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Generalized Fractional Integral Operators Based on Symmetric Markovian

Semigroups with Application to the Heisenberg Group

Kohei Amagai, Eiichi Nakai* and Gaku Sadasue

Abstract. It is known that the fractional integral operator Z, based on a symmetric
Markovian semigroup with Varopoulos dimension d is bounded from LP to L9, if
0<a<d 1<p<gqg<ooand —d/p+ a = —d/q, like the usual fractional integral
operator defined on the d dimensional Euclidean space. We introduce generalized
fractional integral operators based on symmetric Markovian semigroups and extend
the LP-L? boundedness to Orlicz spaces. We also apply the result to the semigroup
associated with the diffusion process generated by the sub-Laplacian on the Heisenberg
group. Moreover, we show necessary and sufficient conditions for the boundedness of
the generalized fractional integral operator on the space of homogeneous type and

apply them to the Heisenberg group.

1. Introduction

Let R? be the d-dimensional Euclidean space, and let I, be the fractional integral operator
of order « € (0,d), that is,

(1) o) = o) o g 0 TR

Then it is known as the Hardy—Littlewood—Sobolev theorem that

(1.2) Ha(Pllzs < Cf e, f € LP(RY)

if p,q € (1,00) and —d/p + o = —d/q, where the constant C' is dependent on d, « and p,
and independent of f.

Let S be a locally compact space with countable base equipped with a positive Radon
measure dr on S and {T}};>¢ a strongly continuous symmetric Markovian semigroup.

Furthermore, we assume that the semigroup is Feller and has the Varopoulos dimension d
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that we shall define in the next section. The fractional integral operator of order o € (0, d)
based on {T}}+>0 is defined by

1

(1.3) D@ = 073 / T ) dt, xS,

If {T};}+>0 is the standard heat semigroup on R?, then the definition of the fractional inte-
gral operator ((1.3)) is equal to (1.1)), i.e., Io(f) = Zo(f). For its proof, see [39, Lemma 16.6]

for example.
In 2016, using the operator Z,, Kim [19] extended (1.2) to the LP(S)-L%(S) bound-
edness. On the other hand, (1.2)) was extended to Orlicz spaces by using the generalized

fractional integral operator
plz —y
e = [ A ) dy a e

|z — y|d

where p is a function from (0, 00) to itself satisfying
1
t
(1.4) / pt) dt < oo,
o t

see [27,128]. If p(r) =%, 0 < o < d, then I, is equivalent to the usual fractional integral
operator I,. If « > 0 and

1/(log(1/r))*t, 0<r < 1/e,
(1.5) p(r) =<1, 1/e <r<e,

(log 7)1, r>e,

then I, is bounded from exp LP(R?) to exp L¢(R%), where p, q € (0,00), —1/p+a = —1/q,
and exp LP(R?) is the Orlicz space L*(R%) with Young function ® such that

1/exp(1/tP) for small ¢,
ooy = [ 1/
exp(tP) for large t.

We will state the definitions of the Young function and the Orlicz space in Section [5l For
the generalized fractional integral operator I,, see also [1,(2,|15,(18,26,30,31,/40] and the
references therein.
In this paper we introduce a generalized fractional integral operator based on {7} }+>0;
p(t'?)

(1.6 () = [P @, e

and extend the LP(S)-L%(S) boundedness to Orlicz spaces as follows.
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Theorem 1.1 (Theorem [6.1)). Let ® and ¥ be Young functions and p: (0,00) — (0, 00)
satisfy (1.4). Assume that there exists a positive constant C' such that, for all r € (0, 00),

" p(t > p(t)@1(1/td
(1.7) / p(t> dt ®=1(1/r?) —I—/ p()t(/) dt < Cv(1/r9),
0 r
where d is the Varopoulos dimension of {Ii}t>0. If ® satisfies the Va-condition (see

Definition , then I, is bounded from L®(S) to LY(S).

If {T3}+>0 is the standard heat semigroup on R?, and if p satisfies suitable conditions,
then I, and Z, are equivalent, see the next section. Therefore, our result is also an
extension of the result in [28] to the symmetric Markovian semigroup. For example, if p
is as (L.5), then Z, is bounded from exp LP(S) to exp L(S).

We also apply the result to the semigroup {7} }+>0 associated with the diffusion process
generated by the sub-Laplacian on the Heisenberg group. Namely, we have the following

corollary.

Corollary 1.2 (Corollary . Let H" be the Heisenberg group, and let {Ti}i>0 be the
semigroup associated with the diffusion process generated by the sub-Laplacian on H" (see
Section [3] for the definition). Let ® and ¥ be Young functions and p: (0,00) — (0,00)
satisfy (L.4)). Assume with d = 2n + 2 for some C' € (0,00) and for all r € (0, 00).
If ® € Vs, then I, is bounded from L®(H") to LY (H").

The Heisenberg group is an example of the space of homogeneous type X = (X,d, u)
in the sense of Coifman and Weiss [6,/7]. See Section {4 for the definition of the space
of homogeneous type. The LP(X)-L%(X) boundedness of I, is known by [11], and the
boundedness of I, on the Orlicz space L®(X) was also considered in [29]. In this paper
we generalize and improve these results (see Theorem , and then we apply them to Z,
based on the semigroup associated with the diffusion process on the Heisenberg group (see
Corollary . Moreover, we show necessary conditions for the boundedness of I, and Z,
on the Orlicz space.

