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Well-posedness and Asymptotic Behavior for a Pseudo-parabolic Equation

Involving p-biharmonic Operator and Logarithmic Nonlinearity

Zhiqing Liu and Zhong Bo Fang*

Abstract. This paper deals with the well-posedness and asymptotic behavior for a
pseudo-parabolic equation involving p-biharmonic operator and logarithmic nonlin-
earity under Navior boundary condition. By combining Galerkin approximation, the
method of potential well, the technique of differential inequality and improved loga-
rithmic Sobolev inequality, we establish the local and global solvability, infinite and
finite time blow-up phenomena of weak solutions in different energy levels. Moreover,
we obtain the growth rate of weak solutions, life span in different energy cases and

also give a result of extinction phenomenon.

1. Introduction

We consider a pseudo-parabolic equation involving p-biharmonic operator and logarithmic

nonlinearity

(1.1) up — Auy + A(\Au|p_2Au) = |u|"2ulog u|, (z,t) € Q x (0,+0o0),
subject to Navior boundary and initial conditions

(1.2) u(z,t) = Au(x,t) =0, (x,t) € 9Q x (0,4+00),

(1.3) u(z,0) = up(z), z €1,

where @ C RY (N > 1) is a bounded domain with smooth boundary 95, initial data
ug € HH(Q) N Wg’p(Q), parameters p and ¢ satisfy

2N 4
14 1, ——— < 1+—.
(1.4) max{,N+4}<p_q<p<+N)

Partial differential equations with logarithmic nonlinearities have attracted much at-
tention in recent years, due to their wide applications in physics and other applied sci-
ences, see [3-7,|11,/13,/15,(17,|19,21] and references therein. Among them, many schol-

ars have been devoted to the topic on the global existence and blow-up phenomena
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of the second-order parabolic or pseudo-parabolic equations with p-Laplacian operator
div (|[Vu[P~2Vu) and there have been fruitful results, one can see [4,[11] (for parabolic
equations) and [3,5,/7,[13|15,/19] (for pseudo-parabolic equations).

However, there are fewer studies on higher order equations involving p-biharmonic op-
erator A(|Au|p_2Au) which appear in many fields. For example, the parabolic biharmonic
equation (the case of p = 2 in (L.I)) arises in the growth theory of epitaxial thin films,
where u(z,t) denotes the height from the surface of the film in epitaxial growth and A2u
represents the capillarity-driven surface diffusion. The authors of [6,17,[21] considered the

following p-biharmonic parabolic equation with logarithmic nonlinearity
ur+ A(|AufP2Au) = fult2uloglul,  (z,1) € Q x (0, +20),

subject to Navior boundary condition . For the case of p =2 and 2 < ¢ < 2+ %,
Li and Liu [17] established the global existence and exponential decay estimate of the
solution by virtue of the method of potential well, and obtained the finite time blow-up
phenomenon with positive initial energy (the subcritical case) by using of the concavity
technique. For 2 < p < ¢ < p(l + %), Wang and Liu [21] established the local and global
well-posedness of solutions, and derived the sufficient conditions of finite time blow-up
for the solution with positive initial energy. Moreover, the results of finite time blow-up
with negative initial energy and extinction phenomenon are deduced in the case of p < ¢,
g > 2 and p < ¢ < 2, respectively. Liu and Li [17] studied the case of p > ¢ > 5+ 1 and
p > max {%, 2}, they established the well-posedness of local weak solution and proved
the long-time behavior and the propagation of perturbations, based on the methods of
difference and variation.

In addition, we refer to [8,12,/16] for the researches on global bifurcation theory, fi-
nite speed of propagation and extinction phenomenon of elliptic or parabolic equations
involving p-biharmonic operators and local (or non-local) power type nonlinearities, and
refer to [2,[20] for the studies on the long-time behavior, extinction phenomenon and life
span estimation of solutions of Kirchhoff fractional p-Laplacian diffusion equations and
polyharmonic Kirchhoff equations, so on.

In view of the works mentioned above, one can find that problem — for pseudo-
parabolic equation involving p-biharmonic operator and logarithmic nonlinearity has not
been investigated yet. The main difficulty lies in finding the influence of the interac-
tion among the p-biharmonic operator, the third derivative term Awu; and the logarithmic
nonlinearity on the asymptotic behavior of the weak solution. Motivated by these obser-
vations, we establish the local and global well-posedness of weak solution by the methods
of multiplier and potential well for the case of max {1, ]\2,—]4\_[4} <p<g< p(l + %) By
combining improved logarithmic Sobolev inequality, Gronwall inequality, the techniques

of differential inequalities and concavity, we obtain the phenomena of finite time blow-up
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with various initial energy (including arbitrary initial energy) and infinite blow-up of so-
lutions, and further derived the estimates of blow-up rate and life-span, for the case of
l<p<g<2Zmax{l, 25} <p<q2<qg<p(l+f);and2<p<q<p(l+y),

respectively. Meantime, for max {1, m} < p < g < 2, we present the sufficient condi-
tions of extinction in finite time, and obtain the extinction time and decay rate estimate

(for more detailed classification of parameters and summary of main conclusions, see Fig-

ure [L.1]).
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Figure 1.1: The classification of parameters.

In fact, the third derivative term Awu; can be regarded as a damping term, which has
inhibitory effect on the qualitative properties as blow-up, extinction and so on. Therefore,
we research the properties of solutions in the sense of new measurements. Meantime,
compared with the works in [6,/17,21], the analysis and classification of the qualitative
properties are presented more comprehensively and precisely in this paper. For example,
the results on the infinite blow-up, blow-up with arbitrary initial energy, the life-span
estimation of blow-up solution, the extinction rate, etc., haven’t been studied in [6,17,21].

We established the well-poseness and asymptotic behavior of the solution under ap-
propriate conditions by virtue of Galerkin approximation, improved logarithmic Sobolev
inequality, the method of potential well and the technique of differential inequality, etc.

Our detailed results are given below.
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For the convenience of description, we denote the Sobolev spaces and norms as follows:
X := H(2) N W5 (%),
[ullp = llullo@),  Nullzp = lluly2rg) = [Aullp, 1 <p<Hoo,
and
el oy = (lull3 + 1Vul3)®, Vu e H(Q).

Meantime, we denote W =27 () as the dual space of W?P(Q) and (-, -) as the dual pairing

between W= (Q) and W>P(Q), where p/ = P is the conjugate exponent of p > 1.

For v € X, we define the energy functional and Nehari functional as

1 1 1
1.5 Ju::Aup—/ ul?log |u|dx + — ||ul|Z,
(1.5) (u) pH 15 . Q\ |?log |u q2H ¥
and
(1.6) I(w) = (' (). = [Bully ~ [ fultlog fu]d,

Q
Then it follows from (|1.5) and (1.6)) that
1 q—7p 1

1.7 J(u) = —1I(u) + —||Au|| + —||ul|?.
(L.7) ()q() qu 15 ngHq

We also need to define the depth of the potential well

1.8 d:= inf J
(1.8) nf (u),

where N := {u € X \ {0} | I(u) = 0} is the Nehari manifold. Furthermore, we introduce

a constant

q—p,.P ;
(1.9) M) om P F
SR ifp=gq,

where 7, and R are given in Lemmas [2.7) and [2.9) below, respectively.
Next, the potential well W and its corresponding set V' are defined by
W:={ueX|I(u)>0,J(u) <d}U{0},
Vi={ue X |I(u) <0,J(u) <d}.

Now, we state our main results.

e Local and global solvability (see Theorems and . Let up € X and p, ¢

satisfy (1.4). Then problem ([1.1)—(1.3) admits a unique local weak solution. Fur-
thermore, if J(up) < d and I(ug) > 0, then problem (I1.1))—(1.3) admits a unique

global weak solution

u € L0, +00; X) and uy € L*(0, +00; HY()).
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¢ Blow-up phenomena.

