∣∣S3(v

3
1, v

3
2)− S3(t

3
1, t

3
2)
∣∣

≤ sup
r≤R3

ε

384r4−µ

(1 + r2)4
∣∣(eγ(h31+Hint,3

1 +v31)+(1−γ)(h32+H
int,3
2 +v32) − eγh

3
1+(1−γ)h32 − v31

)
−
(
eγ(h

3
1+H

int,3
1 +t31)+(1−γ)(h32+H

int,3
2 +t32) − eγh

3
1+(1−γ)h32 − t31

)∣∣
+ sup
r≤R3

ε

r4−µ
∣∣Σ1

ã3
(v31 − t31)

∣∣+ sup
r≤R3

ε

r4−µ
∣∣Σ2

ã3
(v31 − t31)

∣∣
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≤ cκ sup
r≤R3

ε

384r4−µ

(1 + r2)4
∣∣(γ − 1)(v31 − t31) + (1− γ)(v32 − t32)

∣∣
+ cκ sup

r≤R3
ε

r4−µ
(
2

∣∣∣∣∇ã3ã3

∣∣∣∣∣∣∇(∆(v31 − t31))
∣∣+ ( ε

τ3

)2∣∣Ṽ3(x)∣∣∣∣∇ log ã3
∣∣∣∣∇(v31 − t31)

∣∣)
+ cκ

(
ε

τ3

)2

sup
r≤R3

ε

r4−µ
∣∣∣∣ 1ã3
((

ε

τ3

)−2

∆ã3 − Ṽ3(x)ã3

)∣∣∣∣∣∣∆(v31 − t31)
∣∣.

Using the fact that a(x) is a solution of (1.3) satisfying (H), V (x) is a smooth bounded

potential and for ℓ = 1, . . . , 4 + α, we have |∇ℓw| ≤ cκr
µ−ℓ∥w∥Ck,α

µ (R4)
. Then we get

sup
r≤R3

ε

r4−µ
∣∣S3(v

3
1, v

3
2)− S3(t

3
1, t

3
2)
∣∣

≤ cκ sup
r≤R3

ε

384r4−µ

(1 + r2)4
(1− γ)

[
rµ∥v31 − t31∥C4,α

µ (R4)
+ rµ∥v32 − t32∥C4,α

µ (R4)

]
+ cκβrε∥v31 − t31∥C4,α

µ (R4)
+ cκβr

3
ε∥v31 − t31∥C4,α

µ (R4)
+ cκλr

2
ε∥v31 − t31∥C4,α

µ (R4)
.

We conclude that

∥ℵ3(v
3
1, v

3
2)− ℵ3(t

3
1, t

3
2)∥C4,α

µ (R4)

≤
(
cκr

2
ε + cκ(1− γ)

)
∥v31 − t31∥C4,α

µ (R4)
+ cκ(1− γ)∥v32 − t32∥C4,α

µ (R4)

≤
(
cκr

2
ε + cκ(1− γ)

)
∥(v31, v32)− (t31, t

3
2)∥C4,α

µ (R4)×C4,α
µ (R4)

.

Reducing εκ if necessary, we can assume that cκr
2
ε ≤ 1/2 for all ε ∈ (0, εκ). There exists

a constant γ0 ∈ (0, 1) such that cκ(1− γ) ≤ 1/2 for all γ ∈ (γ0, 1), we can find a constant

cκ > 0 such that

(3.40) ∥ℵ3(v
3
1, v

3
2)− ℵ3(t

3
1, t

3
2)∥C4,α

µ (R4)
≤ cκr

2
ε∥(v31, v32)− (t31, t

3
2)∥C4,α

µ (R4)×C4,α
µ (R4)

.

Similarly, we get

∥Υ3(v
3
1, v

3
2)−Υ3(t

3
1, t

3
2)∥C4,α

µ (R4)

≤
(
cκr

2
ε + cκ(1− ξ)

)
∥v32 − t32∥C4,α

µ (R4)
+ cκ(1− ξ)∥v31 − t31∥C4,α

µ (R4)

≤
(
cκr

2
ε + cκ(1− ξ)

)
∥(v31, v32)− (t31, t

3
2)∥C4,α

µ (R4)×C4,α
µ (R4)

.

Then, reducing εκ if necessary, we can assume that cκr
2
ε ≤ 1/2 for all ε ∈ (0, εκ). There

exists a constant ξ0 ∈ (0, 1) such that cκ(1 − ξ) ≤ 1/2 for all ξ ∈ (ξ0, 1), we can find a

constant cκ > 0 such that

(3.41) ∥Υ3(v
3
1, v

3
2)−Υ3(t

3
1, t

3
2)∥C4,α

µ (R4)
≤ cκr

2
ε∥(v31, v32)− (t31, t

3
2)∥C4,α

µ (R4)×C4,α
µ (R4)

.
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Therefore, (3.40) and (3.41) are enough to show that

(v31, v
3
2) 7→

(
ℵ3(v

3
1, v

3
2),Υ3(v

3
1, v

3
2)
)

is a contraction from the ball{
(v31, v

3
2) ∈ C4,α

µ (R4)× C4,α
µ (R4) : ∥(v31, v32)∥C4,α

µ (R4)×C4,α
µ (R4)

≤ 2cκr
2
ε

}
into itself. Then applying a contraction mapping argument, we obtain the following propo-

sition.

Proposition 3.19. Given κ > 0, µ ∈ (1, 2), there exist εκ > 0, λκ > 0, βκ > 0,

cκ > 0 (only depending on κ), γ0 ∈ (0, 1) and ξ0 ∈ (0, 1) such that for all ε ∈ (0, εκ),

λ ∈ (0, λκ), β ∈ (0, βκ), γ ∈ (γ0, 1) and ξ ∈ (ξ0, 1), for all τ3 in some fixed compact subset

of [τ−3 , τ
+
3 ] ⊂ (0,∞) and for φ3

j and ψ3
j satisfying (3.23) and (3.37), there exists a unique

(v31, v
3
2) := (v1,ε,λ,β,τ3,φ3

1,ψ
3
1
, v2,ε,λ,β,τ3,φ3

2,ψ
3
2
) solution of (3.36) such that

∥(v31, v32)∥C4,α
µ (R4)×C4,α

µ (R4)
≤ 2cκr

2
ε .

Hence

v1(x) = u(x− x3) + h31(x) +H int,3
1

(
φ3
1, ψ

3
1;
x− x3

R3
ε

)
+ v31(x),

v2(x) = u(x− x3) + h32(x) +H int,3
2

(
φ3
2, ψ

3
2;
x− x3

R3
ε

)
+ v32(x)

solves (3.17) in BR3
ε
(x3).

Remark also that the functions (vi1, v
i
2) := (v1,ε,λ,β,τi,φi

1,ψ
i
1
, v2,ε,λ,β,τi,φi

2,ψ
i
2
) (i ∈ {1, 2, 3})

depend continuously on the parameter τi.

3.3. The nonlinear exterior problem

Given x̃ := (x̃1, x̃2, x̃3) ∈ Ω3 close to x := (x1, x2, x3), η := (η1, η2, η3) ∈ R3 close to 0,

φ̃1 := (φ̃1
1, φ̃

2
1, φ̃

3
1) ∈ (C4,α(S3))3, φ̃2 := (φ̃1

2, φ̃
2
2, φ̃

3
2) ∈ (C4,α(S3))3, ψ̃1 := (ψ̃1

1, ψ̃
2
1, ψ̃

3
1) ∈

(C2,α(S3))3 and ψ̃2 := (ψ̃1
2, ψ̃

2
2, ψ̃

3
2) ∈ (C2,α(S3))3 satisfying (3.24). Let w̃1 and w̃2 be

defined by

w̃1(x) =
1 + η1
γ

Ga(x, x̃
1) + (1 + η3)Ga(x, x̃

3) +
3∑
i=1

χr0(x− x̃i)Hext
1

(
φ̃i1, ψ̃

i
1;
x− x̃i

rε

)
,

w̃2(x) =
1 + η2
ξ

Ga(x, x̃
2) + (1 + η3)Ga(x, x̃

3) +

3∑
i=1

χr0(x− x̃i)Hext
2

(
φ̃i2, ψ̃

i
2;
x− x̃i

rε

)
.
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Here χr0 is a cut-off function identically equal to 1 in Br0/2(0) and identically equal to 0

outside Br0(0).

We would like to find a solution of the system

∆2u1 +Σ1
au1 +Σ2

au1 = ρ4eγu1+(1−γ)u2 ,

∆2u2 +Σ1
au2 +Σ2

au2 = ρ4eξu2+(1−ξ)u1
(3.42)

in the domain Ωrε(x̃) with uk = w̃k + ṽk a perturbation of w̃k, k = 1, 2.

We recall that for ρ > 0, we have

ρ4 =
384ε4

(1 + ε2)4
,

Σ1
aui = 2

∇a
a

· ∇(∆ui)− V (x)∇ log a · ∇ui and Σ2
aui =

(
∆a

a
− V (x)

)
∆ui, i = 1, 2.

This amounts to solve in Ωrε(x̃),

∆2ṽ1 = ρ4eγ(w̃1+ṽ1)+(1−γ)(w̃2+ṽ2) −∆2w̃1 − Σ1
a(w̃1 + ṽ1)− Σ2

a(w̃1 + ṽ1),

∆2ṽ2 = ρ4eξ(w̃2+ṽ2)+(1−ξ)(w̃1+ṽ1) −∆2w̃2 − Σ1
a(w̃2 + ṽ2)− Σ2

a(w̃2 + ṽ2).
(3.43)

For all σ ∈ (0, r0/2) and all x̃ = (x̃1, x̃2, x̃3) ∈ Ω3 such that ∥x − x̃∥ ≤ r0/2, where

x = (x1, x2, x3), we denote by ξ̃σ,x̃ : C0,α
ν (Ωσ(x̃)) → C0,α

ν (Ω
∗
(x̃)) the extension operator

defined by
ξ̃σ,x̃(f) ≡ f in Ωσ(x̃),

ξ̃σ,x̃(f)(x̃j + x) = χ̃
( |x|
σ

)
f
(
x̃j + σ x

|x|
)

in Bσ(x̃
j)−Bσ/2(x̃

j), ∀ 1 ≤ j ≤ 3,

ξ̃σ,x̃(f) ≡ 0 in Bσ/2(x̃
1) ∪Bσ/2(x̃2) ∪Bσ/2(x̃3).

Here χ̃ is a cut-off function over R+ which is equal to 1 for t ≥ 1 and equal to 0 for t ≤ 1/2.

Obviously, there exists a constant c = c(ν) > 0 only depending on ν such that

(3.44)
∥∥ξ̃σ,x̃(w)∥∥C0,α

ν (Ω
∗
(x̃))

≤ c∥w∥C0,α
ν (Ωσ(x̃))

.

We fix ν ∈ (−1, 0). In order to solve (3.43), it is enough to find (ṽ1, ṽ2) ∈ (C4,α
ν (Ω

∗
(x̃)))2

solution of

(3.45) ṽ1 = K̃ν ◦ ξ̃rε,x̃ ◦ Q̃1(ṽ1, ṽ2) and ṽ2 = K̃ν ◦ ξ̃rε,x̃ ◦ Q̃2(ṽ1, ṽ2),

where

Q̃1(ṽ1, ṽ2) = ρ4eγ(w̃1+ṽ1)+(1−γ)(w̃2+ṽ2) −∆2w̃1 − Σ1
a(w̃1 + ṽ1)− Σ2

a(w̃1 + ṽ1),

Q̃2(ṽ1, ṽ2) = ρ4eξ(w̃2+ṽ2)+(1−ξ)(w̃1+ṽ1) −∆2w̃2 − Σ1
a(w̃2 + ṽ2)− Σ2

a(w̃2 + ṽ2).
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We denote by

Ñ (ṽ1, ṽ2) = K̃ν ◦ ξ̃rε,x̃ ◦ Q̃1(ṽ1, ṽ2) and M̃(ṽ1, ṽ2) = K̃ν ◦ ξ̃rε,x̃ ◦ Q̃2(ṽ1, ṽ2).

Given κ > 0 (whose value will be fixed later on), we further assume that for i ∈ {1, 2, 3}
and j ∈ {1, 2} the functions φ̃ij , ψ̃

i
j , the parameters ηi and the point x̃ = (x̃1, x̃2, x̃3) satisfy

∥φ̃ij∥C4,α(S3) ≤ κr2ε , ∥ψ̃ij∥C2,α(S3) ≤ κr2ε ,(3.46)

|ηi| ≤ κr2ε , |x̃i − xi| ≤ κrε.(3.47)

Then, the following result holds.

Lemma 3.20. Under the above assumptions, there exists a constant cκ > 0 such that

∥Ñ (0, 0)∥C4,α
ν (Ω

∗
(x̃))

≤ cκr
2
ε , ∥M̃(0, 0)∥C4,α

ν (Ω
∗
(x̃))

≤ cκr
2
ε ,

∥Ñ (ṽ1, ṽ2)− Ñ (ṽ′1, ṽ
′
2)∥C4,α

ν (Ω
∗
(x̃))

≤ cκr
2
ε∥(ṽ1, ṽ2)− (ṽ′1, ṽ

′
2)∥(C4,α

ν (Ω
∗
(x̃)))2

and

∥M̃(ṽ1, ṽ2)− M̃(ṽ′1, ṽ
′
2)∥C4,α

ν (Ω
∗
(x̃))

≤ cκr
2
ε∥(ṽ1, ṽ2)− (ṽ′1, ṽ

′
2)∥(C4,α

ν (Ω
∗
(x̃)))2

,

provided (ṽ1, ṽ2, ṽ
′
1, ṽ

′
2) ∈

(
C4,α
ν (Ω

∗
(x̃))

)4
satisfy

(3.48) ∥(ṽ1, ṽ2)∥(C4,α
ν (Ω

∗
(x̃)))2

≤ 2cκr
2
ε and ∥(ṽ′1, ṽ′2)∥(C4,α

ν (Ω
∗
(x̃)))2

≤ 2cκr
2
ε .

Proof. As for the interior problem, the proof of the two first estimates follows from the

asymptotic behavior of Hext together with the assumption on the norm of boundary

data φ̃ij and ψ̃ij given by (3.46). Indeed, let cκ be a constant depending only on κ, by

Lemma 3.13,

(3.49)

∣∣∣∣Hext

(
φ̃ij , ψ̃

i
j ;
x− x̃i

rε

)∣∣∣∣ ≤ cκr
3
εr

−1.

On the other hand,

Q̃1(0, 0) = ρ4eγw̃1+(1−γ)w̃2 −∆2w̃1 − Σ1
aw̃1 − Σ2

aw̃1

and

Q̃2(0, 0) = ρ4eξw̃2+(1−ξ)w̃2 −∆2w̃2 − Σ1
aw̃2 − Σ2

aw̃2.

We will estimate Q̃1(0, 0) in different sub-regions of Ω
∗
(x̃).
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• In Br0/2(x̃
1) \ Brε(x̃1), we have χr0(x − x̃1) = 1, χr0(x − x̃2) = 0, χr0(x − x̃3) = 0

and ∆2w̃1 = 0, we denote

[∇, χr0 ]w = ∇χr0 · w + χr0 · ∇w,

[∆, χr0 ]w = w∆χr0 + χr0∆w + 2∇χr0 · ∇w,

[∆2, χr0 ]w = w∆2χr0 + 2∆w∆χr0 + 4∇(∆w) · ∇χr0

+ 4∇w · ∇(∆χr0) + 4
4∑

i,j=1

∂2χr0
∂zi∂zj

∂2w

∂zi∂zj
.

Then

|Q̃1(0, 0)|

≤ cκε
4|x− x̃1|−8(1+η1) +

(
1 + η1
γ

)∣∣Σ1
aGa(x, x̃

1)
∣∣+ (1 + η3)

∣∣Σ1
aGa(x, x̃

3)
∣∣

+

(
1 + η1
γ

)∣∣Σ2
aGa(x, x̃

1)
∣∣+ (1 + η3)

∣∣Σ2
aGa(x, x̃

3)
∣∣

+

∣∣∣∣Σ1
aH

ext
1

(
φ̃1
1, ψ̃

1
1;
x− x̃1

rε

)∣∣∣∣+ ∣∣∣∣Σ2
aH

ext
1

(
φ̃1
1, ψ̃

1
1;
x− x̃1

rε

)∣∣∣∣
≤ cκε

4|x− x̃1|−8(1+η1)

+ cκ

(
1 + η1
γ

)[
2

∣∣∣∣∇aa
∣∣∣∣∣∣∇(∆Ga(x, x̃

1))
∣∣∣∣Ṽ (x)

∣∣∣∣∇ log a
∣∣∣∣∇(Ga(x, x̃

1))
∣∣]

+ cκ(1 + η3)

[
2

∣∣∣∣∇aa
∣∣∣∣∣∣∇(∆Ga(x, x̃

3))
∣∣|V (x)||∇ log a|

∣∣∇(Ga(x, x̃
3))
∣∣]

+ cκ

(
1 + η1
γ

)∣∣∣∣∆aa − V (x)

∣∣∣∣∣∣∆Ga(x, x̃1)∣∣+ cκ(1 + η3)

∣∣∣∣∆aa − V (x)

∣∣∣∣∣∣∆Ga(x, x̃3)∣∣
+ cκ

(
2

∣∣∣∣∇aa
∣∣∣∣∣∣∣∣∇(∆Hext

1

(
φ̃1
1, ψ̃

1
1;
x− x̃1

rε

))∣∣∣∣+ |V (x)||∇ log a|
∣∣∣∣∇Hext

1

(
φ̃1
1, ψ̃

1
1;
x− x̃1

rε

)∣∣∣∣)
+ cκ

∣∣∣∣∆aa − V (x)

∣∣∣∣∣∣∣∣∆Hext
1

(
φ̃1
1, ψ̃

1
1;
x− x̃1

rε

)∣∣∣∣.
Since a(x) is a solution of (1.3) satisfying ∥∇a∥∞ ≤ β and V (x) is a smooth bounded

potential and using the fact |∇iGa(x, y)| ≤ |x− y|−i for i ≥ 1, we obtain

|Q̃1(0, 0)| ≤ cκε
4|x− x̃1|−8(1+η1)

+ cκ

(
1 + η1
γ

)[
β|x− x̃1|−3 + β|x− x̃1|−1

]
+ cκ(1 + η3)

[
β|x− x̃3|−3 + β|x− x̃3|−1

]
+ cκ

[(
1 + η1
γ

)
λ|x− x̃1|−2 + (1 + η3)λ|x− x̃3|−2

]
+ cκ

[
βr3ε |x− x̃1|−4 + βr3ε |x− x̃1|−2 + λr3ε |x− x̃1|−3

]
.
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Hence, for r = |x− x̃1|, ν ∈ (−1, 0) and η1 small enough, we get

∥Q̃1(0, 0)∥C0,α
ν−4(Br0/2

(x̃1))
≤ sup

rε≤r≤r0/2
r4−ν |Q̃1(0, 0)|

≤ cκε
4r−4
ε + 4cκβ + 2cκλ+ 2cκβr

3
ε + cκλr

3
ε ≤ cκr

2
ε .

