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Mean Values of Derivatives of L-functions for Cyclotomic Characters in

Function Fields

Jungyun Lee and Yoonjin Lee*

Abstract. We compute the mean value of derivatives of L-functions for cyclotomic

characters in function fields. We also show the non-vanishing property of derivatives

of L-functions for cyclotomic characters in function fields.

1. Introduction

Many mathematicians have studied the values of L-functions at their central points. The

Birch and Swinnerton–Dyer conjecture states that the rank of an abelian variety is related

to the vanishing order of the central point of its related L-function. It is thus a natural

question whether the central values of L-functions are nonzero or not. However, in general,

it is a hard task to determine whether a given single L-value is nonzero or not. Therefore,

many mathematicians consider a family of L-functions, and they prove that the mean

value of their central values is nonzero.

We consider the function field case as follows. Let Fq be the finite field of order q,

where q is a power of a prime p. Let t be an indeterminate over Fq, and let A = Fq[t] and

k = Fq(t). We denote the set of all monic elements of A by A+. Let χm : (A/mA)∗ → C∗

be a primitive quadratic character with conductor m ∈ A+. We define

L(s, χm) =
∑
a∈A+

χm(a)

|a|s ,

where |a| = qdeg a. Rosen [5,7] obtained the mean value of primitive quadratic characters:

1

qM

∑
m∈A+

degm=M

L(1/2, χm).

Later, Andrade et al. [1–4] studied the asymptotic behavior of several moments of L-values∑
m∈S

L(1/2, χm)k and
∑
m∈S

L′′(1/2, χm)k,
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where S is either a set of all square free polynomials in A+ or a set of irreducible polynomi-

als in A+. The authors [6] computed the first moment of L and proved the non-vanishing

property of L-functions for cyclotomic characters in function fields.

Throughout this paper, let Fq be a finite field of of order q = pr with a prime p,

A = Fq[t], f a monic irreducible polynomial in A, and χ : (A/fnA)∗ → C∗ be a primitive

cyclotomic character with some p power order. Let g be a monic polynomial in A which

is relatively prime to f and η : (A/gA)∗ → C∗ be a primitive even character. Let Ofn be

the set of all primitive cyclotomic characters χ modulo fn with some p power order, and

log denotes log10. Let h ∈ A be relatively prime to f with deg h ≥ 1.

In this paper we compute the mean value of derivatives of L-functions for cyclotomic

characters in function fields. We also show the non-vanishing property of derivatives of

L-functions for cyclotomic characters in function fields. In detail, we find the mean value

of derivatives of an infinite family of L-functions for cyclotomic characters in function

fields: that is, we compute the mean value

1

|Ofn |
∑

χ∈Ofn
Li(1/2, ηχ)χ(h),

where L1 = L′ and L2 = L′′. We also show the non-vanishing property of the deriva-

tives of L-functions for cyclotomic characters in function fields. That is, we obtain that

Li(1/2, ηχ)χ(h) 6= 0 for some χ in Ofn with n > Mi(f, g, h), where i = 1, 2 and Mi(f, g, h)

is a positive real number depending on f , g and h. We point out that we explicitly

determine Mi(f, g, h) for i = 1, 2.

We explain our main results in more detail as follows. In Theorem 4.1, for h ∈ A

relatively prime to f with deg h ≥ 1, we find that

1

|Ofn |
∑

χ∈Ofn
L′(1/2, ηχ)χ(h) = −η(h) deg h|h|−1/2(log q) + En,

where for n > (|f | − 1)deg hdeg f ,

|En| ≤ 9
log q

q − 1
|f |2−

n
2(|f |−1) |g|3(n deg f + deg g).

Using this result, in Theorem 4.2, we prove that if n > 2(|f | − 1)M1(f, g, h), then

1

|Ofn |
∑

χ∈Ofn
L′(1/2, ηχ)χ(h) 6= 0,

where M1(f, g, h) is defined as in (4.12). In Theorem 5.1, we obtain that

1

|Ofn |
∑

χ∈Ofn
L′′(1/2, ηχ)χ(h) = η(h)(deg h)2|h|−1/2(log q)2 + En,
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where for n ≥ (|f | − 1)deg hdeg f ,

|En| ≤ 9
(log q)2

q − 1
|f |2−

n
2(|f |−1) |g|3(n deg f + deg g)2.

We show that for h ∈ A with deg h ≥ 1 which is relatively prime to f , if n > 2(|f | −
1)M2(f, g, h), then

1

|Ofn |
∑

χ∈Ofn
L′′(1/2, ηχ)χ(h) 6= 0,

where M2(f, g, h) is defined as in (5.1).

