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Mean Values of Derivatives of L-functions for Cyclotomic Characters in
Function Fields

Jungyun Lee and Yoonjin Lee*

Abstract. We compute the mean value of derivatives of L-functions for cyclotomic
characters in function fields. We also show the non-vanishing property of derivatives

of L-functions for cyclotomic characters in function fields.

1. Introduction

Many mathematicians have studied the values of L-functions at their central points. The
Birch and Swinnerton—Dyer conjecture states that the rank of an abelian variety is related
to the vanishing order of the central point of its related L-function. It is thus a natural
question whether the central values of L-functions are nonzero or not. However, in general,
it is a hard task to determine whether a given single L-value is nonzero or not. Therefore,
many mathematicians consider a family of L-functions, and they prove that the mean
value of their central values is nonzero.

We consider the function field case as follows. Let F, be the finite field of order g,
where ¢ is a power of a prime p. Let ¢ be an indeterminate over F,, and let A = F,[t] and
k = Fy(t). We denote the set of all monic elements of A by A". Let xm: (4/mA)* — C*

be a primitive quadratic character with conductor m € A*. We define

L(s,xm) =

where |a| = ¢9°8®. Rosen [5[7] obtained the mean value of primitive quadratic characters:

1
o > L(1/2,xm)-
meAt
degm=M
Later, Andrade et al. [1-4] studied the asymptotic behavior of several moments of L-values

> O L(1/2,xw)F and > L"(1/2, xm)",
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where S is either a set of all square free polynomials in A™ or a set of irreducible polynomi-
als in AT. The authors [6] computed the first moment of L and proved the non-vanishing
property of L-functions for cyclotomic characters in function fields.

Throughout this paper, let F, be a finite field of of order ¢ = p" with a prime p,
A =F[t], f a monic irreducible polynomial in A, and x: (4/f"A)* — C* be a primitive
cyclotomic character with some p power order. Let g be a monic polynomial in A which
is relatively prime to f and 7: (4/gA)* — C* be a primitive even character. Let O~ be
the set of all primitive cyclotomic characters y modulo f™ with some p power order, and
log denotes log;,. Let h € A be relatively prime to f with degh > 1.

In this paper we compute the mean value of derivatives of L-functions for cyclotomic
characters in function fields. We also show the non-vanishing property of derivatives of
L-functions for cyclotomic characters in function fields. In detail, we find the mean value
of derivatives of an infinite family of L-functions for cyclotomic characters in function

fields: that is, we compute the mean value

L > Li(1/2,m)x (),

N
where L1 = L' and Ly = L”. We also show the non-vanishing property of the deriva-
tives of L-functions for cyclotomic characters in function fields. That is, we obtain that
Li(1/2,mx)x(h) # 0 for some x in Opn with n > M;(f, g, h), where i = 1,2 and M;(f, g, h)
is a positive real number depending on f, g and h. We point out that we explicitly
determine M;(f,g,h) for i = 1,2.
We explain our main results in more detail as follows. In Theorem (1] for h € A

relatively prime to f with degh > 1, we find that

1 — _
O] > L(1/2,9x)x(h) = —n(h) deg h|h|~/*(log q) + &n,
m XGOfn
__1\degh
where for n > (|f] — 1) 527,
1 __n
eul < 0.5 f* 5T dess -+ ).
Using this result, in Theorem we prove that if n > 2(|f| — 1)M1(f, g, h), then
1 _
> L(1/2,mx)x(h) #0,
O]

XEOfn
where M (f,g,h) is defined as in (4.12). In Theorem 5.1} we obtain that
1

[On| > L'(/2.m0)x(R) = n(k)(deg h)?|h| 7% (log g)” + &y,
XEOfn
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where for n > (|f] — 1)322;”,

e lg]>(ndeg f + deg g)*.

1
eal < 90080

We show that for h € A with degh > 1 which is relatively prime to f, if n > 2(|f| —

1)M2<fvgu h)u then
1

[04] > L'(1/2,mx)x(h) #0,

XE€Ofn
where Ms(f, g, h) is defined as in (5.1)).

We discuss some contributions of our results. In regards to computation of the first
moments for values of derivatives of L-functions, we find an explicit upper bound of the
error term while it is obtained just asymptotically in the number field case. Using this
bound, we are able to explicitly determine a lower bound ng of n such that the first
moment

,Ofn S L/2m0x()
XEO fn
is nonzero for n > ng. Moreover, in the function field case, there have been some develop-
ments on computation of the mean value of L” only for quadratic characters. In this work,

we compute the mean value of L’ and that of L” for cyclotomic characters in function

fields.