The organization of this paper is as follows: In the next section we recall the definition
of the symmetric Markovian semigroup {7;}+>0 on S with the properties of Feller and
Varopoulos dimension. We also investigate the relation between I, and Z, in the case that
{T,}+>0 is the standard heat semigroup on R?. In Section |3| we recall the definition of
the Heisenberg group and the semigroup associated with the diffusion process generated
by the sub-Laplacian on the Heisenberg group. In Section [4] we recall basic properties on
the space of homogeneous type. In Section [5| we recall the definitions of Young functions
® and Orlicz spaces L®. Then we give the main results in Section |§| and prove them in
Section [1
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At the end of this section, we make some conventions. Throughout this paper, we
always use C' to denote a positive constant that is independent of the main parameters
involved but whose value may differ from line to line. Constants with subscripts, such as
Cp, are dependent on the subscripts. If f < Cyg, we then write f < g or g 2 f; and if
f < g < f, we then write f ~ g.

2. Symmetric Markovian semigroup

The space of all continuous functions on S vanishing at oo is denoted by Cy(S). That
is, f € Cp(S) means that, for any € > 0, there exists a compact set K C S such that
|f(z)] < eforall z e S\ K. We denote the inner product by (f,g) = [ f(x)g(z) dx for
notational convenience.

Now we recall the definition of the symmetric Markovian semigroup {7} }+>0 on S with
Feller and Varopoulos dimension. We say that a semigroup {7;}+>0 on S is a symmetric

Markovian semigroup if it satisfies the followings properties.

(S1) Tif > 0 whenever f > 0;

(S2) 1 =1;

(S3) (Symmetry) (T;f,g) = (f, Tzg) for every f,g € L*(S) and every t > 0;

(S4) (LP-contraction) ||Tif]lze < ||f|lzr whenever f € LP(S) for every 1 < p < oo.

Suppose that there exists a symmetric Markovian semigroup {7;}:>0 on S. Furthermore,
we assume that the semigroup is strongly continuous on L?(S) and a Feller semigroup. In
other words, {T}}+>0 satisfies that

(S5) (Strong continuity) lim;_,o || T;f — f|l2 = 0 for all f € L?(S),
(S6) (Feller) for all f € Co(S), Ty f € Co(S) for all t > 0 and limy_o | Tif — f|leo = O.

The semigroup {Ti}:>0 is also assumed to have the Varopoulos dimension d (d > 0)

introduced by Varopoulos [43] in relation to Sobolev inequality, meaning that

(S7) (Varopoulos dimension) for all p € [1,00), there exists a positive constant ¢ such
that, for all f € LP(S) and ¢t > 0,

C
ITef loe < 5711

Note that Varopoulos [43] defined the dimension d > 2 associated with the Dirichlet
form attached to the semigroup {T}}+>0. In this case the semigroup {T}}:>0 satisfies (S7)
for d > 2. However, we define the dimension d > 0 by the condition (S7). For example,
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the standard heat semigroup on R satisfies (S1)-(S7) with d = 1,2,.... The Brownian
motion on fractals are other examples of semigroups with d > 0, see [3,23].

In the rest of this section, we state the relation between Z, and I, in the case that
{T}}+>0 is the standard heat semigroup on R4,

Firstly, we say that a function 6: (0,00) — (0, 00) satisfies the doubling condition if

there exists a positive constant C' such that, for all r, s € (0, 00),
(r
(s
We say that 6 is almost increasing (resp. almost decreasing) if there exists a positive
constant C' such that, for all , s € (0, 00),

1
— <
c S

>
~—

(2.1) <C if=<

w |3

<2

>
SN—
| =

O(r) < CO(s) (resp. O(s) < CO(r)) ifr<s.

Let {T}}:>0 be the standard heat semigroup on R%, i.e.,

(T.f)(z) = » Wz —y,t)f(y)dy, xR t>0,

where

W (a,t) = (4mt) =2 exp(—|a[*/ (4t)).
Then {T;}+>¢ satisfies (S1)-(S7) and we have the following proposition.

Proposition 2.1. Let p,pg: (0,00) — (0,00). Assume that both p and po satisfy ((1.4)

and that there exists a positive constant C such that, for all r,s,t € (0,00),

(2.2) gcgﬂ exp (—i <Z>2> < Cfﬁi exp (—i <:>2> if s <t <2r.

If the relation

(2.3) po(r) ~ rd /OO tpd(ﬁ dt

holds, then

00 1/2
(2.4) it~ [T @p@an for a2 o

Moreover, if t = t9p(t) is almost increasing for some 6 > 0 and t + p(t)/t4¢ is almost

decreasing for some € > 0, then

00 1/2
(25 ni@)~ [T @@ o ait g o0

In (2.4) and (2.5) the implicit constants are independent of f and x € RY.
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For example, the function p defined by (L.5)) satisfies ([2.5)).

Proof of Proposition 2.1 Let f > 0. By Fubini’s theorem,

/000 P(t;ﬂ) < 5 Wiz —y,t)f(y) dy> di

— /Rdf(y) (/OOO p(ttl/z)(zm)—d/? exp <—|‘T;ty‘2> dt) dy.

Let u = tY2 and r = |z — y|. Then t = u* and

(') =y, 2 [ pu) 1 /ry2
) e (g it =y Jy e (~1(3) ) @
By the assumption (2.2]) we have
" p(u) 1 ry2 ) L ry2
/Oucm P <‘4 () ) = e (-5 (5)) d

Hence, using this inequality, the inequalities e 4 < exp ( — i(5)2) <1 for r < u, and

u
(2.3), we have

[ 2 (4 0)) [ b (3 2))

> p(w) po(r)
- /r ud+t du~ rd ’
and then
[} t1/2 r—y
[T (L= wosaay) ae~ [ A= ) 0
0 Rd Rd [T — Y|
which shows (2.4)).

