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Pseudo-Carleson Measures for Fock Spaces

Yongqing Liu and Shengzhao Hou*

Abstract. In this paper, we introduce pseudo-Carleson measure, a generalization of
Carleson measure, for Fock spaces, and give sufficient and necessary conditions for a
complex Borel measure to be pseudo-Carleson. We then give integral representations
of functions in a Fock space, and use the measures to characterize boundedness and

compactness of small Hankel operators on Fock spaces.

1. Introduction

Carleson measures were introduced in the early 1960s by L. Carleson [9] to characterize
the interpolating sequences in the algebra H* of bounded analytic functions and give
a solution to the corona problem. As we all know, Carleson [9] also proved that for
D={ze€C:lz] <1} withT = 9D, 1 < p < oo, and a positive measure p on D,
the Poisson operator P: HP(T) — LP(D, u) is bounded if and only if the measure p is
Carleson. Since then, the Carleson measures and their extensions have found numerous
applications in the study of various spaces of functions, complex analysis, and the theory
of integral operators (see [24(7,|11}/12,/14, 15/|18}22,26]).

As a generalization of Carleson measures, Xiao [29] studied pseudo-Carleson measures
for weighted Bergman spaces. Arcozzi, Rochberg, Sawyer, and Wick [1] studied indepen-
dently pseudo-Carleson measures for Dirichlet spaces (see Theorem 5 in [1]). Xiao [28]
and Bao, Ye, Zhu [3] studied pseudo-Carleson measures (or Hankel measures) for Hardy
spaces.

Recently, the study on Fock spaces (or Segal-Bargmann spaces) has become a popular
topic in operator theory and has attracted the attention of many mathematicians (see
[4,/5,8L[10L|13L21},23,27]). Fock spaces are deeply connected with quantum mechanics. For
instance, creation and annihilation operators in quantum mechanics are multiplication
and, respectively, differential operators on Fock spaces. Characterizing the zero sequence of
Fock space is equivalent to studying the completeness of coherent state system in quantum
mechanics (see [16,(17,24]).
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Now, the purpose of this article is to study pseudo-Carleson measures for Fock spaces.
Let « be positive number, and dA,(z) = %e*aMQ dA(z) be the Gaussian measure on the
complex plane C, where dA is the Lebesgue area measure on C. For 0 < p < oo, the Fock

space F}; consists of all entire functions f on C such that

o ol i 1/p
| fllp.a = (IQJW/(C ‘f(z)efald }pdA(z)> < 00.

For p = oo, Fock space F3° consists of all entire functions f on C such that
a2
1flloc.a = sup ()™ 21" < co.
zeC

When 1 < p < oo, Fock space F} is a Banach space. In particular, F2? is a Hilbert space

with the following inner product

(f. G)a = /C £(2)9() dAa(2).

The reproducing kernel of F2 is given by K,(z,w) = e*%, and, when normalized, it

— 2
becomes k,(z) = e®?21v1%,
A complex Borel measure v on C is called a Fock—Carleson measure if there exists a

constant C' > 0 such that

a2 1/2
(/C F(z)e31 \eruuz)) < Ollfllsas V€ F

v is a vanishing Fock—Carleson measure if

lim / | fa(2)e” 2122 dlv|(z) = 0
n—oo (C
whenever {f,} is a bounded sequence in F? that converges to 0 uniformly on compact
subsets of C as n — oo (see [19]).

For z € Cand r > 0, let D(z,7) = {w € C: |w — z| < r}. Isralowitz and Zhu proved

that v is a Fock—Carleson measure if and only if there exists a constant C' > 0 such that
v[(D(z,7)) < C

for all z € C (Theorem 3 in [19], see also [25]). And v is a vanishing Fock-Carleson
measure if and only if |v|(D(z,7)) — 0 as z — 0o (see Theorem 4 in [19]).