2. Derivatives of L-functions in function fields

Let F, be a finite field of order ¢, where ¢ is a power of a prime p. Let ¢ be an indeterminate
over Fy, and we set A = F,[t| and k = F,(¢). We denote a set of all monic elements of A
by AT. For a monic polynomial m € A, let xm: (A/mA)* — C* be a primitive character

of conductor m. Let
Xm

(8, Xm) R(s) > 1,
acAt
where |a| = ¢9°8? and R(s) denotes the real part of s. Since L(s,xm) is absolutely

convergent on $(s) > 1, reordering of the summands, one can write L(s, xm) as follows:

L(s,xno:fj( > ) o

d=0 * geAt
dega=d
For d > degm, as > ,ca+ Xm(a) =0, L(s, xm) is a polynomial in ¢~*:
deg a=d
degm—1
L) = 3 ( 3 xm<a>)q—ds = Y xml@a ™,
d=0 acAt a€A*

dega=d deg a<degm
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which is defined on the whole complex plane. Hence, it is natural to consider that

L(1/2,xm) = D>, xm(@)al ™",

acATt
dega<degm
LW (1/2,xm) = (log@)" > xm(a)(dega)¥|a| 7"/,
acAt
deg a<degm

where k is a positive integer and L) (s, x,) is the kth derivative of L(s, xm). In particular,

if xm is an even character, we have that

L(1/2,Xm):q_11 > Xw(a)lal 72,

=
ega<degm
2.1
21) (k) (—log )" Ky —1/2
L (1/2,Xm):7 Z Xm(a)(dega)®|al .
deggiéegm

3. Necessary lemmas

In this section, we keep notations of the previous section. We establish several lemmas,
and we find the mean value of characters, which are very crucial for later computation of
the mean value of L-functions.

Let k = Fy(t), A =T,[t], and f be a monic irreducible polynomial in A as before. Let
Ay be the completion of A at f, and let w: (4/fA)* — A} be the function field analogue
of the Teichmiiller character (see [8, page 51]) such that

for b e (A/fA)*, w®YI™' =1 and w(b) =b (mod f).

For positive integers n and m with 1 < m < n, let m,: (A5)* — (A/f"A)* be a natu-
ral projection map satisfying m,(a) = a (mod f"), mpm: (A/f"A)* — (A/f™A)*, and

Tnm(a) = a (mod f™). We define that w, = w o m,.

w1

/ﬂ-n—ﬂ_n\

(A/fA) —— A7 (A fr Ay 5 (A) fmy

=

Wm

(A/fA)

For a € A, [a],, denotes the residue of a modulo f™. For a polynomial g € A, b€ A/gA

means that b is the (least) residue of some polynomial in A modulo g such that degb <

deg g.
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Lemma 3.1. Let f be an irreducible polynomial in A*. Let b € (A/fA)*, r € A be

relatively prime to f and n be a positive integer. Then we have the following results.

(i) Ifb ey, then [w(b)], =b, Vn > 1.

(ii) If b ¢ ¥, then for n > (|f| — 1)3:5;, we have
deg f

der((reo(b)l) = ity

Proof. (i) It is clear because blfI=1 =1 for b € Fy.
(ii) Since (rw(b))f1=1 = rlfI=1 we have

rw®)F 1= = /171 (mod fm).

We suppose that two elements [rw(b)]lr{ =1 and 7111 in A are equal. Then there is
c € Fy such that

[rw(b)]n = re,
which is because every element a € A such that alfI=! = 1 belongs to Fg. Thus, we have
(3.1) A/ Arw(b) =rc  (mod f").
Since r is relatively prime to f, implies that
w(b) =c¢ (mod f"),

which is a contradiction to the fact that w(b) = b (mod f) for b ¢ F;. Thus, there is a

nonzero element d € A such that
[rw®)/171 = M1 4 g,

Therefore, we have that
(If] = 1) deg[rw(b)]n > ndeg f.
This completes the proof. O

1
a

For 1 < o <n, we define W, o := (image(wy)). Then we have that
(3.2) Wha={a€ (4/f"A)" | a=ws(b) (mod f¥),be (A/fA)*}
and W, , is a subgroup of (A/f"A)*. Moreover we have that

W o

= [(A/FAA/ A = (FT = DL
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We also note that
Win CWppo1 C--- CWy1=(A/f"A)".