We discuss some contributions of our results. In regards to computation of the first

moments for values of derivatives of L-functions, we find an explicit upper bound of the

error term while it is obtained just asymptotically in the number field case. Using this

bound, we are able to explicitly determine a lower bound n0 of n such that the first

moment
1

|Ofn |
∑

χ∈Ofn
L′(1/2, ηχ)χ(h)

is nonzero for n ≥ n0. Moreover, in the function field case, there have been some develop-

ments on computation of the mean value of L′′ only for quadratic characters. In this work,

we compute the mean value of L′ and that of L′′ for cyclotomic characters in function

fields.

2. Derivatives of L-functions in function fields

Let Fq be a finite field of order q, where q is a power of a prime p. Let t be an indeterminate

over Fq, and we set A = Fq[t] and k = Fq(t). We denote a set of all monic elements of A

by A+. For a monic polynomial m ∈ A, let χm : (A/mA)∗ → C∗ be a primitive character

of conductor m. Let

L(s, χm) =
∑
a∈A+

χm(a)

|a|s , <(s) > 1,

where |a| = qdeg a and <(s) denotes the real part of s. Since L(s, χm) is absolutely

convergent on <(s) > 1, reordering of the summands, one can write L(s, χm) as follows:

L(s, χm) =

∞∑
d=0

( ∑
a∈A+

deg a=d

χm(a)

)
q−ds.

For d ≥ degm, as
∑

a∈A+

deg a=d

χm(a) = 0, L(s, χm) is a polynomial in q−s:

L(s, χm) =

degm−1∑
d=0

( ∑
a∈A+

deg a=d

χm(a)

)
q−ds =

∑
a∈A+

deg a<degm

χm(a)q−ds,
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which is defined on the whole complex plane. Hence, it is natural to consider that

L(1/2, χm) =
∑
a∈A+

deg a<degm

χm(a)|a|−1/2,

L(k)(1/2, χm) = (− log q)k
∑
a∈A+

deg a<degm

χm(a)(deg a)k|a|−1/2,

where k is a positive integer and L(k)(s, χm) is the kth derivative of L(s, χm). In particular,

if χm is an even character, we have that

L(1/2, χm) =
1

q − 1

∑
a∈A

deg a<degm

χm(a)|a|−1/2,

L(k)(1/2, χm) =
(− log q)k

q − 1

∑
a∈A

deg a<degm

χm(a)(deg a)k|a|−1/2.
(2.1)

3. Necessary lemmas

In this section, we keep notations of the previous section. We establish several lemmas,

and we find the mean value of characters, which are very crucial for later computation of

the mean value of L-functions.

Let k = Fq(t), A = Fq[t], and f be a monic irreducible polynomial in A as before. Let

Af be the completion of A at f , and let ω : (A/fA)∗ → A∗f be the function field analogue

of the Teichmüller character (see [8, page 51]) such that

for b ∈ (A/fA)∗, ω(b)|f |−1 = 1 and ω(b) ≡ b (mod f).

For positive integers n and m with 1 ≤ m < n, let πn : (Af )∗ → (A/fnA)∗ be a natu-

ral projection map satisfying πn(a) ≡ a (mod fn), πn,m : (A/fnA)∗ → (A/fmA)∗, and

πn,m(a) ≡ a (mod fm). We define that ωn = ω ◦ πn.DERIVATIVES OF L-FUNCTIONS IN FUNCTION FIELDS AT s = 1
2

5

(A/fA)∗ A∗f (A/fnA)∗ (A/fm)∗ (A/fA)∗
ω πn πn,m

ω1

ω

ωm .

For a ∈ A, [a]n denotes the residue of a modulo fn. For a polynomial
g ∈ A, b ∈ A/gA means that b is the (least) residue of some polynomial in
A modulo g such that deg b < deg g.

Lemma 3.1. Let f be an irreducible polynomial in A+. Let b ∈ (A/fA)∗,
r ∈ A be relatively prime to f and n be a positive integer. Then we have the
following results:
(i) If b ∈ F∗q, then [ω(b)]n = b, ∀n ≥ 1.

(ii) If b 6∈ F∗q, then for n ≥ (|f | − 1) deg r
deg f , we have

deg([rω(b)]n) ≥ n deg f

|f | − 1
.

Proof. (i) It is clear because b|f |−1 = 1 for b ∈ F∗q .
(ii) Since (rω(b))|f |−1 = r|f |−1, we have

[rω(b)]|f |−1n ≡ r|f |−1 (mod fn).

We suppose that two elements [rω(b)]
|f |−1
n and r|f |−1 in A are equal. Then

there is c ∈ F∗q such that

[rω(b)]n = rc,

which is because every element a ∈ A such that a|f |−1 = 1 belongs to F∗q .
Thus, we have

(3) A/fn−αArω(b) ≡ rc (mod fn).

Since r is relatively prime to f , (3) implies that

ω(b) ≡ c (mod fn),

which is a contradiction to the fact that ω(b) ≡ b (mod f) for b 6∈ F∗q . Thus,
there is a nonzero element d ∈ A such that

[rω(b)]|f |−1n = r|f |−1 + fnd.

Therefore, we have that

(|f | − 1) deg[rω(b)]n ≥ n deg f.