— Infinite blow-up (see Theorem [5.1). Let ug € X \ {0} and p, ¢ satisfy 1 <
p < q <2 If Jlw) < d and I(ug) < 0, then the weak solution wu(t) of
problem (|1.1)—(1.3) blows up in infinite time. Furthermore, if I(up) < 0 and

<M if M<d,
<M if M=d,

J(up)

then for all p € (0, 1), there exists a t, > 0 such that the lower bound of blow-up
rate is given by (5.1)).
— Finite time blow-up (see Theorem Corollaries and [5.6)). Let ug €
X \ {0} and p, q satisfy max{l, %} <p<q2<g< p(l + %)
(1) If J(up) < M and I(up) < 0, then the weak solution u(t) of problem (1.1)—
(1.3) blows up in finite time and the upper bound of blow-up time is given

by (b.21]). Moreover, if g satisfies

l1<g< 400 ifN=1,2,

l<g< 2 ifN=>3

further, then the lower bound of blow-up time and blow-up rate are given
by and , respectively.

(2) If J(uo) < 0, then the weak solution u(t) of problem (L.1)—(L.3) blows up
in finite time. Moreover, the upper bound of blow-up time and blow-up
rate are given by and , respectively.

Furthermore, if J(u(to)) < 0, Vto € [0, Tmax), then the weak solution u(t) of

problem f blows up in finite time.

— Blow-up with arbitrary initial energy (see Theorem[5.7). Let up € X\ {0}
and p, ¢ satisfy 2 <p < ¢ < p(l + %) If
_ ~ (g —
J(ug) < W||u0|§{é(ﬂ) - WML
where r, and B are the optimal embedding constants of W02 P(Q) cc WO1 P(Q)
and H}(Q) cC L%(), respectively, then the weak solution u(t) of prob-

lem ([1.1)—(1.3) blows up in finite time.

e Extinction phenomenon (see Theorem . Let p, g satisfy max {1, %} <p<
q<2and 0 < |luoll g1 (q) < B, P09 =2 where B, is given in (6.4), then the weak
solution wu(t) of problem ([1.1))—(1.3|) becomes extinct in finite time. Moreover, decay
rate and extinction time are given by (6.1]) and (6.2)), respectively.
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The rest of the paper is organized as follows. In Section [2| we give some preliminaries.
In Section [3| we establish the local solvability by using Galerkin approximation and some
energy estimates. In Sections [4] and [5] we present the detailed proofs of global existence

and blow-up properties. Finally, the extinction and decay estimate are derived in Section 6]

2. Preliminaries

In this section, we introduce some definitions, lemmas and corollaries needed in the proofs
of main results.

To begin with, we present the definitions of weak solution, finite time blow-up and
infinite blow-up of problem ([1.1))—(1.3).

Definition 2.1 (Weak solution). Let ug € X and T' > 0. u = u(t) € L*(0,7; X) with
ur € L?(0,T; H3(Q)) is called a weak solution of problem (L.1)—(1.3)), if u(0) = ug a.e. in
Q and the following equality

(ut,v) + (Vaug, Vo) + (|AulP?Au, Av) = (Ju|!?ulog |ul,v), a.e.te (0,T)
holds for all v € X, where (-,-) means the inner product of L?(f2).

Definition 2.2 (Finite time blow-up). Let u = u(t) be a weak solution of problem (|I.1))—
(1.3). We call u finite time blow-up if the maximal existence time Tjax < +00 and

¢
. 2 -
tl%ax ; |’u(S)HH6(Q) ds = +o0.

Definition 2.3 (Infinite blow-up). Let u = u(t) be a weak solution of problem (1.1f)—(1.3)).
We call v infinite blow-up if the maximal existence time Tyn,x = +00 and
. 2 .
i [Ju(t) 2 ) = +oo.
Next, we prove some necessary lemmas and corollaries. By applying the Rellich—

Kondrachov Theorem, we improve the classical logarithmic Sobolev inequality.

Lemma 2.4 (Improved logarithmic Sobolev inequality). For all u € WO2 Q) with v €
(1,400) and ¥V pu > 0, we have

|ul N Ve
(21) o (i) o+ St ()l < g Al

[[ully

where

2R

o v—1 Vflﬂf F(%—I—l)
TN e F(W—l—l)

K~ is the optimal embedding constant of WOQ’W(Q) CcC WOI’W(Q) and T' is the Gamma

function.

[¥]3
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Proof. For all u € VVO1 7(Q), it follows from the classical logarithmic Sobolev inequality
in [10] that

|u N Ve
2.2 'y/ uﬂog( dr + —log | —— | |lul|Z < p||Vul|?.
(22) [ Jutog (i) do o Sos (5 ) il < el vl

On the other hand, from Rellich-Kondrachov Theorem (see [1, p. 168]), we can see

WZ(Q) cc Wy '(Q), Vo> 1,
i.e., there exists a positive constant x, such that
27
(2.3) I9ully < 5yl Aully,  Vue WE(Q).

Therefore, we can derive (2.1)) by combining (2.2) with (2.3). Then Lemma [2.4]is proved
completely. O

Furthermore, we present some auxiliary results as follows.

Lemma 2.5. Let u € X \ {0} and p, q satisfy

2N 4
2.4 1, —— 1+—.
(2.4) max{,N+4}<p<q<p<+N>

Then for all o with

(2.5) 0<a§p(L+§>—%
we have

(1) if 0 < ||Aullp < r(a), then I(u) >0,

(2) if I(u) <0, then ||Aullp > r(a),
where

1

(2.6 )= (o)
and B, 1s the optimal embedding constant of Wg’p(Q) CC LIT(Q), i.e.,
(2.7) 1 inf Ay g Jullgra < BallAull,, Yu e WiP(Q).

o wew2?@\{o} [[tllg+a
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Proof. By simple calculations, we obtain
(2.8) log |u(z)| < |u(2)| ae.z €, Va>0.

Then using the definition of I(u) and the inequality above, we have
lullgra

T(w) = [ A2 —/Q|u|q10g\u|dx > Jauly - e,

Since « satisfies ([2.5)), it follows from the embedding inequality (2.7)) that

p Bg‘Jra q+o p Bg+a q+a—p
I(u) > Aully = ——Aullp™ = [[Aullp { 1 = ——[|Aull; ;
from which we can derive (1) and (2). Then Lemma [2.5|is proved completely. O

Remark 2.6. From p > ]3—]}:4 we can deduce

N .
p<1+4>< Nf;p if N > 2p,
N +oo  if N < 2p.

Then by Rellich-Kondrachov Theorem (see |1}, p. 168]), we have VVO2 P(Q) cc L1t*(Q) for
all p > 1 and all & > 0. Therefore, the constant B, in Lemma [2.5]is well defined.

Lemma 2.7. Let

(2.9) Ty 1= sup r(a) and r* = sup o(a),
ac(0p(1+4) 4] ac(0p(1+24) 4]

where

1
o g+a—p o
= (g5) "

and By is the optimal embedding constant of WOQ’p(Q) cC LYQ), i.e.,

Bpy  w2r@noy llullg

27
and ||U”q < quHAqu’ Vue W p(Q)-
Then r, exists and satisfies

0 <7 <7* < 4o00.

Proof. From ([2.5)), (2.6) and (2.9) we can see that if r, exists, then r, > 0. Thus, in order
to prove Lemma[2.7] we only need to prove () < o(a), the existence of r* and r* < 4o0.
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First of all, we prove r(«) < o(«a). For all u € X \ {0}, since (2.4 and (2.5 hold, we
have u € L97*(Q) N L9(Q). By Holder’s inequality, we obtain

e

o qTo

(2.11) /|u|de§ Qo+ </ |u|q+adax> :
Q Q

Combining (2.7, (2.10) and (2.11)) to derive
1 , | Aullp

= inf
Bo  wewzr@n o} [ullg+a

S ’Q|‘Z(%‘Hﬂ) inf HAUHP _ i

= ’Q| q(qia) .
wew2P@n\{oy llullq  Bhpg

Therefore,

r(a)z( a )q“l”’ga(a).

