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Log Canonical Thresholds on Burniat Surfaces with K? = 6 via Pluricanonical

Divisors

In-Kyun Kim and YongJoo Shin*

Abstract. Let S be a Burniat surface with K% = 6 and ¢ be the bicanonical map
of S. In this paper we show optimal lower bounds of log canonical thresholds of
members of pluricanonical sublinear systems of S via Klein group G induced by .
Indeed, for a positive even integer m, the log canonical threshold of members of
an invariant (resp. anti-invariant) part of |mKg| is greater than or equal to 1/(2m)
(resp. 1/(2m — 2)). For a positive odd integer m, the log canonical threshold of
members of an invariant (resp. anti-invariant) part of |mKg| is greater than or equal
to 1/(2m — 5) (resp. 1/(2m)). The inequalities are all optimal.

1. Introduction

Let X be a variety and p € X be a smooth point. And let D be an effective Cartier divisor
on X. The log canonical threshold or the complex singularity exponent of D at p is the
number

letp(X, D) :=sup {c € Q | |f|" is locally L? near p},

where f is a local defining equation of D at p. In 7] we have the following inequalities

dim X

<lct, (X, D) < ————
< letp(X, )_multp(D)’

1
ity (D)
and the log canonical threshold of D at p is equal to the absolute value of the largest root
of the Bernstein—Sato polynomial of f.

The log canonical threshold can be formally defined for log pairs (cf. [7, 8.2 Proposi-
tion]). Let X be a normal variety with at worst log canonical singularities, Z be a closed
subvariety of X and D be an effective Q-Cartier divisor on X. The log canonical threshold
of D along Z on X is the number

lctz(X, D) :=sup{c € Q| (X, cD) is log canonical in an open neighborhood of Z}.

For simplicity, we put lct(X, D) = letx (X, D).

We have the following invariant for every polarised pair (X, £).
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Definition 1.1. Let X be a normal variety with at worst log canonical singularities, and
L be an ample Q-Cartier divisor on X. The global log canonical threshold of a pair (X, £)

is the number

glet(X, L)
= inf{lct(X, D) | D is an effective Q-Cartier divisor on X, Q-linearly equivalent to L}.

Chen, Chen and Jiang [5] proved the Noether inequality for projective 3-folds of general
type. They use the global log canonical threshold of a surface of general type with p, = 2
and K? =1 via its ample canonical divisor (see the appendix by Kollar in [5]).

The authors in [6] showed that the global log canonical threshold of a Burniat surface
with K2 = 6 via its ample canonical divisor is 1/2, where the Burniat surface is a minimal
surface of general surface with p; = 0 and K2 = 6.

In this paper, we give optimal lower bounds of log canonical thresholds of members
of pluricanonical sublinear systems via Klein group induced by the bicanonical map of a
Burniat surface with K? = 6.

Let S be a Burniat surface with K% = 6 (see [1,/2,8/10]). The bicanonical map ¢ of
S has an image, a del Pezzo surface ¥ of degree 6 in P® which is a blow-up p: ¥ — P?
at three point p1, pa, ps in general position. Denote by e; the (—1)-curve corresponding
to p;, by e} the strict transform of the line passing through the two points p; and py by
p, and by m; the strict transform of a general line passing through the point p; by p for
each {i,5,k} = {1,2,3} and [ = 1,2. Then ¢ is a bidouble covering map over ¥ with a
branch divisor B := By + Bs + B3 satisfying 2L; ~ Bj + By, for a line bundle L; on ¥ and
{i,7,k} = {1,2,3}, where

/

By = ey + € +m? +m3,
/

By = ey + e +mi +ms3,

/ 1 1
By = e3 + e3 + my + my,

and ~ means the linearly equivalent relation between divisors.

For i = 1,2,3, we note ¢*(B;) = 2R; for some divisor R; ramified by ¢, and denote
by G the Klein group Z/27Z x Z/27Z = {Idg, 01,02,03} induced by ¢ such that R; is the
divisorial fixed part of o;.