Defining the Toeplitz operator by T, f(z) = [ e f ()~ d|y| (w), Isralowitz and
Zhu [19] characterized the boundedness, compactness, and Schatten class membership of

T, on the Fock space F2 in terms of Fock—Carleson measures.
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Let D be the unit disk and v > —1. The weighted Bergman space A,QY consists of

analytic function f in D such that
[P - 2Py da) < oc.
D

Xiao [29] introduced pseudo-Carleson measures (or called Hankel measures) for A2 as
follows. A complex Borel measure p on D is called a pseudo-Carleson measure for A’Qy if

there exists a constant C > 0 such that

/ ()2 duz)
D

Xiao [29] proved that p is a pseudo-Carleson measure for A% if and only if

== I

He also obtained a Carleson measure type equivalent characterization for the pseudo-

(1.1) sup
weD

< 00.

Carleson measure, namely, p is a pseudo-Carleson measure for A% if and only if

L / / @ dfi(w)
rcom P2 Jsy |Jp (1 —wz2)r+3
where S(I) is the Carleson square.

Xiao [28] asked whether a similar condition (1.1)) holds for pseudo-Carleson measure

on Hardy space. Recently, Bao, Ye, and Zhu [3] answered Xiao’s question negatively in the

2
(1—|2*)"T2 dA(z) < oo,

Hardy space setting. Bao, Ye, and Zhu [3] further explored the notion of pseudo-Carleson
measures for Hardy spaces and obtained some new characterizations of pseudo-Carleson
measures.

In this paper, we introduce pseudo-Carleson measures on Fock spaces (see Defini-
tion and give several conditions to characterize pseudo-Carleson measures (see The-
orem and vanishing pseudo-Carleson measures (see Theorem . We then give an
integral representations of functions in Fock spaces (see Theorem [3.1). Finally, we char-
acterize boundedness and compactness of small Hankel operators on Fock spaces in terms
of pseudo-Carleson measures and vanishing pseudo-Carleson measures, respectively (see
Theorems and .

Besides this introduction, this article consists of three sections. Section [2]is devoted
to the study of pseudo-Carleson measures for Fock spaces. Section [3] presents integral
representations of functions in Fock spaces. Finally, in Section [d we study boundedness

and compactness of small Hankel operators on Fock spaces.
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2. (Vanishing) Pseudo-Carleson measures

In this section, we introduce (vanishing) pseudo-Carleson measures for Fock spaces, and
give sufficient and necessary conditions for a measure to be pseudo-Carleson and to be

vanishing pseudo-Carleson, respectively.

Definition 2.1. A complex Borel measure i on C is called a pseudo-Carleson measure if

there exists a constant C' > 0 such that

2)2670["2'2 du(z

)| <c /C () dAa(2)

for f € F2. With the same spirit as vanishing Carleson measures, we call a complex Borel
measure 1 on C a vanishing pseudo-Carleson measure for the Fock space F? if

2)26_a|zl2 du(z)| =0

lim
n—oo

whenever {f,} is a bounded sequence in F? that converges to 0 uniformly on compact

subsets of C as n — oo.

Remark 2.2. By definition, every Fock—Carleson measure is a pseudo-Carleson measure.
But a pseudo-Carleson measure may not be a Fock—Carleson measure. For example, for
any fixed & > 0, let

du(z) = 108 gatzt 5[l dA(z).

Then the measure p is pseudo-Carleson measure, not Carleson measure. In fact, the

reproducing kernel formula gives that

/ Fu(2)2e 2 dpu(2)
C

= /kw(z)2€_4a£2€a£'z_g|22 dA(z)
C

/ e2azﬁef4a§27a\w\26a£sz\z|2 dA( )
C

_ }€4agﬁ‘e—4a§2—a\w\2

—al26-w/?

=e < 0.

By Theorem [2.5] we see that p is pseudo-Carleson measure. However,

/|k‘ |2 —alz|? d],u] /|k’ |2 —40£2 ‘ea§z|e 2‘Z|2 dA( )
— o5 12wte? —alw|?—40g?