BIte

On the other hand, it follows from the continuity of () on [O,p(l + %) - q] that r*

exists and satisfies

r* = sup ola) < max o(a) < +oo.
ac(0p(1+4) —d] ae[0p (145 ) ~d]
Then Lemma [2.7]is proved completely. O

Corollary 2.8. Let u € X \ {0} and p, q satisfy ([2-4).
(1) If 0 < ||Aul|p < 7y, then I(u) > 0;
(2) If I(u) <0, then ||Aullp > 74,

where T is defined in .

Proof. We only need to prove (1) since (2) is the direct result of (1). For u € X \ {0},
if 0 < ||Aul[, < 74, then we can derive from the definition of r, that there exists a ag
satisfying such that 0 < [|Aul|, < r(ap). Therefore, (1) can be deduced easily by
Lemma [2.5] Then Corollary [2.8]is proved completely. O

Lemma 2.9. Let u € X \ {0} and p, q satisfy

1 2N < < (1 4
m —_ = ]
ax "N +4 pP=a=pr N

(1) If 0 < ||ull, < R, then I(u) > 0;
(2) If I(u) <0, then |ull, > R;

(3) If I(u) =0, then [lull, = R,
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where

N
R p2 e P2
- \NkpL,)
Proof. By using (1.6 and (2.1)) (taking v = p = q), we obtain

I(u) = | Al - /Q ful? log [u] dz

P
WKp N pue
>(1——=] [|Aul? — 1 — ) =1 b,
= ( P ) H u”p+ |:p2 og (N[’p> og HUHP] Hqu

Now, we choose y1 = £, to get
P

N ple
1) = [ T 10w () = oulul 1l

from which we can verify the results (1)—(3) directly. Lemma [2.9|is proved completely. [

Lemma 2.10. Let u € X \ {0} and p, q satisfy (1.4). Then we have
d> M,

where d and M are defined by (1.8) and ((1.9), respectively.

Proof. For all u € N, we have u € X \ {0} and I(u) = 0. Then it follows from (1.7) that

1 qg—0p 1
J(u) = —I(u) + —|[|Aul]p + = ||u||
() = 1) + ==l Aull + 25l

q—p 1
= T Ll Aulp + 5 ulg
o | Aullp Ll
> T2\ Aullh ifp # g,
= sluli  ifp=q

Therefore, we can deduce the result by the definition of d (1.8, Corollary [2.§(2) and
Lemma [2.9)3). Then Lemma is proved completely. O

Lemma 2.11. Let u € X \ {0} satisfy I(u) < 0 and p, q satisfy (L.4)). Then there exists
a X* € (0,1) such that I(\*u) = 0.

Proof. For all A > 0, we have
(212)  I(u) = X[|Aullj - Aq/ [u|?1og |u| dz — M log Alju|§ = X (|| Aull} — 6(N)),
Q

where

d(\) = AH/Q [u?log [u] dz: — A7 log Allul|2.
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By combining I(u) < 0, (2.12]), Corollary and Lemma we can see

p

T if p<aq,
’ >0

ngR” ifp=gq

Y

213 (1) :/ |t log [u] dzz > || Au| > 8 =
Q

where we have used the case of p = ¢ in (2.10]) to derive the last inequality, and By, is the
optimal embedding constant of I/VO2 P(Q) cc LP(Q).
On the other hand, it follows the condition p < ¢ that

d(N) = )\qp/Q |u|?1og |u|dz — AP log Al|ul|]

—oo ifp=yg,
— =1 as A — 0T,
0 if p <y,

Combining (2.12)) with (2.13), we obtain there exists a \* € (0, 1) such that ¢p(\*) = ||Au|b
and I(A*u) = 0. Then Lemma is proved completely. O

Lemma 2.12. Let u € X \ {0} satisfy I(u) < 0 and p, q satisfy (1.4). Then we have
I(u) < q(J(u) = d).

Proof. From Lemma we can see that there exists a A* € (0, 1) such that I(A\*u) =0

Now, we define

fA) :==qJ(Au) — I(Au), X>0.

Calculating directly, we obtain

q—p A1
fA) = » ApllAullﬁJr;HUIIZ,

and

F'O) = (@ = )N Aullf + A7 a2

Then it follows from Corollary and Lemma that f/(A) > 0, f is non-deceasing with
respect to A > 0 and f(1) > f(A*). Therefore,

qgJ(u) — I(u) > qJ(N'u) — I(\*u) = qJ(\'u) > qd > 0,

where we have used the fact that A*u € N and the definition of d ((1.8]) to derive the last
inequality. Then Lemma [2.12]is proved completely. O
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3. Local solvability

In this section, we present the local solvability of problem ([1.1)—(1.3) by virtue of Galerkin

approximation.

Theorem 3.1 (Local solvability). Let ugp € X and p, q satisfy (1.4)). Then there exists a
To > 0 such that problem (1.1))~(1.3) admits a unique weak solution on [0,Ty) and

we L®(0,Ty; X), w € L*(0,To; Hy(Q)).

Moreover, u satisfies the following energy inequality:

(3.1) /0 s (5) 2y ds + J(u(t)) < T(wo), ¢ € [0,Tp).

Proof. We divide the proof into 5 steps.
Step 1: Approximate problem. Let {wj}j:of be a completed orthogonal basis of X. We
define the finite dimensional space V,,, := span{wi,ws,...,wn}, m € Ny, and construct

the approximate solution
m
U (,) =Y gjm (t)w; (),
j=1
where wu,, (z,t) satisfies the following Cauchy problem:

(32)  (Umt,w;j) + (Vttme, Vw;) + (|Aun P72 AUy, Awj) = (Jtm|?*tm 1og [tm, w;),

(3.3) uom = »_ gim(0)w; — up in X.
j=1
The standard theory of ODEs yields that Cauchy problem f possesses local
solutions.
Step 2: Priori estimates. We discuss the following two cases:
Case 1: max{l,%} <p<gq,2<gq <p(1 + %)
Priori estimate I: Multiplying by gjm(t), summing on j = 1,2,...,m and then

integrating on [0, ¢|, we know that

t
(3.4) St = 800+ [ [ Jim . 5) 1108 [ ,)] s,
0 JQ
where
1 2 1 2 ! p
(3.5) Sult) = gleml + 51Vl + [ NAun(s) s

On the other hand, we can see from ({2.8]) that for all « > 0,

1 o
(56) | el ol do < 252,

(e%
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where « is chosen to satisfy a < p(l + %) — q. Then by the Nirenberg interpolation

inequality and Young’s inequality, we obtain

« —6 «
37 /Q|Um|q10g|um|dx < C[| Aty |20 |y | SO
3.7

p(1—99)(q+a)
< el|Aumllh + C (&) Jumll, """,

1 1 2 1 1\!
1=z 55a) (v 5%32)
p(1—=0)(g+a) p2g+2a+N)—N(q+ )

2b-0(a+a)]  pd+N)-N(g+a)

then 8 > 1 because max{l, N+4} <p<gand2<g< p(l + ) Combining (3.4)—(3.7),
we obtain

where ¢ € (0,1) and

Now, we set

Bi=

t
Sp(t) < C1 + 02/ SP (s)ds,
0

where C1 and Cs are positive constants independent of m. Therefore, by means of Gronwall

inequality (see [9]), there exists a positive constant T > 0 such that
(3.8) Sm(t) < Cry,.