For 1 < a <n,let Gy, o be defined by
(3.3) G ={xn: (A/f"A)" = pipoe | Wh,a C ker xn},

where fi,n is the set of all p™-th roots of unity for a positive integer n and pipee = (Joo ;| fipn.

Then G, is a subgroup of Gy, o1, that is,
{1} =Gp1 CGraC - CGpp-1 CGpp.
For positive integers n and m with 1 < m < n, we have that
ffAC fmA.

There is a natural projection 7y, y,: (A/f"A)* — (A/f™A)* given by 7, (a) = a (mod f™).
Hence, every character y,,: (A/f™A)* — C* can be considered as a character x,, defined
on (A/f"A)* as follows:

Xn = Xm © Tnm: (A/f"A)" — C*.

In this case, we say that x, and x,, are isomorphic. If a character y, is not isomorphic

to xm for every m with 1 < m < n, then we say that x,, is a primitive character modulo

[

Lemma 3.2. Let Ogn be the set of all primitive characters modulo f™ with p power order,
and Gy, be defined as in (3.3). Then we have that

Of” = Gn,n \ Gn,nfl-
Proof. We easily check that
Wim ={a € (A/f"A)" | a=wn(b) (mod f™)} C ker(Xm © mnm).

Thus, if a character x,,: (4/f™A)* — C* is isomorphic to some character y,,: (A/f™A)* —
C* for 1 <m < n, then

Xn = Xm © Tn,m € Gn,m C Gn,nfl-
Therefore, x, € Gpn—1. We thus find that O¢» is equal to Gy, n \ Gpn—1- O

Now, we obtain the following lemma.
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Lemma 3.3. For positive integers n and o with 1 < o <n, let Opgn = Gy \ Grp—1 and
Wi, be defined as in (3.2]). Then we have that

1 if a € Wi n,
1
(Xn)av(a) = |Ofn‘ Z XTI(a) = _m%l if a € Wnn—1 \ W,
n€0fn
e 0 ifa ¢ Whpo1.

Proof. If a € W), o, then xp(a) = 1 for x,, € Gy,. Hence, one can easily obtain the
first formula. Now, we suppose that a € (A/f"A)* \ W, . We consider the subgroup
(a, Wy.q) of (A/ f"A)* generated by a and the elements of W, o. Let A be a homomorphism
At (a, W, ) — C* sending a to a nontrivial element in C* and W, , to 1 € C*. This
homomorphism A can be extended to a homomorphism A from (A/f"A)* to C*. By

definition, we have that

ANEGna and Aa) # 1.

Thus,

Y ow@= Y Ma)xala).

X'nEGn,a XTLGG",Q

Finally, we have that

M) -1 > xala)=0.

XnEGn,a
Therefore, we have that for a € (A/f"A)* \ Wy, a,

Z Xn(a) =0.

XneGn,a

Thus, we find that for 1 < a <n,

|Gnol ifa€W,a,
Z Xn(a) =

XnEGn.a 0 otherwise.

Using the formula as above, we obtain that

|Gnnl — |Gnn—1] ifaeWyp,

Z Xn(a) - Z Xn(a) = *|Gn,n71| ifa e Wn,nfl \ Wn,na
n G'fl n n G”l n— .
e, XnEGmn 0 if a ¢ Wy 1.
Since |Gp o] = |f|%, the result follows immediately. O

The following two lemmas are necessary for computing the mean values in Sections [4]

and [l
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Lemma 3.4. Let n be a character with conductor g € A. Let a,b € A with (b,g) = 1. For
m > deg g, we have

(3.4) > nla+ba)=0.

deg a=m

Proof. We note that
{a€e A|ldega=m}={gh+r|reA/gAand h € A,degh =m — degg}.

