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Global Well-posedness of Solutions for the p-Laplacian Hyperbolic Type
Equation with Weak and Strong Damping Terms and Logarithmic

Nonlinearity

Nouri Boumaza, Billel Gheraibia and Gongwei Liu*

Abstract. In this paper, we consider the p-Laplacian hyperbolic type equation with
weak and strong damping terms and logarithmic nonlinearity. By using the potential
well method and a logarithmic Sobolev inequality, we prove global existence, infinite
time blow up and asymptotic behavior of solutions in two cases E(0) < d and E(0) = d.
Furthermore, the infinite time blow up of solutions for the problem with E(0) > 0
(w = 0) is studied.

1. Introduction

In this paper, we study the initial boundary value problem of the p-Laplacian hyperbolic

type equation with weak and strong damping terms and logarithmic nonlinearity

u — Apu — wAu + up = [ulP"2uln|u| in Q x (0, 00),
(1.1) u(z,t) =0 in 99 x (0, 00),
u(z,0) = up(x), wu(z,0)=ui(z) in Q,

where 2 C R" is a bounded domain with sufficiently smooth boundary 92, p > 2, w > 0,
and Ayu = div(|Vu[P=2Vu) is the classical p-Laplacian operator.

The wave equation of p-Laplacian type has an active area of research and the most of
the results are mainly concerned with the global well-posedness and stability of solutions.
Messaoudi [24] considered the following quasilinear hyperbolic equations with nonlinear

damping and source terms

(1.2) wy — div(|VulP2Vu) — Aug + [ug|9  uy = JulPu,
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and studied decay of solutions by using the techniques combination of the perturbed energy
and potential well methods. Wu and Xue [31] studied (1.2)) and proved the uniform energy
decay rates of the solutions by utilizing the multiplier method. Pei et al. [26] studied the

following quasilinear wave equation of p-Laplacian type
ug — div(|VulP2Vu) — Auy = f(u),

and proved the existence of local and global solutions. Also they proved the blow-up
result of solutions with negative initial energy. Recently, Pereira et al. [27] considered the

following quasilinear wave equation of p-Laplacian type with p-Laplacian damping
u — Apu — Apuy = |u)" .

They established the global solutions by means of the Faedo—Galerkin approximations and
the asymptotic behavior is obtained by Nakao’s method. For other related results, the
readers may see [16}/17,28] and the references therein.

The logarithmic nonlinearity is of much interest in physics, since it appears naturally
in inflation cosmology and super symmetric filed theories, quantum mechanics and nuclear

physics [1,/11]. Cazenave and Haraux [4] considered
(1.3) ug — Au = uln |ul¥  in R3,

and established the existence and uniqueness of the solution for the Cauchy problem.
Goérka [12] used some compactness arguments and obtained the global existence of weak
solutions for all (ug,u;) € H} x L? to the initial-boundary value problem (1.3) in the

one-dimensional case. Hiramatsu et al. [14] introduced the following equation
(1.4) gy — Au+u+ up + |u?u = wln |ul*,

when studying the dynamics of @-balls in theoretical physics. In [13], Han proved the
global existence of weak solutions, for all (ug,u1) € H} x L? to the initial boundary value
problem in O c R3. By constructing an appropriate Lyapunov function, Zhang
and Liu [33] obtained the exponential decay estimates of energy with E(0) < d for all
(ug,u1) € Hg x L2, I(ug) > 0. Recently, Lian and Xu [21] considered the initial boundary

value problem for the following nonlinear wave equation
ug — Au — wAuy + puy = uln |ul,

and studied the well-posedness of the solution. Chen and Xu [7] considered the following

wave equation

ug — Au + A%y — w(Auy + Aug) + |ut|r_1ut = uln |ul,
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and proved the global existence and infinite time blow up of solutions in cases of E(0) < d
and F(0) = d. Also they proved the infinite time blow-up of solutions at arbitrarily high
initial energy level (E(0) > 0) under two hypothetical situations. For the related works of
equations with logarithmic nonlinearity, we also refer other works [2,5,|6l8,/10,(15] 2022,

23,32] and the references therein.