— Cea\w\2+2aRe(£w) = 00

as |w| — oo.
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The following lemma provides optimal pointwise estimates for functions in Fock spaces.

Lemma 2.3. [19, Lemma 2.1] For any r > 0 and p > 0, there exists a constant C' > 0
such that
(e P < | |fw)e TP dAw)
D(z,r)
for all entire function f and all z € C.

We also need the following atomic decomposition theorem for Fock spaces.

Lemma 2.4. [32, Theorem 2.34] Let 0 < p < co. There exists a positive constant ro such
that for any 0 < r < 1o, the Fock space FL consists exactly of the following functions

(2.1) fe)= S cpensmglul

werZ?

where {c, : w € Z*} € IP. Moreover, there exists a positive constant C' such that

CHIfllpa < inf [{ew} e < Cllfllp.a

for all f € FY, where the infimum is taken over all sequences {cy} that give rise to the
decomposition (not unique) in (2.1)).

We have the following characterization of pseudo-Carleson measures for Fock spaces.

Theorem 2.5. Let pu be a complex Borel measure on C and r > 0. Then the following

conditions are equivalent.
(a) The measure p is a pseudo-Carleson measure.

(b) The measure u satisfies

sup
weC

< Q.

/ €2azﬁ—o¢|w|2—o¢|z\2 d/L(Z)
C

(¢) There exists a constant C' > 0 such that

/D(z,’/‘)

Proof. (a) = (b). Let f(z) = ky(2), the normalized reproducing kernel of F2 (introduced
in Section [I)). Then

/ p2acw—alg|? d#(f)' Ao (w) < C
C

for all z € C.

< Cllkwl3e=C

/ €2azﬁfa\w\27a\z|2 d/J(Z)
C
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for all w € C.
(b) = (a). Suppose that (b) holds. We only need to prove that there exists a constant
C > 0 such that

(2.2) < Clfllh2as Y fE Fay.

/ F(2)e o dp(z)
C

In fact, for any f € F2, then f2 € Fy, and ||f|l2.a = [|f?|l1.2a. Applying (2.2), we have

/ £(2)2e 2 dp(z)
C

<C [ 1P aA)

So p is a pseudo-Carleson measure, that is, condition (a) holds. Next, we prove that ([2.2)
holds. For any f € FJ , by Lemma there exists a sequence {c,} € ! such that

f(Z): Z cw€2azﬁ—o¢|w|2’

werZ?

and inf ||[{cy }Hpn < O fll1,20. We thus have

—alz|? _ 20zw—alw|?  —alz|?
/C fEe autz) = [ 3 cue el dp(2)

(CwETZ2
_ Z Cw/62azwaw26a|22 du(z)
werZ? c
It follows that
[ @6 )] < Oz sup | [ emelvlemel ).
C weC |JC

This shows that condition (b) implies condition (a).
(b) < (c). By Lemma [2.3] we have

e—alwl? < C'/
D(w,r)

Taking supremum, we get (¢) = (b). On the other hand, since

/ /6201@6_0(&2 du(é-)‘ d)\a(w) — Oé/
D(z,r) |JC D(z,r)

™

«
ol w
T JD(z,r) weC

/ eQazE—a\wP—a\zP du(z)
C

/ 62azﬁe—a|z\2 d}t(Z) / 6204566_0"&2 dlu(g)‘ e—a|u|2 dA(U)
C C

< C'sup
weC

< 00,

condition (b) implies condition (c). O
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Similarly, we give the following characterization of vanishing pseudo-Carleson measures

for Fock spaces.

Theorem 2.6. Let yu be a complex Borel measure on C and r > 0. Then the following

conditions are equivalent.

(a) The measure p is a vanishing pseudo-Carleson measure.
(b) The measure u satisfies

lim =0.

|w|—o00

/ e?azﬁ—a\w?—a\zp d/L(Z)
C

(¢) The measure u satisfies

lim
|zl=00 JD(z,r)

[ st dﬂ(f)‘ Ao (w) = 0.