• In Br0(x̃
1) \ Br0/2(x̃1), taking into account that ∆2Ga(x, x̃

1) = ∆2Ga(x, x̃
3) = 0,

using the fact that a(x) is a solution of (1.3) satisfying (H), V (x) is a smooth bounded

potential, then we have

|Q̃1(0, 0)| ≤ cκε
4|x− x̃1|−8(1+η1) + |∆2w̃1|+ |Σ1

aw̃1|+ |Σ2
aw̃1|

≤ cκε
4|x− x̃1|−8(1+η1) +

3∑
i=1

∣∣∣∣[∆2, χr0(x− x̃i)]Hext
1

(
φ̃i1, ψ̃

i
1;
x− x̃i

rε

)∣∣∣∣
+

1 + η1
γ

[
2

∣∣∣∣∇aa
∣∣∣∣∣∣∇(∆Ga(x, x̃

1))
∣∣+ |V (x)||∇ log a|

∣∣∇(Ga(x, x̃
1))
∣∣]

+ (1 + η3)

[
2

∣∣∣∣∇aa
∣∣∣∣∣∣∇(∆(Ga(x, x̃

3)))
∣∣+ |V (x)||∇ log a|

∣∣∇(Ga(x, x̃
3))
∣∣]

+

∣∣∣∣ 3∑
i=1

2
∇a
a

· ∇
(
∆

(
χr0(x− x̃i)Hext

1

(
φ̃i1, ψ̃

i
1;
x− x̃i

rε

)))∣∣∣∣
+

∣∣∣∣ 3∑
i=1

V (x)∇ log a · ∇
(
χr0(x− x̃i)Hext

1

(
φ̃i1, ψ̃

i
1;
x− x̃i

rε

))∣∣∣∣
+

(
1 + η1
γ

)∣∣∣∣∆aa − V (x)

∣∣∣∣∣∣∆Ga(x, x̃1)∣∣+ cκ(1 + η3)

∣∣∣∣∆aa − V (x)

∣∣∣∣∣∣∆Ga(x, x̃3)∣∣
+

∣∣∣∣ 3∑
i=1

(
∆a

a
− V (x)

)
∆

(
χr0(x− x̃i)Hext

1

(
φ̃i1, ψ̃

i
1;
x− x̃i

rε

))∣∣∣∣
≤ cκε

4|x− x̃1|−8(1+η1) + cκr
3
ε |x− x̃1|−5 + cκ

1 + η1
γ

[
β|x− x̃1|−3 + β|x− x̃1|−1

]
+ cκ(1 + η3)

[
β|x− x̃3|−3 + β|x− x̃3|−1

]
+ cκβr

3
ε |x− x̃1|−4 + cκβr

3
ε |x− x̃1|−2

+ cκ
1 + η1
γ

λ|x− x̃1|−2 + cκ(1 + η3)λ|x− x̃3|−2 + cκλr
3
ε |x− x̃1|−3.

Hence for ν ∈ (−1, 0) and η1 small enough, we get

∥Q̃1(0, 0)∥C0,α
ν−4(Br0 (x̃

1)−Br0/2
(x̃1))

≤ sup
r0/2≤r≤r0

r4−ν |Q̃1(0, 0)|

≤ cκε
4 + cκr

3
ε + 5cκβ + 2cκβr

3
ε + 2cκλ+ cκλr

3
ε ≤ cκr

2
ε .

• In Br0/2(x̃
2) \ Brε(x̃2), we have χr0(x − x̃1) = 0, χr0(x − x̃2) = 1, χr0(x − x̃3) = 0
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and ∆2w̃1 = 0, so Q̃1(0, 0) = ρ4eγw̃1+(1−γ1)w̃2 − Σ1
aw̃1 − Σ2

aw̃1. Then

|Q̃1(0, 0)| ≤ ε4|x− x̃2|−8
(1−γ)(1+η2)

ξ +
1 + η1
γ

∣∣Σ1
aGa(x, x̃

1)
∣∣+ (1 + η3)

∣∣Σ1
aGa(x, x̃

3)
∣∣

+
1 + η1
γ

∣∣Σ2
aGa(x, x̃

1)
∣∣+ (1 + η3)

∣∣Σ2
aGa(x, x̃

3)
∣∣+ ∣∣∣∣Σ1

aH
ext
1

(
φ̃2
1, ψ̃

2
1;
x− x̃2

rε

)∣∣∣∣
+

∣∣∣∣Σ2
aH

ext
1

(
φ̃2
1, ψ̃

2
1;
x− x̃2

rε

)∣∣∣∣.
Hence, ν ∈ (−1, 0) and η2 small enough, we get

∥Q̃1(0, 0)∥C0,α
ν−4(Br0/2

(x̃2))
≤ sup

rε≤r≤r0/2
r4−ν |Q̃1(0, 0)|

≤ cκr
2
ε + 4cκβ + 2cκλ+ 2cκβr

2
ε + cκλr

3
ε

≤ cκr
2
ε .

• In Br0(x̃
2) \Br0/2(x̃2), using the estimate (3.49), there holds

|Q̃1(0, 0)| ≤ ε4|x− x̃2|−8
(1−γ)(1+η2)

ξ +
3∑
i=1

∣∣∣∣[∆2, χr0(x− x̃i)]Hext
1

(
φ̃i1, ψ̃

i
1;
x− x̃i

rε

)∣∣∣∣
+ |Σ1

aw̃1|+ |Σ2
aw̃1|.

Hence for ν ∈ (−1, 0) and η2 small, we find

∥Q̃1(0, 0)∥C0,α
ν−4(Br0 (x̃

1)−Br0/2
(x̃1))

≤ sup
r0/2≤r≤r0

r4−ν |Q̃1(0, 0)|

≤ cκε
4 + cκr

3
ε + 5cκβ + 2cκβr

3
ε + 2cκλ+ cκλr

3
ε ≤ cκr

2
ε .

Similarly, for ν ∈ (−1, 0) and η3 small enough, we can prove the same result for x̃3.

• In Ω \
(
Br0(x̃

1) ∪ Br0(x̃
2) ∪ Br0(x̃

3)
)
, we have χr0(x − x̃1) = 0, χr0(x − x̃2) = 0,

χr0(x− x̃3) = 0 and ∆2w̃1 = 0. Thus

|Q̃1(0, 0)| ≤ ε4eγw̃1+(1−γ)w̃2 + |Σ1
aw̃1|+ |Σ2

aw̃1|

≤ cκε
4|x− x̃1|−8(1+η1)|x− x̃2|−8

(1−γ)(1−η2)
ξ |x− x̃3|−8(1+η3)

+ cκ
1 + η1
γ

∣∣Σ1
aGa(x, x̃

1)
∣∣+ cκ(1 + η3)

∣∣Σ1
aGa(x, x̃

3)
∣∣

+ cκ
1 + η1
γ

∣∣Σ2
aGa(x, x̃

1)
∣∣+ cκ(1 + η3)

∣∣Σ2
aGa(x, x̃

3)
∣∣

≤ cκε
4|x− x̃1|−8(1+η1)

+ cκ
1 + η1
γ

[
2

∣∣∣∣∇aa
∣∣∣∣∣∣∇(∆Ga(x, x̃

1))
∣∣+ |V (x)||∇ log a|

∣∣∇(Ga(x, x̃
1))
∣∣]

+ cκ(1 + η3)

[
2

∣∣∣∣∇aa
∣∣∣∣∣∣∇(∆Ga(x, x̃

3))
∣∣+ |V (x)||∇ log a|

∣∣∇(Ga(x, x̃
3))
∣∣]
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+ cκ
1 + η1
γ

∣∣∣∣∆aa − V (x)

∣∣∣∣∣∣∆Ga(x, x̃1)∣∣+ cκ(1 + η3)

∣∣∣∣∆aa − V (x)

∣∣∣∣∣∣∆Ga(x, x̃3)∣∣
≤ cκε

4|x− x̃1|−8(1+η1) + cκβ
1 + η1
γ

|x− x̃1|−3 + cκβ|x− x̃1|−1

+ cκβ(1 + η3)|x− x̃3|−3 + cκβ(1 + η3)|x− x̃3|−1 + cκ
1 + η1
γ

λ|x− x̃1|−2

+ cκλ(1 + η3)|x− x̃3|−2.

So, for ν ∈ (−1, 0), r = |x− x̃1| and η1 small enough, we get

∥Q̃1(0, 0)∥C0,α
ν−4

(
Ω−

⋃3
i=1Br0 (x̃

i)
) ≤ sup

r≥r0
r4−ν |Q̃1(0, 0)| ≤ cκε

4 + 4cκβ + 2cκλ ≤ cκr
2
ε .

Now, we are interested in the second equation of the previous system.

• In Br0/2(x̃
1) \ Brε(x̃1), we have χr0(x − x̃1) = 1, χr0(x − x̃2) = 0, χr0(x − x̃3) = 0

and ∆2w̃2 = 0 so that Q̃2(0, 0) = ρ4eξw̃2+(1−ξ)w̃1 − Σ1
aw̃2 − Σ2

aw̃2. Then

|Q̃2(0, 0)| ≤ ε4|x− x̃1|−8
(1−ξ)(1+η1)

γ +
1 + η2
ξ

∣∣Σ1
aGa(x, x̃

2)
∣∣+ (1 + η3)

∣∣Σ1
aGa(x, x̃

3)
∣∣

+
1 + η2
ξ

∣∣Σ2
aGa(x, x̃

2)
∣∣+ (1 + η3)

∣∣Σ2
aGa(x, x̃

3)
∣∣

+

∣∣∣∣Σ1
aH

ext
2

(
φ̃1
2, ψ̃

1
2;
x− x̃1

rε

)∣∣∣∣+ ∣∣∣∣Σ2
aH

ext
2

(
φ̃1
2, ψ̃

1
2;
x− x̃1

rε

)∣∣∣∣.
Hence for ν ∈ (−1, 0), r = |x− x̃1| and η1 small enough, we get

∥Q̃2(0, 0)∥C0,α
ν−4(Br0/2

(x̃1))
≤ sup

rε≤r≤r0/2
r4−ν |Q̃2(0, 0)|

≤ cκr
2
ε + 4cκβ + 2cκλ+ 2cκβr

3
ε + cκλr

3
ε ≤ cκr

2
ε .

• In Br0(x̃
1) \Br0/2(x̃1), using the estimate (3.49), then we have

|Q̃2(0, 0)| ≤ cκε
4|x− x̃1|−8

(1−ξ)(1+η1)
γ +

∣∣∣∣ 3∑
i=1

[∆2, χr0(x− x̃i)]Hext
2

(
φ̃i2, ψ̃

i
2;
x− x̃i

rε

)∣∣∣∣
+ cκ

1 + η2
ξ

∣∣Σ1
aGa(x, x̃

2)
∣∣+ cκ(1 + η3)

∣∣Σ1
aGa(x, x̃

3)
∣∣+ cκ

1 + η2
ξ

∣∣Σ2
aGa(x, x̃

2)
∣∣

+ cκ(1 + η3)
∣∣Σ2

aGa(x, x̃
3)
∣∣+ ∣∣∣∣ 3∑

i=1

Σ1
a

(
χr0(x− x̃i)Hext

2

(
φ̃i2, ψ̃

i
2;
x− x̃i

rε

))∣∣∣∣
+

∣∣∣∣ 3∑
i=1

Σ2
a

(
χr0(x− x̃i)Hext

2

(
φ̃i2, ψ̃

i
2;
x− x̃i

rε

))∣∣∣∣.
So, for ν ∈ (−1, 0) and η1 small enough, we get

∥Q̃2(0, 0)∥C0,α
ν−4(Br0 (x̃

1)−Br0/2
(x̃1))

≤ sup
r0/2≤r≤r0

r4−ν |Q̃2(0, 0)|

≤ cκε
4 + cκr

2
ε + 5cκβ + 2cκβr

3
ε + 2cκλ+ cκλr

3
ε ≤ cκr

2
ε .
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• In Br0/2(x̃
2) \ Brε(x̃2), we have χr0(x − x̃1) = 0, χr0(x − x̃2) = 1, χr0(x − x̃3) = 0

and ∆2w̃2 = 0 so that Q̃2(0, 0) = ρ4eξw̃2+(1−ξ)w̃1 − Σ1
aw̃2 − Σ2

aw̃2. Then

|Q̃2(0, 0)| ≤ cκε
4|x− x̃2|−8(1+η2) + cκ

1 + η2
ξ

∣∣Σ1
aGa(x, x̃

2)
∣∣+ cκ(1 + η3)

∣∣Σ1
aGa(x, x̃

3)
∣∣

+ cκ
1 + η2
ξ

∣∣Σ2
aGa(x, x̃

2)
∣∣+ cκ(1 + η3)

∣∣Σ2
aGa(x, x̃

3)
∣∣

+

∣∣∣∣Σ1
aH

ext
2

(
φ̃2
2, ψ̃

2
2;
x− x̃2

rε

)∣∣∣∣+ ∣∣∣∣Σ2
aH

ext
2

(
φ̃2
2, ψ̃

2
2;
x− x̃2

rε

)∣∣∣∣.
We get

∥Q̃2(0, 0)∥C0,α
ν−4(Br0/2

(x̃1))
≤ sup

rε≤r≤r0/2
r4−ν |Q̃2(0, 0)|

≤ cκε
4r−4
ε + 4cκβ + 2cκλ+ 2cκβr

2
ε + cκλr

3
ε ≤ cκr

2
ε .

• In Br0(x̃
2) \Br0/2(x̃2), using the estimate (3.49), there holds

|Q̃2(0, 0)| ≤ cκε
4|x− x̃2|−8(1+η2) +

∣∣∣∣ 3∑
i=1

[∆2, χr0(x− x̃i)]Hext
2

(
φ̃i2, ψ̃

i
2;
x− x̃i

rε

)∣∣∣∣
+ cκ

1 + η2
ξ

∣∣Σ1
aGa(x, x̃

2)
∣∣+ cκ(1 + η3)

∣∣Σ1
aGa(x, x̃

3)
∣∣+ cκ

1 + η2
ξ

∣∣Σ2
aGa(x, x̃

2)
∣∣

+ cκ(1 + η3)
∣∣Σ2

aGa(x, x̃
3)
∣∣+ ∣∣∣∣ 3∑

i=1

Σ1
a

(
χr0(x− x̃i)Hext

2

(
φ̃i2, ψ̃

i
2;
x− x̃i

rε

))∣∣∣∣
+

∣∣∣∣ 3∑
i=1

Σ2
a

(
χr0(x− x̃i)Hext

2

(
φ̃i2, ψ̃

i
2;
x− x̃i

rε

))∣∣∣∣.
Hence, for ν ∈ (−1, 0) and η2 small enough, we get

∥Q̃2(0, 0)∥C0,α
ν−4(Br0 (x̃

2)−Br0/2
(x̃2))

≤ sup
r0/2≤r≤r0

r4−ν |Q̃2(0, 0)| ≤ cκr
2
ε .

Similarly, for ν ∈ (−1, 0) and η3 small enough, we can prove the same result for x̃3.

• In Ω \
(
Br0(x̃

1) ∪ Br0(x̃
2) ∪ Br0(x̃

3)
)
, we have χr0(x − x̃1) = 0, χr0(x − x̃2) = 0,

χr0(x− x̃3) = 0, and ∆2w̃2 = 0. So, for ν ∈ (−1, 0), we have

∥Q̃2(0, 0)∥C0,α
ν−4

(
Ω−

⋃3
i=1Br0 (x̃

i)
) ≤ sup

r≥r0
r4−ν |Q̃2(0, 0)| ≤ cκr

2
ε .