In recent years, the p-Laplacian equation with logarithmic nonlinearity have become an
active area of research, see for example [3,{10,/19,25,29,30] and the references therein. Nhan
and Truong [25] considered the p-Laplacian pseudo-parabolic equations with logarithmic

nonlinearity
(1.5) uy — div(|VuP"2Vu) — Auy = uP~2un |ul,

and established the global existence, blow up and decay of solutions for p > 2. Cao and
Liu [3] studied (|1.5)) and proved the existence and boundedness of global weak solutions,
and also obtained the blow up at infinite time for 1 < p < 2. Pigkin and Irkil [30]

considered the following equation with logarithmic nonlinearity
ug — div(|VulP2Vu) — Au + up = kuln |u).

They established the local existence of the solutions by using Faedo—Galerkin method.
Pigkin et al. [29] studied the following p-Laplacian hyperbolic type equation with logarith-

mic nonlinearity
uy — div(|VulP2Vu) — [ulP~?u + uy = v’ 2uln |u).

They obtained the existence of global of solutions by the potential well theory and a loga-
rithmic Sobolev inequality. Furthermore, the growth and the decay estimates of solutions

for the equation are studied.

Motivated by the above mentioned papers, our purpose in this research is to inves-
tigative the global existence, asymptotic behavior and infinite time blow up of solution in
cases E(0) < d and E(0) = d to the initial boundary value problem (1.1]). Furthermore,
the infinite time blow up of solutions for the problem (1.1)) with E(0) > 0 is studied.

Our paper is organized as follows. In Section [2| we give some notations, preliminary
lemmas, and introduce some potential wells. In Section [3| we prove the global existence,
asymptotic behavior and infinite time blow up of solution for E(0) < d. In Section
we prove the global existence, asymptotic behavior and infinite blow up of solution for
E(0) = d. In Section |5, we prove infinite time blow up of solutions for E(0) > 0 (w = 0).
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2. Preliminaries and potential wells

2.1. Preliminaries

In this subsection we give some notations for function spaces and some preliminary lemmas.

Denote
1
lullp = llulley,  lullie = llullyir @) = (lullp + [V ulb) v

for 1 < p < co. Also, we denote by (-,-) the duality pairing between W-Lr" and VVO1 P

where p’ is Holder conjugate exponent of p > 1. Moreover, we also denote
(u,v)y = /(quVU + w) dz,
Q
and the norm induced by the product (u,v), is

lull? = (u, w)o
Then, ||ul|, is an equivalent eccentric module over H}(£2) due to w > 0.

Lemma 2.1. Logarithmic Sobolev inequality, see [9] Let p > 1, u > 0 and u € WHP(R?)\
{0}. Then we have

p/ |ulP In <|u\> dz + ~1n <W> / |ulP dz < M/ |Vul|P de,
n ||UHLp(Rn) D nﬁp n R

-5 (42 ]

Remark 2.2. For u € Wol’p(Q), we can define u(z) = 0 for x € R\ 2, we derive

(2.1) /]u\pln(|u’| Y >da?—|—1 (p'u€>/\u|pd:c<,u/]Vu|pdx
LP(Q

for any real number p > 0.

where

Lemma 2.3. [1§

(a) For any function u € Wol’p(Q), we have the inequality
[ullg < By plVullq

for all 1 < g < p*, where p* = np/(n —p) if n > p and p* = oo if n < p. The best

constant By, depends only on §, n, p and q.
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(b) For any u € Wol’p(Q), p>1 and r > 1, the inequality
0 —0
lullg < ClIVully|lull;

is valid, where the constant C' depends on n, p, q and r,
1 1\ /1 1 1\!
G-
r oq n p T

'fm"pznzlﬂ”ﬁqgoo;'

and

- forn>1andp<n, q€lr,p*] ifr <p* and q € [p*,r] if r > p*;
-forp=n>1,r<qg<oo;

-forp>n>1,r<qg<oo.
Now, we define the energy associated with problem (|1.1]) by
1 1 1 1
(2:2) E(t) = §HUtH§ + EHVUHﬁ - p/QUp In uf dz + ];H’ullﬁ-
Lemma 2.4. Let u be a solution of problem (1.1)). Then,
(23) (1) = — w2 < 0.

Proof. Multiplying the first equation of problem (1.1) by u; and integrating from 0 to ¢

with respect to t, we obtain
t
B0+ [ el dr = ),
0
which yields (2.3]) by a simple calculation. O

2.2. Potential wells

In this subsection, we establish the corresponding method of potential wells which is
related to the logarithmic nonlinear term «”~2In |ul.