This completes the proof. �

For a ∈ A, [a]n denotes the residue of a modulo fn. For a polynomial g ∈ A, b ∈ A/gA
means that b is the (least) residue of some polynomial in A modulo g such that deg b <

deg g.
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Lemma 3.1. Let f be an irreducible polynomial in A+. Let b ∈ (A/fA)∗, r ∈ A be

relatively prime to f and n be a positive integer. Then we have the following results.

(i) If b ∈ F∗q, then [ω(b)]n = b, ∀n ≥ 1.

(ii) If b /∈ F∗q, then for n ≥ (|f | − 1) deg r
deg f , we have

deg([rω(b)]n) ≥ n deg f

|f | − 1
.

Proof. (i) It is clear because b|f |−1 = 1 for b ∈ F∗q .
(ii) Since (rω(b))|f |−1 = r|f |−1, we have

[rω(b)]|f |−1n ≡ r|f |−1 (mod fn).

We suppose that two elements [rω(b)]
|f |−1
n and r|f |−1 in A are equal. Then there is

c ∈ F∗q such that

[rω(b)]n = rc,

which is because every element a ∈ A such that a|f |−1 = 1 belongs to F∗q . Thus, we have

(3.1) A/fn−αArω(b) ≡ rc (mod fn).

Since r is relatively prime to f , (3.1) implies that

ω(b) ≡ c (mod fn),

which is a contradiction to the fact that ω(b) ≡ b (mod f) for b /∈ F∗q . Thus, there is a

nonzero element d ∈ A such that

[rω(b)]|f |−1n = r|f |−1 + fnd.

Therefore, we have that

(|f | − 1) deg[rω(b)]n ≥ n deg f.

This completes the proof.

For 1 ≤ α ≤ n, we define Wn,α := π−1n,α(image(ωα)). Then we have that

(3.2) Wn,α = {a ∈ (A/fnA)∗ | a ≡ ωα(b) (mod fα), b ∈ (A/fA)∗}

and Wn,α is a subgroup of (A/fnA)∗. Moreover we have that

|Wn,α| = |(A/fA)∗||(A/fn−αA)| = (|f | − 1)|f |n−α.
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We also note that

Wn,n ⊂Wn,n−1 ⊂ · · · ⊂Wn,1 = (A/fnA)∗.

For 1 ≤ α ≤ n, let Gn,α be defined by

(3.3) Gn,α = {χn : (A/fnA)∗ → µp∞ |Wn,α ⊂ kerχn},

where µpn is the set of all pn-th roots of unity for a positive integer n and µp∞ =
⋃∞
n=1 µpn .

Then Gn,α is a subgroup of Gn,α+1, that is,

{1} = Gn,1 ⊂ Gn,2 ⊂ · · · ⊂ Gn,n−1 ⊂ Gn,n.

For positive integers n and m with 1 ≤ m < n, we have that

fnA ⊂ fmA.

There is a natural projection πn,m : (A/fnA)∗ → (A/fmA)∗ given by πn,m(a) ≡ a (mod fm).

Hence, every character χm : (A/fmA)∗ → C∗ can be considered as a character χn defined

on (A/fnA)∗ as follows:

χn := χm ◦ πn,m : (A/fnA)∗ → C∗.

In this case, we say that χn and χm are isomorphic. If a character χn is not isomorphic

to χm for every m with 1 ≤ m < n, then we say that χn is a primitive character modulo

fn.

Lemma 3.2. Let Ofn be the set of all primitive characters modulo fn with p power order,

and Gn,α be defined as in (3.3). Then we have that

Ofn = Gn,n \Gn,n−1.

Proof. We easily check that

Wn,m = {a ∈ (A/fnA)∗ | a ≡ ωm(b) (mod fm)} ⊂ ker(χm ◦ πn,m).

Thus, if a character χn : (A/fnA)∗ → C∗ is isomorphic to some character χm : (A/fmA)∗ →
C∗ for 1 ≤ m < n, then

χn = χm ◦ πn,m ∈ Gn,m ⊂ Gn,n−1.

Therefore, χn ∈ Gn,n−1. We thus find that Ofn is equal to Gn,n \Gn,n−1.

Now, we obtain the following lemma.
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Lemma 3.3. For positive integers n and α with 1 ≤ α ≤ n, let Ofn = Gn,n \Gn,n−1 and

Wn,α be defined as in (3.2). Then we have that

(χn)av(a) :=
1

|Ofn |
∑

χn∈Ofn
χn(a) =


1 if a ∈Wn,n,

− 1
|f |−1 if a ∈Wn,n−1 \Wn,n,

0 if a /∈Wn,n−1.