If t = t?p(t) is almost increasing for some 6 > 0, then

p(t) 1 r\2\ _ tp(t) (r\d+1+6 1 /r\2
aroe (=3 () ) = (5) e (-5 (7)
satisfies (2.2). Moreover, if t — p(t)/t?~ is almost decreasing for some ¢ > 0, then p

satisfies the doubling condition and

MN/%M&S/* p(t) 4y < P0) /00 L, el

Td td+1 td+1 rdfe tlte ’I"d

This shows (2.3) for p = py, and we have ({2.5). O
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3. Heisenberg group

In this section, we introduce Heisenberg group H" following [4,5]. As a topological space,

H” is the same as R*"*! = C” x R, and we write z € H" as x = (21,22, .., Topt1) =
(1 4 i®pi1y ..., T + T2, Tont1). The multiplication in H" is given as

1 n

’_ / / / I v
xx = xl+x1,...,x2n+m2n,x2n+1—i—anH—5 m(z;2}) |
j=1
. / P . . .

where z; = xj + izy4; and 27 = 2 + iz, ;. It is easy to see that the unit of H" is 0 and
z =2

Let X; be the left invariant vector field on H" such that X; = % at 0. At a general
J
xr € H",
0 1 0 0 1 0

Xj=5——zTnyjz— Xnyj=
J axj 9 n-+j 81‘2n+1’ n+j

Otmr; 2% Oranir
where j =1,2,...,n.

Let (By)i>0 = ((B}, ..., B?"))i>0 be the canonical realization of 2n-dimensional Brow-
nian motion on the Wiener space W?” such that By = 0. Let Ag» be the sub-Laplacian

on H", that is,
2n
_ 2
Agn = E X3
Jj=1

Since the Lebesgue measure is a bi-invariant Haar measure on H", we have
| Gun@o@)de = [ ) b)) da

for all smooth functions f and g which have compact supports. Moreover, —Agr is non-
negative and has the Friedrichs extension.

The diffusion process (Z;);>0 generated by %AHn is given as
Zt = (Btla s 7Bt2n7At)7

where

1< o . ¢ . .
At:22</0 Bgngﬂ—/O Bgﬂng),

j=1
see [12, Lemma 1] and |17, p. 473]. Hence, the associated semigroup {7} };>0 is given by

(3.1) T,f(x) = E[f(zZ)], «eH",

where E denotes the expectation. We have that {7} };>o satisfies (S1)—(S6) in a standard

way.
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For s > 0, dilation d5 on H" is defined by ds(x) = (sz1,...,5%on, $2T2,11). By [38,
Proposition 1.1.10], we have the invariance of the law of Brownian motion (Bi)i>o ~
(eBy /52)t20 for every € > 0. From this, we deduce that the distribution of Z; equals to the
distribution of ¢ ;(Z1) for every ¢ > 0. Therefore, we obtain

Tif(z) = E[f(20,4(Z1))] = Elf (8,46 3 (2)Z21))] = T1(f 0 8,4)(8_; (2)).

At 0, the family of vector fields { X }?Zl satisfies the hypoellipticity condition of Hormander
type in the sense of [17, Chapter V, Definition 10.1] because [X;, X in] = %ﬁl Since
Z, is a solution to the stochastic differential equation

2n
dZ, =Y X;(Z;) o dB]
j=1
with Zy = 0 realized on W2", we can apply [17, Chapter V, Theorem 10.2] to obtain that
E[(det 0¢)7P] < oo for every p > 1, where o denotes the Stratonovich stochastic integral
and o, denotes the Malliavin covariance of Z;. By [42, Chapter 5, Theorem 5.9], the
distribution of Z; has a bounded smooth density. Hence, we have (S7) with d = 2n + 2 as

follows:

|11 || Lo— oo
t(n+1)/p

[Tef |l = T2 (f 0 6 )l < N Thllrsroe||f o b lle = £l ze-

Let 2,y € H". The distance d(x,y) is defined by

d(z,y) :inf{T >0;37:[0,7] — H" s.t. v(0) =z,4(T) =y,

(32) 2n 2n
V() =Y aj(t)X;(y(t), where Y a;(t)* < 1}.
j=1 j=1

Then d and d; satisfy
(3.3) d(6s(x),5(y)) = sd(,y).
By (3.3)), we have

V() = 22 (),

where V (r) denotes the volume of the ball of radius 7.
Note that

Tif@) = [ plta ) (w)d,
where p is the fundamental solution to
0 1
—p(t = —Agnp(t, ).
Sop(t ) = 5 Bsnp(ta)

It is known that p satisfies the following
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Theorem 3.1. (see [44, Theorems IV.4.2 and 1V.4.3] for example) There exist positive
constants Cq, Co, C3, Cy such that

Cl d(O, .7})2 03 d((), ZL‘)Z
_H) ) < < _
g+t P ( Oyt ) SPlh) S prg e Cut

for all (t,x) € (0,00) x H".

Following [14,45], we now introduce the generalized fractional integral operator I, on

H". For z = (z1,22,...,%2m+1) € H", define |z|gn by
2 1/4
2n
j=1

It is known that dyn (z,y) = |27 y|gn is a metric on H" equivalent to d in (3.2)), see [5} p. 19]
for example. Then, for p: (0,00) — (0, 00) satisfying (|1.4), define
Pz~ ylsn)
Lf)(z) = —_— dy.
1He = [ o Ty
Thanks to Theorem [3.1] and the equivalence between d and dg», we have the following

proposition in the same way as in Proposition [2.1

Proposition 3.2. Let p: (0,00) — (0,00). Ift = t%p(t) is almost increasing for some
0 >0 and t — p(t)/t*"T27¢ is almost decreasing for some € > 0, then

0o 1/2
Bi@)~ [T @@ o ait g o0

In the above the implicit constant is independent of f and x € H".