First, we define the functionals
I0) = I®) = [ ully > [ ahnuldz + 2 ul}
' P PpJa pr
(2.4) 1(t) = I(u(t)) = |Vulf, - / o In ] da.
Q
Then, it is obvious that

(2.5) J(u) = ;I(u) + ;MI%
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and
(26) B(t) 1= B(u(t) = 3wl + T ()

Similar in [25,29], the potential well depth is defined as

d = inf {Sup J(u) [ u € WyP(Q), [|ullb # 0} ,
A>0

and
0 <d= inf J(u),
ueN

where N is the Nehari manifold, which is defined by
N = {ue WP (Q)\ {0} : I(u) = 0}.
Next, we define

W = {u:ueWyP(Q)/I(u) >0,J(u) < d} U{0},
V={u:ueWiP(Q)/I(u) <0,J(u) < d}.

Lemma 2.5. For any u € Wol’p(Q), |lull, # 0 and let f(A) = J(Au). Then we have

>0, 0< A<,
IOu) =Af/(AN){=0, A=\,

<0, A'<)<+4oo,

where

v — o (501 = Jo v do
Jul? |

Proof. By definition of J, we have

AP NP 1 Inl|Al
/\ZJ)\u:Vup—/uplnuda:+)\p<— )up.
f) = J () p|| 15 A |ul 27 [Jwll

Since ||ul|, # 0, we have limy_,o f(A) =0, limy_,; o f(A) = —o0, and

dJ (A
T() = Af/(A) = N|| Va2 — Ap/ uP In [u| dz — NP In [ Al[[ull}h = AéAu)'
Q

So, we have
>0, 0< A<,
IOuw) =Af'(AN) (=0, \=\*,

<0, M<A<+o0.
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Now, we denote r the constant given by

2

pe n/p
ro= —
nk, ’

where £, is defined as in Lemma

Lemma 2.6. Let u € Wol’p(Q) \ {0}. Then, we have
(1) if 0 < ||ullp <, then I(u) > 0;
(2) if 1(0) <0, then [jullp, > r;
(3) if I(0) =0, then ||ull, > r.

Proof. By using the logarithmic Sobolev inequality (2.1)), for x4 > 0, we have

I(t) = | Vullh - /Qupln|u\ dx

_ Hvung—/up <ln [l +1n||u|yp> dz
Q

[ellp

7 n . pue
> 1—==|[|Vul® —In— -1 Pdx.
> (1= 2 ) ivulg + (G 25wl [l ao

Taking u = p, we get

2
n . pe
(2.7 102 (G2~ wjul, ) fulp
(1) If 0 < |Ju|lp, < 7, then it follows from ([2.7)) that
I(u) > 0.

(2) From (22.7) and I(0) < 0, we can see that

2
n _ p°e
<p2 lnn—ﬁp —1In Hu||p> [|ullh < 0.

This implies

[ullp > r.

(3) This conclusion is similar to the proof of (2). O

Lemma 2.7. The following statements hold:

(1) d=inf { sup T () | w € WyP(2)\ {0}, [lullp # 0}.



1242 Nouri Boumaza, Billel Gheraibia and Gongwei Liu

(2) d has a positive lower bound, namely,

1 [ p’e np
d2p2<ng> =g =M
P

where L, is defined as in Lemma [2.1]

(3) There is a positive function uw € N such that J(u) = d.

Proof. The proof of this lemma is almost the same to that of Lemma 7 in [29]. So we omit
it here. O

Lemma 2.8. Let ug € W&’p(Q) and uy € L*(Q). If E(0) < d and ug € W, then for any
solution u to (1.1)) we have

ue W, and ||u|]§<p2d, Vtel0,T).

Lemma 2.9. Let uy € Wol’p(Q) and uy € L3(Q). If E(0) < d and ug € V, then for any
solution u to (1.1)) we have

weV, and |ull}> p’d, Vte[0,T).

Lemma 2.10. Let ug € Wol’p(Q) and vy € L*(Q). If E(0) = d and ug € V, then for any
solution u to (L.1)) we have

weV, and |ull}> p’d, Vte|0,T).

The proofs of Lemmas [2.8 are similar to those in |7,21], we omit the details.