Proof. (a) = (b). Let fu(z) = e®®~51** Then we have || fu|l2.0 = 1 and fy,(z) — 0

uniformly on compact sets of C as |w| — oo, and

/ 62azﬁfa\w\2fa|z\2 d,u(z)
C

(b) = (a). Notice that if (b) holds, we only need to show that

=0.

lim
|w]|—o00

lim *alz du(z)| =0,

n—o0

whenever {f,} is a bounded sequence in F,, that converges to 0 uniformly on compact
subsets of C as n — co. Now for any bounded sequence {f,} in Fj, that converges to 0

uniformly on compact sets of C, by the reproducing formula, we have

/ faz)e= dy / / 200 £, (1) dAga(w) =P dpu(2)

= /C fn(w) / 20200l 4y 2) dAga (w)
= 2£ w e*Ot|w|2 eZazEfa\w\QefaM? . w
- /Cfn( ) /C dp(z) dA(w).

Therefore, for 0 < t < co, we have
2
@ ) < 7 [ et
C T Jc

=22 [ fw)leolr

IN

dA(w)

/ €2azﬁfa\w\2efa|z|2 du(z)
C

/ e2azﬁ—a\w\2e—a|z|2 dM(Z)
C

+ = |fn(w)|€—oc\w\2 / eQazﬁ—a|w|2€—a\z|2 d,u(z)
C

™ Jt<|w|

dA(w)

dA(w)
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We estimate I; and I respectively. We first estimate I;. Since f, — 0 uniformly on

2(:|zzﬁfa|w|2efoz|z|2

compact sets in C and sup,cc | [- € du(z)| < oo, we have

20 _ 2
e
T Jw|<t

< C sup |fu(w)] = 0
lw|<t

dA(w)

/ eQazE—a\w\ze—OAz\Q du(Z)
C

as n — 0o. We next estimate I5. It follows from sup,, || fn|l1,20 < 0o that

2 _
L==" |fn(w)\efo‘|"““|2 /e2azwaw26a|22 du(2)| dA(w)
T Jt<|w| C
< C sup / 62azﬁfa|w|2efa|z|2 dpL(Z) 7
t<|w| |JC
which implies that Is — 0 as t — oco. Therefore, we obtain
lim / fn(,z)e_odz‘2 du(z)| = 0.
n—oo (C
(b) < (c). Lemma [2.3| gives that (c) = (b). Now suppose that
lim / e2osm—alw]? o —alzf? du(z)| = 0.
lw|=oe |/
Then for any € > 0, there exists R > 0 such that
2azw—a|w|?  —alz|?
e e du(z)| < e,
C
whenever |w| > R. Therefore, when |z| is large enough, we have
/ / p2ofm—al¢|? d,u,(ﬁ)‘ dha(w) < Ce.
D(z,r) |JC
So condition (b) implies condition (c). O

3. The integral representations of Fock spaces

Inspired by the study of the previous section, in this section, we give integral representa-

tions of functions in Fock spaces.

Theorem 3.1. Let f be an entire function, « >0, r >0 and 1 < p < oco. Then f € F}

if and only if there exists a complex Borel measure pu such that

£2) = [ e augu)

e 3E” qA(¢) € LP(C, dA).

(3.1) /D .

/C " dpu(w)
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Proof. If
— azwWw d
£ = [ dutw)

[

SC/ /ea“wdu(w)
D(z,r) |JC

Therefore, condition (3.1]) gives that f € FY.
Conversely, for f € FL, by Lemma f can be represented as

— a2
_ § : ™% Q\w\’

wErZ?

then by Lemma [2.3] we have

o= gl

F(z)e 2 =

e 2 dA(u).

where {c,, : w € rZ?} € IP. We define a measure p on C as follows:

a2
W= E cpe 2wl Ow,

werZ?