Making use of Proposition 3.5 together with (3.44), we conclude that

∥Ñ (0, 0)∥C4,α
ν (Ω

∗
(x̃))

≤ cκr
2
ε and ∥M̃(0, 0)∥C4,α

ν (Ω
∗
(x̃))

≤ cκr
2
ε .
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For the proof of the third estimate, let ṽ1, ṽ2, ṽ
′
1 and ṽ′2 ∈ C4,α

ν (Ω
∗
) satisfy (3.48), we have

sup
r∈Ωrε

r4−ν
∣∣S̃1(ṽ1, ṽ2)− S̃1(ṽ

′
1, ṽ

′
2)
∣∣

≤ cκε
4 sup
r∈Ωrε

r4−ν
∣∣eγw̃1+(1−γ)w̃2

∣∣∣∣eγṽ1+(1−γ)ṽ2 − eγṽ
′
1+(1−γ)ṽ′2

∣∣+ cκ sup
r∈Ωrε

r4−ν
∣∣Σ1

aṽ1 − Σ1
aṽ

′
1

∣∣
+ cκ sup

r∈Ωrε

r4−ν
∣∣Σ2

aṽ1 − Σ2
aṽ

′
1

∣∣
≤ cκε

4 sup
r∈Ωrε

r4−ν |x− x̃1|−8(1+η1)|x− x̃2|−8
(1−γ)(1+η2)

ξ |x− x̃3|−8(1+η3)

× e
(1+η1)Ha(x,x̃1)+(1+η3)Ha(x,x̃3)+(1−γ) 1+η2

ξ
Ha(x,x̃2)

×
3∏
i=1

(
eγχr0 (x−x̃

i)Hext
1

(
φ̃i
1,ψ̃

i
1;

x−x̃i

rε

)
e(1−γ)χr0 (x−x̃

i)Hext
2

(
φ̃i
2,ψ̃

i
2;

x−x̃i

rε

))
×
∣∣eγṽ1+(1−γ)ṽ2 − eγṽ

′
1+(1−γ)ṽ′2

∣∣
+ cκ sup

r∈Ωrε

r4−ν
∣∣Σ1

a(ṽ1 − ṽ′1)
∣∣+ cκ sup

r∈Ωrε

r4−ν
∣∣Σ2

a(ṽ1 − ṽ′1)
∣∣

≤ cκε
4 sup
r∈Ωrε

r4−ν |x− x̃1|−8(1+η1)
(
γ|ṽ1 − ṽ′1|+ (1− γ)|ṽ2 − ṽ′2|

)
+ cκ sup

r∈Ωrε

r4−ν
∣∣∣∣2∇aa · ∇(∆(ṽ1 − ṽ′1))− V (x)∇ log a · ∇(ṽ1 − ṽ′1)

∣∣∣∣
+ cκ sup

r∈Ωrε

r4−ν
∣∣∣∣(∆a

a
− V (x)

)
·∆(ṽ1 − ṽ′1)

∣∣∣∣.
Using the fact for all w ∈ C4,α

ν (Ωrε(x̃)), there exists a constant c > 0 such that |∇ℓw| ≤
cκr

ν−ℓ∥w∥Ck,α
ν (Ω

∗
(x̃))

and the function a(x) satisfying (H), V (x) is a smooth bounded po-

tential and ∥∇a∥∞ ≤ β, then

sup
r∈Ωrε

r4−ν
∣∣S̃1(ṽ1, ṽ2)− S̃1(ṽ

′
1, ṽ

′
2)
∣∣

≤ cκε
4 sup
r∈Ωrε

r4−ν |x− x̃1|−8(1+η1)
(
γrν∥ṽ1 − ṽ′1∥C4,α

ν (Ω
∗
(x̃))

+ (1− γ)rν∥ṽ2 − ṽ′2∥C4,α
ν (Ω

∗
(x̃))

)
+ cκ sup

r∈Ωrε

r4−ν
(
βrν−3∥ṽ1 − ṽ′1∥C4,α

ν (Ω
∗
(x̃))

+ βrν−1∥ṽ1 − ṽ′1∥C4,α
ν (Ω

∗
(x̃))

)
+ cκ sup

r∈Ωrε

r4−νλ∥f∥∞rν−2∥ṽ1 − ṽ′1∥C4,α
ν (Ω

∗
(x̃))

.

For r = |x− x̃1| and η1 small enough, we have

sup
r∈Ωrε

r4−ν
∣∣S̃1(ṽ1, ṽ2)− S̃1(ṽ

′
1, ṽ

′
2)
∣∣

≤ cκε
4r−4
ε

(
γ∥ṽ1 − ṽ′1∥C4,α

ν (Ω
∗
(x̃))

+ (1− γ)∥ṽ2 − ṽ′2∥C4,α
ν (Ω

∗
(x̃))

)
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+ 2cκβ∥ṽ1 − ṽ′1∥C4,α
ν (Ω

∗
(x̃))

+ cκλ∥ṽ1 − ṽ′1∥C4,α
ν (Ω

∗
(x̃))

≤ cκr
2
ε

(
∥ṽ1 − ṽ′1∥C4,α

ν (Ω
∗
(x̃))

+ ∥ṽ2 − ṽ′2∥C4,α
ν (Ω

∗
(x̃))

)
.

Using (3.44) and Proposition 3.5, we conclude that

(3.50) ∥Ñ (ṽ1, ṽ2)−Ñ (ṽ′1, ṽ
′
2)∥C4,α

ν (Ω
∗
(x̃))

≤ cκr
2
ε

(
∥ṽ1−ṽ′1∥C4,α

ν (Ω
∗
(x̃))

+∥ṽ2−ṽ′2∥C4,α
ν (Ω

∗
(x̃))

)
.

Similarly we can use the same argument to prove

∥M̃(ṽ1, ṽ2)− M̃(ṽ′1, ṽ
′
2)∥C4,α

ν (Ω
∗
(x̃))

≤ cκr
2
ε

(
∥ṽ1 − ṽ′1∥C4,α

ν (Ω
∗
(x̃))

+ ∥ṽ2 − ṽ′2∥C4,α
ν (Ω

∗
(x̃))

)
.

(3.51)

This proves the lemma.

Reducing εκ if necessary, we can assume that cκr
2
ε ≤ 1/2 for all ε ∈ (0, εκ). Then,

(3.50) and (3.51) are enough to show that

(ṽ1, ṽ2) 7→
(
Ñ (ṽ1, ṽ2),M̃(ṽ1, ṽ2)

)
is a contraction from the ball{

(ṽ1, ṽ2) ∈
(
C4,α
ν (R4)

)2
: ∥(ṽ1, ṽ2)∥(C4,α

ν (R4))2
≤ 2cκr

2
ε

}
into itself. Hence there exist a unique fixed point (ṽ1, ṽ2) in this set, which is a solution

of (3.45). Applying a fixed point Theorem for contraction mappings, we conclude the

following proposition.

Proposition 3.21. Given κ > 0, there exist εκ > 0, λκ > 0, βκ > 0 (depending on

κ) such that for any ε ∈ (0, εκ), λ ∈ (0, λκ), β ∈ (0, βκ), ηi and x̃i satisfying (3.47)

and functions φ̃ij and ψ̃ij satisfying (3.24) and (3.46), there exists a unique (ṽ1, ṽ2) (:=

(ṽ
1,ε,λ,β,η1,η3,x̃,φ̃i

1,ψ̃
i
1
, ṽ

2,ε,λ,β,η2,η3,x̃,φ̃i
2,ψ̃

i
2
)) solution of (3.45) so that for (v1, v2) defined by

v1(x) :=
1 + η1
γ

Ga(x, x̃
1) + (1 + η3)Ga(x, x̃

3) +

3∑
i=1

χr0(x− x̃i)Hext
1

(
φ̃i1, ψ̃

i
1;
x− x̃i

rε

)
+ ṽ1(x),

v2(x) :=
1 + η2
ξ

Ga(x, x̃
2) + (1 + η3)Ga(x, x̃

3) +

3∑
i=1

χr0(x− x̃i)Hext
2

(
φ̃i2, ψ̃

i
2;
x− x̃i

rε

)
+ ṽ2(x)

solve (3.42) in Ωrε(x̃). In addition, we have

∥(ṽ1, ṽ2)∥(C4,α
ν (Ω

∗
(x̃)))2

≤ 2cκr
2
ε .
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3.4. The nonlinear Cauchy-data matching

We will gather the results of the previous sections. Using the previous notations, assume

that x̃ := (x̃1, x̃2, x̃3) ∈ Ω3 are given close to x := (x1, x2, x3). Assume also that

τ := (τ1, τ2, τ3) ∈ [τ−1 , τ
+
1 ]× [τ−2 , τ

+
2 ]× [τ−3 , τ

+
3 ] ⊂ (0,∞)3

are given (the values of τ−l and τ+l for l = 1, 2, 3 will be fixed later). First, we consider

some set of boundary data φi := (φi1, φ
i
2) ∈ (C4,α(S3))2 and ψi := (ψi1, ψ

i
2) ∈ (C2,α(S3))2.

According to the results of Propositions 3.16, 3.17 and 3.19 and provided ε ∈ (0, εκ),

λ ∈ (0, λκ) and β ∈ (0, βκ), we can find uint := (uint,1, uint,2) a solution of (3.5) in

Brε(x̃
1) ∪Brε(x̃2) ∪Brε(x̃3), which can be decomposed as

uint,1(x) :=



1
γuε,τ1(x− x̃1)− 1−γ

γξ Ga(x, x̃
2)− 1−γ

γ Ga(x, x̃
3)− ln γ

γ

+h11
(R1

ε(x−x̃1)
rε

)
+H int,1

1

(
φ1
1, ψ

1
1;

x−x̃1
rε

)
+ v11

(R1
ε(x−x̃1)
rε

)
in Brε(x̃

1),

1
γGa(x, x̃

1) +Ga(x, x̃
3) + h21

(R2
ε(x−x̃2)
rε

)
+H int,2

1

(
φ2
1, ψ

2
1;

x−x̃2
rε

)
+ v21

(R2
ε(x−x̃2)
rε

)
in Brε(x̃

2),

uε,τ3(x− x̃3) + h31
(R3

ε(x−x̃3)
rε

)
+H int,3

1

(
φ3
1, ψ

3
1;

x−x̃3
rε

)
+ v31

(R3
ε(x−x̃3)
rε

)
in Brε(x̃

3)

and

uint,2(x) :=



1
ξGa(x, x̃

2) +Ga(x, x̃
3) + h12

(R1
ε(x−x̃1)
rε

)
+H int,1

2

(
φ1
2, ψ

1
2;

x−x̃1
rε

)
+ v12

(R1
ε(x−x̃1)
rε

)
in Brε(x̃

1),

1
ξuε,τ2(x− x̃2)− 1−ξ

ξ Ga(x, x̃
3)− 1−ξ

γξ Ga(x, x̃
1)− ln ξ

ξ

+h22
(R2

ε(x−x̃2)
rε

)
+H int,2

2

(
φ2
2, ψ

2
2;

x−x̃2
rε

)
+ v22

(R2
ε(x−x̃2)
rε

)
in Brε(x̃

2),

uε,τ3(x− x̃3) + h32
(R3

ε(x−x̃3)
rε

)
+H int,3

2

(
φ3
1, ψ

3
1;

x−x̃3
rε

)
+ v32

(R3
ε(x−x̃3)
rε

)
in Brε(x̃

3),

where for i ∈ {1, 2, 3} and j ∈ {1, 2}, Riε = τi
rε
ε and the functions hij and v

i
j satisfy

∥(h11, h12)∥C4,α
µ (R4)×C4,α

δ (R4)
≤ 2cκr

2
ε , ∥(h21, h22)∥C4,α

δ (R4)×C4,α
µ (R4)

≤ 2cκr
2
ε ,

∥(h31, h32)∥(C4,α
µ (R4))2

≤ 2cκr
2
ε

and

∥(v11, v12)∥C4,α
µ (R4)×C4,α

δ (R4)
≤ 2cκr

2
ε , ∥(v21, v22)∥C4,α

δ (R4)×C4,α
µ (R4)

≤ 2cκr
2
ε ,

∥(v31, v32)∥(C4,α
µ (R4))2

≤ 2cκr
2
ε .
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Similarly, given some boundary data φ̃ij ∈ C4,α(S3), ψ̃ij ∈ C2,α(S3) satisfying (3.24),

(η1, η2, η3) ∈ R3 satisfying (3.47), provided ε ∈ (0, εκ), λ ∈ (0, λκ) and β ∈ (0, βκ),

by Proposition 3.21, we find a solution uext := (uext,1, uext,2) of (3.42) in Ω \ (Brε x̃
1 ∪

Brε(x̃
2) ∪Brε(x̃3)) which can be decomposed as

uext,1(x) :=
1 + η1
γ

Ga(x, x̃
1) + (1 + η3)Ga(x, x̃

3) +
3∑
i=1

χr0(x− x̃i)Hext
1

(
φ̃i1, ψ̃

i
1;
x− x̃i

rε

)
+ ṽ1(x),

uext,2(x) :=
1 + η2
ξ

Ga(x, x̃
2) + (1 + η3)Ga(x, x̃

3) +

3∑
i=1

χr0(x− x̃i)Hext
2

(
φ̃i2, ψ̃

i
2;
x− x̃i

rε

)
+ ṽ2(x)

with ṽ1, ṽ2 ∈ C4,α
ν (Ω

∗
(x̃)) satisfying

∥(ṽ1, ṽ2)∥(C4,α
ν (Ω

∗
(x̃)))2

≤ 2cκr
2
ε .

It remains to determine the parameters and the boundary data in such a way that the

function which is equal to uint in Brε(x̃
1) ∪ Brε(x̃2) ∪ Brε(x̃3) and to uext in Ωrε(x̃) is a

smooth function. This amounts to find the boundary data and the parameters so that,

for each j = 1, 2,

(3.52) uint,j = uext,j , ∂ruint,j = ∂ruext,j , ∆uint,j = ∆uext,j , ∂r∆uint,j = ∂r∆uext,j

on ∂Brε(x̃
1), ∂Brε(x̃

2) and ∂Brε(x̃
3).

Suppose that (3.52) is verified, this provides that for each ε small enough uε ∈ C4,α

(which is obtained by matching together the functions uint and the function uext), a weak

solution of our system and elliptic regularity theory implies that this solution is in fact

smooth. That will complete the proof since, as ε tends to 0, the sequence of solutions we

have obtained satisfies the required singular limit behavior.

Before we proceed, the following remarks are due. First it will be convenient to observe

that the function uε,τi can be expanded as

uε,τi(x) = −4 ln τi − 8 ln |x|+O
(
ε2τ−2

i

|x|2

)
on ∂Brε(x

i).

• For x on ∂Brε(x̃
1), we have

(uint,1 − uext,1)(x)

= −4

γ
ln τ1 +

8η1
γ

ln |x− x̃1| − 1− γ

γξ
Ga(x, x̃

2)− ln γ

γ

+H int,1
1

(
φ1
1, ψ

1
1,
x− x̃1

rε

)
−Hext

1

(
φ̃1
1, ψ̃

1
1,
x− x̃1

rε

)
− 1 + η1

γ
Ha(x, x̃

1)

−
(
1 + η3 +

1− γ

γ

)
Ga(x, x̃

3) +O
(

ε2τ−2
1

|x− x̃1|2

)
+O(r2ε).

(3.53)
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Next, even though all functions are defined on ∂Brε(x̃
1) in (3.52), it will be more convenient

to solve on S3 the following set of equations

(3.54)
(uint,1 − uext,1)(x̃

1 + rε · ) = 0, ∂r(uint,1 − uext,1)(x̃
1 + rε · ) = 0,

∆(uint,1 − uext,1)(x̃
1 + rε · ) = 0, ∂r∆(uint,1 − uext,1)(x̃

1 + rε · ) = 0.

Since the boundary data are chosen to satisfy (3.23) or (3.24), we decompose

φ1
1 = φ1

1,0 + φ1
1,1 + φ1,⊥

1 , ψ1
1 = 8φ1

1,0 + 12φ1
1,1 + ψ1,⊥

1 ,

φ̃1
1 = φ̃1

1,0 + φ̃1
1,1 + φ̃1,⊥

1 , ψ̃1
1 = ψ̃1

1,1 + ψ̃1,⊥
1 ,

where φ1
1,0, φ̃

1
1,0 ∈ E0 = R are constant on S3, φ1

1,1, φ̃
1
1,1, ψ̃

1
1,1 belong to E1 = Span{e1, e2,

e3, e4} and φ1,⊥
1 , φ̃1,⊥

1 , ψ1,⊥
1 , ψ̃1,⊥

1 are L2(S3) orthogonal to E0 and E1.

Using (3.53), we have for x ∈ S3,

(uint,1 − uext,1)(x̃
1 + rεx)

= −4

γ
ln τ1 +

8η1
γ

ln(rε|x|)−
ln γ

γ
+H int,1

1 (φ1
1, ψ

1
1, x)−Hext

1 (φ̃1
1, ψ̃

1
1, x)

− 1

γ

(
Ha(x̃

1, x̃1) +
1− γ

ξ
Ga(x̃

1, x̃2) +Ga(x̃
1, x̃3)

)
− η1
γ
Ha(x̃

1, x̃1)

− η3Ga(x̃
1, x̃3) +O(r2ε).