3. Global existence, asymptotic behavior, and blow up for F(0) < d

In this section we prove the global existence, asymptotic behavior, and blow up of solutions
for problem (1.1) with E(0) < d.

3.1. Global existence for E(0) < d

Theorem 3.1. Let uy € Wol’p(Q) and u; € L*(Q) hold. If E(0) < d and I(ug) > 0,
then problem (L) admits a global weak solution u(t) € L>(0,+o00; Wy (Q)), u(t) €
L>=(0, +o0; L3(Q)).

Proof. Let {w;} be the eigenfunctions of the Laplacian operator subject to the Dirichlet
boundary condition:

—Aw; = Awj, x €,

w; =0, x € 01,
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which is chosen as the complete orthogonal basis of ng P(Q) and it is also a basis of HE ().
Construct the approximate solution wu,,(x,t) of problem (|1.1)) as

(3.1) U (2, ) = Y gim(Ow;(x), m=1,2,...,
j=1

which satisfies

(Umit, ;) + (|Vm [P2Vtum, Vi) + 0V, V) 4 (tme, w;)

3.2

2 = (|t [Pt I [ | 05),

and

(3.3) Um(0) = Y bim(0)w;j(z) = ug  in Wy (),
j=1

(3.4) Umt(0) = > ¢jm(0)wj(z) — wy  in L*(Q).
j=1

Multiplying (3.2)) by gg-m and summing for j, we get

d
dt
By integrating (3.5]) with respect to t over (0,t), we have

(35) Em(t) = _Huthi

t 1 t
En(t) 4 [ umel3dr = 5 a3 + Iun) + [ i |7 = B (0),
0 0

From (3.3)) and (3.4)),
E.(0) = E(0) asm — oo.

Hence for sufficiently large m, we have
1 2 ! 2 2
(3.6) §Huth2 + J (um) +/ (w[|Vumr|3 + [[tm-l5) dr < d.
0

Further from ([2.5) and ({3.6)), we have

1 1 1 !
6D lumlB+ S Twn) + lhunl+ [ @l F il + ) dr <
Noting that u,(0) = ug in W, P(Q) as m — oo, we see that ug € W implies u,,(0) € W
for sufficiently large m. Coupled with (3.7) and an argument similar to the proof of
Lemma 2.8 we have u,,(t) € W for sufficiently large m and 0 < ¢ < oo. Hence (3.7)) turns

to

1 1

t
(3.8) 3 el + ﬁllumllﬁ +/O (@I Vatmr 3 + [lumr|I3) dr < d.
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For a sufficiently large m, (3.8]) gives

U, is bounded in L>°(0, co; LP(Q2)),
(3.9) Uy is bounded in L°°(0, oo; L*()),
U is bounded in L?(0, 00; Hy (), if w > 0.

Next, we estimate the term ||V, |b. By Lemma we have
Vum|[h = I(unm) + /Q |t [P In |y, | d
< 1) + 2190+ (ol — 2 o8 255 ) ol
= ) + 21T+ (loumlly — 1 = 2t 22 )
By taking pu < p, we deduce from Lemma [2.8] that
Va2 < Cd.

On the other hand, by a direct calculation, we have

/|um|p1n\um\dx:/ \um\pln|um|dx+/ P 1 [t de
(3.10) Q o Q0

sclgww“mgcwmﬁ;
2

where Q1 = {x € Q: |uy| <1}, Qo ={z € Q: |uy,| > 1}, v is chosen such that p+ v < p*
as p < n and v is positive as p > n. By using Lemma it follows from ([3.10]) that
/ [t P 10 [ty diz < O[5 < OVt [ g2 g | 50 P H)
Q

(1*90)p<p+1/)
< EHVUmHﬁ + cellumllp®” ) )

(1 1 )(1 1 1)1
0=(-— S
p ptv n p P

At this point, we choose v > 0 such that (p + v) < p, we deduce that

where

/ [t [P In |1y | dz < Cd.
Q
Then, we have

(3.11) U, 1s bounded in L°(0, co; Wol’p(Q)).
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Integrating (3.2]) with respect to ¢, we get

t t
(Ume, wj) + / (VU P2V, Vw;) ds + w(Vy, Vw;) + / (Ui, wj) ds
(3.12) 0 0

t
= (1) + (Vao, V) & [ Qunl? P ] ) .
0

Therefore, up to a subsequence, by (3.9)) and (3.11)) we may pass to the limit in (3.12)) and
obtain a weak solution u(z,t) of problem (|1.1)) with the corresponding regularity stated

above. On the other hand, from (3.3 and (3.4) we have u(z,0) = ug(x) in Wol’p(Q) and
ug(x,0) = ug(z) in L2(). O