Proof. If a ∈ Wn,α, then χn(a) = 1 for χn ∈ Gn,α. Hence, one can easily obtain the

first formula. Now, we suppose that a ∈ (A/fnA)∗ \Wn,α. We consider the subgroup

〈a,Wn,α〉 of (A/fnA)∗ generated by a and the elements of Wn,α. Let λ be a homomorphism

λ : 〈a,Wn,α〉 → C∗ sending a to a nontrivial element in C∗ and Wn,α to 1 ∈ C∗. This

homomorphism λ can be extended to a homomorphism λ from (A/fnA)∗ to C∗. By

definition, we have that

λ ∈ Gn,α and λ(a) 6= 1.

Thus, ∑
χn∈Gn,α

χn(a) =
∑

χn∈Gn,α
λ(a)χn(a).

Finally, we have that

(λ(a)− 1)
∑

χn∈Gn,α
χn(a) = 0.

Therefore, we have that for a ∈ (A/fnA)∗ \Wn,α,∑
χn∈Gn,α

χn(a) = 0.

Thus, we find that for 1 ≤ α ≤ n,

∑
χn∈Gn,α

χn(a) =

|Gn,α| if a ∈Wn,α,

0 otherwise.

Using the formula as above, we obtain that

∑
χn∈Gn,n

χn(a)−
∑

χn∈Gn,n−1

χn(a) =


|Gn,n| − |Gn,n−1| if a ∈Wn,n,

−|Gn,n−1| if a ∈Wn,n−1 \Wn,n,

0 if a /∈Wn,n−1.

Since |Gn,α| = |f |α, the result follows immediately.

The following two lemmas are necessary for computing the mean values in Sections 4

and 5.
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Lemma 3.4. Let η be a character with conductor g ∈ A. Let a, b ∈ A with (b, g) = 1. For

m > deg g, we have

(3.4)
∑

degα=m

η(a+ bα) = 0.

Proof. We note that

{α ∈ A | degα = m} = {gh+ r | r ∈ A/gA and h ∈ A,deg h = m− deg g}.

Thus, the left-hand side of (3.4) is equal to∑
r∈A/gA

∑
h∈A

deg h=m−deg g

η(a+ b(r + gh)) =
∑
h∈A

deg h=m−deg g

∑
r∈A/gA

η(a+ br).

We consider the map φ : A/gA→ A/gA mapping r into ar + b. We note that for any

r ∈ A/gA, if we take r′ = b−1(r − a), then

a+ br′ ≡ r (mod g).

Thus, the map φ : A/gA→ A/gA is a surjective map. Since (b, g) = 1, if a+ br1 ≡ a+ br2

(mod g) for r1, r2 ∈ A/gA, then

r1 ≡ r2 (mod g),

which implies that r1 = r2. Hence, φ is a bijective map. It thus follows that∑
r∈A/gA

η(a+ br) =
∑

r∈A/gA
η(φ(r)) =

∑
r∈A/gA

η(r) = 0.

This completes the proof.

Lemma 3.5. For a nonnegative integer k and a positive integer d, let Fk(d) be defined by

Fk(d) =
∑

deg a≤d
a∈A,a 6=0

(deg a)k|a|−1/2.

Then we have that

Fk(d) ≤ 2
√
qd+2dk.

Proof.

Fk(d) =
∑

deg a≤d
a∈A,a 6=0

(deg a)k|a|−1/2 =
d∑
i=0

#{a ∈ A | deg a = i, a 6= 0}ik√q−i

=

d∑
i=0

(q − 1)ik
√
qi ≤ (q − 1)dk

√
qd+1 − 1
√
q − 1

= (
√
qd+1 − 1)(

√
q + 1)dk ≤ 2

√
qd+2dk.



Derivatives of L-functions in Function Fields at s = 1/2 1121

4. Mean values of the first derivatives of L-functions

In this section, we compute the mean value of L′(1/2, ηχ)χ(h), where η is a general

character and h ∈ A is relatively prime to f , and thus we show that L′(1/2, ηχ) is nonzero

for sufficiently large n. We keep the notations of the previous sections in this section.

In the following theorem, we find a main term of the mean value of L′(1/2, ηχ), and

we estimate an upper bound on its error term.

Theorem 4.1. Let f be a monic irreducible polynomial in A and χ : (A/fnA)∗ → C∗

be a primitive character with some p power order. For g ∈ A relatively prime to f , let

η : (A/gA)∗ → C∗ be an even primitive character. Then for h ∈ A relatively prime to f

with deg h ≥ 1, we have that

(4.1)
1

|Ofn |
∑

χ∈Ofn
L′(1/2, ηχ)χ(h) = −η(h) deg h|h|−1/2(log q) + En,

where h is the multiplicative inverse modulo fn and for n > (|f | − 1)deg hdeg f ,

|En| ≤
9 log q

q − 1
|f |2−

n
2(|f |−1) |g|3(n deg f + deg g).