Priori estimate II: Multiplying (3.2) by g;m(t), summing on j = 1,2,...,m and then

integrating on [0, ¢], we know that

t
(3.9) J(um(t))+/0 (lums ()13 + [Vtms()[13) ds = T (wn(0)) = J (uom).
By the continuity of J and (3.3)), we can see there exists a constant C' > 0 such that
(3.10) J(uom) <C, ¥m e N;.
Combining (1.5 with ( . -, we can derive
1 p_ 1 q 1 q
C = J(um) = *HAUme_* |um’ log|um|dx+?\|um‘|q

1 Cle 1
> (p—) 1A — §>|| wnllf? + 2l

1 C(e) 1
> (== 2 ) Aun|? — 22858 (t) + = |luml|Z,
(p )H [ . (t) qQH 1

ie.,

(3.11) [Aum || + [[umll§ < Cr-



500 Zhiqing Liu and Zhong Bo Fang

Case2: 1<p<gq<2.
Priori estimate I: Combining (3.4) and (3.6|), taking o = 2 — ¢, we obtain

Si(t) < S(0) 4 52— / ()3 ds

< S
- 2—q/S

Then by means of Gronwall inequality, there exists a positive constant Ty > 0 such that
(3.12) Sm(t) < Cry,.
Priori estimate II: From ((1.5)), (3.9), (3.10) and (3.12]), we have

1 1 t
p!\Aum\I£+q2llumIIZ+/o (1ums ()13 + [ Vums(s)[13) ds

(3.13) 1 1
§C+/ U |7 10g || dz < C + ————||uml|3 < Cr,.
. Q| |*log [um| q(z_q)” 12 o
Therefore, by combining (3.5)), (3.8) and (3.11)—(3.13)), we can derive
(314) ||um||L°°(O,T0;X) S C, Vm € NJr,
(3.15) [umtll 20,103 () < €5 Vm € Ny,
(3.16) (|| At P72 Aty | <C, VmeN,.

Lo (0,Tp; WOQP( ))
Step 3: Pass to the limit. It follows from 1) that there exist functions u

and x and a subsequence of {u,, };-°°, which we still denote by {u,,}-> for convenience,

m=1
such that
(3.17) Um 5w in L°(0, Tp; X),
(3.18) Ut L up in L2(0, To; HE (),

| At P2 A0, 255 X in L0, To; Wy 27 ().
Using (3.17)), and Aubin-Lions Theorem (see [18]), we can obtain
(3.19) U, — u  strongly in C([0, Ty); H(2)).
Therefore, u,, — u a.e. (x,t) € Q x (0,Tp), which implies
|t |7 2 10G [t | = |u|92ulog [u| ae. (x,t) € Q x (0,Tp).

On the other hand, by a direct calculation, we have

2 2
/QHum‘q—?um log\umHQqL dz :/{ o) Hum‘q—%m log\um\‘%%ldx
x| |um

2q
(3.20) +/ |[ttn| 12t Log [t || 47T dae
{2€Q|um|>1}

< 1 2(1231 |Q‘ n 222q1 H Hq < C
P
~ Ll@—1e frlla =
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where we have used the fact that |#971logz| < ﬁ for 0 <z <1 and logz < 222 for

x € (0,400). Thus, from (3.19)) and (3.20) we have

|t |7 2y, 10G [ty W, lu|?"*ulog |u| in LOO(O,TO;L%(Q)),
and we can pass the limit in to derive
(ug, w) + (Vug, Vw) + (x, Aw) = (|[u]? ulog |u|,w), Yw € X.
Finally, by the well known arguments of the theory of monotone operators, we know that
X = [AuP~?Au,

and
(ut, w) + (Vug, Vw) + (|Auf 2 Au, Aw) = (Ju]? *ulog |u|,w), Yw e X.

Step 4: Uniqueness. Assume that there are two solutions u; and wug to problem ((1.1))—
(1.3)) with the same initial condition wu;(x,0) = ua(z,0) = up(z) € X. Let v = u; — ug,
then v satisfies v(0) = 0 and

(3.21) (v, w) + (Voy, Vw) + (JAv[P 2 Av, Aw) = (Jv|9 v log |v], w)
for all w € X. Now, we choose the test function in (3.21)) as

ui(s) —ua(s) if s €0,1],

w(s) ==
0 if s e (t,T()),

then it follows from the monotonicity of p-biharmonic operator that

SO < [ [ () = hua(s)]ln (5) = ua(e)] dads,

where h(u) = |u|?"2ulog|u|. Therefore, the uniqueness of problem (T.1)-(1.3) can be
deduced by the Lipschitz continuity of h: Rt — R and Gronwall inequality.

Step 5: Energy inequality. Let ¢ € C[0,Tp] be a nonnegative function. From (3.9) we
have

To To t To
[T e [0 [ ey st = [ @I 0) dr
It is clear that the right side of the inequality above converges to fOT O¢(t)J (up) dt as
m — 400, and the first term on the left side is lower semi-continuous with respect to the
weak topology of L?(0,Ty; X), i.e.,
To TO
C(t)J(u(t)) dt < liminf C(t)J (um(t)) dt,

0 m—-+00 0
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which implies
To

To t To
IOt + [ ce) [ (o) By dsde < [ o)) ar

0

Then we can obtain the energy inequality (3.1)) by the arbitrariness of {(¢), and Theo-
rem is proved completely. O

4. Global solvability

In this section, we present the detailed proof of the global existence of solution to prob-

tem (1) (C3)

Theorem 4.1 (Global solvability). Let ug € X \ {0} and p, q satisfy (1.4). If J(uo) <d
and I(ug) > 0, then problem (1.1)—(1.3) admits a global weak solution

u € L®(0,+00; X) and wu; € L*(0,+o0; H3(Q)).

Proof. We divide the proof into 2 steps.
Step 1: J(ug) < d. Let {um}5>, {uom},»> and {w;}jL; be the same as in Theo-

m=1>

rem (3.1l and T}, is the maximal existence time of u,,. Then by the continuity of J(u) and
I(u), we have J(ugpm) < d and I(ugy,) > 0.
Next, we only need to prove the case of 0 < J(uom) < d and I(ugy,) > 0. In fact,

(i) the case of J(ugm) < 0 and I(ugy,) > 0 contradicts with ((1.7)),
(ii) the case of 0 < J(upm) < d and I(upm,) = 0 contradicts with the definition of d,
(iii) the case of J(ugm) =0 and I(ug,,) > 0 is trivial.

Multiplying (3.2 by g}m(t), summing on j = 1,2,...,m and then integrating on [0, ], we
know that

t
(4.1) (1)) + /0 () Py oy ds < (o) < . ¢ 0,
Now, we claim that
(4.2) um(z,t) € W, Vit >0.

In fact, if it is false, then there exists a tg > 0 such that u,,(tg) € W, i.e., un(to) € X\{0},
and J(um(to)) = d or I(up(to)) = 0. From ([LI), J(um(to)) = d is not true. Thus
um(to) € N, and then we have J(un(to)) > d by the definition of d in (L.8), which
contradicts with ([4.1)).
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Case 1: p # q. Combining (1.7)), (4.1) and (4.2)) to derive
t
2 d q—Dp A P 1 q d
sy 0+ LN Aun Ol + gl ()l <d. >0,

which implies

t
(1.3 [ e (9) By oy s <
0
pqd
Aup, (D)|P < 225
| A ()] p——
and
(4.4) lum()]1§ < ¢*d.

Case 2: p = q. Similar to Case 1, we can derive (4.3)) and (4.4). Moreover, taking
v =pand p = 3% in (2.1, we have
P

|8t} = 1) + [ il |
Q
= 2I(um) + 2/ |Um [P 1og [t | dz — || Avpm ||D
Q

2N ple
< 20(un) + 2 108 by — 25108 (70 ) ol
pP~p

2 2N ple
= 2pJ (um) + [2 log [[um|lp — s 2 log (W))] w5
< (Cd.

Combining the two cases above, we obtain
t
(4.5) [ o) By 45 + 18w + a0 < € 2> 0.