3.2. Asymptotic behavior for E(0) < d

Theorem 3.2. Let ug € Wol’p(Q) and uy € L*() hold. If E(0) < d and I(up) > 0, then

there exist two positive constants ¢ and k such that
E(t) <ce ™™ Vit>0.
Let
(3.13) Ft) = B(t) + €/Quut do+ 2 Vul3 + 5l

where ¢ is a positive constant to be specified later. In order to show our result, we need

the following lemma.

Lemma 3.3. There exist two positive constants ay and oo such that
(3.14) a1 E(t) < L(t) < agE(t), t>0.
Proof. Tt is easy to see that F(t) and E(t) are equivalent. So we omit it here. O

Proof of Theorem [3.2] Taking a derivative of (3.13) with respect to ¢, using (I.1) and
Lemma we have

F) :E'(t)+g|yut\g—gHqug+5/ WP In [yl
Q
= —w||Vul|3 — (1 = )|luel|3 — ]| Vulb + 5/ uP In |u| dx.
Q

It follows from (2.2)), for a constant N > 0, we see that

2

N N
+52Hu||§+5<1—>/upln|u]dx.
p p Q

N N
F'(t) = —=NeE(t) — w||Vau||3 + (6 +e— 1) w3+ € (p — 1) [Vull?
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For N < p, by applying logarithmic Sobolev inequality (Lemma, we have
(3.15)
eN N
F'(t) < —NeE(t) — w||Vu||3 + <2 +e— 1> [|ue]|3 + € <1 — p> (g — 1) [Vul[D
N N n . pue
+eq—=+ 1) (ln u 1n)} ul®.
{5 (1-3) (mladl = 50 25 ) iy
Noting that
In [[ull? < n(pT (1)) < In(pRE(t)) < In(p2E(0)) < In(p2d).
For any fixed N, we choose ¢ sufficiently small satisfying
N
e—-+e—-1<0.
2
Then inequality (3.15)) becomes

N
F'(t) < —NeE(t) +¢ <1 — p) <g — 1> Vb
e [N 1 N n pue)}
+ - —=+-(1-=) (In(p*d) — —In == ul|P.
p{p p( p)( (w°d) p ng el

<n’8p> epﬁ/n < u<p,
pe

where 8 = Np/(p — N) + In(p?d), such that

N N 1 N
(1—) <“—1><o, and +<1—> (ln(p2d)—nlnp'ue><0.
p) \p p P P p n&

Consequently, inequality (3.16]) becomes

(3.16)

Taking p satisfying

F'(t) < —NeE(t), Vt>0.
From , we have
(3.17) F'(t) < —NeE(t) < —O]:;eF(t), Vit >0.
A simple integration of leads to

F(t) <ce ™™, Vit>o.

Again
E(t) <ce ™, VYt>0.

This completes the proof.
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3.3. Blow-up for E(0) < d

Theorem 3.4. Let ug € Wol’p(Q) and uy € L*(Q) hold. If E(0) < d and I(ug) < 0, the
solution of the problem (L.1) blows up as time t goes to infinity.

Proof. Arguing by contradiction, we suppose that the solution u is global. Then for any

T > 0, we define the following auxiliary function

(3.18) 0(t) = IIUH§+/O ()5 dr + (T = ) [[uoll2.

It is clear that 6(¢t) > 0 for all t € [0, T]. In view of the continuity of §(¢), we obtain that
there is a x > 0 such that

(3.19) 0(t) >k foralltel0,T],

where & is independent of T'. Taking a derivative of (3.18|) with respect to t, using (|1.1))
and ([2.4), we obtain

o(t) =2 /Q wug dz+ (]2 — [[uo)2)

(3.20) t
:2/Quutdac+2/0 (u(T),Ut(T))wdT’
and
0" (t) = 2[|ug|3 + 2(use, w) + 2(u, wp)e
(3.21)

= 2||ul|3 — 2||Vulh + 2/ uP In |u| dz.
Q
It follows from ([3.18))—(3.21]), we see that