Then, the projection of the set equations (3.54) over E0 will yield

−4 ln τ1 + 8η1 ln rε − ln γ + γφ1
1,0 − γφ̃1

1,0 − E1(x̃1, x̃) +O(r2ε) = 0,

8η1 + 2γφ1
1,0 + 2γφ̃1

1,0 +O(r2ε) = 0,

16η1 + 8γφ1
1,0 +O(r2ε) = 0,

−32η1 +O(r2ε) = 0,

(3.55)

where

E1( · , x̃) := Ha( · , x̃1) +
1− γ

ξ
Ga( · , x̃2) +Ga( · , x̃3).

The system (3.55) can be simply written as

η1 = O(r2ε), φ1
1,0 = O(r2ε), φ̃1

1,0 = O(r2ε) and
1

ln rε
[4 ln τ1 + ln γ + E1(x̃1, x̃)] = O(r2ε).

We are now in a position to define τ−1 and τ+1 . In fact, according to the above analysis,

as ε tends to 0, we expect that x̃i will converge to xi for i ∈ {1, 2, 3} and τ1 will converge

to τ∗1 satisfying

4 ln τ∗1 = − ln γ − E1(x1,x).

Hence it is enough to choose τ−1 and τ+1 in such a way that

4 ln(τ−1 ) < − ln γ − E1(x1,x) < 4 ln(τ+1 ).
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Consider now the projection of (3.54) over E1. Give a smooth function f defined in

Ω, we identify its gradient ∇f = (∂x1f, . . . , ∂x4f) with the element of E1:

∇f =

4∑
i=1

∂xif ei.

With these notations in mind, we obtain the system of equations

φ1
1,1 − φ̃1

1,1 −
1

γ
∇E1(x̃1, x̃) +O(r2ε) = 0,

3φ1
1,1 + 3φ̃1

1,1 +
1

2
ψ̃1
1,1 −

1

γ
∇E1(x̃1, x̃) +O(r2ε) = 0,

15φ1
1,1 − 3φ̃1

1,1 − ψ̃1
1,1 +O(r2ε) = 0,

15φ1
1,1 + 15φ̃1

1,1 +
18

4
ψ̃1
1,1 +O(r2ε) = 0,

which can be simplified as follows:

φ1
1,1 = O(r2ε), φ̃1

1,1 = O(r2ε), ψ̃1
1,1 = O(r2ε) and ∇E1(x̃1, x̃) = O(r2ε).

Finally, we consider the projection onto L2(S3)⊥. Indeed, this is the step in the

proof which makes use of the nondegeneracy condition assumed on the critical point of

the functional F , see also Remark 3.22 at the end of the section. This assumption is

needed in order to obtain the order r2ε in the following estimates. For more details on this

condition, we refer the reader to [4]. This yields the system

φ1,⊥
1 − φ̃1,⊥

1 +O(r2ε) = 0,

∂r
(
H int
φ1,⊥
1 ,ψ1,⊥

1

−Hext
φ̃1,⊥
1 ,ψ̃1,⊥

1

)
+O(r2ε) = 0,

ψ1,⊥
1 − ψ̃1,⊥

1 +O(r2ε) = 0,

∂r∆
(
H int
φ1,⊥
1 ,ψ1,⊥

1

−Hext
φ̃1,⊥
1 ,ψ̃1,⊥

1

)
+O(r2ε) = 0.

Applying Lemma 3.14, this last system can be rewritten as

φ1,⊥
1 = O(r2ε), φ̃1,⊥

1 = O(r2ε), ψ1,⊥
1 = O(r2ε) and ψ̃1,⊥

1 = O(r2ε).

If we define the parameter t1 ∈ R by

t1 :=
1

ln rε

[
4 ln τ1 + ln γ + E1(x̃1, x̃)

]
,

then the systems found by projecting (3.54) gather in this equality

(3.56) T 1
ε =

(
t1, η1, φ

1
1,0, φ̃

1
1,0, φ

1
1,1, φ̃

1
1,1, ψ̃

1
1,1,∇E1(x̃1, x̃), φ1,⊥

1 , φ̃1,⊥
1 , ψ1,⊥

1 , ψ̃1,⊥
1

)
= O(r2ε).
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As usual, the terms O(r2ε) depend nonlinearly on all the variables on the left-hand side,

but are bounded (in the appropriate norm) by a constant (independent of ε and κ) times

r2ε , provided ε ∈ (0, εκ).

• On ∂Brε(x̃
1), we have

(uint,2 − uext,2)(x) = −η2
ξ
Ga(x, x̃

2)− η3Ga(x, x̃
3) +H int,1

2

(
φ1
2, ψ

1
2,
x− x̃1

rε

)
−Hext

2

(
φ̃1
2, ψ̃

1
2,
x− x̃1

rε

)
+O(r2ε).

In the same manner as above, we will solve on S3 the following system

(3.57)
(uint,2 − uext,2)(x̃

1 + rε · ) = 0, ∂r(uint,2 − uext,2)(x̃
1 + rε · ) = 0,

∆(uint,2 − uext,2)(x̃
1 + rε · ) = 0, ∂r∆(uint,2 − uext,2)(x̃

1 + rε · ) = 0.

We decompose

φ1
2 = φ1

2,0 + φ1
2,1 + φ1,⊥

2 , ψ1
2 = 8φ1

2,0 + 12φ1
2,1 + ψ1,⊥

2 ,

φ̃1
2 = φ̃1

2,0 + φ̃1
2,1 + φ̃1,⊥

2 , ψ̃1
2 = ψ̃1

2,1 + ψ̃1,⊥
2 ,

where φ1
2,0, φ̃

1
2,0 ∈ E0, φ

1
2,1, φ̃

1
2,1, ψ̃

1
2,1 ∈ E1 and φ1,⊥

2 , φ̃1,⊥
2 , ψ1,⊥

2 , ψ̃1,⊥
2 belong to (L2(S3))⊥.

Projecting the set of equations (3.57) over E0, we get

φ1
2,0 − φ̃1

2,0 +O(r2ε) = 0,

2φ1
2,0 + 2φ̃1

2,0 +O(r2ε) = 0,

8φ1
2,0 +O(r2ε) = 0.

From the L2-projection of (3.57) over E1, we obtain the system of equations

φ1
2,1 − φ̃1

2,1 +O(r2ε) = 0,

3φ1
2,1 + 3φ̃1

2,1 +
1

2
ψ̃1
2,1 +O(r2ε) = 0,

15φ1
2,1 − 3φ̃1

2,1 − ψ̃1
2,1 +O(r2ε) = 0,

15φ1
2,1 + 15φ̃1

2,1 +
18

4
ψ̃1
2,1 +O(r2ε) = 0.

Finally, we consider the L2-projection onto (L2(S3))⊥. This yields the system

φ1,⊥
2 − φ̃1,⊥

2 +O(r2ε) = 0,

∂r
(
H int
φ1,⊥
2 ,ψ1,⊥

2

−Hext
φ̃1,⊥
2 ,ψ̃1,⊥

2

)
+O(r2ε) = 0,

ψ1,⊥
2 − ψ̃1,⊥

2 +O(r2ε) = 0,

∂r∆
(
H int
φ1,⊥
2 ,ψ1,⊥

2

−Hext
φ̃1,⊥
2 ,ψ̃1,⊥

2

)
+O(r2ε) = 0.
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Using Lemma 3.14 again, the above system can be rewritten as

φ1,⊥
2 = O(r2ε), φ̃1,⊥

2 = O(r2ε), ψ1,⊥
2 = O(r2ε) and ψ̃1,⊥

2 = O(r2ε).

Then, the systems found by projecting (3.57) gather in this equality(
φ1
2,0, φ̃

1
2,0, φ

1
2,1, φ̃

1
2,1, ψ̃

1
2,1, φ

1,⊥
2 , φ̃1,⊥

2 , ψ1,⊥
2 , ψ̃1,⊥

2

)
= O(r2ε).

• On ∂Brε(x̃
2), we have

(uint,1 − uext,1)(x) = −η1
γ
Ga(x, x̃

1)− η3Ga(x, x̃
3) +H int,2

1

(
φ2
1, ψ

2
1,
x− x̃2

rε

)
−Hext

1

(
φ̃2
1, ψ̃

2
1,
x− x̃2

rε

)
+O(r2ε).

Next, even though all functions are defined on ∂Brε(x̃
2) in (3.52), it will be more

convenient to solve on S3 the following set of equations

(3.58)
(uint,1 − uext,1)(x̃

2 + rε · ) = 0, ∂r(uint,1 − uext,1)(x̃
2 + rε · ) = 0,

∆(uint,1 − uext,1)(x̃
2 + rε · ) = 0, ∂r∆(uint,1 − uext,1)(x̃

2 + rε · ) = 0.

We decompose

φ2
1 = φ2

1,0 + φ2
1,1 + φ2,⊥

1 , ψ2
1 = 8φ2

1,0 + 12φ2
1,1 + ψ2,⊥

1 ,

φ̃2
1 = φ̃2

1,0 + φ̃2
1,1 + φ̃2,⊥

1 , ψ̃2
1 = ψ̃2

1,1 + ψ̃2,⊥
1 ,

where φ2
1,0, φ̃

2
1,0 ∈ E0, φ

2
1,1, φ̃

2
1,1, ψ̃

2
1,1 ∈ E1 = ker(∆S3 + 1) = Span{e1, e2, e3, e4} and φ2,⊥

1 ,

φ̃2,⊥
1 , ψ2,⊥

1 , ψ̃2,⊥
1 belong to (L2(S3))⊥. Projecting the set of equations (3.58) over E0, we

get

φ2
1,0 − φ̃2

1,0 +O(r2ε) = 0,

2φ2
1,0 + 2φ̃2

1,0 +O(r2ε) = 0,

8φ2
1,0 +O(r2ε) = 0.

From the L2-projection of (3.58) over E1, we obtain the system of equations

φ2
1,1 − φ̃2

1,1 +O(r2ε) = 0,

3φ2
1,1 + 3φ̃2

1,1 +
1

2
ψ̃2
1,1 +O(r2ε) = 0,

15φ2
1,1 − 3φ̃2

1,1 − ψ̃2
1,1 +O(r2ε) = 0,

15φ2
1,1 + 15φ̃2

1,1 +
18

4
ψ̃2
1,1 +O(r2ε) = 0.
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Finally, we consider the L2-projection onto (L2(S3))⊥. This yields the system

φ2,⊥
1 − φ̃2,⊥

1 +O(r2ε) = 0,

∂r
(
H int
φ2,⊥
1 ,ψ2,⊥

1

−Hext
φ̃2,⊥
1 ,ψ̃2,⊥

1

)
+O(r2ε) = 0,

ψ2,⊥
1 − ψ̃2,⊥

1 +O(r2ε) = 0,

∂r∆
(
H int
φ2,⊥
1 ,ψ2,⊥

1

−Hext
φ̃2,⊥
1 ,ψ̃2,⊥

1

)
+O(r2ε) = 0.

Applying Lemma 3.14, this last system can be written as

φ2,⊥
1 = O(r2ε), φ̃2,⊥

1 = O(r2ε), ψ2,⊥
1 = O(r2ε) and ψ̃2,⊥

1 = O(r2ε).

Then, the systems found by projecting (3.58) gather in this equality(
φ2
1,0, φ̃

2
1,0, φ

2
1,1, φ̃

2
1,1, ψ̃

2
1,1, φ

2,⊥
1 , φ̃2,⊥

1 , ψ2,⊥
1 , ψ̃2,⊥

1

)
= O(r2ε).

• On ∂Brε(x̃
2), we have

(uint,2 − uext,2)(x)

= −4

ξ
ln τ2 +

8η2
ξ

ln |x− x̃2| − 1− ξ

γξ
Ga(x, x̃

1)− ln ξ

ξ
+H int,2

2

(
φ2
2, ψ

2
2,
x− x̃2

rε

)
−Hext

2

(
φ̃2
2, ψ̃

2
2,
x− x̃2

rε

)
− 1 + η2

ξ
Ha(x, x̃

2)−
(
1 + η3 +

1− ξ

ξ

)
Ga(x, x̃

3)

+O
(

ε2τ−2
2

|x− x̃2|2

)
+O(r2ε).

(3.59)

Next, even though all functions are defined on ∂Brε(x̃
2) in (3.52), it will be more

convenient to solve on S3 the following set of equations

(3.60)
(uint,2 − uext,2)(x̃

2 + rε · ) = 0, ∂r(uint,2 − uext,2)(x̃
2 + rε · ) = 0,

∆(uint,2 − uext,2)(x̃
2 + rε · ) = 0, ∂r∆(uint,2 − uext,2)(x̃

2 + rε · ) = 0.

Since the boundary data are chosen to satisfy (3.23) or (3.24), we decompose

φ2
2 = φ2

2,0 + φ2
2,1 + φ2,⊥

2 , ψ2
2 = 8φ2

2,0 + 12φ2
2,1 + ψ2,⊥

2 ,

φ̃2
2 = φ̃2

2,0 + φ̃2
2,1 + φ̃2,⊥

2 , ψ̃2
2 = ψ̃2

2,1 + ψ̃2,⊥
2 ,

where φ2
2,0, φ̃

2
2,0 ∈ E0 = R are constants on S3, φ2

2,1, φ̃
2
2,1, ψ̃

2
2,1 belong to E1 = Span{e1, e2,

e3, e4} and φ2,⊥
2 , φ̃2,⊥

2 , ψ2,⊥
2 , ψ̃2,⊥

2 are L2(S3) orthogonal to E0 and E1.

Using (3.59), we have for x ∈ S3,

(uint,2 − uext,2)(x̃
2 + rεx)

= −4

ξ
ln τ2 +

8η2
ξ

ln(rε|x|)−
ln ξ

ξ
+H int,2

2 (φ2
2, ψ

2
2, x)−Hext

1 (φ̃2
2, ψ̃

2
2, x)

− 1

ξ

(
Ha(x̃

2, x̃2) +
1− ξ

γ
Ga(x̃

2, x̃1) +Ga(x̃
2, x̃3)

)
− η2

ξ
Ha(x̃

2, x̃2)

− η3Ga(x̃
2, x̃3) +O(r2ε).
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Then, the projection of the set equations (3.60) over E0 will yield

−4 ln τ2 + 8η2 ln rε − ln ξ + ξφ2
2,0 − ξφ̃2

2,0 − E2(x̃2, x̃) +O(r2ε) = 0,

8η2 + 2ξφ2
2,0 + 2ξφ̃2

2,0 +O(r2ε) = 0,

16η2 + 8ξφ2
2,0 +O(r2ε) = 0,

−32η2 +O(r2ε) = 0,

(3.61)

where

E2( · , x̃) := Ha( · , x̃2) +
1− ξ

γ
Ga( · , x̃1) +Ga( · , x̃3).

The system (3.61) can be simply written as

η2 = O(r2ε), φ2
2,0 = O(r2ε), φ̃2

2,0 = O(r2ε) and
1

ln rε
[4 ln τ2 + ln ξ + E2(x̃2, x̃)] = O(r2ε).

We are now in a position to define τ−2 and τ+2 . In fact, according to the above analysis,

as ε tends to 0, we expect that x̃i will converge to xi for i ∈ {1, 2, 3} and τ2 will converge

to τ∗2 satisfying

4 ln τ∗2 = − ln ξ − E2(x2,x).

Hence it is enough to choose τ−2 and τ+2 in such a way that

4 ln(τ−2 ) < − ln ξ − E2(x2,x) < 4 ln(τ+2 ).

Consider now the projection of (3.60) over E1. Give a smooth function f defined in

Ω, we identify its gradient ∇f = (∂x1f, . . . , ∂x4f) with the element of E1:

∇f =
4∑
i=1

∂xif ei.

With these notations in mind, we obtain the system of equations

φ2
2,1 − φ̃2

2,1 −
1

ξ
∇E2(x̃2, x̃) +O(r2ε) = 0,

3φ2
2,1 + 3φ̃2

2,1 +
1

2
ψ̃2
2,1 −

1

ξ
∇E2(x̃2, x̃) +O(r2ε) = 0,

15φ2
2,1 − 3φ̃2

2,1 − ψ̃2
2,1 +O(r2ε) = 0,

15φ2
2,1 + 15φ̃2

2,1 +
18

4
ψ̃2
2,1 +O(r2ε) = 0,

which can be simplified as follows:

φ2
2,1 = O(r2ε), φ̃2

2,1 = O(r2ε), ψ̃2
2,1 = O(r2ε) and ∇E2(x̃2, x̃) = O(r2ε).
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Finally, we consider the projection onto L2(S3)⊥. This yields the system

φ2,⊥
2 − φ̃2,⊥

2 +O(r2ε) = 0,

∂r
(
H int
φ2,⊥
2 ,ψ2,⊥

2

−Hext
φ̃2,⊥
2 ,ψ̃2,⊥

2

)
+O(r2ε) = 0,

ψ2,⊥
2 − ψ̃2,⊥

2 +O(r2ε) = 0,

∂r∆
(
H int
φ2,⊥
2 ,ψ2,⊥

2

−Hext
φ̃2,⊥
2 ,ψ̃2,⊥

2

)
+O(r2ε) = 0.

Applying Lemma 3.14, this last system can be rewritten as

φ2,⊥
2 = O(r2ε), φ̃2,⊥

2 = O(r2ε), ψ2,⊥
2 = O(r2ε) and ψ̃2,⊥

2 = O(r2ε).