where every J, is the unit atomic measure at a € C. It follows that
1) = [ e dutu).
C

Next we prove that p satisfies the condition (3.1)). For p = oo, we have

/ / e dpi(u)
D(a,r) 1JC
For p =1, we have

/ /eaéudu(u) e 2lel dA(u) /
D(a,r) |JC D(a,r)

Let g(u) = > erz2 cwe®™@ =510 Since {cy : w € rZ%} € 1!, by Lemma we see that
g € Fl. By Fubini’s theorem and the fact XD(zr) (W) = XD(w,r)(2) for any z,w € C, we

/ / ey Tl H () aA@ = [ [ lole 8 xpgop (0) dA(u) dAG)
/ / 9(w)le™ 1y pu (@) dA(u) dA(a)
- /C lg(u)le=$® /C XD () (@) dA(a) dA(u)

<C /C lg(u)]e™ 214" dA(u)

< Cll{cw}h-

e 21 4A () < C{cw}oo-

316 g A (u).

—027
Ece 2wl e

werZ?

The condition (3.1)) for 1 < p < co comes from the complex interpolation. O



1154 Yongqing Liu and Shengzhao Hou

4. Small Hankel operators

In this section, for certain measures u, we prove that small Hankel operator H,, on F, 2 is
bounded (compact) if and only if p is pseudo-Carleson (vanishing pseudo-Carleson).
Let
n
D= {f(z) = chKa(z,wk) :neN,¢, € Cand wy € C} )
k=1

By Lemma 2.1 in [32], D is dense in F%. We say that a complex Borel measure y on C
satisfies condition (M) if

/C Koz, w)le dlul(w) < o0

for all z € C. Let Fg be the space of conjugate analytic functions in F2. For ¢ €
L?(C,d)\,), the small Hankel operator h, with symbol ¢ is defined on a dense subset of
F2 by

hof () = /(c e f(w)p(w) dAa ().

In fact, whenever f € D, hy: F2 — F2 is densely well-defined (see [32]).
The integral representation for the small Hankel operator motivates us to define inte-

gral operators on Fock spaces with much more general symbols.

Definition 4.1. Let p be a measure satisfying condition (M). We define the integral
operator H,, with symbol x on Fock space F2 by

1f(2) = [ e flujel" ().

azw

Here the definition of the operator H,, uses the kernel e**", which is different from the

kernel e®** of small Hankle operator h,. However, this difference is not essential. In fact,
if take dpu(w) = p(w) dA(w), then H, f(2) = hy f(Z) for any f € D.
If pu satisfies condition (M), then the operator H,, is densely well-defined on Fock

spaces. In fact, for any f € D, since p satisfies condition (M),

[ le= el dlui) = [

<3 el [C 15 K o (w0, wy) e~ d]ja|u0)
k=1

n
e 3" e Ko (w, w)| e dlu] (w)

k=1

n
= lexl /C | Ka(w,wy +2)]e 1 dlu| (w) < oo.
k=1



Pseudo-Carleson Measures for Fock Spaces 1155

We also call H,, a small Hankel operator with the symbol . We say that H), is bounded
on F?2 if there exists a positive constant C such that |H,f||2,a < C| f]l2,a for any f € D.

Our first result in this section is about boundedness of small Hankel operators.

Theorem 4.2. Suppose p is a complex Borel measure on C and satisfies condition (M).

Then H,, is bounded on F2 if and only if i1 is a pseudo-Carleson measure.

Proof. Assume that H,, is bounded on F2. For any f,g € F2, the reproducing formula
gives that

(Huf.g)o = [ Huf (296 da(2)

/ / €5 f(w)e 1 dpu(w)g() dha(2)
- [1w)] / 970 () dha(2)] e dp(un)

/f e~ dp(w).