On the other hand, multiplying (3.2) by gjm(t), summing on j = 1,2,...,m and then

integrating with respect to time variable on [0, ], we know that

1d
ig”um(t)’ﬁq&(g) = —I(um(t)) <0,

which implies
(4.6) ()13 ) < om0y < C-

Clearly, the constants on the right side of (4.5 and (4.6)) are independent of T;,, then for

T > 0, we can choose T,, = T and it follows from the arbitrariness of T' that u(t) is the

global weak solution of problem ((1.1))—(1.3]).
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Step 2: J(up) = d. Let 6, := 1 — % and Umg = dpuo, m € Ny and m > 2. We

consider the following problem:

up — Aug + A(|AufP~2Au) = [ul?2ulog u|, (z,t) € Q x (0,+00),
u(z,t) = Au(x,t) =0, (x,t) € 022 x (0,400),
u(,0) = umo(x), x € Q.

First of all, we claim that J(ugm) < d and I(ug,) > 0. In fact, from uy € X, 6, € (0,1)

and I(up) > 0, we can see

Ittm) = 6| Auug|[?, — 69, og 6,12 — 67, /Q g log [ug| dz

> o <||Auo||§ =537 [ Juolog dx)
Q

5| Augl[h > 0 if [q, [ug|?1og |ug| dx <0,
O (1= 60") [q luol?log lugldz > 0 if [, |ug|?log uo| dz > 0.

On the other hand, by direct calculations, we obtain

d 1
il — = (g p_ 54 q_ sq q
o Gn) = 5= <6m\|AuoHp 69, 10g |3l o2 — 32, /Q o) log\uo|da:)
Therefore, we have
d 1 1
S T (Emtin) = =T (Bmun) = =1 (uom) > 0,
d(st@ uo) . (6muo) . (uom) >0

which implies that J(d,,up) is strictly increasing with respect to d,, and
J(u()m) = J(émuo) < J(UO) =d.

Since ugpy — ug as m — 400, our result can be derived by the same processes as in the
proof of Theorem [3.1] and Step 1. Then Theorem is proved completely. O

5. Blow-up phenomena

In this section, we present infinite and finite time blow-up phenomena of the solution to

problem (|1.1)—(1.3]) in different energy levels.
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5.1. Infinite blow-up

This subsection is devoted to infinite blow-up and the lower bound of blow-up rate for

problem f.

Theorem 5.1 (Infinite blow-up). Let up € X \ {0} and p, q satisfy 1 <p < q < 2.

(1) If J(uo) < d and I(up) < 0, then the weak solution u(t) of problem (L.1)—(1.3) blows

up in infinite time.

(2) Furthermore, if I(up) < 0 and

<M if M <d,
<M if M=d,

J (up)

then for all p € (0,1), there exists a t, > 0 such that the weak solution u(t) of
problem (1.1))—(1.3) satisfies

2
t—t) T
(5.1) a2y 0 > G s,

=G
where

2

¢, =[(1- )& ¥ t)6(1)|™"  and G = [ Jul)Zy 0 ds
b= 5 0)G'(tp =/, () 95

Proof. (1) We divide the proof into 2 steps.

Step 1: J(ug) < d. We begin with claiming that u(t) € V, Vt € [0,Tax). In fact,
if it is false, then there exists a tg € [0, Timax) such that u(ty) € 9V, i.e., J(u(ty)) = d or
I(u(to)) = 0. From J(u(tg)) < J(up) < d we know that J(u(tp)) = d is not true, then
there exists a ty € [0, Timax) such that

I(u(tg)) =0 and I(u(t)) <0, te]0,tp).

Thus, it follows from Corollary and Lemma that ||Au(t)]|, > r« > 0, t € [0,19)
if p < ¢, while ||Au(t)||, > Bppllu(®)|l, > BppR > 0, t € [0,%9) if p = g. Meantime, it
follows from the continuity of ||Awu(t)||, with respect to ¢ that ||Au(to)|, > 0. Therefore,
u(to) € N, and J(u(tg)) > d by the definition of d in (L.8), which is a contradiction.

Let

t
G(1) ;:/0 () By gy 45 ¢ € [0, T

By direct calculations, we obtain

(5.2) G'(t) = [u(®)l12y @y = @ + [Vult) 3,
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and
(5.3) G"(t) = 2/ uuy do + 2/ Vu-Vugde = —21(u(t)).
Q Q
By means of Lemma [2.12] I(u) < 0 and J(u(t)) < J(uo) < d, Vt € [0, Tax), We can see

G"(t) = =21 (u(t)) > 2q(d — J (u(t)))
> 2q(d — J(up)) :=Co, t €0, Tmax)-

Combining (5.2)), (5.4) and

(5.4)

Gt = G'(0) + /0 G'(s) ds,

we can derive
(5.5) [(®) 230 = luolZy 0y + Cot > 0. ¢ € [0, Tona).

Now, we prove that u cannot blow up in finite time. Arguing by contradiction, we
assume that u blows up in finite time, i.e., Tihax < +00 and

t

lim G(t) = lim u(s)||? ds = 400,
Jim G0 = tm [ )i
which implies that
(5.6) ti%rn}ax Hu(t)||§{3(9) = 4o00.
Meantime, by (5.2) and (5.4]), we have
(5.7) G'(t)log G'(t) — G"(t) = I[u(t)lI31 @ log ()71 (o) + 21 (u(?)).

Next, we discuss the following two cases:
Case 1: 1 < g < 2. Taking a = 2 — ¢ in ({2.8]), we have

5 ).

On the other hand, from ({5.6)) we obtain that there exists a t; € (0, Tinax) such that

(5.8) Iu(®)) = | Aut) 2~

2
(5.9) ()15 @) = a3 + [IVu(t)]I3 > e, ¢ € (t1, Tmax).
Then by combining (5.7)—(5.9), we can derive
2
G'(B)1oB G (1) ~ G (1) 2 [ult) 0 108 ) g+ 2N Aul0)]f — 32— o)
2
(5.10) > [u(t)y 0 108 1) gy — 5 (O3

2
> 5 (Ol ) ~ Iu()13) = 0.



Asymptotic Behavior for a Pseudo-parabolic Equation 507

Case 2 ¢ = 2. Taking 7 = 2 in classical logarithmic Sobolev inequality (2.2]) and
choosing u > 0 such that

N 2ue
. — >
(5.11) 5 log<N52> >0,

and combining and (5.7) to obtain
G'(t)log G'(t) — G"(t)
> 2[[u(®) |71 (o) og I1u(®) | 2 ) + 2l Au®)lI} — 2llu(t)[|3 log [[u(t)]l2

N 2ue 9 9
+ 5 108 (ot ) IO = Ve

iz 2 2003+ V6 B) og (e gy oy — 203 1og (e
+ 108 (g ) IO = Vo)1

%) g

2
= [200 o)y ~ g o) + 5 1o (2
+ (2log lu(®) |l g3 (0 — 1) IVu@®)]I5.
On the other hand, it follows from (/5.6 that there exists a ta € (0, Tinax) such that
21og [lu(t)] gy = 1 and [u(®) iy > 0.t € [t2, T,

Meantime, by virtue of (5.3) and I(u(t)) < 0, we know that log [|u(t)|| g3 (q) is strictly

increasing on [t2, Timax) and

(5.13) 2log |lu(t)l[ga) = t € [t2, Timax)-
Combining (5.11)-(5.13) and log |ju( )||H1 > log ||u(t)||2, we obtain
(5.14) G'(t)log G'(t) — G"(t) > 0, t € [ta, Tmax)-

Let ¢ := max{t1,t2}, by (5.10) and (5.14)), we have

G//( )

802 G

=[logG'(t)]", t € [t, Tmax)-

Then by means of Gronwall’s inequality, we get
log G'(t) > et log G' (), t € [T, Tomax),

i.e.,
— 12et—T
) sy < e %ty 1 € F: T
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which contradicts with . Therefore, Tiyax = +00 and u cannot blow up in finite time
and v blows up in infinite time.