If we define the parameter t2 ∈ R by

t2 :=
1

ln rε
[4 ln τ2 + ln ξ + E2(x̃2, x̃)],

then the systems found by projecting (3.54) gather in this equality

(3.62) T 2
ε =

(
t2, η2, φ

2
2,0, φ̃

2
2,0, φ

2
2,1, φ̃

2
2,1, ψ̃

2
2,1,∇E2(z̃2, z̃), φ2,⊥

2 , φ̃2,⊥
2 , ψ2,⊥

2 , ψ̃2,⊥
2

)
= O(r2ε).

As usual, the terms O(r2ε) depend nonlinearly on all the variables on the left-hand side,

but are bounded (in the appropriate norm) by a constant (independent of ε and κ) times

r2ε , provided ε ∈ (0, εκ).

• On ∂Brε(x̃
3), we have

(1− ξ)(uint,1 − uext,1)(x) + (1− γ)(uint,2 − uext,2)(x)

= −4(2− γ − ξ) ln τ3 + 8(2− γ − ξ)η3 ln |x− x̃3|+ (1− ξ)H int

(
φ3
1, ψ

3
1 ,
x− x̃3

rε

)
+ (1− γ)H int

(
φ3
2, ψ

3
2 ,
x− x̃3

rε

)
− (1− ξ)Hext

(
φ̃3
1, ψ̃

3
1 ,
x− x̃3

rε

)
− (1− γ)Hext

(
φ̃3
2, ψ̃

3
2 ,
x− x̃3

rε

)
−
(
(2− γ − ξ)Ha(x, x̃

3) +
1− ξ

γ
Ga(x, x̃

1) +
1− γ

ξ
Ga(x, x̃

2)

)
+O

(
ε2τ−2

3

|x− x̃3|2

)
+O(r2ε).

We denote

φ3 = (1− ξ)φ3
1 + (1− γ)φ3

2, ψ3 = (1− ξ)ψ3
1 + (1− γ)ψ3

2,

φ̃3 = (1− ξ)φ̃3
1 + (1− γ)φ̃3

2, ψ̃3 = (1− ξ)ψ̃3
1 + (1− γ)ψ̃3

2.

Then, we have

(1− ξ)(uint,1 − uext,1)(x) + (1− γ)(uint,2 − uext,2)(x)

= −4(2− γ − ξ) ln τ3 + 8(2− γ − ξ)η3 ln |x− x̃3|

+H int

(
φ3, ψ3,

x− x̃3

rε

)
−Hext

(
φ̃3, ψ̃3,

x− x̃3

rε

)
−
(
(2− γ − ξ)Ha(x, x̃

3) +
1− ξ

γ
Ga(x, x̃

1) +
1− γ

ξ
Ga(x, x̃

2)

)
+O

(
ε2τ−2

3

|x− x̃3|2

)
+O(r2ε).

(3.63)
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Next, even though all functions are defined on ∂Brε(x̃
3) in (3.52), it will be more convenient

to solve on S3, the following set of equations(
(1− ξ)(uint,1 − uext,1) + (1− γ)(uint,2 − uext,2)

)
(x̃3 + rε · ) = 0,

∂r
(
(1− ξ)(uint,1 − uext,1) + (1− γ)(uint,2 − uext,2)

)
(x̃3 + rε · ) = 0,

∆
(
(1− ξ)(uint,1 − uext,1) + (1− γ)(uint,2 − uext,2)

)
(x̃3 + rε · ) = 0,

∂r∆
(
(1− ξ)(uint,1 − uext,1) + (1− γ)(uint,2 − uext,2)

)
(x̃3 + rε · ) = 0.

(3.64)

Since the boundary data are chosen to satisfy (3.23) or (3.24), we decompose

φ3 = φ3
0 + φ3

1 + φ3,⊥, ψ3 = 8φ3
0 + 12φ3

1 + ψ3,⊥,

φ̃3 = φ̃3
0 + φ̃3

1 + φ̃3,⊥, ψ̃3 = ψ̃3
1 + ψ̃3,⊥,

where φ3
0, φ̃

3
0 ∈ E0 = R are constant on S3, φ3

1, φ̃
3
1, ψ̃

3
1 belong to E1 = Span{e1, e2, e3, e4}

and φ3,⊥, φ̃3,⊥, ψ3,⊥, ψ̃3,⊥ are L2(S3) orthogonal to E0 and E1.

We insist that for x ∈ S3, both equations (3.63) involve the same relation of the

parameter τ3 and the appropriate energy E3. Then we have(
(1− ξ)(uint,1 − uext,1) + (1− γ)(uint,2 − uext,2)

)
(x̃3 + rεx)

= −4(2− γ − ξ) ln τ3 + 8(2− γ − ξ)η3 ln rε|x|+H int(φ3, ψ3, x)−Hext(φ̃3, ψ̃3, x)

−
(
(2− γ − ξ)Ha(x̃

3, x̃3) +
1− ξ

γ
Ga(x̃

3, x̃1) +
1− γ

ξ
Ga(x̃

3, x̃2)

)
+O

(
ε2τ−2

3

|x− x̃3|2

)
+O(r2ε).

Projecting the set of equations (3.64) over E0, we get

−4(2− γ − ξ) ln τ3 + 8(2− γ − ξ)η3 ln rε + φ3
0 − φ̃3

0 − E3(x̃3, x̃) +O(r2ε) = 0,

8(2− γ − ξ)η3 + 2φ3
0 + 2φ̃3

0 +O(r2ε) = 0,

16(2− γ − ξ)η3 + 8φ3
0 +O(r2ε) = 0,

−32(2− γ − ξ)η3 +O(r2ε) = 0,

(3.65)

where

E3( · , x̃) := (2− γ − ξ)Ha( · , x̃3) +
1− ξ

γ
Ga( · , x̃1) +

1− γ

ξ
Ga( · , x̃2).

The system (3.65) can be simply written as

η3 = O(r2ε), φ3
0 = O(r2ε), φ̃3

0 = O(r2ε) and
1

ln rε
[(2− γ − ξ)4 ln τ3 + E3(x̃3, x̃)] = O(r2ε).

We are now in a position to define τ−3 and τ+3 . In fact, according to the above analysis,

as ε tends to 0, we expect that x̃i will converge to xi for i ∈ {1, 2, 3} and τ3 will converge

to τ∗3 satisfying

4(2− γ − ξ) ln τ∗3 = −E3(x3,x).
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Hence it is enough to choose τ−3 and τ+3 in such a way that

4(2− γ − ξ) ln(τ−3 ) < −E3(x3,x) < 4(2− γ − ξ) ln(τ+3 ).

Consider now the projection of (3.64) over E1. Given a smooth function f defined in Ω,

we identify its gradient ∇f = (∂x1f, . . . , ∂x4f) with the element of E1:

∇f =

4∑
i=1

∂xif ei.

With these notations in mind, we obtain the system of equations

φ3
1 − φ̃3

1 −∇E3(x̃3, x̃) +O(r2ε) = 0,

3φ3
1 + 3φ̃3

1 +
1

2
ψ̃3
1 −∇E3(x̃3, x̃) +O(r2ε) = 0,

15φ3
1 − 3φ̃3

1 − ψ̃3
1 +O(r2ε) = 0,

15φ3
1 + 15φ̃3

1 +
18

4
ψ̃3
1 +O(r2ε) = 0,

which can be simplified as follows:

φ3
1 = O(r2ε), φ̃3

1 = O(r2ε), ψ̃3
1 = O(r2ε) and ∇E3(x̃3, x̃) = O(r2ε).

Finally, we consider the projection onto L2(S3)⊥. This yields the system

φ3,⊥ − φ̃3,⊥ +O(r2ε) = 0,

∂r
(
H int
φ3,⊥,ψ3,⊥ −Hext

φ̃3,⊥,ψ̃3,⊥

)
+O(r2ε) = 0,

ψ3,⊥ − ψ̃3,⊥ +O(r2ε) = 0,

∂r∆
(
H int
φ3,⊥,ψ3,⊥ −Hext

φ̃3,⊥,ψ̃3,⊥

)
+O(r2ε) = 0.

Thanks to the result of Lemma 3.14, this last system can be rewritten as

φ3,⊥ = O(r2ε), φ̃3,⊥ = O(r2ε), ψ3,⊥ = O(r2ε) and ψ̃3,⊥ = O(r2ε).

If we define the parameter t3 ∈ R by

t3 :=
1

ln rε
[(2− γ − ξ)4 ln τ3 + E3(x̃3, x̃)],

then the systems found by projecting (3.64) gather in this equality

(3.66) T 3
ε =

(
t3, η3, φ

3
0, φ̃

3
0, φ

3
1, φ̃

3
1, ψ̃

3
1,∇E3(x̃3, x̃), φ3,⊥, φ̃3,⊥, ψ3,⊥, ψ̃3,⊥) = O(r2ε).

As usual, the terms O(r2ε) depend nonlinearly on all the variables on the left-hand side,

but are bounded (in the appropriate norm) by a constant (independent of ε and κ) times

r2ε , provided ε ∈ (0, εκ).
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We recall that d = rε(x̃ − x), in addition the previous systems can be written as for

i = 1, 2, 3: (
d, ti, ηi, φ

i, φ̃i, ψi, ψ̃i,∇Ei
)
= O(r2ε).

Combining (3.56), (3.62) and (3.66), we have

(3.67) Tε = (T 1
ε , T

2
ε , T

3
ε ) =

(
O(r2ε),O(r2ε),O(r2ε)

)
.

Then the nonlinear mapping which appears on the right-hand side of (3.67) is continu-

ous, compact. In addition, reducing εκ if necessary, this nonlinear mapping sends the ball

of radius κr2ε (for the natural product norm) into itself, provided κ is fixed large enough.

Applying Schauder’s fixed point theorem in the ball of radius κr2ε in the product space

where the entries live, we obtain the existence of a solution of equation (3.67).

This completes the proof of Theorem 1.5. □

Remark 3.22. In order to inverse problem (3.56), (3.62) and (3.66), we remark that the

fact that xi is a nondegenerate critical point of Ei( · ,x), i ∈ {1, 3} is equivalent to say that

(x1, x2, x3) is a nondegenerate critical point of the function F defined by

F(x1, x2, x3) =
1− ξ

2γ
Ha(x

1, x1) +
1− γ

2ξ
Ha(x

2, x2) +
2− γ − ξ

2
Ha(x

3, x3)

+
1− ξ

γ
Ga(x

1, x3) +
1− γ

ξ
Ga(x

2, x3) +
(1− ξ)(1− γ)

γξ
Ga(x

1, x2).

Indeed, we have

∇F(x1, x2, x3) =

(
∂F
∂x1

(x1, x2, x3),
∂F
∂x2

(x1, x2, x3),
∂F
∂x3

(x1, x2, x3)

)
.

On the other hand,

E1(x,x) = Ha(x, x̃
1) +Ga(x, x̃

3) +
1− γ

ξ
Ga(x, x̃

2),

E2(x,x) = Ha(x, x̃
2) +Ga(x, x̃

3) +
1− ξ

γ
Ga(x, x̃

1)

and

E3(x,x) = (2− γ − ξ)Ha(x, x̃
3) +

1− ξ

γ
Ga(x, x̃

1) +
1− γ

ξ
Ga(x, x̃

2),

then

∂E1
∂x

(x1,x) =
∂Ha

∂x
(x1, x1) +

∂Ga
∂x

(x1, x3) +
1− γ

ξ

∂Ga
∂x

(x1, x2) =
∂F
∂x1

(x1, x2, x3),

∂E2
∂x

(x2,x) =
∂Ha

∂x
(x2, x2) +

∂Ga
∂x

(x2, x3) +
1− ξ

γ

∂Ga
∂x

(x1, x2) =
∂F
∂x2

(x1, x2, x3)

and

∂E3
∂x

(x3,x) = (2− γ − ξ)
∂Ha

∂x
(x3, x3) +

1− ξ

γ

∂Ga
∂x

(x1, x3) +
1− γ

ξ

∂Ga
∂x

(x2, x3)

=
∂F
∂x3

(x1, x2, x3).
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4. Proof of Theorem 1.6

4.1. Construction of the approximate solution

4.1.1. Ansatz and first estimates

Here, we are interested to study the system

∆2
au1 −∆au1 = ρ4eγu1+(1−γ)u2 ,

∆2
au2 −∆au2 = ρ4eξu2+(1−ξ)u1 .

Using the following transformations

v1(x) =


u1
(
ε
τ1
x
)
+ 8

γ ln ε−
4
γ ln

( τ1(1+ε2)
2

)
in BR1

ε
(x1),

u1
(
ε
τ2
x
)

in BR2
ε
(x2),

u1
(
ε
τ3
x
)
+ 8 ln ε− 4 ln

( τ3(1+ε2)
2

)
in BR3

ε
(x3)

and

v2(x) =


u2
(
ε
τ1
x
)

in BR1
ε
(x1),

u2
(
ε
τ2
x
)
+ 8

ξ ln ε−
4
ξ ln

( τ2(1+ε2)
2

)
in BR2

ε
(x2),

u2
(
ε
τ3
x
)
+ 8 ln ε− 4 ln

( τ3(1+ε2)
2

)
in BR3

ε
(x3).

So, the previous systems can be written as

∆2v1 +Σ1
ã1
v1 +Σ2

ã1
v1 = 24eγv1+(1−γ)v2 in BR1

ε
(x1),

∆2v2 +Σ1
ã1
v2 +Σ2

ã1
v2 = 24C

4 γ+ξ−1
γ

1,ε ε
8 γ+ξ−1

γ eξv2+(1−ξ)v1 in BR1
ε
(x1),

(4.1)

∆2v1 +Σ1
ã2
v1 +Σ2

ã2
v1 = 24C

4 γ+ξ−1
ξ

2,ε ε
8 γ+ξ−1

ξ eγv1+(1−γ)v2 in BR2
ε
(x2),

∆2v2 +Σ1
ã2
v2 +Σ2

ã2
v2 = 24eξv2+(1−ξ)v1 in BR2

ε
(x2)

(4.2)

and

(4.3)
∆2v1 +Σ1

ã3
v1 +Σ2

ã3
v1 = 24eγv1+(1−γ)v2 in BR3

ε
(x3),

∆2v2 +Σ1
ã3
v2 +Σ2

ã3
v2 = 24eξv2+(1−ξ)v1 in BR3

ε
(x3),

where Ci,ε =
2

τi(1+ε2)
for i = 1, 2. Here τi > 0 is constant which be fixed later. We denote

by u = uε=1,τi=1. In BR1
ε
(x1) and BR2

ε
(x2), we reproduce exactly the same as in the proof

of Theorem 1.5, so we have the following propositions.

Proposition 4.1. Let µ ∈ (1, 2) and δ ∈
(
0,min

{
1, γ+ξ−1

γ , γ+ξ−1
ξ

})
. Given κ > 0,

there exist εκ > 0, λκ > 0, βκ > 0, cκ > 0 (depending on κ) and γ0 ∈ (0, 1) such
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that for all ε ∈ (0, εκ), λ ∈ (0, λκ), β ∈ (0, βκ) and γ ∈ (γ0, 1), there exists a unique

(h11, h
1
2) ∈ C4,α

µ (R4)× C4,α
δ (R4) solution of (3.8) such that

v1(x) :=
1

γ
u(x− x1)− 1− γ

γ
Ga

(
εx

τ1
, x3
)
− 1− γ

γξ
Ga

(
εx

τ1
, x2
)
− ln γ

γ
+ h11(x),

v2(x) :=
1

ξ
Ga

(
εx

τ1
, x2
)
+Ga

(
εx

τ1
, x3
)
+ h12(x)

solves (4.1) in BR1
ε
(x1). In addition,

∥(h11, h12)∥C4,α
µ (R4)×C4,α

δ (R4)
≤ 2cκr

2
ε .

Proposition 4.2. Given κ > 0, µ ∈ (1, 2) and δ ∈
(
0,min

{
1, γ+ξ−1

γ , γ+ξ−1
ξ

})
, there exist

εκ > 0, λκ > 0, βκ > 0, cκ > 0 (which can depend only on κ) and ξ0 ∈ (0, 1) such

that for all ε ∈ (0, εκ), λ ∈ (0, λκ), β ∈ (0, βκ) and ξ ∈ (ξ0, 1), there exists a unique

(h21, h
2
2) ∈ C4,α

δ (R4)× C4,α
µ (R4) solution of (3.14) such that

v1(x) =
1

γ
Ga

(
εx

τ2
, x1
)
+Ga

(
εx

τ2
, x3
)
+ h21(x),

v2(x) =
1

ξ
u(x− x2)− 1− ξ

ξ
Ga

(
εx

τ2
, x3
)
− 1− ξ

γξ
Ga

(
εx

τ2
, x1
)
− ln ξ

ξ
+ h22(x)

solves (4.2) in BR2
ε
(x2). In addition,

∥(h21, h22)∥C4,α
δ (R4)×C4,α

µ (R4)
≤ 2cκr

2
ε .

• In BR3
ε
(x3), we look for a solution of (4.3) of the form

v1(x) = u(x− x3) +
1− γ

γ(2− γ − ξ)
Ga

(
εx

τ3
, x1
)
− 1− γ

ξ(2− γ − ξ)
Ga

(
εx

τ3
, x2
)
+ h31(x),

v2(x) = u(x− x3)− 1− ξ

γ(2− γ − ξ)
Ga

(
εx

τ3
, x1
)
+

1− ξ

ξ(2− γ − ξ)
Ga

(
εx

τ3
, x2
)
+ h32(x).