= 03 lul® 4nq 9(z) = kg(z) = e =51 e get

(H ko, k) g@)e P qu(z)

)

o= [ 1)

/eazw—w eoZw—Slwl? —alz|? dp(2)
C

In particular, choosing f(2) = kw(z

_/6204;:11)—oz|’u)|2e—cu|z|2 d,u(z)
C

Since H, on Fock space F? is bounded, by the Cauchy-Schwartz inequality, we obtain

/ 62042@—0{|w|2—a|z|2 du(z)
C

for all w € C. It follows by Theorem that p is a pseudo-Carleson measure.

< [|H,l

Now suppose that u is a pseudo-Carleson measure for Fock space. We first claim that
H, f is well-defined for f € D. In fact, for any z,u € C, the reproducing formula yields
that

/(Ceazweawue—a|w|2 d,u(w)‘ _

/eaw(z+u)e—aw2 du(w)‘
C
CY’UJ(Z+H) 2 g|z+m2
<C [ |em 2 | Ao (w) = Ces < 0.
C
This also shows that H, f € F2. On the other hand, for any f,g € D, we have

(4.1) (Hofrg)a = /C fw)g@)eeter dp(w).
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In fact, by definition of D, to prove the conclusion (4.1), we only need to show

(HyKo( - u1), Ko(-,u2) a—/K z,u1) Ko (Z uz) O‘|z|2du(z)

for ui,us € C. Since

J

gletmf? iz ap 120 o B
< C/ o |24l ’eCVZuz‘ Ao (2) < Ce il +35lur+2u2| o,

|e°‘2ﬂ2‘ Ao (2)

_ 2
/ QW QWL alw| du(
C

with the help of Fubini’s theorem, we obtain the desirable conclusion. Therefore,

f.) ‘ / F )T alwlzwdﬂ(w)'
<c /(c | £ ()g@)] dAa(w) < Cllf.allgl20

Since D is dense in Fock space F2, the duality argument shows that H . is bounded on
2. O

Now we study compactness of small Hankel operators. It is well-known that an oper-
ator 1" is compact if and only if its essential norm ||7'|| = 0. Let X and Y be two Banach
spaces, and K(X,Y") be the set of all compact operators from X to Y. The essential norm
of a bounded linear operator T from X to Y, denoted as ||T||, is defined by

[T]le = inf{[|T — Q| : Q@ € K(X,Y)}.

Let small Hankel operator H,, with symbol u be bounded on F2. By the reproducing

formula, we have
H, f(2) = /C £ f (w) (@) ddo(w),

where

wlw) = [ el g,
C
Define Jf(z) = f(Z), f € F2. Then J: F2 — F2 is a unitary operator, and
(42) Jo HM = ha,

where h@ is a small Hankel operator. We thus turn to give essential norm estimates for
small Hankel operators.
Let V,, be the integral transform defined by

Viof(2) = 2¢F /C 207 £ (1) dAo(w).
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For a given function ¢ € L?(C, d\,), one has hz = hyz in the sense that hg f = hy f for
all f € D (see [31] for a proof). The properties of V¢ can be used to obtain characteriza-
tions of the boundedness, compactness, and Schatten classes of small Hankel operator hg
(see [32]). We now estimate the essential norms of small Hankel operators with symbols

in L?(C,d)\,), in terms of the integral transform V,,, on Fock spaces.

Theorem 4.3. Let ¢ € L(C,d)\,). If hy is bounded from F2 to F2, then there exists a
positive constant C > 0 such that

limsup [Va(2)] < [lhplle < Climsup|Vag(2)].

So, hg is a compact from F2 to Fia2 if and only if

lim [Vye(z)| = 0.

|z]—00

Proof. We first prove the upper estimate. For a positive number r, we define

1f(z) = /C e () K (10, 2) (1) Vo p () A (10),

where Y, is the characteristic function of {w : |w| < r}. Since

//}xr ) Ve ()2 dAa(2) dAa(w)

_/|</‘sz)ag0 ‘d)\ ) dAo(w)
2 w, 2)[2 dAo(2) dAg (W
< Hvasouoo/lwlg/cma( )P dha(2) dra(w)

— Va2 /| _ Kol w) o)
= ar?|[Vag|2 < oo,

the operator I, is Hilbert-Schmidt. In particular, I, is a compact operator from F2 to
F2. Tt follows from

h@ — hm
that
(4.3) Ihglle = hy5lle < by — Irl-
Write

(hyp — 1) /sz w) dho(w), f € F2,
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where
H(z,w) = (1 — xr(w))Ka(w, 2)Vap(w).