For the fractional integral operator on the Heisenberg group, see also Frank and Lieb
[10]. They obtained the sharp constant on LP-L* boundedness of I, for 1 < p < 2,
1/p+1/p' =1 and p(r) = r* with « = (2n +2)(2 — p) /p.

4. Spaces of homogeneous type

In this section we recall basic properties on the space of homogeneous type. Let X =
(X,d, ) be a space of homogeneous type in the sense of Coifman and Weiss [6,7], that is,
X is a topological space endowed with a quasi-distance d and a nonnegative measure p

such that the following conditions holds:
(i) There exists a constant K7 > 1 such that, for all z,y,z € X,
d(z,y) >0 and d(z,y)=0if and only if x =y,

d(z,y) = d(y, x),
(4.1) d(z,y) < Ky (d(x, 2) + d(z,y)).
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(ii) For every point z € X, the balls B(x,r) ={y € X : d(x,y) < r}, r > 0, form a basis
of neighborhoods of the point zx.

(iii) The measure u is defined on a o-algebra of subsets of X which contains all balls.

(iv) There exists a constant Ko > 1 such that, for all x € X and r > 0,

0 < p(B(z,2r)) < Ko u(B(z,1)) < o0.

In this paper we always assume that u({z}) = 0 for all € X and that the inequality
(4.2) jd(z, ) — d(y, 2)| < K3 (d(z,2) +d(y, 2))'"d(x,y)°

holds for some constants # (0 < § < 1) and K3 > 1 which are independent of z,y,z € X.

The constant 6 is called the order of the space of homogeneous type. Note that, from

, it follows that there exist constants § (0 < 6 < 1), K3 > 1, and a quasi-distance

which is equivalent to the original d such that holds (see Macias and Segovia [24]).
If u(X) < oo, then there exists a positive constant Ry such that

X =B(xz,Ry) forallze X

(see |32, Lemma 5.1]).
Following [24], we shall say that a space of homogeneous type is normal if there exists
a positive constant K4 such that, for all z € X and 0 < r < p(X),

KL4 < w(B(z,r)) < Kyr.

For a space of homogeneous type (X, d, u), let

inf{u(B) : B is a ball containing = and y} if z # vy,
(4.3) 6(z,y) = .
0 ifx=y.

Then (X, 6, 1) is a normal space of homogeneous type, and the topologies induced on X
by d and ¢ coincide (see [24]).
In general, X is called @Q-homogeneous (Q > 0), if there exists a positive constant K3
such that, for all x € X and 0 <7 < pu(X),
"”Q
(4.4) — < w(B(z,1)) < K5r€@.
Ks
The Euclidean space R? is d-homogeneous and the Heisenberg group H" is (2n + 2)-

homogeneous.
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Let (X,d, ) be Q-homogeneous. For a function p: (0,00) — (0, 00) satisfying ((1.4)),

let
D@ = [ ARt dut). a e x.

If p(r) =r*, a € (0,Q), then we denote I, by I,. Then it is known that I, is bounded
from LP(X) to LY(X), if p,q € (1,00) and —Q/p+ o = —Q/q, see [11] for the case Q = 1.
It is also known that I, is bounded on Orlicz spaces under some assumptions, see [29]. In
this paper we generalize and improve these results. We also give necessary conditions for
the boundedness of I,,.

To consider I, on the space of homogeneous type, we also use the following condition:
There exist positive constants C, k1 and ke with k1 < kg such that, for all r € (0, 00),

(4.5) sup p(t) <C . P dt.

r/2<t<r kyr
The condition (4.5) was considered in [36] in the case R? If p satisfies the doubling
condition, then p satisfies (4.5). Let a € (0,Q) and

re, 0<r<l,
p(r) =
e Tt 1<

Then p satisfies (4.5). For the conditions on p, see also Remark

5. Young functions and Orlicz spaces

For an increasing (i.e., nondecreasing) function ®: [0, co] — [0, 0o}, let
a(®) =sup{t >0: ®(t) =0}, b(P)=1inf{t >0: P(t) = oo}
with convention sup ) = 0 and inf ) = co. Then 0 < a(®) < b(P) < oco.
Let @ be the set of all increasing functions ®: [0, co] — [0, co] such that
0<a(®) <oo, 0<bP)<oo,
(5.1) tLHEO(I)(t) = ®(0) =0,
® is left continuous on [0, b(®)),
if b(®) = oo, then tlim O(t) = P(00) = o0,
—00

if b(®) < oo, then t%llji(gl)_o@(t) =P(b(P)) (< 0).

In what follows, if an increasing and left continuous function ®: [0,00) — [0, 00)
satisfies (5.1) and lim; o, ®(t) = oo, then we always regard that ®(co) = oo and that
ded.
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For ® € &, we recall the generalized inverse of @ in the sense of O’Neil [33, Defini-
tion 1.2].

Definition 5.1. For ® € @ and u € [0, ], let

31 (u) = inf{t > 0:®(t) > u}, wuel0,o00),

0, U = Q.

Let ® € @. Then ®~! is finite, increasing and right continuous on [0, c0) and positive
on (0,00). If @ is bijective from [0, oc] to itself, then ®~! is the usual inverse function of
®. Moreover, if ® € @, then

(5.2) O(d (u) <u < H®(u)) forall u e [0,00],

which is a generalization of Property 1.3 in 33|, see Remark For its proof see |41,
Proposition 2.2].
For ®, ¥ € &, we write ® ~ ¥ if there exists a positive constant C' such that

O(C7H) < W(t) < ®(Ct) for all t € [0, 00].