0(£)0"(t) — (0/(1))* = 26(t) [lel% = [Vully +/Qup1n\UI dl’}
12

—4 /Quutd:c—k/o (U(T)7ut(7'))wd7'-
) [lluell3 — 1(t)]
—4 _/Quutdx—i-/o (U(T),ut(T))wdT_

In what follows, we will estimate the second term in (3.22). By using Holder and Young

(3.22)

~
r

— 26/

inequalities, we obtain

2
(3.23) ( [ d:c> < 33

(3.24) </0t (U(T),Ut(T))wde < /OtHU(T)IidT/Ot lue ()12 dr,
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and

2/Quutdx/0t (u(r), ug(r)), dr
(3.25) < 2l (| ||u<f>r|idf)1/2 ([ etz ar)

t t
< Jlull /0 e (P12 dr + [fuell3 /0 lu(r)|I? dr.
By (3:23) (B-25), we have
t 2
[/ uutdx—i-/ (u(7), we (7)) dT:|
Q 0 w
2 2 t 2 ¢ 2
< Juul3lluel3 + /0 lu(r) 3 dr /O Jue(r) 2 dr
2 t 2 2 t 2
Tl /0 e ()12 dr + 3 /0 ()12 dr

= ol [l + [ N ) + [t [l + [ (o2 o]
= [t + [tz ar] [l + [ i ar]

< 00) [l + [t ar].

Inserting ([3.26]) into (3.22), we obtain that

0(1)0"(t) — (0'())* = 0(t)o(t), te€[0,T),

1/2

(3.26)

where
o(t) = —2ugl3 — 20(¢) / ()2 dr.

On the other hand, from Lemmas . , E(0) < d, and p > 2, we conclude
that

o(t) = 4J(t) — AB(t) — 21(t /Hu Y2 dr

. =§;Huuz 2C=2) 1) — a4 [ fu(r)IE ar
3.2

4
> Sl - / () dr

p
4
p2

|ullh — 4E(0) > e ||qu 4d > v > 0.
Then, by using (3.27)), we can see clearly that

6(t)0"(t) — (/' (t))? > 6(t)v >0, te[0,T].
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Let Y (t) = In(6(t)), then

(3.28) Y'(t) = %/g)),
and
PO LA O Rl CA U Y

(0(t))
Therefore, the function Y’(t) is increasing with respect to ¢. A simple integration of (3.28))

leads to

- ) L), 0'(0)
Y(t) =Y (0) =nf(tg) = L 000 dr > . 00) dr = Q(O)t’
which implies that 000
0(t) > 6(0) exp (9((0)) t) -

Namely,
lim 6(t) = +oo,

t—+o00

which implies that the weak solution u to the problem ([1.1)) blows up at infinite time. [J

4. Global existence, asymptotic behavior, and blow up for E(0) = d

In this section we prove the global existence, asymptotic behavior, and blow up of solutions
for problem (|1.1f) with E(0) = d.

Lemma 4.1. Let up € Wol’p(Q) and uy € L?(Q). Assume that E(0) = d, then there exists

ato € (0,t) such that
to
/ |us | ds > 0.
0

Proof. The proof of this lemma is almost the same to that of Lemma 4.1 in [32]. So, we
omit the details. O

4.1. Global existence for E(0) =d

Theorem 4.2. Let ug € W&’p(Q) and uwy € L*(Q) hold. Assume that E(0) = d and
ug € W, then problem (L.1)) admits a global weak solution u(t) € L*(0, —|—oo;W01’p(Q))
with u(t) € L>=(0,+o00; L2(Q)).

Proof. We prove this theorem in the following two cases:
Case 1: ||[Vup|l, # 0. Let A\, = 1 —1/m and upm = Amuo for m > 2. Obviously,
Am — 1 as m — oo. Thus, we consider the following initial boundary value problem
up — Apu — wAuy +up = [ulP2ulnjul in Q x (0, 00),
(4.1) u(@,0) = uom(@), u(2,0) =w(x) i,
u(z,t) =0 in 092 x (0, c0).
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By up € W and Lemma we have \* = A*(ug) > 1. Therefore, we conclude that
wom € W. Thus, we have J(ugm) < J(ugp), i.e.,

1 1
0 < B (0) = 5 lwall3 + J (uom) < glluall3 + J (o) = E(0) = d.
Therefore, for sufficiently large m, we claim by Theoremthat, the problem (4.1)) admits
a global weak solution u,,(t) € L*°([0,+00), Wol’p(Q)), Ut (t) € L®([0, +00), L2(R)) and
Uy € W for 0 <t < co. Similar to the proof of Theorem ﬂ, we derive (3.1), (3.3) and
(3.4]) which implies that u is the global weak solution of problem (|1.1]).