We shall use Schur’s test (see Theorem 3.6 in [31]) to obtain an estimate on the norm of

hyr — Ip. To this end, let h(z) = 21, Since
) = 10 = el 2)Vaplo)|hw) dhaw)
= / | Ko (w, 2)Vap(w ‘h Ao (w)
C—{w:|lw|<r}
< sup Vasp(w)| [ [l 2) 1) Ao
|w|>r
= Q‘SL‘lp [Vasp(w)|h(z)
w|>r
and
= [ 10 = o) o, Vapl) (z) dha 2
< sup [Vaplo W [ 1Kalw.2)l1() da(2)
w|>r
= 2‘81‘1p [Vasp(w)|h(w),
w|>r
we obtain
/ |H(z,w)h(w) dA\o(w) < 2 sup [Vap(w)|h(z), =z€C,
C |w|>r
and
/ |H (z,w)|h(2) dA\a(2) <2 sup |Vap(w)|h(w), w e C.
C |w|>r
Therefore,

Iy — L]l < 2 sup [Vag(w)].

|w|>r

Letting r — oo, from (4.3]), we get

1hzlle = [Py plle < 21imsup [Vap(2)].

|z]—o0
We next prove the lower estimate. For any compact operator Q from F? to FC%, we

have — 0 as |z| = co. Hence,

|hz— Q| > liﬁlsupH(h@ Q)k. H2 > 11|H|1$up ([[hgk: 2.0 — | QK= 2.0 —h‘HllSUth gk:ll2,a-
Z|—00 Z|—00
Therefore,
|hiplle > limsup ||hpk: |2, > limsup [Vap(2)]- O

|z] =00 |z]—o00



Pseudo-Carleson Measures for Fock Spaces 1159

Remark 4.4. Compactness characterization of small Hankel operators hg with bounded
symbols have been shown previously in Corollary 3.12 of [6]. Theorem also shows that,
when ¢ is an entire function, h is compact from F? to F2 if and only if lim, | So0 [0(2) |e_%|z‘2
= 0, and the result has been proved in [20,32]. Here we used a different method to prove

it and gave the essential norm estimates for hg.

Next we give a sufficient and necessary condition for the small Hankel operator H,, to
be compact.
Theorem 4.5. Suppose p is a complex Borel measure on C and satisfies condition (M).

Then H,, is compact on F2 if and only if ju is a vanishing pseudo-Carleson measure.

Proof. Assume that H), is a compact operator on F, 2. Using the argument in Theorem 4.2

we get
(Hyhe ko = [ ool emelef ),
C
Since k, — 0 weakly in F? as z — oo, the Cauchy-Schwartz inequality and compactness

of H, imply that

[ e )| < 0.

By Theorem [2.6] u is a vanishing pseudo-Carleson measure.
Conversely, let x be a vanishing pseudo-Carleson measure for F2. We show that H "

is a compact operator. In fact, since

Vath(z) = 270l /C /(C eowE=olel” g€ 207 g\, (w)

a277a22701 2 .
:2/662 E-al=P ol gr(e),

we have
lim |V (2)] = 0.
|z| =00
By Theorem and (4.2), H, is compact on F2. O

Remark 4.6. Let p > 1 and p be a complex Borel measure on C and satisfy condition (M).
By the method of the proof of Theorem 15 in [30], we can get that H, € Sp(F2) (the
Schatten-p class) if and only if

J

_ 2 2 P
/62azwa|2 —aw| du(w) dA(Z) < 0.
C
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