For a positive integer m, the natural action of the group G splits the set of global

sections of the pluricanonical divisor mKg of S into eigen spaces via the characters of G:

3
HO(S,mKg) = H(S,mKs)™ & @ H(S, mKs)¥,
i=1
where x; is a character of G such that x;(o;) = ¢;; for i,j € {1,2,3}. Then the pluri-

canonical linear system |mKg| for a positive integer m contains an invariant part |mKg|o
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(resp. an anti-invariant part |mKgl;) that consists of zeros of sections of H°(S,mKg)™"
(resp. H(S,mKg)Xi) for i = 1,2, 3, that is,

3
ImKs| 2 |mKslo U ) ImKs|;.
i=1
We consider the log canonical threshold of members of the invariant and anti-invariant
parts of the complete linear system |mKg|, where m is a positive integer. To calculate
the log canonical threshold, we use the following representation of pluricanonical linear
systems for a bidouble covering map ¢: .S — 3. Denote by R the ramification divisor
Ry + Ry + R3 of .

Proposition 1.2. (cf. |10, Proposition 1.6]) For a positive integer n and each i =1,2,3
with {i, j, k} = {1,2,3},

(i) 12nKslo = ¢*|n(2Kx + B)| and |2nKg|; = Rj + Ry + |¢*(n(2Kx, + B) — L;)|;

(i) |(2n 4+ 1)Kslo = R+ |¢*((2n + 1)Kx + nB)| and |(2n + 1)Kg|; = R; + |¢*((2n +
1)Ks, +nB + L;)|.

We apply
B~ -3Kx

to Proposition [I.2] and obtain log canonical thresholds of members of the pluricanonical
sublinear systems of Burniat surfaces S with Kg = 6 via the Klein group induced by the

bicanonical map of ¢ as follows.

Theorem 1.3 (Main theorem). Let S be a Burniat surface with K% = 6. Then for a
positive integer n and each i = 1,2, 3,
(i) ifDo S |2’I?,K5"0 and D; € |27”LK5‘¢,

1 1
> i) > ;
let(S, Do) = o and  1et(S, Di) = —;:

(ii) of Dj € |(2n+1)Kglo and D} € |(2n + 1)Kgl;,

1 1
1 D)) > )
3 and lct(S, Dj) > n 12

let(S, Dp) > 1

Moreover the inequalities are optimal.

Remark 1.4. Since [2Kg|; = 0 for all i = 1,2,3 (see [9, Proposition 3.1]), we actually have
let(S, D;) > 1/(4n — 2) for any D; € |2nKg|; when an integer n > 2 in Theorem [1.3]i).
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Corollary 1.5. Let S be a Burniat surface with Kg = 6. Then for a positive integer n
and each 1 =1,2,3,

(i) if D; € |2nKs|;,

1
let(S, D;) > —:
ct(S. i) >

(ii) o Dy € [(2n + 1) Kslo, !

let(S, D} .
ct(S, 0)>4n—|—2

Remark 1.6. Corollary [1.5(i) is [6, Proposition 5.2].

Since .
glet(S, Kg) = 3

(see |6, Theorem 1.3],) we obtain

Corollary 1.7. Let S be a Burniat surface with Kg = 6. For any positive even (resp. odd)
integer m, if a divisor D is in the linear system |mKg| such that glct(S, Kg) = let (S, %D),
then the divisor D is not in the anti-invariant parts |mKg|; (resp. the invariant part
|mKslo) fori=1,2,3.

Proof. We get the result by Corollary O

2. Preliminaries

Let X be a normal variety with at worst log canonical singularities. Note that ~g means

the Q-linearly equivalent relation.

Lemma 2.1. Let Ny ~q A be an effective Q-Cartier divisor on X such that the log pair
(X,No) is not log canonical at a point p. And let N ~g A be an effective Q-Cartier
divisor on X such that the log pair (X, N') is log canonical at the point p. Then there is an
effective Q-Cartier divisor N' ~g A on X such that at least one component of N is not
contained in the support of N' and the log pair (X, N") is not log canonical at the point p.

Proof. See [4, Remark 2.22]. O
The following is used for a non log canonical pair at some smooth point.

Lemma 2.2. (cf. [7, 8.10 Lemma]) Let D be an effective Q-Cartier divisor on X. If the

log pair (X, D) is not log canonical at some smooth point p, then the inequality
mult, (D) > 1

holds.
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3. Proof of the main theorem
We remark that for i =1,2,3 and j =1, 2,
E?=E’=-1, Ks-E=Ks E,=1, M’=0 and Kg-M|=2

where p*(e;) = 2E;, ¢*(e}) = 2E! and cp*(mé-) = 2M}.