This amounts to solve the equations

Lh31 =
384

(1 + r2)4

[
e

(1−γ)(γ+ξ−1)
(2−γ−ξ)

(
1
γ
Ga

(
εx
τ3
,x1
)
− 1

ξ
Ga

(
εx
τ3
,x2
))

+γh31+(1−γ)h32 − h31 − 1

]
− Σ1

ã3
v1 − Σ2

ã3
v1,

Lh32 =
384

(1 + r2)4

[
e

(1−ξ)(γ+ξ−1)
(2−γ−ξ)

(
− 1

γ
Ga

(
εx
τ3
,x1
)
+ 1

ξ
Ga

(
εx
τ3
,x2
))

+ξh32+(1−ξ)h31 − h32 − 1

]
− Σ1

ã3
v2 − Σ2

ã3
v2.

(4.4)

We denote by

Lh31 = T3(h31, h32) and Lh32 = R3(h
3
1, h

3
2).
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To find a solution of (4.4), it is enough to find a fixed point (h31, h
3
2) in a small ball of

C4,α
µ (R4)× C4,α

µ (R4), solutions of

h31 = Gµ ◦ ξµ,R3
ε
◦ T3(h31, h32) = N3(h

3
1, h

3
2),

h32 = Gµ ◦ ξµ,R3
ε
◦ R3(h

3
1, h

3
2) = M3(h

3
1, h

3
2).

(4.5)

Then, we have the following result.

Lemma 4.3. Let µ ∈ (1, 2). Given κ > 0, there exist εκ > 0, λκ > 0, βκ > 0, cκ > 0,

cκ > 0 and cκ > 0 such that for all ε ∈ (0, εκ), λ ∈ (0, λκ) and β ∈ (0, βκ) with rε := rε,β,λ.

We have

∥N3(0, 0)∥C4,α
µ (R4)

≤ cκr
2
ε , ∥M3(0, 0)∥C4,α

µ (R4)
≤ cκr

2
ε ,

∥N3(h
3
1, h

3
2)−N3(k

3
1, k

3
2)∥C4,α

µ (R4)
≤ cκr

2
ε∥(h31, h32)− (k31, k

3
2)∥C4,α

µ (R4)×C4,α
µ (R4)

and

∥M3(h
3
1, h

3
2)−M3(k

3
1, k

3
2)∥C4,α

µ (R4)
≤ cκr

2
ε∥(h31, h32)− (k31, k

3
2)∥C4,α

µ (R4)×C4,α
µ (R4)

,

provided (h31, h
3
2), (k

3
1, k

3
2) ∈ C4,α

µ (R4)× C4,α
µ (R4) satisfying

(4.6) ∥(h31, h32)∥C4,α
µ (R4)×C4,α

µ (R4)
≤ 2cκr

2
ε , ∥(k31, k32)∥C4,α

µ (R4)×C4,α
µ (R4)

≤ 2cκr
2
ε .

Proof. We have

sup
r≤R3

ε

r4−µ|T3(0, 0)|

≤ sup
r≤R3

ε

384

(1 + r2)4
r4−µ

∣∣∣∣e (1−γ)(γ+ξ−1)
(2−γ−ξ)

(
1
γ
Ga

(
εx
τ3
,x1
)
− 1

ξ
Ga

(
εx
τ3
,x2
))

− 1

∣∣∣∣
+ sup
r≤R3

ε

r4−µ
∣∣∣∣Σ1

ã3

(
u+

1− γ

γ(2− γ − ξ)
Ga

(
εx

τ3
, x1
)
− 1− γ

ξ(2− γ − ξ)
Ga

(
εx

τ3
, x2
))∣∣∣∣

+ sup
r≤R3

ε

r4−µ
∣∣∣∣Σ1

ã3

(
u+

1− γ

γ(2− γ − ξ)
Ga

(
εx

τ3
, x1
)
− 1− γ

ξ(2− γ − ξ)
Ga

(
εx

τ3
, x2
))∣∣∣∣.

Using (1.12), we obtain

sup
r≤R3

ε

r4−µ|T3(0, 0)|

≤ cκ sup
r≤R3

ε

r4−µ
(∣∣Σ1

ã3
(u)
∣∣+ ∣∣Σ2

ã3
(u)
∣∣)

≤ cκ

(
ε

τ3

)
∥∇a∥∞ sup

r≤R3
ε

r4−µ
r(3 + r2)

(1 + r2)3
+ cκ

(
ε

τ3

)3

∥∇a∥∞ sup
r≤R3

ε

r4−µ
r

1 + r2

+ cκ

(
ε

τ3

)2

λ∥f∥∞ sup
r≤R3

ε

r4−µ
2 + r2

(1 + r2)2

≤ cκβε+ cκβε
µr3−µε + cκλε

µr2−µε ≤ cκr
2
ε .
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Making use of Proposition 3.2 together with (3.4), for µ ∈ (1, 2), there exists a constant

cκ such that

∥N3(0, 0)∥C4,α
µ (R4)

≤ cκr
2
ε .

For the second estimate, we use the same techniques to prove

∥M3(0, 0)∥C4,α
µ (R4)

≤ cκr
2
ε .

To derive the third estimate, for (h31, h
3
2), (k

3
1, k

3
2) verifying (4.6), we have

sup
r≤R3

ε

r4−µ
∣∣T3(h31, h32)− T3(k31, k32)

∣∣
≤ sup

r≤R3
ε

384

(1 + r2)4
r4−µ

∣∣∣∣e (1−γ)(γ+ξ−1)
(2−γ−ξ)

(
1
γ
Ga

(
εx
τ3
,x1
)
− 1

ξ
Ga

(
εx
τ3
,x2
))

+γh31+(1−γ)h32 − h31

− e
(1−γ)(γ+ξ−1)

(2−γ−ξ)

(
1
γ
Ga

(
εx
τ3
,x1
)
− 1

ξ
Ga

(
εx
τ3
,x2
))

+γk31+(1−γ)k32 + k31

∣∣∣∣
+ sup
r≤R3

ε

r4−µ
∣∣Σ1

ã3
(h31 − k31)

∣∣+ sup
r≤R3

ε

r4−µ
∣∣Σ2

ã3
(h31 − k31)

∣∣
≤ cκ sup

r≤R3
ε

384r4−µ

(1 + r2)4
∣∣(γ − 1)(h31 − k31) + (1− γ)(h32 − k32)

∣∣
+ cκ sup

r≤R3
ε

r4−µ
∣∣Σ1

ã3
(h31 − k31)

∣∣+ cκ sup
r≤R3

ε

r4−µ
∣∣Σ2

ã3
(h31 − k31)

∣∣
≤ cκ sup

r≤R3
ε

384r4−µ

(1 + r2)4
(1− γ)

[
rµ∥h31 − k31∥C4,α

µ (R4)
+ rµ∥h32 − k32∥C4,α

µ (R4)

]
+ cκβrε∥h31 − k31∥C4,α

µ (R4)
+ cκβr

3
ε∥h31 − k31∥C4,α

µ (R4)
+ cκλr

2
ε∥h31 − k31∥C4,α

µ (R4)
.

Making use of Proposition 3.2 together with (3.4), we conclude that

∥N3(h
3
1, h

3
2)−N3(k

3
1, k

3
2)∥C4,α

µ (R4)

≤
(
cκr

2
ε + cκ(1− γ)

)
∥h31 − k31∥C4,α

µ (R4)
+ cκ(1− γ)∥h32 − k32∥C4,α

µ (R4)

≤
(
cκr

2
ε + cκ(1− γ)

)
∥(h31, h32)− (k31, k

3
2)∥C4,α

µ (R4)×C4,α
µ (R4)

.

Reducing εκ if necessary, we can assume that cκr
2
ε ≤ 1/2 for all ε ∈ (0, εκ). There exists

a constant γ0 ∈ (0, 1) such that cκ(1− γ) ≤ 1/2 for all γ ∈ (γ0, 1), we can find a constant

cκ > 0 such that

(4.7) ∥N3(h
3
1, h

3
2)−N3(k

3
1, k

3
2)∥C4,α

µ (R4)
≤ cκr

2
ε∥(h31, h32)− (k31, k

3
2)∥C4,α

µ (R4)×C4,α
µ (R4)

.

Similarly, we get

∥M3(h
3
1, h

3
2)−M3(k

3
1, k

3
2)∥C4,α

µ (R4)

≤
(
cκr

2
ε + cκ(1− ξ)

)
∥h32 − k32∥C4,α

µ (R4)
+ cκ(1− ξ)∥h31 − k31∥C4,α

µ (R4)

≤
(
cκr

2
ε + cκ(1− ξ)

)
∥(h31, h32)− (k31, k

3
2)∥C4,α

µ (R4)×C4,α
µ (R4)

.
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Reducing εκ if necessary, we can assume that cκr
2
ε ≤ 1/2 for all ε ∈ (0, εκ). There exists

a constant ξ0 ∈ (0, 1) such that cκ(1− ξ) ≤ 1/2 for all ξ ∈ (ξ0, 1), we can find a constant

cκ > 0 such that

(4.8) ∥M3(h
3
1, h

3
2)−M3(k

3
1, k

3
2)∥C4,α

µ (R4)
≤ cκr

2
ε∥(h31, h32)− (k31, k

3
2)∥C4,α

µ (R4)×C4,α
µ (R4)

.

Consequently, (4.7) and (4.8) are enough to show that

(h31, h
3
2) 7→

(
N3(h

3
1, h

3
2),M3(h

3
1, h

3
2)
)

is a contraction from the ball

{
(h31, h

3
2) ∈ C4,α

µ (R4)× C4,α
µ (R4) : ∥(h31, h32)∥C4,α

µ (R4)×C4,α
µ (R4)

≤ 2cκr
2
ε

}
into itself and hence a unique fixed point (h31, h

3
2) exists in this set, which is a solution of

(4.5). Then we have

Proposition 4.4. Given κ > 0, µ ∈ (1, 2), there exist εκ > 0, λκ > 0, βκ > 0, cκ > 0

(depending on κ), γ0 ∈ (0, 1) and ξ0 ∈ (0, 1) such that for all ε ∈ (0, εκ), λ ∈ (0, λκ),

β ∈ (0, βκ), γ ∈ (γ0, 1) and ξ ∈ (ξ0, 1) there exists a unique (h31, h
3
2) ∈ C4,α

µ (R4)× C4,α
µ (R4)

solution of (4.5) such that

v1(x) = u(x− x3) +
1− γ

γ(2− γ − ξ)
Ga

(
εx

τ3
, x1
)
− 1− γ

ξ(2− γ − ξ)
Ga

(
εx

τ3
, x2
)
+ h31(x),

v2(x) = u(x− x3)− 1− ξ

γ(2− γ − ξ)
Ga

(
εx

τ3
, x1
)
+

1− ξ

ξ(2− γ − ξ)
Ga

(
εx

τ3
, x2
)
+ h32(x)

solves (4.3) in BR3
ε
(x3). In addition,

∥(h31, h32)∥C4,α
µ (R4)×C4,α

µ (R4)
≤ 2cκr

2
ε .

4.2. The nonlinear interior problem

Here, we are interested to study the following system in BR3
ε
(x3)

∆2v1 +Σ1
ã3
v1 +Σ2

ã3
v1 = 24eγv1+(1−γ)v2 ,

∆2v2 +Σ1
ã3
v2 +Σ2

ã3
v2 = 24eξv2+(1−ξ)v1 .

Remark 4.5. Given φi := (φi1, φ
i
2) ∈

(
C4,α(S3)

)2
and ψi := (ψi1, ψ

i
2) ∈

(
C2,α(S3)

)2
for

i = 1, 2 such that (φi1, ψ
i
1) and (φi2, ψ

i
2) satisfy (3.23). In BR1

ε
(x1) and BR2

ε
(x2), we proceed

in the same way as the proof of Theorem 1.5, so we have the following propositions.
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Proposition 4.6. Given κ > 0, µ ∈ (1, 2) and δ ∈
(
0,min

{
1, γ+ξ−1

γ , γ+ξ−1
ξ

})
, there

exist εκ > 0, λκ > 0, βκ > 0, cκ > 0 (depending on κ) and γ0 ∈ (0, 1) such that for all

ε ∈ (0, εκ), λ ∈ (0, εκ), β ∈ (0, βκ), γ ∈ (γ0, 1), for all τ1 in some fixed compact subset

of [τ−1 , τ
+
1 ] ⊂ (0,∞) and for φ1

j and ψ1
j satisfying (3.23) and (3.27), there exists a unique

(v11, v
1
2) := (v1,ε,λ,β,τ1,φ1

1,ψ
1
1
, v2,ε,λ,β,τ1,φ1

2,ψ
1
2
) solution of (3.26) such that

∥(v11, v12)∥C4,α
µ (R4)×C4,α

δ (R4)
≤ 2cκr

2
ε .

Hence

v1(x) =
1

γ
u(x− x1)− 1− γ

γ
Ga

(
εx

τ1
, x3
)
− 1− γ

γξ
Ga

(
εx

τ1
, x2
)
− ln γ

γ
+ h11(x)

+H int,1
1

(
φ1
1, ψ

1
1;
x− x1

R1
ε

)
+ v11(x),

v2(x) =
1

ξ
Ga

(
εx

τ1
, x2
)
+Ga

(
εx

τ1
, x3
)
+ h12(x) +H int,1

2

(
φ1
2, ψ

1
2;
x− x1

R1
ε

)
+ v12(x)

solves (4.1) in BR1
ε
(x1).

Proposition 4.7. Given κ > 0, µ ∈ (1, 2) and δ ∈
(
0,min

{
1, γ+ξ−1

γ , γ+ξ−1
ξ

})
, there

exist εκ > 0, λκ > 0, βκ > 0, cκ > 0 (depending on κ) and ξ0 ∈ (0, 1) such that for all

ε ∈ (0, εκ), λ ∈ (0, λκ), β ∈ (0, βκ), ξ ∈ (ξ0, 1), for all τ2 in some fixed compact subset

of [τ−2 , τ
+
2 ] ⊂ (0,∞) and for φ2

j and ψ2
j satisfying (3.23) and (3.34), there exists a unique

(v21, v
2
2) := (v1,ε,λ,β,τ2,φ2

1,ψ
2
1
, v2,ε,λ,β,τ2,φ2

2,ψ
2
2
) solution of (3.33) such that

∥(v21, v22)∥C4,α
δ (R4)×C4,α

µ (R4)
≤ 2cκr

2
ε .

Hence

v1(x) =
1

γ
Ga

(
εx

τ2
, x1
)
+Ga

(
εx

τ2
, x3
)
+ h21(x) +H int,2

1

(
φ2
1, ψ

2
1;
x− x2

R2
ε

)
+ v21(x),

v2(x) =
1

ξ
u(x− x2)− 1− ξ

ξ
Ga

(
εx

τ2
, x3
)
− 1− ξ

γξ
Ga

(
εx

τ2
, x1
)
− ln ξ

ξ
+ h22(x)

+H int,2
2

(
φ2
2, ψ

2
2;
x− x2

R2
ε

)
+ v22(x)

solves (4.2) in BR2
ε
(x2).

• In BR3
ε
(x3), we look for a solution of (4.3) as in Section 4.1.1 by adding the interior

harmonic extension and the disturbance term v3i , i = 1, 2 as follows:

v1(x) = u(x− x3) +
1− γ

γ(2− γ − ξ)
Ga

(
εx

τ3
, x1
)
− 1− γ

ξ(2− γ − ξ)
Ga

(
εx

τ3
, x2
)
+ h31(x)

+H int,3
1

(
φ3
1, ψ

3
1;
x− x3

R3
ε

)
+ v31(x),
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v2(x) = u(x− x3)− 1− ξ

γ(2− γ − ξ)
Ga

(
εx

τ3
, x1
)
+

1− ξ

ξ(2− γ − ξ)
Ga

(
εx

τ3
, x2
)
+ h32(x)

+H int,3
2

(
φ3
2, ψ

3
2;
x− x3

R3
ε

)
+ v32(x).

This amounts to solve the equations

Lv31 =
384

(1 + r2)4

[
e

(1−γ)(γ+ξ−1)
(2−γ−ξ)

(
1
γ
Ga

(
εx
τ3
,x1
)
− 1

ξ
Ga

(
εx
τ3
,x2
))

+γ(h31+H
int,3
1 +v31)+(1−γ)(h32+H

int,3
2 +v32)

− e
(1−γ)(γ+ξ−1)

(2−γ−ξ)

(
1
γ
Ga

(
εx
τ3
,x1
)
− 1

ξ
Ga

(
εx
τ3
,x2
))

+γh31+(1−γ)h32 − v31

]
− Σ1

ã3
(H int,3

1 + v31)− Σ2
ã3
(H int,3

1 + v31),

Lv32 =
384

(1 + r2)4

[
e

(1−ξ)(γ+ξ−1)
(2−γ−ξ)

(
− 1

γ
Ga

(
εx
τ3
,x1
)
+ 1

ξ
Ga

(
εx
τ3
,x2
))

+ξ(h32+H
int,3
2 +v32)+(1−ξ)(h31+H

int,3
1 +v31)

− e
(1−ξ)(γ+ξ−1)

(2−γ−ξ)

(
− 1

γ
Ga

(
εx
τ3
,x1
)
+ 1

ξ
Ga

(
εx
τ3
,x2
))

+ξh32+(1−ξ)h31 − v32

]
− Σ1

ã3
(H int,3

2 + v32)− Σ2
ã3
(H int,3

2 + v32).