Proof. Assume that n > (|f | − 1)deg hdeg f . From (2.1) and Lemma 3.3, we have that

− q − 1

|Ofn | log q

∑
χ∈Ofn

L′(1/2, ηχ)χ(h)

=
∑

d∈A/gA

∑
a∈A/fnA

η(a+ fnd)(χ)av(ah) deg(a+ fnd)|a+ fnd|−1/2

=
∑

d∈A/gA

( ∑
ah∈Wn,n−1\Wn,n

η(a+ fnd)(χ)av(ah) deg(a+ fnd)|a+ fnd|−1/2

+
∑

ah∈Wn,n

η(a+ fnd)(χ)av(ah) deg(a+ fnd)|a+ fnd|−1/2
)

=
−1

(|f | − 1)

∑
d∈A/gA

∑
ah∈Wn,n−1\Wn,n

Ω +
∑

d∈A/gA

∑
ah∈Wn,n

Ω

=
−1

(|f | − 1)

∑
d∈A/gA

( ∑
ah∈Wn,n−1

Ω−
∑

ah∈Wn,n

Ω

)
+

∑
d∈A/gA

∑
ah∈Wn,n

Ω

=
−1

|f | − 1

∑
d∈A/gA

∑
ah∈Wn,n−1

Ω +
|f |
|f | − 1

∑
d∈A/gA

∑
ah∈Wn,n

Ω,

where

Ω = η(a+ fnd) deg(a+ fnd)|a+ fnd|−1/2.
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From now on, let us set

An :=
∑

d∈A/gA

∑
ah∈Wn,n−1

Ω and Bn :=
∑

d∈A/gA

∑
ah∈Wn,n

Ω.

First, we compute An. From the definition of Wn,α in (3.2), An is written as follows:

An =
∑

b∈(A/fA)∗

∑
d∈A/gA

∑
c∈(A/fA)

η(δn−1(b, c, d)) deg(δn−1(b, c, d))|δn−1(b, c, d)|−1/2,

where δn−1(b, c, d) := [ω(b)h]n−1 + fn−1c + fnd. Now, the summation An is divided into

four parts according to whether d or c is zero or not, and in the case where both d and c

are zero, whether b is contained in F∗q or not:

An = An,1 +An,2 +An,3 +An,4,

where

An,1 =
∑
b∈F∗q

∑
d=0,c=0

η(δn−1(b, c, d)) deg(δn−1(b, c, d))|δn−1(b, c, d)|−1/2,

An,2 =
∑

b∈(A/fA)∗\F∗q

∑
d=0,c=0

η(δn−1(b, c, d)) deg(δn−1(b, c, d))|δn−1(b, c, d)|−1/2,

An,3 =
∑

b∈(A/fA)∗

∑
d=0,c 6=0

η(δn−1(b, c, d)) deg(δn−1(b, c, d))|δn−1(b, c, d)|−1/2,

An,4 =
∑

b∈(A/fA)∗

∑
d6=0,c 6=0

η(δn−1(b, c, d)) deg(δn−1(b, c, d))|δn−1(b, c, d)|−1/2.

Then by Lemma 3.1(i), it follows that

An,1 =
∑
b∈F∗q

η([ω(b)h]n−1) deg([ω(b)h]n−1)
∣∣[ω(b)h]n−1

∣∣−1/2
= (q − 1)η(h)(deg h)|h|−1/2,

(4.2)

and from Lemma 3.1(ii), we have that

An,2 =
∑

b∈(A/fA)∗\F∗q

η([ω(b)h]n−1) deg([ω(b)h]n−1)
∣∣[ω(b)h]n−1

∣∣−1/2
and

|An,2| ≤ (n− 1) deg f |f |−
n−1

2(|f |−1) |(A/fA)∗ \ F∗q |

= (n− 1) deg f |f |−
n−1

2(|f |−1) (|f | − q).
(4.3)
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Moreover, from Lemma 3.4, we have that

An,3 =
∑

b∈(A/fA)∗

∑
c∈(A/fA)

c 6=0

η([ω(b)h]n−1 + fn−1c) deg([ω(b)h]n−1 + fn−1c)

×
∣∣[ω(b)h]n−1 + fn−1c

∣∣−1/2
= |f |−(n−1)/2

∑
b∈(A/fA)∗

∑
c∈(A/fA)

c6=0

η([ω(b)h]n−1 + fn−1c) deg(fn−1c)|c|−1/2

= |f |−(n−1)/2
∑

b∈(A/fA)∗

∑
c 6=0

deg c≤deg g

η([ω(b)h]n−1 + fn−1c)((n− 1) deg f + deg c)|c|−1/2

and

|An,3| ≤ |f |−(n−1)/2
∑

b∈(A/fA)∗

∑
c 6=0

deg c≤deg g

((n− 1) deg f + deg c)|c|−1/2

= |f |−(n−1)/2(|f | − 1)((n− 1) deg fF0(deg g) + F1(deg g)).