Thus, the left-hand side of (3.4)) is equal to

Z Z n(a+b(r + gh)) = Z Z n(a + br).

reA/gA heA heA reA/gA
deg h=m—deg g deg h=m—deg g

We consider the map ¢: A/gA — A/gA mapping r into ar + b. We note that for any
r € A/gA, if we take v’ = b~1(r — a), then
a+b’'=r (mod g).
Thus, the map ¢: A/gA — A/gA is a surjective map. Since (b, g) = 1, if a+bry = a+ bro
(mod g) for r1,r2 € A/gA, then

ri =712 (mod g),

which implies that r1 = 5. Hence, ¢ is a bijective map. It thus follows that
Yo onla+bry= > nér)= > n(r)=0.
recA/gA reA/gA reA/gA

This completes the proof. O

Lemma 3.5. For a nonnegative integer k and a positive integer d, let Fy(d) be defined by

Fuld)= ) (dega)*la|V/%
dega<d
a€A,a#0

Then we have that
Fi(d) < 2/ d".

Proof.

d
Fi(d) = Z (dega)F|a|Y/? = Z#{a € A|dega =1i,a#0}i* /g

dega<d =0
a€A,a#0
d d+1
K i Va1
=> (¢—1i*"/g' < (¢ —1)d*¥——r
=0 V-1

:(\/ad+1_1)(\/a+l)dk§2\/§d+2dk‘ 0
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4. Mean values of the first derivatives of L-functions

In this section, we compute the mean value of L'(1/2,nx)x(h), where 1 is a general
character and h € A is relatively prime to f, and thus we show that L'(1/2,7x) is nonzero
for sufficiently large n. We keep the notations of the previous sections in this section.

In the following theorem, we find a main term of the mean value of L'(1/2,7nx), and

we estimate an upper bound on its error term.

Theorem 4.1. Let f be a monic irreducible polynomial in A and x: (A/f"A)* — C*
be a primitive character with some p power order. For g € A relatively prime to f, let
n: (A/gA)* — C* be an even primitive character. Then for h € A relatively prime to f
with degh > 1, we have that

1 - _
(4.1) O] > L(1/2,mx)x(h) = —n(h) deg hh|~'/*(log ) + &,
fr XGOfn
where h is the multiplicative inverse modulo f and for n > (|f| — 1)32??,
9logq, . o—
[ZS - 7|1 T gl (n deg f + deg g).

Proof. Assume that n > (|f| — 1)322?. From (2.1) and Lemma we have that

LS a2, m0x(®)

|Ofn|logq O
= > Y nla+ f"d)(Nav(ah) degla + frd)|a+ frd| 2
deA/gAacA/fr A

- Z( S e+ PN a(ah) degla+ fid)a+ frd 2

d€A/gA " ahe€Wr n—1\Wn,n

+ S nla+t ' d)(x)as(ah) degla+ fd)la + f”d|‘1/2>

aheWp »
e R L YD
(7= )dGA/gAaEeWn,n_l\Wn,n deA/gA aheW,, »,
“mp S (X e T e T ¥ oa
dcA/gA aEGWnVTHl aEEWn,n deA/gAaEEWn,n

gl Y gL Y Yoa

dGA/gA U«EEWn,n—l dEA/gA aﬁean

where

Q = n(a+ fd)deg(a + f*d)|a+ fmd|~/>.
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From now on, let us set

A= > > Q and By= Y Y Q

d€A/gA aheWy 1 d€A/gA aheWy

First, we compute A,. From the definition of W,, o in (3.2)), A, is written as follows:

Av=>" > > 0a-a(bye,d) deg(8u-1(b,¢,d))[0n-1(b,c, d)| T,

be(A/fA)* dEA/gA cE(A/fA)

where 6, _1(b,c,d) := [w(b)h]n_1 + f* e+ f*d. Now, the summation A, is divided into
four parts according to whether d or c¢ is zero or not, and in the case where both d and ¢

are zero, whether b is contained in Fy or not:

An — An71 + An,Q + An,3 + An,47

where
An1 =YY" 1(6n-1(b, ¢, d)) deg(8n-1(b, c,d))|8n-1(b,c,d)| "1/,
belFy d=0,c=0
Ana= Y > n(6n-1(b,c,d)) deg(6n-1(b, ¢, d))|6, -1 (b, ¢, d)| /2,

be(A/ fA)*\F; d=0,c=0

Ans= > > nbn-1(b,c,d)) deg(d—1(b, c,d))|on-1(b, c,d)| /2,
be(A/fA)* d=0,c#£0

Apa = Z > n(6n-1(b,c,d)) deg(6n-1(b, ¢, d))[6,-1(b, ¢, d)| /2.
€(A/fA)* d#0,c#£0

Then by Lemma [3.1f(i), it follows that

Any =3 0([w(0) 1) deg([w(B)ln1)|w(B)]—a]|
(4.2) beF;

= (g — 1)n(h)(deg h)|h| /2,

and from Lemma [3.1f(ii), we have that

Anz= > (w(O)hln-1) deg([w(B)h]—1)|[w(B)h]na] 2
be(A/fA)*\F}
and
W) Ana| < (n—1)deg f|f|” T |(A/fA)* \ FY|

= (n — 1) deg f|f|"TD (| f] - q).