Step 2: J(up) = d. First of all, we claim that I(u(t)) <0, Vt € [0, Timax). In fact, if it
is false, then there exists a tg € (0, Tiax) such that

I(u(to)) =0 and I(u(t)) <0, te]0,t).

if p < g, while ||Au(t)||, > Bppllu(t)|l, > BpR > 0, t € [0,%9) if p = q. Meantime, it
follows from the continuity of ||Au(t)||, with respect to ¢ that ||Au(to)|[, > 0. Therefore,
u(to) € N, and by the definition of d in (1.8)), we have

Thus, it follows from Corollary and Lemma that ||Au(t)||, > r« > 0, t € [0,t9)

(5.15) J(u(to)) > d.

On the other hand, from [, uu; dz + fQ Vu - Vurdr = —I(u(t)) > 0, t € [0,1), we know
that uy # 0, Vuy # 0 and foo ||lus(s H ds > 0. Meantime, it follows from energy

inequality . ) that

which contradicts with (5.15]).
Therefore, we have f(f |us(s)|)?

HHl(Q) ds >0, t € (0, Tinax), and we can take t1 € (0, Tinax)
0
such that

If we take t; as the initial time, then similar to Step 1, we can obtain that the weak
solution u(t) of problem ([1.1))—(1.3)) blows up in infinite time.
(2) By the condition d > M and the processes similar to (1), we can derive I(u(t)) < 0,

YVt € [0,+00). Therefore, from (1.7)), (3.1), (5.2), (5.3)), Corollary and Lemma we

can derive
G (1) = 207 (u(t)) + Wumm”g + 2 uto)ly

t 2(q—p 2
> ~20Ju0) + 20 | us)lgyen ds + 2L dutoly + 2t

(5.16) - —2qJ (ug) + 2q fg lus(s) H ds 4 2= p)rf if p<gq,
| 20 (o) + 2q [ [|us(s) 17 0y 45 + 2Rq if p=gq

t
> 2¢[M — J(uo)] + zq/o HUS(S)H?{(}(Q) ds
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On the other hand, it follows from

[/ / s) + Vu(s) - Vus(s)) dads ’
</ s ()7 > i[G’(U_G/(O)]Q

(£))* = 2G"()G'(0) + (G'(0))?]

W~ \

that

2
(5.17) _4[/ / s) + Vu(s) - Vuy(s)) deds
+2(luoll3 + | Vuol13) G () = (lluol3 + [[Vuoll3)”.

Combining ([5.16)), (5.17) and Holder’s inequality to obtain

GG (1) = §(G (1) = 20 [ (o)l / [1(3)] 5

—2q [/ / s) + Vu(s) - Vus(s)) dads 2

509

q 2
> 2q[M — J(uo)|G'(t )—qIIUOHHI(Q)G’( )+ §(IluoH§+ I Vuol|3)

~gluo|Zy o G (1),

which implies that, for all p € (0,1), we have

618 Gwe - L®)? = UG w7 glulyed o)

Meantime, from (5.5)), we obtain

lim G/( )= lim |Ju(t )||%11(Q

t+o0 t—+00 0(®)

= +00.
Thus ((5.18]) implies that there exists a ¢, > 0 such that

GG () - L) >0, vi>t,

2

and

[Glf%(t)}' = (1-2) e ¥ e,

%] = (1- L)% [emew - L@wy] >0, viz,
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Then by 2 —gp > 2 — ¢ > 0 and G(t,) > 0, we can see

2

G'TE(t,) + /t t (Gl—%p(s))' ds] o

P

2

G(t) = |6 ¥ @] =

2

(19 > |6+ -0 (¢ ) |

2

= :Glf%(tp) +(t—t)) (1 - %p) G’%(tp)G’(tp)} 2=ap

> i (1) 0 00] =i,

where

c,= [(1 - %) G*%(tp)a'(tp)} T

Moreover, using G”(t) > 0, Vt > 0, we get

t
/ G'(s)ds < tG'(t),
0
ie.,
Hlu(®) 310y = GO)-

Therefore, combining the inequality above and ([5.19), we have

2
Cy(t —t,) 2w
2 P p
a3 0 =~

Then Theorem [5.1]is proved completely. O

5.2. Finite time blow-up

In this subsection, we give the results of finite time blow-up, life span of blow-up time and

blow-up rate for problem (|1.1))—(1.3]).

To begin with, we recall Levine’s convexity lemma, which plays a key role in the proof.

Lemma 5.2. [14] Let 0 < T < +o0 and nonnegative function F € C?[0,T) satisfy
F'(t)F(t) = (1+\)(F'(t)* > 0,

where X\ > 0 is a constant. If F(0) > 0 and F'(0) > 0, then

F(0) |
T < d 1 F(t) = .
S 3pqoy < too and lim () = +oo

Now, we describe the result of finite time blow-up as follows:
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Theorem 5.3 (Finite time blow-up). Let ug € X \ {0} and p, q satisfy

(5.20) 1 2N <p< 2<qg< 1+4
. max "N +4 pP=>gq q<p N/

(1) If J(up) < M and I(ug) < 0, then the weak solution u(t) of problem (1.1f)—(1.3])
blows up in finite time, and if J(ug) < M and I(ug) < 0, the upper bound of blow-up

time 1s given by

2
L Al
= (4= 22(M = J(w)

(5.21)

(2) Furthermore, if p, q satisfy (5.20) and q satisfies

(5.22) o
1< q < N_2 ZfN > 3,

then the lower bound of blow-up time is given by

oo 45
HL(Q)
523 T < > T = 0 ’
( ) max = 4L (q+a—2)B?{+a
and
1
1% qta—2 oy
(5.24) [ g 0) 2 o _9B" (T — t) 7702
where
4 .
(5.25) o= F+y)-4>0 ifN =1,2,
bmin {25, p(1+4)}-§>0 fN=3,

and By is the optimal embedding constant of H}(Q) CC LIT(Q).

Proof. (1) Since M < d, by the similar processes to Theorem we obtain I(u(t)) < 0,
Vit € [0, Tmax). Next, we discuss the following two cases:

Case 1: J(ug) < M. We prove the solution of problem f blows up in finite
time by contradiction. Assume Tiax = +00, then by the similar processes to Theorem [5.1]
(see (5.5)), we know that there exists a ¢y > 0 large enough such that

2q
(5.26) lutto)llzzy @) > 5= ol -

Now, we define a functional

t ~ o~
(5.27) Iwszuw@@www+@—wmwg@,teme



512 Zhiqing Liu and Zhong Bo Fang

where

~  2(q+2)
(5.28) T=="

to.

It is clear that I'(¢) is a positive continuous function on [0, T | and there exist two constants

n1,n2 > 0 such that

(5.29) m = T(t) = .

Differentiating directly to obtain

(1) = ||<>|r§,1 ) = llwoll 2
)13 ~ lfwol3 + [ Fu()]3 — [1Vuol3
(5.30) g

P ||2ds+/ —Suvu(s)ugds
2/ / (u(s)us(s) + Vu(s) - Vug(s)) deds,

and

() = 2/ (u()ue(t) + Vu(t) - Vug(t)) do = =21 (u(t)).
Q
Combining and energy inequality to derive
2(g—p 2
(1) = 20 (u(t)) + (p)nAu(t)uz + 2 uto)ly

—2qJ (up) + 2q [} ||us(s) 12710y A5 + 2Pl i p < g,

(5.31) : 2 ]
—2qJ (uo) +2q [y |lus(s) || ds + S R1 if p=gq

t
= 2q(M — J(Uo)) + 2(]/0 HUS(S)HzOl(Q) ds

where we have used Corollary Lemma 2.9 and the definition of M in (1.9)).
By virtue of ([5.30)), Holder’s inequality and Schwartz’s inequality, we have

2
[// s) + Vu(s) - Vus(s)) dxds]
2
[/ /uusdxds] + [/ /Vu Vusdxds]
(5.32) / sl 3 ds / ul3ds + / |Vus3 ds / IVul3 ds
T / Jusll3 ds / IVul3ds + / ul3 ds / IVus]3ds
0 0 0 0
t 2 t 2 i~
:/O |yus|yH01(Q)ds/0 lully @ ds. ¢ € [0.7].
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Combining ([5.27)), (5.31) and (5.32)), we can see
DO (8) = S(L(6)? + 2q(M — J (uo) L),

i.e.,

DOT(1) = §(T'(1))? 2 20(M — J(o))T(E) = 24(M — I (o) )z > 0,

where we have used (5.29) to derive the last inequality.
On the other hand, it follows from I'"(t) = —2I(u(t)) > 0 that

I (to) = [lu(to) | 0y — w033y > I(0) = 0.