(4.4)

Furthermore, from Lemma 3.4, we also have that

An,4 = |f |−n/2
∑

b∈(A/fA)∗

∑
d6=0,c 6=0

η([hω(b)]n−1 + fn−1c+ fnd)(n deg f + deg d)|d|−1/2

= |f |−n/2
∑

b∈(A/fA)∗

∑
d6=0

d∈A/gA

∑
c 6=0

deg c≤deg g

η([hω(b)]n−1 + fn−1c+ fnd)

× (n deg f + deg d)|d|−1/2

and

|An,4| ≤ |f |−n/2
∑

b∈(A/fA)∗

∑
d6=0

d∈A/gA

∑
c 6=0

deg c≤deg g

(n deg f + deg d)|d|−1/2

≤ |f |−n/2
∑

b∈(A/fA)∗

∑
c 6=0

deg c≤deg g

∑
d 6=0

deg d<deg g

(n deg f + deg d)|d|−1/2

= |f |−n/2(|f | − 1)(qdeg g+1 − 1)(n deg fF0(deg g − 1) + F1(deg g − 1)).

(4.5)

Now, we compute Bn. We note that Bn is written as follows:

Bn =
∑

d∈A/gA

∑
ah∈Wn,n

η(a+ fnd) deg(a+ fnd)|a+ fnd|−1/2

=
∑

d∈A/gA

∑
b∈(A/fA)∗

η([ω(b)h]n + fnd) deg([ω(b)h]n + fnd)
∣∣[ω(b)h]n + fnd

∣∣−1/2.
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The summation Bn can be divided into three parts according to whether d is zero or not,

and in the case where d = 0, whether b is contained in F∗q or not:

Bn = Bn,1 + Bn,2 + Bn,3,

where

Bn,1 =
∑
b∈F∗q

∑
d=0

η([ω(b)h]n + fnd) deg([ω(b)h]n + fnd)
∣∣[ω(b)h]n + fnd

∣∣−1/2,
Bn,2 =

∑
b∈(A/fA)∗\F∗q

∑
d=0

η([ω(b)h]n + fnd) deg([ω(b)h]n + fnd)
∣∣[ω(b)h]n + fnd

∣∣−1/2,
Bn,3 =

∑
b∈(A/fA)∗

∑
d6=0

d∈(A/gA)∗

η([ω(b)h]n + fnd) deg([ω(b)h]n + fnd)
∣∣[ω(b)h]n + fnd

∣∣−1/2.
Then from Lemma 3.1(i), we have that

Bn,1 =
∑
b∈F∗q

η([ω(b)h]n) deg([ω(b)h]n)
∣∣[ω(b)h]n

∣∣−1/2
= (q − 1)η(h) deg h|h|−1/2,

(4.6)

and from Lemma 3.1(ii), we have that

Bn,2 =
∑

b∈(A/fA)∗\F∗q

η([ω(b)h]n) deg([ω(b)h]n)
∣∣[ω(b)h]n

∣∣−1/2,
|Bn,2| ≤ n deg f |f |−

n
2(|f |−1) |(A/fA)∗ \ F∗q | = n deg f |f |−

n
2(|f |−1) (|f | − q).(4.7)

Furthermore, we have that

Bn,3 = |f |−n/2
∑

d∈A/gA
d6=0

∑
b∈(A/fA)∗

η([ω(b)h]n + fnd)(n deg f + deg d)|d|−1/2

and

(4.8) |Bn,3| ≤ |f |−n/2(|f | − 1)(|g| − 1)(n deg fF0(deg g) + F1(deg g)).

Finally, we obtain that

1

|Ofn |
∑

χ∈Ofn
L′(1/2, ηχ)χ(h) =Mn + En,

where

Mn =
log q

q − 1

(
1

|f | − 1
An,1 −

|f |
|f | − 1

Bn,1
)
,

En =
log q

q − 1

(
1

|f | − 1

4∑
i=2

An,i −
|f |
|f | − 1

3∑
i=2

Bn,i
)
.
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From (4.2) and (4.6), we have that

Mn = −η(h) deg h|h|−1/2(log q).

Moreover, we obtain that

(4.9) |En| ≤
log q

q − 1

(
1

|f | − 1

4∑
i=2

|An,i|+
|f |
|f | − 1

3∑
i=2

|Bn,i|
)
.

From (4.3) and (4.7), we get that

|Bn,2|, |An,2| ≤ n deg f |f |−
n−1

2(|f |−1) (|f | − q).

Thus,

(4.10)
1

|f | − 1
|An,2|+

|f |
|f | − 1

|Bn,2| ≤ n deg f |f |−
n−1

2(|f |−1) (|f | − q)
( |f |+ 1

|f | − 1

)
.

Moreover, combining (4.4), (4.5), (4.8) and Lemma 3.5 all together, we get that

|Bn,3|, |An,3| ≤ |f |−(n−1)/2|f ||g|(n deg fF0(deg g) + F1(deg g))

≤ 2q|f |−(n−1)/2|f ||g|3/2(n deg f + deg g)

and

|An,4| ≤ |f |−n/2(|f | − 1)(|g|q − 1)(n deg fF0(deg g − 1) + F1(deg g − 1))

≤ 2q|f |−(n−1)/2|f ||g|3/2
√
q√
|f |

(n deg f + deg g − 1)

≤ 2q|f |−(n−1)/2|f ||g|3/2(n deg f + deg g).