Derivatives of L-functions in Function Fields at s = 1/2 1123

Moreover, from Lemma [3.4] we have that

Ans = Yo Y (w®hlat + £ ) deg([w(B) oy + )
€(A/fA)* ce A/fA)
X‘ h]n_l_’_fnfl ’_1/2
= \f\“”‘”/z ST a(w®)hla-t + £ e) deg( £ ) || T2

€(A/fA)* ce(A/fA)
c£0

=|f|‘(”‘”/2 S p(w®hlat + £ (0 — 1) deg £ + deg )|e 72

€(A/fA)* c#£0
deg c<degg
and
[Ana| < [f707020 > ((n—1)deg f + degc)lc| /2
(44) beld/fay deggigegg

= [fI7"V2(|f] = 1)((n — 1) deg f Fo(deg g) + Fi(deg g)).

Furthermore, from Lemma [3.4] we also have that

4:\fr"/2 ST n(hw®)a1 + [ e+ frd)(ndeg f + deg d)|d| 7!/

€(A/fA)* d#0,c£0

=|f|‘”/2 oD D a(hw®ar + e+ f1d)

E(A/fA)*  d#0 ¢#£0
deA/gA degc<degyg

x (ndeg f + degd)|d|~/?

and
Apal <IF7720 % > Y (ndeg f+degd)ld| ™
be(A/fA)*  dA0 #0
deA/gA degc<degg
(4.5) <3S > ) (ndegf+degd)d Y
be(A/fA)* 0 d#40
deg c<deg g deg d<degg

= [fI72(| £ — 1)(q*89*! — 1)(ndeg fFo(degg — 1) + Fi(degg — 1)).

Now, we compute B,,. We note that B,, is written as follows:

Z Z n(a+ f*d)deg(a + fd)|a + fd|” 1/2

deA/gA ahe Whin

= > > ([w®)hly + £d) deg([w(b)hly + £7d)|[w(bB)h]n + f7d|

dEA/gAbE(A/FA)*

—-1/2
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The summation B, can be divided into three parts according to whether d is zero or not,

and in the case where d = 0, whether b is contained in F} or not:

Bn = Bn,l + Bn,2 + Bn,37

where
Buy =3 > nw®)hl + fd) deg(w®)hln + f"d) [ w(®)h]n + fmd| 2,
bGIF*d 0
Bua= > S n(w®hln + fd) deg([w(b)hln + f'd)|[w(b)h]n + f7d] 2,

be(A/fA)*\F; d=0

Buz= > Y n(w®hly+ fd) deg([w(b)hl, + frd)| W], + frd] .
be(a/fA) a0
(A/gA)*
Then from Lemma [3.1[i), we have that
By = > 1([w(b)h]n) deg([w(b)h]n)|[w(b)hl,]
(4.6) beF;
= (¢ — 1)n(h) deg hlh| 7'/,

and from Lemma [3.1fii), we have that

Buz= > n(lw(b)hla) deg([w(B)h])|[w(b)h]a| 2,

be(A/fA)*\F;
(47)  |Bua| < ndeg f|f| 270 |(A/fA)* \Fi| = ndeg f|f| 20 (| f| - q).

Furthermore, we have that

Bug =172 3 Y u(w®hln+ frd)(ndeg f + degd)|d| "/

deA/gAbe(A/fA)*
d#0
and
(4.8) 1Brsl < 1F17"2(1f] = 1)(lg] — 1)(ndeg fFo(deg g) + Fi(deg g)).

Finally, we obtain that

L ST 22, m0x(B) = Mo + &,

where

logQ( 1 ] )
M, = —A B, ,
g—L\[fl—17" -

Lo Hosg,
=1 -1 )

"
oy
| |02
— [
N
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From (4.2) and (4.6]), we have that
My, = —n(h) deg h|h]~/*(log q).