Then by (5.26)), , Lemma and the nonincreasing property of Hu(t)||i,1 @
0

obtain that the maximal existence time 7' of T'(t) satisfies

S ()12 gy s + (T = to)luol %
(4-1) (||U(t0)||%{3(9) - ||UOH§{5(Q))

2to | u(to) 131 gy + 2(T = to)lluoll3s
(g = 2) ([[u(t0) 1 gy — 0l )

dqto + 2(q — 2)(T — o)
(¢—2)(q+2)

T <

+ 1o

+ to

+to < T,

and

lim T'(t) = 4o0,
t—T—

which contradicts with (5.29). Therefore, Tipax < +00.
Next, we give an upper bound of Tinax. For all T € (0, Tiax), set

t
F(t) ;:/0 ()]s gy s + (T = Doy g +alt + )%t € 0.7,

where a and b are positive constants to be determined later. Then by %Hu(t)H%{l @ =
0

—21(u(t)) > 0 and direct calculation, we have

F(0) = Tluoll;y g + ab® > 0,
F'(t) = ||u(t)|@lé(ﬂ) - ||u0\|§{5(m + 2a(t + b) > 2a(t +b) > 0,
and
F'(0) = 2ab > 0,

which implies that

F(t)> F(0)>0, tel0,T].

513

we
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Using the similar processes to obtain (5.31)), we have

¢
F"(t) > 2q(M — J(uo)) + Zq/o Hus(s)qué(Q) ds > 0.

On the other hand, similar to (5.32)), by Holder’s inequality and Young’s inequality,
we can verify

[/Ot (5 373y ds + alt + b)z} [/Ot leas ()12 ds + a]

1 2
> |3 100l ~ ol o) + ate +0)]

Therefore,

2
(0P = 4 51000 ~ ol ) + ate +0)]

t t
=4 {/ ||u(s)H%13(Q) ds—i—a(t—l—b)z] [/ Hus(s)H?{é(Q) ds—i—a]
0 0
2
[ )2 g — ol ) + alt +B)
2 Hi(Q) 0llH ()
t
~ (70 - T = Dllwlly) | [ 100y a5+
0

t
> <470 | [ 1) ey ds-+a]
0

from which we can deduce

F(OF"(t) = 2(F/ (1) = 24[(M = J(w)) — al F(2)
Now, we choose a € (0, M — J(ug)] such that F(¢)F"(t) — $(F'(t))? > 0, using Lemma
and taking T — Tiax, we have

2
Hu0||Hé(Q) b

max = ( 2) l max 2
HU‘OH2

Choosing b € (([177}%;@,

+oo) , we obtain
ab?

q— 2>ab - HUOH%[(%(Q)'

(5.33) Tinax < (

Now, we define

HUOH%((%(Q)
A= {(a, b) ’ a e (0,M— J(u)],b e <(q_2)a,+oo> }

B HU’OH?—[(%(Q) Huﬂ”%&(g)
_ {(a,b) ‘ ac (M),M—J(ug)] be <(q_2)(M_J<u0)),+oo>}.
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Then ((5.33) can be rewritten as

ab?

inf
2
(ab)eA (¢ — 2)ab — HU’OHH&(Q

Tm ax S

Taking ¢ = ab and setting

)
2
(4= 25 [l

f(b7 () =

)

then by the decreasing property of f with respect to ¢, we can derive the lower bound of

blow-up time

Thax < inf f(b7 b(M - J(UO)))
ool
((q S AT—TCug)) 7+0<>)

b2 (M — J(up))

= inf

”uOHHl(Q) (q - 2)b(M - J(UO)) - ||u0H§{3(Q)
be (aarrragy o0
_ b (M — J(ug))
T (g — _ _ 2 2flugl?
(q 2)b(M J(UO)) HUOHHS(Q) bfﬁ

B 4”“0“?{6(9)
(g —22(M = J(uo))’

Case 2: J(up) = M. From I(u(t)) <0, Vt € [0, Tmax), we know that

/ u(t)uy(t) do +/ Vu(t) - Vue(t) de = —I(u(t)) >0, € [0, Tmax)-
Q Q

Thus u; # 0, Vut # 0 and fo lus(s) HHl(Q ds > 0, t € (0, Tax), from which and energy
inequality (3.1) we can take t; € (0, Tinax) such that

If we take ¢; as the initial data, then similar to Case 1, we can obtain that the solution u
of problem (|1.1] . . blows up in finite time.
(2) It follows from ([5.25)) that

(5.34) lullg+a < Bullullgy ), Vu € Hy (),
where By is the optimal embedding constant of H{(Q) CC LI+%(Q). Now, we define

(5.35) (t) = ()31 () = Tu®)I3 + Va3
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Differentiating (5.35)) directly and using (5.34)), we have

() = =2[| Au(t)[l; + 2/9 |u(t)|* log [u(t)| dz

2 a
(5.36) <2 / ()] 1og |u(t)| de < = u(®)[374
Q
Bt 2BLFY i
< lu@®) %50, = —2—¢"3" (1) ace. t € [0, Tuw).

e o«
Since u(t) blows up in finite time, we can claim that ¢(t) > 0, t € [0, Tiax)- In fact, if it is
false, then there exists a ty € [0, Tiax) such that ¢(t9) > 0. Meantime, by the continuity
of ¢(t) and ( -, we have ¢/(t) <0, t € [to, Tmax), which contradicts with the fact that

the weak solution blows up in finite time. Therefore, we obtain

'(t 2RI
(5.37) o) 2By

Integrating (5.37)) on (0,¢) to derive

(q+a— 2)BY

_ata q+a
T (0) - () < t.
«
Taking ¢t — Tax, We can see
alluo 3y

max —

o
(¢+a—-2)By™
Moreover, integrating (5.37)) on (t, Tyax) to derive

1
gta—2

1
@ (T — t) " 7702,

+
(¢+a—2)B}™

(@)l g ) =

Then Theorem [5.3]is proved completely. O

Corollary 5.4 (Finite time blow-up). Let ug € X \ {0} and p, q satisfy -
J(up) < 0, then the weak solution u(t) of problem (L.1)~(1.3) blows up in finite time wzth
the upper bound of blow-up time

2
HUOHH(%(Q)

(5.38) Thax < Ty == 12— q)J(ug)’

and satisfies

. Hi(Q) — max .
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Proof. We define

() == —2q](u(t)) = —Q;rmu(t)nz - juumuz 2 /Q ()] log [u(t)] dz.