Thus, we have

1

|f | − 1

(
|An,3|+ |An,4|

)
+
|f |
|f | − 1

|Bn,3|

≤ 2q|f |−(n−1)/2|f ||g|3/2(n deg f + deg g)

( |f |+ 2

|f | − 1

)
.

(4.11)

Combining (4.9), (4.10) and (4.11) all together, we obtain that

|En| ≤
log q

q − 1

|f |+ 2

|f | − 1
(n deg f + deg g)|f |

(
|f |−

n−1
2(|f |−1) + 2q|f |−(n−1)/2|g|3/2

)
.

Since we have

(1 + 2q|g|3/2) ≤ 3|g|3 and
|f |+ 2

|f | − 1
≤ 3,
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we finally obtain that

|En| ≤
log q

q − 1

|f |+ 2

|f | − 1
(n deg f + deg g)|f |

(
|f |−

n−1
2(|f |−1) + 2q|f |−(n−1)/2|g|3/2

)
≤ 9 log q

q − 1
|f |1−

n−1
2(|f |−1) |g|3(n deg f + deg g)

≤ 9 log q

q − 1
|f |2−

n
2(|f |−1) |g|3(n deg f + deg g).

In the following theorem, we find a lower bound n0 of n such that∣∣η(h) deg h|h|−1/2(log q)
∣∣ > |En|;

hence, we prove that for n ≥ n0,
1

|Ofn |
∑

χ∈Ofn
L′(1/2, ηχ)χ(h) 6= 0.

Theorem 4.2. Let f be a monic irreducible polynomial in A and Ofn be the set of prim-

itive characters χ modulo fn with p power order. For g ∈ A relatively prime to f , let

η : (A/gA)∗ → C∗ be an even primitive character and h ∈ A be relatively prime to f with

deg h ≥ 1. If n > 2M1(f, g, h)(|f | − 1), then

1

|Ofn |
∑

χ∈Ofn
L′(1/2, ηχ)χ(h) 6= 0,

where M1(f, g, h) is the positive real number such that

(4.12)
|f |M1(f,g,h)

M1(f, g, h)
= 18|f |4|g|4|h|.

Consequently, L′(1/2, ηχ) 6= 0 for some χ ∈ Ofn with n > 2M1(f, g, h)(|f | − 1).

Proof. From Theorem 4.1, we find that if n satisfies the following two inequalities

deg(h)|h|−1/2 > 9

q − 1
|g|3|f |2−

n
2(|f |−1) (n deg f + deg g),

n > (|f | − 1)
deg h

deg f
,

(4.13)

then

deg(h)|h|−1/2(log q) > 9
log q

q − 1
|g|3|f |2−

n
2(|f |−1) (n deg f + deg g) ≥ |En|,

where En is defined as in (4.1). Hence, for n satisfying (4.13), we have that∑
χ∈Ofn

L′(1/2, ηχ)χ(h) 6= 0.
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From now on, we prove that if n > 2M1(f, g, h)(|f | − 1), then n satisfies (4.13). We note

that |f |
x

x is an increasing function for x > 1
(loge q) deg f

. Since

|f |M1(f,g,h)

M1(f, g, h)
>
|f |

deg h
2 deg f

deg h
2 deg f

and

(4.14)
deg h

2 deg f
>

1

(loge q) deg f
,

we obtain that

(4.15) M1(f, g, h) >
deg h

2 deg f
.

Hence, for n > 2M1(f, g, h)(|f | − 1), we have that

n > 2M1(f, g, h)(|f | − 1) >
deg h

deg f
(|f | − 1),

which shows the second inequality of (4.13). From (4.14) and (4.15), we can easily check

that

(4.16) M1(f, g, h) >
1

(loge q) deg f
.

Since |f |
x

x is an increasing function for x > 1
(loge q) deg f

, from (4.16), we also find that if
n

2(|f |−1) > M1(f, g, h), then

(4.17)
|f |

n
2(|f |−1)

n
2(|f |−1)

>
|f |M1(f,g,h)

M1(f, g, h)
= 18|f |4|g|4|h|.

Moreover, we can easily check that

(4.18) 18|f |4|g|4|h| > 18|f |2|g|3|h|1/2(|f | − 1) deg(fg)

deg h(q − 1)
.

From (4.17) and (4.18), for n > 2M1(f, g, h)(|f | − 1), we have that

|f |
n

2(|f |−1)

n
2(|f |−1)

>
18|f |2|g|3|h|1/2(|f | − 1) deg(fg)

deg h(q − 1)
.