For functions P, @: [0, 00] — [0, 00], we write P ~ @ if there exists a positive constant C'
such that
C™IP(t) <Q(t) < CP(t) for allt € [0,00].

Then, for ®,¥ € &,
(5.3) PrV — o~ Tul

see [41, Lemma 2.3].

Now we recall the definition of the Young function and its generalization.

Definition 5.2. A function ® € @ is called a Young function (or sometimes also called
an Orlicz function) if ® is convex on [0,b(®)). Let @y be the set of all Young functions.
Let @y be the set of all ® € & such that ® ~ U for some U € Py .

Remark 5.3. If & € &y, then (5.2)) is Property 1.3 in [33]. If ® € &y and 0 < §(¢) < oo,
then ®~1(®(t)) = ¢.
Next we define the Orlicz space L®(S) for ® € @y. Let L°(S) be the set of all complex

valued measurable functions on S.

Definition 5.4. For a function ® € @y, let

L%(S) = {f e L%(S) : /S<I>(e|f(x)|)dm < oo for some € > 0} :

£l Lo :inf{)\>0:/861><|f(>\$)|> da;g1}.
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Then || - || o is a quasi-norm and thereby L%®(S) is a quasi-Banach space. If ® € &y,
then ||-|| ¢ is a norm and thereby L®(S) is a Banach space. For ®, ¥ € &y, if & ~ ¥, then
L*(S) = LY(S) with equivalent quasi-norms. Orlicz spaces are introduced by [34}35]. For
the theory of Orlicz spaces, see [20-22,25,37] for example.

Definition 5.5. A function ® € @ is said to satisfy the Vs-condition, denoted by ® € Vs,

if there exists a constant £ > 1 such that
1
O(t) < ﬂCD(kt) for all t > 0.

Let Vo = &y ﬁvg.
For example, both

2, 0<t<l1, )
Q(t) = and ®9 = max(0,t — 1)
oo, t>1

are in V. For other examples, see after Remark
At the end of this section we extend the maximal ergodic theorem to Orlicz spaces.

Assume that {T}}+>0 is a strongly continuous symmetric Markovian semigroup satisfying
(S1)—(S6). Let

(5.4 T f(z) = sup | T (x)].

Then T* is a sublinear operator of strong-type (p,p) for all p € (1, 00], see [19, Proposi-
tion 2.3]. In this case we can use a Marcinkiewicz-type interpolation theorem for Orlicz
spaces and get the following maximal ergodic theorem. We give its proof for readers’ con-
venience. For a measurable function f on § and ¢ > 0, we denote by m(f,t) the measure
of the set {x € S :[f(x)| > t}.

Theorem 5.6. If ® € Vs, then there exists a positive constant Cg such that
(5.5) IT* fll e < Cal|fllLe-

Proof. For every p € (1,00], there exists a positive constant C, such that
(5.6) IT* fllze < Cpllflzo-

Let f € L®(S). We may assume that ||f|| e = 1. For t > 0 and ¢ > 0, let

fQx),  [f(@)] > et,

f=+f. fl(o)=
0, [f ()] < ct.
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Then
1T fill oo < Cool| fill e < Cooct =1/2,

provided we choose ¢ = (2Cs) 1. It follows that m(T* f;,t/2) = 0. Therefore,

Since ® € Vs, there exists p € (1, 00) such that ®((-)}/?) € V, (see [41, Lemma 4.5)), that
is, ®((-)1/?) ~ ®,, for some ®, € Va. Then, there exists a positive constant cg such that

/r @;(t) gt < co®p(cor)
0

t - r ’

see |21, Theorem 1.2.1]. By (5.6)) we have

1
(t/2)r

(Cp
(t/2)r

yp < (20
G < TR [

m(T" f',/2) < 1T 1l <

Hence

[air s@mas = [ @y)ym s a
S 0

0 n P! (tP p—1
If(@)l/c P! (P
— (20, /S @) ( /0 pg(t )dt> i
(1f@)1/e)? &' (y
— (20, /S @) ( /0 i )du) i

< (2,070 /S @y (co(|(x)]/c)?) da

Joo (R ae < [ otswpas

for some positive constant Cy. This means (5.5)). O

which shows

Let (X,d, ) be a space of homogeneous type, and let M be the Hardy—Littlewood

maximal operator, that is,

Mf(z) = )| dp(
f(z) =sup /|f|ﬂ

where the supremum is taken over all balls B containing x. It is known that M is bounded
from L'(X) to wL'(X) and from LP(X) to itself if p € (1, 00], see [6/7]. For Orlicz spaces,

the following theorem is known.
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Theorem 5.7. Let ® € @y . Then there exists a positive constant Co such that

M fllwre < Callflle-

If ® € V3, then
M fllpe < Collfllze-

In the above wL®(X) is the weak Orlicz space defined by the following quasi-norm:
Il fllwre = inf {)\ >0: sup P(t)u({z e X :|f(x)|/A>t}) < 1} .
te(0,00)

For the proof of Theorem for example, see [21, Theorem 1.2.1 and Lemma 1.2.4]
for the case R, and [13, Theorems 6.2.1 and 6.4.1] for the space of homogeneous type.

6. Main results

Assume that {T}};>0 is a strongly continuous symmetric Markovian semigroup on S sat-
isfying (S1)—(ST7). Recall that Z, and 7™ are defined by (1.6) and (5.4), respectively.
The first result in this paper is the following

Theorem 6.1 (Theorem . Let ®, ¥ € &y and p: (0,00) — (0,00) satisfy (1.4)).