Moreover, we obtain that

(4.9) &) < logq (| e Z|

From (4.3)) and (4.7), we get that

__n—1
Bnal, [Anz2| < ndeg fIf| 200 (|f] — q).

< )
|Bn,i| :
ey

Thus,

(4.10) - |B,

| e s+ 1)
eI A1)

Moreover, combining (4.4)), (4.5), (4.8) and Lemma all together, we get that

< ndeg f| 7T (| f] - q) (

1Bnsl, | Ans| < [f17™ V72| f||g](n deg fFo(deg g) + Fi(degg))
< 2| |7V £]1g (n deg f + deg g)

and

\Anal < [FI72(1f] = 1)(lglg — 1)(ndeg fFo(degg — 1) + Fi(deg g — 1))

e q
< 21721 1]|gP? YL (ndeg f + deg.g — 1)

VIfl

< 2g|f|7" V2| f[1g*(n deg f + deg g).

Thus, we have

1
(sl + ) + LB
(4.11) =1 =1
‘ 2
< 2l Pl e -+ des) (13 )
Combining (4.9), (4.10) and (4.11]) all together, we obtain that
logg |f|+2 (n—
1En| < g1 :f: —(n deg f + degg)|f|(|f| = T +2¢|f|7 Y /2|g|3/2).

Since we have

(1+24|g*’?) < 3|g]* and
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we finally obtain that

logq [f|+2
qg—1|f[-1
I =1

?]O_glq!f\l w710 | g (n deg f + deg g)
9logq
q—1

n—1
€] < (ndeg f + deg g)| £|(|f|” 70 + 2q| f|~("=1/2|g|3/2)
<

[f[*7 2071 g (n deg f + deg g). O

IN

In the following theorem, we find a lower bound ng of n such that
[n(h) deg h|h|~*/?(log q)| > |€xl;

hence, we prove that for n > ny,

1
|On|

> L'(1/2,mx)x(h) #0.

XEOfn

Theorem 4.2. Let f be a monic irreducible polynomial in A and O be the set of prim-
itive characters x modulo f" with p power order. For g € A relatively prime to f, let
n: (A/gA)* — C* be an even primitive character and h € A be relatively prime to f with
degh > 1. Ifn > 2M;(f,g, h)(|f| — 1), then

1 _
Y L(1/2,mx)x(R) # 0,

Ol &5,

where M1(f,g,h) is the positive real number such that
| f|M1(f9:0)
M.(f,g,h)
Consequently, L'(1/2,mx) # 0 for some x € Ofn with n > 2My(f, g, h)(|f| —1).

(4.12) = 18f[*|g/*|nl.

Proof. From Theorem [4.T] we find that if n satisfies the following two inequalities

9 —_n
deg(h)[h| > > 1ol 7”77 (n deg f + des ),

deg h
deg f’

(4.13)

n>([f[=1)

then

n

_ log q _
deg(h)[h]/2(10g ) > 05 |gf'|f* D (1 de £ +dezg) > |6,

where &, is defined as in (4.1)). Hence, for n satisfying (4.13)), we have that

> L'(1/2,m0x(R) #0.

XGOfn
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From now on, we prove that if n > 2M;(f, g, h)(|f| — 1), then n satisfies (4.13]). We note

that @ is an increasing function for z > i 1

—— . Sin
log, q) deg f Since

|f|M1(f,g,h) |f|%

>
Ml(fv g, h) 2d§§ghf

and

degh 1

(4.14) 2degf ~ (log, q)deg [

we obtain that

degh

(415) Ml(fagv h) > 2degf

Hence, for n > 2M;(f,g,h)(|f| — 1), we have that
deg h
deg f

which shows the second inequality of (4.13)). From (4.14) and (4.15)), we can easily check
that

n > 2M(f,g,h)(|f] = 1) >

(IF1=1),

(4.16) Ml(f,g,h) >

(log, q) deg f
Since % is an increasing function for z > m, from (4.16), we also find that if
7= > Mi(f,9,h), then

|f|ZTD | f[MLfgh)
>
m Ml(fvga h)

(4.17) = 18|f[*g[*[Al.