Finally, we obtain that for n > 2M1(f, g, h)(|f | − 1),

|f |
n

2(|f |−1) > 9
|f |2|g|3|h|1/2n deg(fg)

deg h(q − 1)
> 9
|f |2|g|3|h|1/2(n deg f + deg g)

deg h(q − 1)
.

which shows the first inequality of (4.13). This completes the proof.
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5. Mean values of the second derivatives of L-functions

In this section, we keep notations of previous sections. We compute the mean value of

L′′(1/2, ηχ)χ(h) for a general character η, and thus we show that L′′(1/2, ηχ) is nonzero

for sufficiently large n.

Theorem 5.1. Let f be a monic irreducible polynomial, and let g and h be monic poly-

nomials relatively prime to f with deg h ≥ 1. Let χ : (A/fnA)∗ → C∗ be a character with

some p power order and η : (A/gA)∗ → C∗ be a character. Then we get

1

|Ofn |
∑

χ∈Ofn
L′′(1/2, ηχ)χ(h) = η(h)(deg h)2|h|−1/2(log q)2 + En,

where for n > (|f | − 1)deg hdeg f ,

|En| ≤ 9
(log q)2

q − 1
|f |2−

n
2(|f |−1) |g|3(n deg f + deg g)2.

Proof. Using Lemmas 3.1, 3.3, 3.4 and 3.5, we obtain the result by a similar computation

as in the proof of Theorem 4.1.

Theorem 5.2. Let p be an odd prime, f be a monic irreducible polynomial, and g and

h be monic polynomials relatively prime to f with deg h ≥ 1. Let χ : (A/fnA)∗ → C∗

be a primitive character with p power order and η : (A/gA)∗ → C∗ be a character. If

n > 2M2(f, g, h)(|f | − 1), then we have that

1

|Ofn |
∑

χ∈Ofn
L′′(1/2, ηχ)χ(h) 6= 0,

where M2(f, g, h) is the positive number such that

(5.1)
|f |M2(f,g,h)

M2(f, g, h)2
= 36|f |6|g|5|h|.

Consequently, L′′(1/2, ηχ) 6= 0 for some χ ∈ Ofn such that n > 2M2(f, g, h)(|f | − 1).

Proof. For h ∈ A which is relatively prime to f , we recall that

1

|Ofn |
∑

χ∈Ofn
L′′(1/2, ηχ)χ(h) = η(h)(deg h)2|h|−1/2(log q)2 + En,

where n ≥ (|f | − 1)deg hdeg f ,

|En| ≤
9

q − 1
|g|3|f |2−

n
2(|f |−1)n2(deg fg)2(log q)2.
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Thus, if n satisfies the following two inequalities

|h|−1/2(deg h)2(q − 1) > 9|g|3|f |2n
2(deg fg)2

|f |
n

2(|f |−1)

,

n ≥ (|f | − 1)
deg h

deg f
,

(5.2)

then

|h|−1/2(deg h)2(log q)2 >
9

q − 1
|g|3|f |2n

2(deg fg)2

|f |
n

2(|f |−1)

> |En|.

Thus, if n satisfies the condition (5.2), then we have that∑
χ∈Ofn

L′′(1/2, ηχ)χ(h) 6= 0.

From now on, we prove that if n > 2M2(f, g, h)(|f | − 1), then n satisfies (5.2).

We note that

(5.3)
|f |M2(f,g,h)

M2(f, g, h)2
>
|f |

deg h
2 deg f

deg h
2 deg f

.

Since |f |
x

x2
is an increasing function for x > 2

(loge q) deg f
and

(5.4)
deg h

2 deg f
>

2

(loge q) deg f
,

from (5.3) and (5.4), we find that

(5.5) M2(f, g, h) >
deg h

2 deg f
.

From (5.5), we conclude that if n > 2M2(f, g, h)(|f | − 1), then

(5.6) n > (|f | − 1)
deg h

deg f
,

which is the second inequality of (5.2). From (5.4) and (5.5), we find that

(5.7) M2(f, g, h) >
1

(loge q) deg f
.

As |f |
x

x2
is an increasing function for x > 2

(loge q) deg f
, from (5.7), we have that for n

2(|f |−1) >

M2(f, g, h),

|f |
n

2(|f |−1)

n2

4(|f |−1)2
>
|f |M2(f,g,h)

M2(f, g, h)2
= 36|f |6|g|5|h|.
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Moreover, we can easily check that

36|f |6|g|5|h| > 36|f |2|g|3|h|1/2(|f | − 1)2(deg fg)2

(deg h)2(q − 1)
.

Thus, if n
2(|f |−1) > M2(f, g, h), then

(5.8)
|f |

n
2(|f |−1)

n2

4(|f |−1)2
>

36|f |2|g|3|h|1/2(|f | − 1)2(deg fg)2

(deg h)2(q − 1)
.

From (5.6) and (5.8), we conclude that if n
2(|f |−1) > M2(f, g, h), then the conditions in

(5.2) are satisfied. Now the proof is completed.
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