Assume that there exists a positive constant C such that, for all r € (0, 00),
T 00 (I)fl 1 d
(6.1) / ”Sf)dt o1(1/r7) +/ p(t)t(/t) dt < CU1(1/r%),
0 r

where d is the Varopoulos dimension of {Ti}i+>0. Then, for any positive constant Cy, there
exists a positive constant Cy such that, for all f € L®(S) with f # 0,

*(Gif) =* (@) *=°

Consequently, if ® € Va, then I, is bounded from L*(S) to LY(S).
From the theorem above we have the following corollary immediately.

Corollary 6.2 (Corollary . Let H" be the Heisenberg group, and let {T;}i>0 be the
semigroup in on H". Let ®, ¥ € &y and p: (0,00) — (0,00) satisfy . Assume
(6.1) with d = 2n + 2 for some C € (0,00) and for all v € (0,00). If ® € V3, then I, is
bounded from L®(H") to LY (H").

Next we state the result on the space of homogeneous type.

Theorem 6.3. Let (X,d,pn) be a Q-homogeneous space of homogeneous type satisfying
p({z}) =0 for allx € X. Let ®,¥ € @y and p: (0,00) — (0,00) satisfy (1.4]).
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If p satisfies (4.5)) and there exists a positive constant C' such that, for allr € (0,00),
" p(t > p(t) @1(1/t¢
(6.2) / pi) dt d~1(1/r9) +/ p()t(/) dt < Cw1(1/r9),
0 T

then, for any positive constant Cy, there exists a positive constant C1 such that, for

all f € L®(X) with f #0,

“(aie ) =* @) 7<*

Consequently, 1, is bounded from L®(X) to wLY(X). Moreover, if ® € Vg, then 1,
is bounded from L*(X) to L¥(X).

Conversely, if r — p(r)/r* is almost decreasing for some k > 0, and if I, is bounded
from L2(X) to wLY(X), then there exists a positive constant C' such that, for all
r € (0,00),

/T pit) dt o~1(1/r9) < C'wL(1/r9).
0

Moreover, if one of the following conditions holds, then (6.2)) holds for some C €
(0,00) and for all r € (0,00):

(a) @~ 1(1/d(x0,-)?) € L*(X) for some z¢ € X.

(b) There ezists a positive constant C" such that, for all r € (0,00)

0o -1 Q
/r ﬂ(”‘l’t(l/t) dt < C"p(r)® 1 (1/r9).

We will give an example of ® which satisfies the assumption (a) in Example at the

end of this section.

Remark 6.4. In Theorem (ii), for the cases R? and H", we do not need the almost
decreasingness of r — p(r)/r*, see Remark For these cases, however, we need (4.5))
only in the part (b).

Remark 6.5. A simple calculation shows that the following (R1) and (R3) are equivalent,
and, (R2) and (R4) are equivalent:

(R1)
(R2)
(R3)

(R4)

3k € (0,00) such that r — p(r)/r* is almost decreasing.
Jk € (0,00) such that r — p(r)r¥ is almost increasing.
3C € [1,00) such that, if » < s < 2r, then Cp(r) > p(s).

3C € [1,00) such that, if r < s < 2r, then p(r) < Cp(s).
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Hence, p satisfies the doubling condition ([2.1)) if and only if both (R1) and (R2) hold. It
also follows that, if (R1) or (R2) holds, then (4.5) holds.

Remark 6.6. (see [29]) For any space of homogeneous type (X, d, p) satisfying p({z}) =0
for all x € X, let

~|

@) = [ LB 1) duy), we X,

x Bz, d(z,y)))
Taking § defined in (4.3)), we can consider its normalized space of homogeneous type
(X, 0, ) and define Iﬁ(fs) as

190 = [ P ) i), o e x.

If r +— p(r)/r is almost decreasing, then I,|f| < I,(,6)|f], since

p((B(z,d(z,9)))  p(o(z.y))
u(B(z,d(z,y) ~ 6(z,y)
Therefore, the boundedness of Yp follows from the boundedness of I ,(,5).

In Theorem for the case RY, the part (i) is already known by [8, Theorem 3,

Item 1]. Its proof is also valid for any Q-homogeneous space of homogeneous type. Then

we omit the proof of the part (i). The part (ii) is an improvement of |8, Theorem 3,
Item 3]. We will give its proof in Section
By Proposition [3.2] we have the following corollary.

Corollary 6.7. Let H" be the Heisenberg group, and let {T};}+>0 be the semigroup in (3.1)
on H". Let &,V € &y and p: (0,00) — (0,00) satisfy ([.4). Assume that t — t%p(t)

t27’7,+2—€

is almost increasing for some 6 > 0 and t — p(t)/ is almost decreasing for some

e > 0.

(i) If there exists a positive constant C such that, for all r € (0,00),

(6.3) /OT 'Oit) dt (I)_l(l/r2n+2) + /oo ,O(t) q)lil/t2n+2) dt S C\P_l(l/r2n+2),

then I, is bounded from L®(H") to wLY(H"). Moreover, if ® € Vs, then I, is
bounded from L®(H") to LY (H").

(ii) Conversely, if I, is bounded from L®(H") to wLY(H"), then there exists a positive
constant C" such that, for all r € (0,00),

t

Moreover, if one of the following conditions holds, then (6.3|) holds for some C €
(0,00) and for all r € (0,00):

/7‘ @dt ®_1(1/T2n+2) < C/\I/_l(l/T2n+2).
0
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(a) @71(1/]- [EF?) € L (X).
(b) There exists a positive constant C" such that, for all r € (0, 00),

/OO p(t)@lil/t2n+2) dt < C,/p(T)(I)_l(l/T2n+2).