(4.9)

We denote by

Lv31 = S3(v
3
1, v

3
2) and Lv32 = P3(v

3
1, v

3
2).

To find a solution of (4.9), it is enough to find a fixed point (v31, v
3
2) in a small ball of

C4,α
µ (R4)× C4,α

µ (R4) solutions of

v31 = Gµ ◦ ξµ,R3
ε
◦ S3(v

3
1, v

3
2) = ℵ3(v

3
1, v

3
2),

v32 = Gµ ◦ ξµ,R3
ε
◦ P3(v

3
1, v

3
2) = Υ3(v

3
1, v

3
2).

(4.10)

Then, we have the following result.

Lemma 4.8. Let µ ∈ (1, 2). Given κ > 0, there exist εκ > 0, λκ > 0, βκ > 0, cκ > 0,

cκ > 0 and cκ > 0 such that for all ε ∈ (0, εκ), λ ∈ (0, λκ), β ∈ (0, βκ) with rε := rε,β,λ.

We have

∥ℵ3(0, 0)∥C4,α
µ (R4)

≤ cκr
2
ε , ∥Υ3(0, 0)∥C4,α

µ (R4)
≤ cκr

2
ε ,

∥ℵ3(v
3
1, v

3
2)− ℵ3(t

3
1, t

3
2)∥C4,α

µ (R4)
≤ cκr

2
ε∥(v31, v32)− (t31, t

3
2)∥C4,α

µ (R4)×C4,α
µ (R4)

and

∥Υ3(v
3
1, v

3
2)−Υ3(t

3
1, t

3
2)∥C4,α

µ (R4)
≤ cκr

2
ε∥(v31, v32)− (t31, t

3
2)∥C4,α

µ (R4)×C4,α
µ (R4)

,

provided (v31, v
3
2), (t

3
1, t

3
2) ∈ C4,α

µ (R4)× C4,α
µ (R4) satisfying

(4.11) ∥(v31, v32)∥C4,α
µ (R4)×C4,α

µ (R4)
≤ 2cκr

2
ε , ∥(t31, t32)∥C4,α

µ (R4)×C4,α
µ (R4)

≤ 2cκr
2
ε .
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Proof. The first and second estimates follows from the estimate ofH int given by Lemma 3.13

together with the assumption on the norms of φ3
j and ψ3

j given by (3.37), we have∥∥∥∥H int
φ3
j ,ψ

3
j

(
r

R3
ε

·
)∥∥∥∥

C4,α(B2(0)−B1(0))

≤ Cr2(R3
ε)

−2
(
∥φ3

j∥C4,α(S3) + ∥ψ3
j ∥C2,α(S3)

)
for all r ≤ R3

ε/2. Then by (3.37), we get∥∥∥∥H int
φ3
j ,ψ

3
j

(
r

R3
ε

·
)∥∥∥∥

C4,α(B2(0)−B1(0))

≤ cκε
2r2.

On the other hand,

sup
r≤R3

ε

r4−µ|S3(0, 0)|

≤ sup
r≤R3

ε

384

(1 + r2)4
r4−µ

∣∣∣∣e (1−γ)(γ+ξ−1)
(2−γ−ξ)

(
1
γ
Ga

(
εx
τ3
,x1
)
− 1

ξ
Ga

(
εx
τ3
,x2
))

+γ(h31+H
int,3
1 )+(1−γ)(h32+H

int,3
2 )

− e
(1−γ)(γ+ξ−1)

(2−γ−ξ)

(
1
γ
Ga

(
εx
τ3
,x1
)
− 1

ξ
Ga

(
εx
τ3
,x2
))

+γh31+(1−γ)h32
∣∣∣∣

+ sup
r≤R3

ε

r4−µ
(∣∣Σ1

ã3
(H int,3

1 )
∣∣+ ∣∣Σ2

ã3
(H int,3

1 )
∣∣)

≤ cκ sup
r≤R3

ε

384

(1 + r2)4
r4−µ

(
γr2∥H int,3

1 ∥C4,α
2 (B

∗
1)
+ (1− γ)r2∥H int,3

2 ∥C4,α
2 (B

∗
1)

)
+ cκ

(
ε

τ3

)3

∥∇a∥∞ sup
r≤R3

ε

r5−µ∥H int,3
1 ∥C4,α

2 (B
∗
1)

+ cκ

(
ε

τ3

)2

λ∥f∥∞ sup
r≤R3

ε

r4−µ∥H int,3
1 ∥C4,α

2 (B
∗
1)
.

Making use of Proposition 3.2 together with (3.4), for µ ∈ (1, 2), there exists a constant

cκ > 0 such that

∥ℵ3(0, 0)∥C4,α
µ (R4)

≤ cκr
2
ε .

For the second estimate, we use the same argument as above and we get

∥Υ3(0, 0)∥C4,α
µ (R4)

≤ cκr
2
ε .

To derive the third estimate, for (v31, v
3
2), (t

3
1, t

3
2) verifying (4.11), we have

sup
r≤R3

ε

r4−µ
∣∣S3(v

3
1, v

3
2)− S3(t

3
1, t

3
2)
∣∣

≤ sup
r≤R3

ε

384

(1 + r2)4
r4−µ

×
∣∣∣∣e (1−γ)(γ+ξ−1)

(2−γ−ξ)

(
1
γ
Ga

(
εx
τ3
,x1
)
− 1

ξ
Ga

(
εx
τ3
,x2
))

+γ(h31+H
int,3
1 +v31)+(1−γ)(h32+H

int,3
2 +v32) − v31
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− e
(1−γ)(γ+ξ−1)

(2−γ−ξ)

(
1
γ
Ga

(
εx
τ3
,x1
)
− 1

ξ
Ga

(
εx
τ3
,x2
))

+γ(h31+H
int,3
1 +t31)+(1−γ)(h32+H

int,3
2 +t32) + t31

∣∣∣∣
+ sup
r≤R3

ε

r4−µ
∣∣Σ1

ã3
(v31 − t31)

∣∣+ sup
r≤R3

ε

r4−µ
∣∣Σ2

ã3
(v31 − t31)

∣∣
≤ cκ sup

r≤R3
ε

384r4−µ

(1 + r2)4
(1− γ)

[
rµ∥v31 − t31∥C4,α

µ (R4)
+ rµ∥v32 − t32∥C4,α

µ (R4)

]
+ cκβrε∥v31 − t31∥C4,α

µ (R4)
+ cκβr

3
ε∥v31 − t31∥C4,α

µ (R4)
+ cκλr

2
ε∥v31 − t31∥C4,α

µ (R4)
.

We conclude that

∥ℵ3(v
3
1, v

3
2)− ℵ3(t

3
1, t

3
2)∥C4,α

µ (R4)

≤
(
cκr

2
ε + cκ(1− γ)

)
∥v31 − t31∥C4,α

µ (R4)
+ cκ(1− γ)∥v32 − t32∥C4,α

µ (R4)

≤
(
cκr

2
ε + cκ(1− γ)

)
∥(v31, v32)− (t31, t

3
2)∥C4,α

µ (R4)×C4,α
µ (R4)

.

Reducing εκ if necessary, we can assume that cκr
2
ε ≤ 1/2 for all ε ∈ (0, εκ). There exists

a constant γ0 ∈ (0, 1) such that cκ(1− γ) ≤ 1/2 for all γ ∈ (γ0, 1), we can find a constant

cκ > 0 such that

(4.12) ∥ℵ3(v
3
1, v

3
2)− ℵ3(t

3
1, t

3
2)∥C4,α

µ (R4)
≤ cκr

2
ε∥(v31, v32)− (t31, t

3
2)∥C4,α

µ (R4)×C4,α
µ (R4)

.

Similarly, we get

∥Υ3(v
3
1, v

3
2)−Υ3(t

3
1, t

3
2)∥C4,α

µ (R4)

≤
(
cκr

2
ε + cκ(1− ξ)

)
∥v32 − t32∥C4,α

µ (R4)
+ cκ(1− ξ)∥v31 − t31∥C4,α

µ (R4)

≤
(
cκr

2
ε + cκ(1− ξ)

)
∥(v31, v32)− (t31, t

3
2)∥C4,α

µ (R4)×C4,α
µ (R4)

.

Reducing εκ if necessary, we can assume that cκr
2
ε ≤ 1/2 for all ε ∈ (0, εκ). There exists

a constant ξ0 ∈ (0, 1) such that cκ(1− ξ) ≤ 1/2 for all ξ ∈ (ξ0, 1), we can find a constant

cκ > 0 such that

(4.13) ∥Υ3(v
3
1, v

3
2)−Υ3(t

3
1, t

3
2)∥C4,α

µ (R4)
≤ cκr

2
ε∥(v31, v32)− (t31, t

3
2)∥C4,α

µ (R4)×C4,α
µ (R4)

.

Therefore, (4.12) and (4.13) are enough to show that

(v31, v
3
2) 7→

(
ℵ3(v

3
1, v

3
2),Υ3(v

3
1, v

3
2)
)

is a contraction from the ball{
(v31, v

3
2) ∈ C4,α

µ (R4)× C4,α
µ (R4) : ∥(v31, v32)∥C4,α

µ (R4)×C4,α
µ (R4)

≤ 2cκr
2
ε

}
into itself. Then applying a contraction mapping argument, we obtain the following propo-

sition.
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Proposition 4.9. Given κ > 0, µ ∈ (1, 2), there exist εκ > 0, λκ > 0, βκ > 0, cκ > 0

(depending on κ), γ0 ∈ (0, 1) and ξ0 ∈ (0, 1) such that for all ε ∈ (0, εκ), λ ∈ (0, λκ),

β ∈ (0, βκ), γ ∈ (γ0, 1) and ξ ∈ (ξ0, 1), for all τ3 in some fixed compact subset of [τ−3 , τ
+
3 ] ⊂

(0,∞) and for φ3
j and ψ3

j satisfying (3.23) and (3.37), there exists a unique (v31, v
3
2) :=

(v1,ε,λ,β,τ3,φ3
1,ψ

3
1
, v2,ε,λ,β,τ3,φ3

2,ψ
3
2
) solution of (4.10) such that

∥(v31, v32)∥C4,α
µ (R4)×C4,α

µ (R4)
≤ 2cκr

2
ε .

Hence

v1(x) = u(x− x3) +
1− γ

γ(2− γ − ξ)
Ga

(
εx

τ3
, x1
)
− 1− γ

ξ(2− γ − ξ)
Ga

(
εx

τ3
, x2
)
+ h31(x)

+H int,3
1

(
φ3
1, ψ

3
1;
x− x3

R3
ε

)
+ v31(x),

v2(x) = u(x− x3)− 1− ξ

γ(2− γ − ξ)
Ga

(
εx

τ3
, x1
)
+

1− ξ

ξ(2− γ − ξ)
Ga

(
εx

τ3
, x2
)
+ h32(x)

+H int,3
2

(
φ3
2, ψ

3
2;
x− x3

R3
ε

)
+ v32(x)

solves (4.3) in BR3
ε
(x3).

Remark also that the functions (vi1, v
i
2) := (v1,ε,λ,β,τi,φi

1,ψ
i
1
, v2,ε,λ,β,τi,φi

2,ψ
i
2
) (i ∈ {1, 2, 3})

depend continuously on the parameter τi.

4.3. The nonlinear exterior problem

We reproduce exactly the same nonlinear exterior problem as in the proof of Theorem 1.5,

so we obtain the following proposition.

Proposition 4.10. Given κ > 0, there exist εκ > 0, λκ > 0, βκ > 0 (depending on

κ) such that for any ε ∈ (0, εκ), λ ∈ (0, λκ), β ∈ (0, βκ), ηi and x̃i satisfying (3.47)

and functions φ̃ij and ψ̃ij satisfying (3.24) and (3.46), there exists a unique (ṽ1, ṽ2) (:=

(ṽ
1,ε,λ,β,η1,η3,x̃,φ̃i

1,ψ̃
i
1
, ṽ

2,ε,λ,β,η2,η3,x̃,φ̃i
2,ψ̃

i
2
)) solution of (3.45) so that for (v1, v2) defined by

v1(x) :=
1 + η1
γ

Ga(x, x̃
1) + (1 + η3)Ga(x, x̃

3) +

3∑
i=1

χr0(x− x̃i)Hext
1

(
φ̃i1, ψ̃

i
1;
x− x̃i

rε

)
+ ṽ1(x),

v2(x) :=
1 + η2
ξ

Ga(x, x̃
2) + (1 + η3)Ga(x, x̃

3) +
3∑
i=1

χr0(x− x̃i)Hext
2

(
φ̃i2, ψ̃

i
2;
x− x̃i

rε

)
+ ṽ2(x)

solve (3.42) in Ωrε(x̃). In addition, we have

∥(ṽ1, ṽ2)∥(C4,α
ν (Ω

∗
(x̃)))2

≤ 2cκr
2
ε .
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4.4. The nonlinear Cauchy-data matching

We will gather the results of the previous sections. Using the previous notations, assume

that x̃ := (x̃1, x̃2, x̃3) ∈ Ω3 are given close to x := (x1, x2, x3). Assume also that

τ := (τ1, τ2, τ3) ∈ [τ−1 , τ
+
1 ]× [τ−2 , τ

+
2 ]× [τ−3 , τ

+
3 ] ⊂ (0,∞)3

are given (the values of τ−l and τ+l for l = 1, 2, 3 will be fixed later). First, we consider

some set of boundary data φi := (φi1, φ
i
2) ∈ (C4,α(S3))2 and ψi := (ψi1, ψ

i
2) ∈ (C2,α(S3))2.

According to the results of Propositions 4.6, 4.7 and 4.9 and provided ε ∈ (0, εκ), λ ∈
(0, λκ) and β ∈ (0, βκ), we can find uint := (uint,1, uint,2) a solution of (3.5) in Brε(x̃

1) ∪
Brε(x̃

2) ∪Brε(x̃3), which can be decomposed as

uint,1(x) :=



1
γuε,τ1(x− x̃1)− 1−γ

γξ Ga(x, x̃
2)− 1−γ

γ Ga(x, x̃
3)− ln γ

γ

+h11
(R1

ε(x−x̃1)
rε

)
+H int,1

1

(
φ1
1, ψ

1
1;

x−x̃1
rε

)
+ v11

(R1
ε(x−x̃1)
rε

)
in Brε(x̃

1),

1
γGa(x, x̃

1) +Ga(x, x̃
3) + h21

(R2
ε(x−x̃2)
rε

)
+H int,2

1

(
φ2
1, ψ

2
1;

x−x̃2
rε

)
+ v21

(R2
ε(x−x̃2)
rε

)
in Brε(x̃

2),

uε,τ3(x− x̃3) + 1−γ
γ(2−γ−ξ)Ga(x, x̃

1)− 1−γ
ξ(2−γ−ξ)Ga(x, x̃

2)

+h31
(R3

ε(x−x̃3)
rε

)
+H int,3

1

(
φ3
1, ψ

3
1;

x−x̃3
rε

)
+ v31

(R3
ε(x−x̃3)
rε

)
in Brε(x̃

3)

and

uint,2(x) :=



1
ξGa(x, x̃

2) +Ga(x, x̃
3) + h12

(R1
ε(x−x̃1)
rε

)
+H int,1

2

(
φ1
2, ψ

1
2;

x−x̃1
rε

)
+ v12

(R1
ε(x−x̃1)
rε

)
in Brε(x̃

1),

1
ξuε,τ2(x− x̃2)− 1−ξ

ξ Ga(x, x̃
3)− 1−ξ

γξ Ga(x, x̃
1)− ln ξ

ξ

+h22
(R2

ε(x−x̃2)
rε

)
+H int,2

2

(
φ2
2, ψ

2
2;

x−x̃2
rε

)
+ v22

(R2
ε(x−x̃2)
rε

)
in Brε(x̃

2),

uε,τ3(x− x̃3)− 1−ξ
γ(2−γ−ξ)Ga(x, x̃

1) + 1−ξ
ξ(2−γ−ξ)Ga(x, x̃

2)

+h32
(R3

ε(x−x̃3)
rε

)
+H int,3

2

(
φ3
2, ψ

3
2;

x−x̃3
rε

)
+ v32

(R3
ε(x−x̃3)
rε

)
in Brε(x̃

3),

where for i ∈ {1, 2, 3} and j ∈ {1, 2}, Riε = τi
rε
ε and the functions hij and v

i
j satisfy

∥(h11, h12)∥C4,α
µ (R4)×C4,α

δ (R4)
≤ 2cκr

2
ε , ∥(h21, h22)∥C4,α

δ (R4)×C4,α
µ (R4)

≤ 2cκr
2
ε ,

∥(h31, h32)∥(C4,α
µ (R4))2

≤ 2cκr
2
ε

and

∥(v11, v12)∥C4,α
µ (R4)×C4,α

δ (R4)
≤ 2cκr

2
ε , ∥(v21, v22)∥C4,α

δ (R4)×C4,α
µ (R4)

≤ 2cκr
2
ε ,

∥(v31, v32)∥(C4,α
µ (R4))2

≤ 2cκr
2
ε .
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Similarly, given some boundary data φ̃ij ∈ C4,α(S3), ψ̃ij ∈ C2,α(S3) satisfying (3.24),

(η1, η2, η3) ∈ R3 satisfying (3.47), provided ε ∈ (0, εκ), λ ∈ (0, λκ) and β ∈ (0, βκ) by

Proposition 3.21, we find a solution uext := (uext,1, uext,2) of (3.42) in Ω \ (Brε(x̃
1) ∪

Brε(x̃
2) ∪Brε(x̃3)) which can be decomposed as

uext,1(x) :=
1 + η1
γ

Ga(x, x̃
1) + (1 + η3)Ga(x, x̃

3) +

3∑
i=1

χr0(x− x̃i)Hext
1

(
φ̃i1, ψ̃

i
1;
x− x̃i

rε

)
+ ṽ1(x),

uext,2(x) :=
1 + η2
ξ

Ga(x, x̃
2) + (1 + η3)Ga(x, x̃

3) +

3∑
i=1

χr0(x− x̃i)Hext
2

(
φ̃i2, ψ̃

i
2;
x− x̃i

rε

)
+ ṽ2(x)

with ṽ1, ṽ2 ∈ C4,α
ν (Ω

∗
(x̃)) satisfying

∥(ṽ1, ṽ2)∥(C4,α
ν (Ω

∗
(x̃)))2

≤ 2cκr
2
ε .