Case 2: ||Vugllp, = 0. Let A\, =1 —1/m and uiy = Apup for m > 2. Similar to

Case 1, we consider the following problem
ugr — Apu — wAu; +up = [ulP2ulnjul in Q x (0, 00),
(42) U($, 0) = U(](l'), ut(x70) = ulm(x) in 2,
u(z,t) =0 in 9 x (0, 00).
Note that |[[Vugl|, = 0 implies J(up) = 0 and
1
3 = B(0) = d.

From

2

1 1 A2,
En(0) = 5 lurml3 + T o) = 5l Amurl} = "2 ur |3 < 5 ur 13 = B(0) = d

1
2
and Theorem m it follows that for sufficiently large m, problem admits a global
solution uy, (t) € L=([0,400), WyP(Q)), umi(t) € L®([0,+00), L2(€)) and u,, € W for
0 <t < 0o. The remainder proof is the same as Case 1. O

4.2. Asymptotic behavior for F(0) = d

Theorem 4.3. Let uy € Wol’p(Q) and u; € L*(Q) hold. Assume that E(0) = d and

ug € W, then there exist two positive constants ¢, and k such that
E(t) < e vit>o.

Proof. From Lemma this implies that there exists a ¢ty > 0 such that

t t t
|us||> ds >0 and E(tg) = E0) — [ |lus||2ds=d— / |us]|2 ds < d.
to to

to

By Theorem we have
E(t) < Ce k(t—to) — et v >0,

where ¢, = ¢eF0. The proof is now complete. O
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4.3. Blow up for E(0) =d

Theorem 4.4. Let uy € Wol’p(Q) and u; € L*(Q) hold. Assume that E(0) = d and
ug € V, then solutions to problem (1.1)) blow up in infinite time.

Proof. Recall the auxiliary function 6(¢) defined as (3.18) and the proof of Theorem 3.4

we have

4 4

o(t) > Sy ully — 4B(0) > S Jullp — 4d > 0,
p p
and hence
0(t)0" (t) — (0'(t))* > 0.
The remainder proof is similar to that in Theorem O

5. Blow up for £(0) >0

In this section, we state and prove the blow-up result of solution to of problem (1.1)) with
E(0) > 0 and w = 0.

Theorem 5.1. Let ug € Wol’p(Q) and uy € L*(Q) hold. Assume that w = 0, the initial

data and initial energy satisfy
(1) wo € V;
(2) (ug,u1) >0;
(3) luol3 > (PE©)/B)*" >0,
then the solutions to problem blow up in infinite time.
In order to show our blow up result, we need the following lemmas.

Lemma 5.2. Let ug € Wol’p(Q) and uy € L*(Q). Assume that w = 0 and the initial data
satisfy
(’LLQ, ul) > 0,

then the map {t — ||u||3} is strictly increasing when u(t) € V.
Lemma 5.3. Let ug € Wol’p(Q) and uy € L*(Q) and u be a weak solution to problem (1.1

with the mazimum existence time interval [0,T). Assume that the conditions of Theo-
rem hold, then the solution u(t) belongs to V' for problem (1.1)).

Remark 5.4. The proofs of Lemmas and are similar to those in [21}32], we omit
the details.
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Proof of Theorem [5.1] Recalling the auxiliary function 6(¢) defined as (3.18)) and the proof
of Theorem when w = 0, we see that

o(t) = —2uil|? — 21(t) — 4 / Ju(r) 3 dr.

By the same arguments as of (3.27)), we can deduce

4 4ch 4ch
o(t) > ?HUH,’? —4E(0) = FQQHUHIQ) —4E(0) = ]Tfllung —4E(0) > 0.

The remainder proof is similar to that in Theorem O

Remark 5.5. In the next paper, we hope to consider the global existence, asymptotic
behavior and blow-up of solutions to problem ((1.1)) with 1 <p < 2.
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