Remark 6.8. We note that, to prove the theorems above, we may assume that ®, ¥ € @y
instead of ®, ¥ € @y. Actually, if ® and ¥ satisfy (6.1) and ® ~ ®;, ¥ ~ ¥y, then ®;
and ¥y also satisfy (6.1]) by the relation (5.3). Moreover, L*(S) = L®(S) and LY(S) =

LY1(S) with equivalent quasi-norms.

Let p be as in (1.5, and let p,q € (0,00), —1/p+ a = —1/q and
1/ exp(1/tP), 0<t<1, 1 exp(1/t9), 0<t<I,
o~ { /e 1) wipy = {1/
exp(tP), t>1, exp(t9), t>1.

Then these functions satisfy the inequality (6.1). In this case ®, ¥ € @y \ &y and
®, ¥ € Vy \ Va. Moreover, ®~1(1/|-|%) € L*(R?), see Example

Example 6.9. Let p,q € (0,00), and let

1/exp(1/tP), 0<t<1,

O(t) =
exp(t9), t>1.
Then
(log(1/t)~P, 0 <t <1/e,
() =<1, l/e<t<e,

(logt)/4, t>e.

Let g(z) = ®1(1/|x|%). In the following we will prove that g € L®(R?). To do this it is
enough to show that ®(g(x)/2) is integrable both on B(0,€) and on B(0,1/¢)C for a small
€, since g/2 is bounded on B(0,1/¢) \ B(0,¢).

Firstly, if |z| > 1/¢, then g(z)/2 is small and

og(|z|%)) /P P p
@(g(2)/2) = 1/ exp (1/ (W) ) — 1/ exp (2 log([al")) = Ja 2",

which shows that ®(g(z)/2) is integrable on B(0,1/€)C. Secondly, if |z| < ¢, then g(z)/2

is large and

log(Jz|~4))/a\* _ _ o—gq
B(g(e)/2) = exp <<(g<‘2”> = exp (27 log(Ja| ) = [o] >,
which shows that ®(g(z)/2) is integrable on B(0,¢). Hence, g € L®(R?). This example

valid for the Q-homogeneous space of homogeneous type (X, d, 1), since 1/d(zq,- )@~ is
integrable on B(zg,1) and 1/d(xo, - )2T¢ is integrable on B(zg, 1)t for all 2y € X.
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7. Proofs
To prove Theorem we give the following two lemmas.

Lemma 7.1. Let ® be a Young function. Suppose that {T;}i>0 satisfies (S1) and (S2).
Then, for oll f >0 and x € S,

O(Tif(z)) < T(2(f))().

Proof. We use the standard way. Let £ = {(a,b) € R? : au + b < ®(|ul) for all u € R}.

Then, we have

O(Tif(x)) = sup (alif(x)+b) = sup Ty(af +b)(x) < T(2(f)) (). O
(a,b)eL (a,b)eL

Lemma 7.2. Let ® be a Young function. Suppose that {1}}i>0 satisfies (S1), (S2) and

(S7) with p=1. Then
_ C
1Tl < @7 (2375 ) 1z,

where c is the same constant in (S7).

Proof. Let f € L*(S). We may assume that ||f|;« = 1. Then ||®(|f])];2 < 1. By

Lemma [7.1] we have

C

(T (@) < (T(1)(@)) < T@(SD)a) < o
for any v € S. By we have the conclusion. O

Proof of Theorem [6.1, We may assume that ®, U € &y as stated in Remark
We use the method of Hedberg [16] and [8, Proposition 2|. Fix z € S. We may assume

e ) @
T f(x T f(x
0 < ——F—— < o0, OS@() < 00;
Collfll Collfll e
otherwise there is nothing to prove.
Case 1. Let i@
T f(x
o ——+—)=0.
<COHfHL‘I’>
Then
T*
0< T f(@) < sup{u>0:®(u) =0} = & 1(0),
Collfl

which implies

0<d 10 /Oo ’)Sf) dt < CU~10),
0
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where C is the constant in (6.1]). Hence

7 f(o) [ A e < Calllee ) [T dr < cCul v o)

and then

1/2 9]
)< [T @ a =) |
)

which shows 71
v ”x> — 0.
<2CCOIfHL<I>

So, in this case the result is valid.

Case 2. Let T f(2)
T
b ——— | >0.
(COIIme)

1 T*f(x))
" q)(c*onfum '

By Lemma and the concavity of ®~!, we have

b

Wt < 20011097 0),

Choose 7 € (0,00) so that

Cc

173l < @7 (55) W lew < max(1, 097 (5 ) 11,

Then, using this inequality and @, we have
p(tl ?)
ot < [ 2 ms )
’I’ tl 2 [e.e] t1/2
- [ " s >dt+/2 A 7,

t
1/2) 0o L 141/2
< T / P 4 max(a, c)||f||L¢/ PUTE) gy 2y gy
7‘2

t

o0
=2T*f pit)fl)_

PO g + 2 max(1, c)HfHch/ L(1/td) dt

-1 1/r d '

where C is the constant in (6.1). Recall that ®~!(®(r)) = r if 0 < ®(r) < oco. Thus
(1) = T*f(fﬂ)/(Collfllm) Let Cy = 2C(Co + max(1,¢)). Then

0@ < Cill v 1) = Gl w2 (40 )).

(eiirhe) =* (@)

This is the conclusion. O

+ max(1, C)||f||L<I>\I’_1(1/Td)) ’

Hence, by (5.2)) we have
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To prove Theorem we need the following two lemmas. We assume that (X, d, p)
is @-homogeneous. Let K7 and K5 be as in (4.1) and (4.4)), respectively.

Lemma 7.3. Assume that r +— p(r)/r* is almost decreasing for some k > 0.