It remains to determine the parameters and the boundary data in such a way that the

function which is equal to uint in Brε(x̃
1) ∪ Brε(x̃2) ∪ Brε(x̃3) and to uext in Ωrε(x̃) is a

smooth function. This amounts to find the boundary data and the parameters so that,

for each j = 1, 2,

(4.14)
uint,j = uext,j , ∂ruint,j = ∂ruext,j ,

∆uint,j = ∆uext,j , ∂r∆uint,j = ∂r∆uext,j

on ∂Brε(x̃
1), ∂Brε(x̃

2) and ∂Brε(x̃
3).

Suppose that (4.14) is verified, this provides that for each ε small enough uε ∈ C4,α

(which is obtained by matching together the functions uint and the function uext), a weak

solution of our system and elliptic regularity theory implies that this solution is in fact

smooth. That will complete the proof since, as ε tends to 0, the sequence of solutions we

have obtained satisfies the required singular limit behavior.

Before we proceed, the following remarks are due. First it will be convenient to observe

that the function uε,τi can be expanded as

uε,τi(x) = −4 ln τi − 8 ln |x|+O
(
ε2τ−2

i

|x|2

)
on ∂Brε(x

i).

• On ∂Brε(x̃
1) according to the proof of Theorem 1.5 and since when ε tends to 0, it

is enough to choose τ−1 and τ+1 in such a way that

4 ln(τ−1 ) < − ln γ − E1(x1,x) < 4 ln(τ+1 ),
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where

E1( · , x̃) := Ha( · , x̃1) +
1− γ

ξ
Ga( · , x̃2) +Ga( · , x̃3).

Also using the fact that

φ1
1 = φ1

1,0 + φ1
1,1 + φ1,⊥

1 , ψ1
1 = 8φ1

1,0 + 12φ1
1,1 + ψ1,⊥

1 ,

φ̃1
1 = φ̃1

1,0 + φ̃1
1,1 + φ̃1,⊥

1 , ψ̃1
1 = ψ̃1

1,1 + ψ̃1,⊥
1 ,

where φ1
1,0, φ̃

1
1,0 ∈ E0 = R are constant on S3, φ1

1,1, φ̃
1
1,1, ψ̃

1
1,1 belong to E1 = Span{e1, e2,

e3, e4} and φ1,⊥
1 , φ̃1,⊥

1 , ψ1,⊥
1 , ψ̃1,⊥

1 are L2(S3) orthogonal to E0 and E1. We can prove that

(uint,1 − uext,1)(x̃
1 + rε · ) = 0, ∂r(uint,1 − uext,1)(x̃

1 + rε · ) = 0,

∆(uint,1 − uext,1)(x̃
1 + rε · ) = 0, ∂r∆(uint,1 − uext,1)(x̃

1 + rε · ) = 0

on S3 yield to

(4.15) T 1
ε =

(
t1, η1, φ

1
1,0, φ̃

1
1,0, φ

1
1,1, φ̃

1
1,1, ψ̃

1
1,1,∇E1(x̃1, x̃), φ1,⊥

1 , φ̃1,⊥
1 , ψ1,⊥

1 , ψ̃1,⊥
1

)
= O(r2ε),

where

t1 :=
1

ln rε
[4 ln τ1 + ln γ + E1(x̃1, x̃)].

On the other hand, using the fact that

φ1
2 = φ1

2,0 + φ1
2,1 + φ1,⊥

2 , ψ1
2 = 8φ1

2,0 + 12φ1
2,1 + ψ1,⊥

2 ,

φ̃1
2 = φ̃1

2,0 + φ̃1
2,1 + φ̃1,⊥

2 , ψ̃1
2 = ψ̃1

2,1 + ψ̃1,⊥
2 ,

where φ1
2,0, φ̃

1
2,0 ∈ E0, φ

1
2,1, φ̃

1
2,1, ψ̃

1
2,1 ∈ E1 and φ1,⊥

2 , φ̃1,⊥
2 , ψ1,⊥

2 , ψ̃1,⊥
2 belong to (L2(S3))⊥.

We can prove that

(uint,2 − uext,2)(x̃
1 + rε · ) = 0, ∂r(uint,2 − uext,2)(x̃

1 + rε · ) = 0,

∆(uint,2 − uext,2)(x̃
1 + rε · ) = 0, ∂r∆(uint,2 − uext,2)(x̃

1 + rε · ) = 0

on S3 yield to (
φ1
2,0, φ̃

1
2,0, φ

1
2,1, φ̃

1
2,1, ψ̃

1
2,1, φ

1,⊥
2 , φ̃1,⊥

2 , ψ1,⊥
2 , ψ̃1,⊥

2

)
= O(r2ε).

As usual, the terms O(r2ε) depend nonlinearly on all the variables on the left-hand side,

but are bounded (in the appropriate norm) by a constant (independent of ε and κ) times

r2ε , provided ε ∈ (0, εκ).

• On ∂Brε(x̃
2), according to the proof of Theorem 1.5, using the fact that

φ2
1 = φ2

1,0 + φ2
1,1 + φ2,⊥

1 , ψ2
1 = 8φ2

1,0 + 12φ2
1,1 + ψ2,⊥

1 ,

φ̃2
1 = φ̃2

1,0 + φ̃2
1,1 + φ̃2,⊥

1 , ψ̃2
1 = ψ̃2

1,1 + ψ̃2,⊥
1 ,
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where φ2
1,0, φ̃

2
1,0 ∈ E0, φ

2
1,1, φ̃

2
1,1, ψ̃

2
1,1 ∈ E1 = ker(∆S3 + 1) = Span{e1, e2, e3, e4} and φ2,⊥

1 ,

φ̃2,⊥
1 , ψ2,⊥

1 , ψ̃2,⊥
1 belong to (L2(S3))⊥. We can prove that(

φ2
1,0, φ̃

2
1,0, φ

2
1,1, φ̃

2
1,1, ψ̃

2
1,1, φ

2,⊥
1 , φ̃2,⊥

1 , ψ2,⊥
1 , ψ̃2,⊥

1

)
= O(r2ε).

Finally, according to the proof of Theorem 1.5 and since ε tends to 0, it is enough to

choose τ−2 , τ+2 in such a way that

4 ln(τ−2 ) < − ln ξ − E2(x2,x) < 4 ln(τ+2 ),

where

E2( · , x̃) := Ha( · , x̃2) +
1− ξ

γ
Ga( · , x̃1) +Ga( · , x̃3).

Also using the fact that

φ2
2 = φ2

2,0 + φ2
2,1 + φ2,⊥

2 , ψ2
2 = 8φ2

2,0 + 12φ2
2,1 + ψ2,⊥

2 ,

φ̃2
2 = φ̃2

2,0 + φ̃2
2,1 + φ̃2,⊥

2 , ψ̃2
2 = ψ̃2

2,1 + ψ̃2,⊥
2 ,

where φ2
2,0, φ̃

2
2,0 ∈ E0 = R are constant on S3, φ2

2,1, φ̃
2
2,1, ψ̃

2
2,1 belong to E1 = Span{e1, e2,

e3, e4} and φ2,⊥
2 , φ̃2,⊥

2 , ψ2,⊥
2 , ψ̃2,⊥

2 are L2(S3) orthogonal to E0 and E1. We can prove that

(uint,2 − uext,2)(x̃
2 + rε · ) = 0, ∂r(uint,2 − uext,2)(x̃

2 + rε · ) = 0,

∆(uint,2 − uext,2)(x̃
2 + rε · ) = 0, ∂r∆(uint,2 − uext,2)(x̃

2 + rε · ) = 0

on S3 yield to

(4.16) T 2
ε =

(
t2, η2, φ

2
2,0, φ̃

2
2,0, φ

2
2,1, φ̃

2
2,1, ψ̃

2
2,1,∇E2(z̃2, z̃), φ2,⊥

2 , φ̃2,⊥
2 , ψ2,⊥

2 , ψ̃2,⊥
2

)
= O(r2ε),

where

t2 :=
1

ln rε
[4 ln τ2 + ln ξ + E2(x̃2, x̃)].

As usual, the terms O(r2ε) depend nonlinearly on all the variables on the left-hand side,

but are bounded (in the appropriate norm) by a constant (independent of ε and κ) times

r2ε , provided ε ∈ (0, εκ).

• On ∂Brε(x̃
3), we have

(uint,1 − uext,1)(x)

= −4 ln τ3 + 8η3 ln |x− x̃3|+H int,3
1

(
φ3
1, ψ

3
1;
x− x̃3

rε

)
−Hext

1

(
φ̃3
1, ψ̃

3
1;
x− x̃3

rε

)
−
[

1− ξ

γ(2− γ − ξ)
Ga(x, x̃

1) +
1− γ

ξ(2− γ − ξ)
Ga(x, x̃

2) +Ha(x, x̃
3)

]
+O

(
ε2τ−2

3

|x− x̃3|2

)
+O(r2ε)

(4.17)
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and

(uint,2 − uext,2)(x)

= −4 ln τ3 + 8η3 ln |x− x̃3|+H int,3
2

(
φ3
2, ψ

3
2;
x− x̃3

rε

)
−Hext

2

(
φ̃3
2, ψ̃

3
2;
x− x̃3

rε

)
−
[

1− ξ

γ(2− γ − ξ)
Ga(x, x̃

1) +
1− γ

ξ(2− γ − ξ)
Ga(x, x̃

2) +Ha(x, x̃
3)

]
+O

(
ε2τ−2

3

|x− x̃3|2

)
+O(r2ε).

(4.18)

Next, even though all functions are defined on ∂Brε(x̃
3) in (4.14), it will be more convenient

to solve on S3, for i = 1, 2, the following set of equations

(4.19)
(uint,i − uext,i)(x̃

3 + rε · ) = 0, ∂r(uint,i − uext,i)(x̃
3 + rε · ) = 0,

∆(uint,i − uext,i)(x̃
3 + rε · ) = 0, ∂r∆(uint,i − uext,i)(x̃

3 + rε · ) = 0.

Since the boundary data are chosen to satisfy (3.23) or (3.24), we decompose

φ3
i = φ3

i,0 + φ3
i,1 + φ3,⊥

i , ψ3
i = 8φ3

i,0 + 12φ3
i,1 + ψ3,⊥

i ,

φ̃3
i = φ̃3

i,0 + φ̃3
i,1 + φ̃3,⊥

i , ψ̃3
i = ψ̃3

i,1 + ψ̃3,⊥
i ,

where φ3
i,0, φ̃

3
i,0 ∈ E0 = R are constant on S3, φ3

i,1, φ̃
3
i,1, ψ̃

3
i,1 belong to E1 = Span{e1, e2, e3,

e4} and φ3,⊥
i , φ̃3,⊥

i , ψ3,⊥
i , ψ̃3,⊥

i are L2(S3) orthogonal to E0 and E1.

We insist that for x ∈ S3, both equations (4.17) and (4.18) involve the same relation

of the parameter τ3 and the appropriate energy E3. Then we have

(uint,i − uext,i)(x̃
3 + rεx)

= −4 ln τ3 + 8η3 ln rε|x|+H int,3
i (φ3

i , ψ
3
i , x)−Hext

i (φ̃3
i , ψ̃

3
i , x)

−
[

1− ξ

γ(2− γ − ξ)
Ga(x̃

3, x̃1) +
1− γ

ξ(2− γ − ξ)
Ga(x̃

3, x̃2) +Ha(x̃
3, x̃3)

]
+O(r2ε).

Projecting the set of equations (4.19) over E0, we get

−4 ln τ3 + 8η3 ln rε + φ3
i,0 − φ̃3

i,0 − E3(x̃3, x̃) +O(r2ε) = 0,

8η3 + 2φ3
i,0 + 2φ̃3

i,0 +O(r2ε) = 0,

16η3 + 8φ3
i,0 +O(r2ε) = 0,

−32η3 +O(r2ε) = 0,

(4.20)

where

E3( · , x̃) := Ha( · , x̃3) +
1− ξ

γ(2− γ − ξ)
Ga( · , x̃1) +

1− γ

ξ(2− γ − ξ)
Ga( · , x̃2).
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The system (4.20) can be simply written as

η3 = O(r2ε), φ3
i,0 = O(r2ε), φ̃3

i,0 = O(r2ε) and
1

ln rε
[4 ln τ3 + E3(x̃3, x̃)] = O(r2ε).

We are now in a position to define τ−3 and τ+3 . In fact, according to the above analysis,

as ε tends to 0, we expect that x̃i will converge to xi for i ∈ {1, 2, 3} and τ3 will converge

to τ∗3 satisfying

4 ln τ∗3 = −E3(x3,x).

Hence it is enough to choose τ−3 and τ+3 in such a way that

4 ln(τ−3 ) < −E3(x3,x) < 4 ln(τ+3 ).

Consider now the projection of (4.19) over E1. Given a smooth function f defined in Ω,

we identify its gradient ∇f = (∂x1f, . . . , ∂x4f) with the element of E1:

∇f =
4∑
i=1

∂xif ei.

Keeping these notations in mind, we obtain the system of equations

φ3
i,1 − φ̃3

i,1 −∇E3(x̃3, x̃) +O(r2ε) = 0,

3φ3
i,1 + 3φ̃3

i,1 +
1

2
ψ̃3
i,1 −∇E3(x̃3, x̃) +O(r2ε) = 0,

15φ3
i,1 − 3φ̃3

i,1 − ψ̃3
i,1 +O(r2ε) = 0,

15φ3
i,1 + 15φ̃3

i,1 +
18

4
ψ̃3
i,1 +O(r2ε) = 0,

which can be simplified as follows:

φ3
i,1 = O(r2ε), φ̃3

i,1 = O(r2ε), ψ̃3
i,1 = O(r2ε) and ∇E3(x̃3, x̃) = O(r2ε).

Finally, we consider the projection onto L2(S3)⊥. This yields the system

φ3,⊥
i − φ̃3,⊥

i +O(r2ε) = 0,

∂r
(
H int
φ3,⊥
i ,ψ3,⊥

i

−Hext
φ̃3,⊥
i ,ψ̃3,⊥

i

)
+O(r2ε) = 0,

ψ3,⊥
i − ψ̃3,⊥

i +O(r2ε) = 0,

∂r∆
(
H int
φ3,⊥
i ,ψ3,⊥

i

−Hext
φ̃3,⊥
i ,ψ̃3,⊥

i

)
+O(r2ε) = 0.

Thanks to the result of Lemma 3.14, this last system can be rewritten as

φ3,⊥
i = O(r2ε), φ̃3,⊥

i = O(r2ε), ψ3,⊥
i = O(r2ε) and ψ̃3,⊥

i = O(r2ε).
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If we define the parameter t3 ∈ R by

t3 :=
1

ln rε
[4 ln τ3 + E3(x̃3, x̃)],

then the systems found by projecting (4.19) gather in this equality

(4.21) T 3
ε =

(
t3, η3, φ

3
i,0, φ̃

3
i,0, φ

3
i,1, φ̃

3
i,1, ψ̃

3
i,1,∇E3(x̃3, x̃), φ3,⊥

i , φ̃3,⊥
i , ψ3,⊥

i , ψ̃3,⊥
i

)
= O(r2ε)

for i = 1, 2. As usual, the terms O(r2ε) depend nonlinearly on all the variables on the

left-hand side, but are bounded (in the appropriate norm) by a constant (independent of

ε and κ) times r2ε , provided ε ∈ (0, εκ). We recall that d = rε(x̃ − x), in addition the

previous systems can be written as for i = 1, 2, 3:(
d, ti, ηi, φ

i, φ̃i, ψi, ψ̃i,∇Ei
)
= O(r2ε).

Combining (4.15), (4.16) and (4.21), we have

(4.22) Tε = (T 1
ε , T

2
ε , T

3
ε ) =

(
O(r2ε),O(r2ε),O(r2ε)

)
.

Then the nonlinear mapping which appears on the right-hand side of (4.22) is continuous,

compact. In addition, reducing εκ if necessary, this nonlinear mapping sends the ball of

radius κr2ε (for the natural product norm) into itself, provided κ is fixed large enough.

Applying Schauder’s fixed point theorem in the ball of radius κr2ε in the product space

where the entries live, we obtain the existence of a solution of equation (4.22).

This completes the proof of Theorem 1.6. □
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