Differentiating directly, we have

(5.40) ¢(0) = ~2A8u(Olp+2 | (o) oz u(e)| dz > 0(0),
and
(5.41) V(1) = ~20.37(ul0)) = 240y 2 0

By combining (5.35)) with (5.41)), and using Holder’s inequality and Schwartz’s inequality,

we obtain

P (00 (1) 2 2qu®) 3 g () 3 0
(5.42) > 2q [/ﬂ u(t)ue(t) do + /Q Vu(t) - Vu(t) de

= 2B
It follows from that J(u(to)) < 0 is stronger than J(u(tp)) < M and I(u(ty)) < 0,
and by the proof of Theorem |5.3] we can see ¢(t) > 0, Vt € [0, Thnax). Meantime, from
¥(0) = —2¢J (ug) > 0 and (5.41)) we have (t) > 0, Vi € [0, Tynax)-
Therefore, combining (5.40) with (5.42)), we can see

V() ag()

2

Bt = 2 0(t)
Integrating the inequality above on (0,t) and using (5.40) to derive
'(t 0
(5.43) 7 () 5 v

q q
e2(t)  »2(0)
then integrating (5.43|) on (0,¢), we have

1

q_
P2l (t)
Taking ¢t — Tinax to obtain
2
T < HU’OHH&(Q)
~ q(2—q)J (uo)
and integrating (5.43]) on (¢, Tihax) to derive

1
luollF iy 1772 1

2 < 0( ) A e
Hu(t)HHé(Q) > [(I(Q — Q)J(UO) ( max t) q

Then Corollary is proved completely. O
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Remark 5.5. From (|1.7)) we can see that J(up) < 0 implies I(up) < 0. Hence, if J(up) < 0,
p, q satisfy (5.20) and ¢ satisfies (5.22]), we also obtain the lower bound of blow-up time
Ty, such that Ty, < Ty. In fact, it follows from J(ug) < 0 that

1 1 1
—me::—WMMM+3LLhmwmgmadx—qgmwg

g+

< luollia < 2ol
which implies
alluolliaer ™ luol%y g
By T —qJ(uo)
Therefore, we have
aJuol |76 o3

(g +a—2)BG* = —q(qg —2)J(uo)’
i.e., TL S TU-
For all ¢ty € [0, Thax), if we take £y as the initial time, then we can obtain the following

corollary by Corollary

Corollary 5.6 (Finite time blow-up). Let ug € X \ {0} and p, q satisfy (5.20).
J(u(tp)) <0, Vitg € [0, Tmax), then the weak solution u(t) of problem (1.1)—(1.3) blows up

in finite time.

5.3. Blow-up with arbitrary initial energy

The blow-up results studied in Sections [5.1] and [5.2] are closely dependent on the depth of
potential well d, but the value of d is small and difficult to calculate exactly. Therefore,

we establish a blow-up condition independent of d in this subsection.

Theorem 5.7 (Blow-up with arbitrary initial energy). Let ug € X \ {0} and p, q satisfy

4
2 1+— .
<p<q<p( +N>
If

(5.44) J(ug) < b+ )

where Kk, and B are the optimal embedding constants of Wg’p(Q) CcC Wol’p(Q), Vp>1and
H}(Q) cc L*(Q), respectively, then the weak solution u(t) of problem (L.1)—-(1.3) blows

up in finite time.
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Proof. We prove the result by contradiction. We have known that J(u(tp)) < 0, Vitg €

[0, Timax) leads to blow-up in finite time on the basis of Corollary Thus we suppose

that u(t) exists globally and J(u(t)) > 0, V¢ € [0, 4+00). By Bochner Theorem, we have
= [lu(®) = uoll g1 () = lu(®)ll m2 ) — lvollm@)

t t
[ gy as = | [ untoras
0 0 @

Then relying on the fact of J(up) > J(u(t)) > 0 and Holder’s inequality, we obtain

t
a3y < Traoll pzz ey + /0 s (s) 1130y ds

(5.45) < HUOHHl(Q) +t% </ Hus(s)‘@zg(g) ds) 2
< luoll gy ey + £2 (J (u >— J(u(t)))?

< [luo 73y + 2 J (o) 2.

On the other hand, it follows from Young’s inequality and (2.3)) (v = p > 2) that

1 2 2 2 P p— 2
Ol < IVaOIB < DIVl + =0

(5.46) ) )
K, P —
< JHA Ol + =~

Y

where k, is the optimal embedding constant of H}(Q) cC L%(Q), i.e., [Jull2 < E”UHHol(Q)

Then by (5.46)), we have

SyTLCIOL 7t

= JAu(®)[? + / ] log |u] de
Q

_(4_ U b 1u g _ U
_<p 1> B[+ [u(e)]f ~ 0. (u(r)

p YA P 02
Slul0)y g — L= D0y BELE D) 5 )

> q—p
kp(l1+ B7)
and by the nonincreasing property of J(u(t)), we have

y(t) > —1—2_y@),

T k(14 BY)
where . s
_1 2 rp(1+B)(p=2) o _ ap(l+B)
y(®) = Slu®lzy @) — % €2 - — J(u(t)).
The Gronwall’s inequality further indicates
ot P(1+B° P(14+B%)(p—2
() 131 ) = 29(0)e wh(1+57) +Mj(u(t))+mp( +B7)(p )‘m.

q—p 2p



520 Zhiqing Liu and Zhong Bo Fang

Now, we can deduce [[u(t)||%;, ) >0 and y(0) > 0 by up € X \{0} and (5.44)), respectively.
Recalling the assumption that J( (t)) >0, t e ]0,+00), we obtain

9—pP

1 ﬁ*t
w720y = [2y(0)] 22557

which contradicts (5.45)) for sufficiently large ¢ > 0. Therefore, u(t) blows up in finite
time. Then Theorem [5.7is proved completely. O

6. Extinction phenomenon

In this section, we present the result of extinction for problem ([1.1])—(1.3)).
We recall a lemma playing the key role in the proof.

Lemma 6.1. [12] Suppose that 0 <1 < r <1 and 0,8 > 0 are positive constants. If
nonnegative and absolutely continuous function h(t) satisfies
B (t) + ohl(t) < BR(t), t>0,
R(0) >0, Bh"H0) < o,

then we have
1
B(t) < [ - oo(1 - Dt + BHO)] T, 0<t<Th,
and

ht) =0, t>Tp,

where o9 = 0 — fR"H0) and Ty = hlilio) .

Theorem 6.2 (Extinction). Assume max {1, N+2} <p<q<2and 0 < luollgyq) <
gta—2
vl B then the weak solution of problem —m becomes extinct in finite time.

Furthermore, we have the following estimates:

(6.1)
w2 ()
2q+a 1 ﬁ
— b__ _
lwoll717qy = o0(2 = p) (22 'B, 7~ Q' 2 Juoll f) t] , 0<t<T,
and
lu(®)llgai) =0, =T,
where
2-p
(6.2) T, = luollrzg oy

p_ — ato q+a —
(2 —p)(22 1Bpp_é2 10| Huqu};‘Z‘Q;))

and a > 0 is sufficiently small such that ¢ + o < 2.
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Proof. We define
1 2
M) = 3 u(®) oy

Multiplying (1.1)) by v and integrating over €2, we have

(6.3) M’(t)+|Au(t)||£:/9|uqlog|u|dx.

Now, we use Rellich-Kondrachov Theorem (see |1, p. 168]) to derive

2N
2,p 1
Wir (@) cc HY Q). > g
ie.,
(6.4) lull ) < BollAullp,  Vu e WeP(Q).

Combining (2.8]), (6.3]), (6.4) and using Holder’s inequality, we deduce that there exists a
a > 0 such that

1 +a
P P + _gta +
M'(t) +22B,"M=(t) < o < alﬂl1 2 fuf3™

[ullgta <

gto 1— gto gto
2

2 3% |1~ M (1),

QImRQ |+

qta—2
o2

Then by Lemma and assumption 0 < [lug|| 71 () < MT, we can see that
p

M(t) < [—ao (1—B>t+M1’%(O) TP 0<i<T

2
and
M@#)=0, t>T,
_ 2_p
where oy = Qng_p - éQ%]Q|1_%Mﬁ2 *(0) and T, = 2]\;_7?)0((?). Therefore, the con-

clusion follows by ||u(t)|| i) = V2M (t). Then Theorem is proved completely.  [J
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