(i) Then there exists a positive constant C' such that, for all zo € X and r € (0, 00),

T p t
/0 i) At XB(ao,r/2) (%) = CLp(XB(zo,K1r)) (2);

where C' is dependent only on k, K5 and Q.

(ii) If ¢: (0,00) — (0,00) satisfies the doubling condition, then there exists a positive
constant C' such that, for all xog € X and r € (0, 00),

/“’W

P dt X B(z0,cor) (x) < CIp(gT)(m)v

where co = (2K1)"'(2K2)7V®, g"(z) = P(d(20, %)X p(1g,cor)t (), and C'is depen-
dent only on ¢, k, K5 and Q.

Proof. First note that p(r) 2 p(s) forr < s < 2r by Remark and that r9 = 2r9 —r@ <
w(B(x, (2K5)1/Qr) \ B(z, (K5)*1/Qr)) by . Let L(z,r) = B(xz,r) \ B(z,ci1r) and
= (2K2)~'/Q. Then

2r r X
/T pf) dt S p(r) S /Lw) 20 duty) < /L AL 4.

r (z,7) d(l‘, y)Q

Similarly we have

2 p(t)p(t) pld(z, y))o(d(z,y))
/T St /L(“) dp(y).

d(z,y)?
(i) From the above observation, for all z € X,
") / z,y))
—=dt = / dt < ——d
[rla=s [, Erasy ], R e
pld(z,y))

< .
S i @ )

Let x € B(xg,7/2). Then B(x,r/2) C B(xg, Kyr) and

"ot / pld(z,y))
e dand @ =1, T M)\ ).
/0 t - B(zo,K17) d(l',y)Q w(y) p(XB( 0,K1 ))( )
(ii) Similarly, for all z € X,

> p(t)p(t) pld(z,y))o(d(z,y))
/1; t a S /B(x cir)C d(:E, y)Q

2—Jj+1,

du(y).
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Let ¢ = (2K1) 'er = (2K1)"'(2K2)"Y? and = € B(zg,cor). Then B(zg,cor) C
B(z,cir) and d(zg,y) ~ d(z,y) for y ¢ B(z,cir). Hence, we have

"p(t)e(t) pld(z,y))¢(d(z,y))
/0 o dtS /B et du(y)

d(z,y)?

- /B< . p(d“’iﬁféiﬁ%’y” duly) < I,(g")(@)-

The proof is complete. O

Remark 7.4. For the cases R? and H", we can prove Lemma without the almost
decreasingness of 7 + p(r)/r*. For the case R%, see [9, Lemmas 2.1 and 2.2]. For the case
H", we use Lemma below. More precisely, substitute px () or pdx[roc) for ¢. Then
we have the desired conclusion. Therefore, for these cases, we do not need the almost
decreasingness of r +— p(r)/r* to prove Theorem (ii). However, we need only in
the part (b) to show below.

Lemma 7.5. Let ¢: [0,00) — [0,00). Assume that the function t — (t)/t is integrable

on the interval (0,00). Then

U(|2lmn) on-1 /°° du /°° ¥(t)
dx = |S*" ——dt
b [2[2nF? z = | | o (I+16u2)mt02) Jo ¢

Hn

where |S?"~1| denotes the volume of the (2n — 1)-dimensional unit sphere.

Proof. For x = (x1,x2,...,Ton4+1) € H", let z = (z1,22,...,22,) and let |z| be the usual
norm of z in R?™. Then |z|g» = (|2|* + 16$%n+1)1/4. By change of variables and Fubini’s

theorem,

x|pn O((|2* 4 1623, ,1)"/4
7¢(|21|ﬁ2) dx :/ ((l | 5 2 T:Lll)/)z dzdzron+1
He |2 |5n r2nxr ([2]* + 1623, )

2\1/4
:/ w(lz|( +16u) ")
R |227(1+ 16u2)(1)/2

w(r(1+16u?)'*)
(0.00)xk T(1 + 16u?)(+1)/2

_ t)
= [ / i dtd
| | (0,00)xR t(1+ 16u2)("+1)/2 u

_ du < ap(t)
= |2t / / dt. 0
| |( R(1+16u2)<”“)/2> o t

Proof of Theorem (ii). We may assume that &, ¥ € ¢y as stated in Remark
Assume that I, is bounded from L®(X) to wLY(X). Then, using Lemma i), we

have

drdu

_ |S2n—1|

T
p(t)
/0 T+ dtHXB(O,r)HwL‘I‘ S HIP(XB(O,Klr))HwL‘I’ N ”XB(O,KIT)||L<I>~
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An elementary calculation shows that ||xglle = [xBllwre = 1/®1(1/u(B)). By the

doubling condition of ®~! and ¥~! we have

(7.1) /Orp(tt)dté_l(l/rQ) ST H(1/r9).

Next, assume that (a): ®~1(1/d(zo,)?) € L®(X). Let ¢y and ¢" be as in Lemma (ii)
with ¢(r) = ®~1(1/r?). Then we have

/°° Pt~ (1/t9)

; dt |XB(zo.com llwry S 1p(9 ) lwrr S 19" Lo

<[ @71 (1/d(x0, )?)|e S 1,

which shows

(7.2) /OOWdt,S\P_I(l/rd).

If we assume that (b):

00 -1 d
[T g gy,

then, using the almost decreasingness of r + p(r)/r* (which is equivalent (R3) in Re-

mark , we have
" t " o(t
rj2 1t o t

and

(7.3) /oo PO 4y < pryei(1/s) < / P gy 11/,

t o 1
Since we already proved ([7.1)), we also have ([7.2). The proof is complete. O
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