Moreover, we can easily check that

18| /1%|gl°|p[*/2(1] — 1) deg(fg)

4, 14
(4.13) 18] 7{*lgl 1] > Texh(c 1)

From (4.17)) and (4.18]), for n > 2M;(f,g,h)(|f| — 1), we have that

D 181/ Rlgl Il (1f] — 1) deg(Fg)
2071 deghlg = 1)

Finally, we obtain that for n > 2M(f,g,h)(|f] — 1),

£12191? |1 ?n deg(fg) - o7 PlgP’[n]*/?(n deg f + deg g)
degh(q —1) degh(q —1) '

|f|Z07D > 9

which shows the first inequality of (4.13]). This completes the proof. O
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5. Mean values of the second derivatives of L-functions

In this section, we keep notations of previous sections. We compute the mean value of
L"(1/2,mx)x(h) for a general character 1, and thus we show that L"”(1/2,1x) is nonzero

for sufficiently large n.

Theorem 5.1. Let f be a monic irreducible polynomial, and let g and h be monic poly-
nomials relatively prime to f with degh > 1. Let x: (A/f"A)* — C* be a character with
some p power order and n: (A/gA)* — C* be a character. Then we get

1
|On|

> L'(1/2,mx)x(h) = n(h)(deg h)*|h|~/*(log q)° + En,
X€Osn

where for n > (|f| — 1)3221}’

6] < 9<1°gq> s

0715 |g[? (n deg f + deg 9)2.
Proof. Using Lemmas and we obtain the result by a similar computation
as in the proof of Theorem O

Theorem 5.2. Let p be an odd prime, f be a monic irreducible polynomial, and g and
h be monic polynomials relatively prime to f with degh > 1. Let x: (A/f"A)* — C*
be a primitive character with p power order and n: (A/gA)* — C* be a character. If
n > 2Ma(f,g,h)(|f] — 1), then we have that

1
|Ofn|

> L"(1/2,mx)x(h) #0,

XEOfn
where Ma(f, g, h) is the positive number such that

| f|M2(f9:0)
M2(fa 9, h)2
Consequently, L"(1/2,nx) # 0 for some x € Ofn such that n > 2Ms(f,g,h)(|f| —1).

(5.1) = 361f(°lg/°[Al-

Proof. For h € A which is relatively prime to f, we recall that

1
|Ofn|

> L"(1/2,mx)x(R) = n(h)(deg h)*|h| /2 (log ) + &n,
X€O0 fn

where n > (| f] — 1)§§§I}’

9 o
€l < g lol*I/ " T n (deg f9)* (log )"
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Thus, if n satisfies the following two inequalities

Y2 (deg h)2(q — 1) > olgf?| f2-ldee L)

(5.2) | f| 20D
deg h
> (11~ D,

then

712 (deg 0z 0 > ——|gf? 22 LB LIV
q— ’f‘Q(\fl 1)

Thus, if n satisfies the condition (5.2)), then we have that

> [Enl-

> L'(1/2,mx)x(h) # 0.

XEOfn

From now on, we prove that if n > 2Ms(f, g, h)(|f| — 1), then n satisfies (5.2]).
We note that

(5.3) ’f’Mz(f,ng) m%
. >
MQ(f: g, h)2 Qdéeegghf
Lf]*

Since “ > is an increasing function for z > W and

deg h - 2
2deg f ~ (log, q) deg f’

from (5.3)) and (5.4), we find that

(5.4)

deg h
(55) MQ(fagv h) > 2degf

From (5.5)), we conclude that if n > 2Ms(f, g,h)(|f| — 1), then

deg h
deg f’

which is the second inequality of (5.2)). From (5.4) and (j5.5)), we find that

(5.6) n>(|fl-1)

(5.7) Ma(f,g.h) > (log, q)deg -

As |£ |2x is an increasing function for z > 4 from (j5.7)), we have that for

2 n >
log, q) deg [~ 2(1f1-1)
MQ(fa g, h)a
| f|2Z07=D ‘f|Mz(fyg,h)

n? 2
A 7-1)2 MQ(fagah)

= 36/ f[°lgl°|Rl.
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Moreover, we can easily check that

361 /%[gl*[["*(1f] = 1)*(deg f9)*

36/ f1%9/°|n| > (deg h)2(q — 1)

Thus, if 2(|f| 0 > Ms(f,g,h), then
655 ST 361f21glPhI (11| 1)2(des fo)?
4(|f7|Li1)2 (deg h)Q(q - 1)
From ) and ., we conclude that if 2(\f| n > Ms(f,g,h), then the conditions in
(5.2) are satlsﬁed. Now the proof is completed. O
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