3.1. Even pluricanonical linear system

For a positive integer n, the complete linear system |2nKg| contains the invariant part

|2nKg|o and the anti-invariant parts [2nKg|; with ¢ = 1, 2,3, that is,

3

2nKs| 2 | J12nKs];.
i=0

3.1.1. Invariant part

In [6] we have

elet(S, 2Ks) = let(S, Do) = i

for some divisor Dy € |2Kg|. For example, Dy := 2E) + 4F3 + 2E| + 4E), then
et(S, D) > —
C E—
=
for any Dy € |2nKg|p and the inequality is optimal.
3.1.2. Anti-invariant parts

To show

let(S, D;) >
(5, D) 2 35

for any D; € |2nKg|;, we need the following lemma.

Lemma 3.1. [6, Lemma 4.1] Let ¢: X — Y be a bidouble covering map between a normal
variety X and a smooth variety Y branched along an effective divisor B on'Y, and D be

an effective Q-Cartier divisor on X. Then
1
(X, D) is log canonical if <Y,¢(D) + 28) is log canonical.

We deal with an integer n > 2 by Remark Suppose that lct(S, D;) < 1/(4n — 2).

Then the log pair (S Di) is not log canonical at some point p. By Lemma|2.2

_1
) 4n—2

mult, (D;) > 4n — 2.
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We put an effective divisor d; := ¢(D;) on 3. Then

1 1
<Z, —d; + 23) is not log canonical at a point ¢(p) on X

4dn — 2
by Lemma (3.1
We consider the case ¢(p) ¢ By U By U Bs. Then (X, -5d;) is not log canonical at
©(p) which implies
1
let(, d; .
glet(2, di) <

However, it contradicts because d; ~g —nKy and glet(3,A) > 1/2 for any effective
Q-Cartier divisor A ~g —Ky since ¥ is a nonsingular del Pezzo surface of degree 6
(see |3, Theorem 1.7]). Thus ¢(p) € By U Ba U Bs.

By Proposition [1.2] we have an effective Q-Cartier divisor D; — (R; + Ry,) for {i, j, k} =
{1,2,3}. We may deal with i = 1.

The case p € E1 N E}. We have

Dy = a1 By + agEs + a3 Fy + Q,

where rational numbers oy > 0 and ap, a5 > 1, and E, Eo, B ¢ Supp(Q2) with an effective
Q-Cartier divisor © (denote by Supp(€2) the support of ). Since p ¢ Es U Ej, the log
pair (S, Wlfz

Suppose a; = 0, and then 2n = D; - E; > mult,(D;) multy(E;) > 4n — 2 which is a
contradiction. So a1 # 0.

Since D1 — (R2 + R3) is effective,

(D1 — agEs — o4 E4)) is not log canonical at the point p.

Q- M{ > (M} + M) - M} =2.
Thus 4n:D1-M11:a1+Q.M11 implies 4n — 2 > a1, and so

aq
< 1.
4dn — 2 —

We have a pair (S, Ey+ ﬁQ) is not log canonical at p. By the inversion of adjunction

formula,

1
th ir | By, ——=0
e pair ( T

) is not log canonical at p.
Ey
This implies that
2n+ o — Oég = (Dl — o By — agsFy — agEé) - B > 4n — 2.
On the other hand, since D1 — (R2 + R3) is effective,

2n=D1-Ey=o14+as—ay+Q-E,>a;+ay—ay+ (M 4+ M) - Ey = ay +as — o + 2.
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Hence
ag <0

which is a contradiction.
The case p € Eq \ (E5 U Ej%). We have

D1 = OzlEl + O/2Eé =+ agEé + Q,

where rational numbers oy > 0 and o, o5 > 1, and Ey, B, E% ¢ Supp(Q2) with an effective
Q-Cartier divisor €. Then

=D -E,=01 —ay+Q-E,>a; — oy + (Bx + M} + M3J) - E}, = ay — oy + 3.
And since
dn=D1-M{ =01 +Q-M{ >o1 + (M} + M) M} = a1 +2,
we obtain
2n+ay —ahy — oy = (D; — By — ayE) — o4 EY) - By > 4n — 2
by the inversion of adjunction formula. Hence
ah < —1

which is a contradiction.
The case p € Mi \ (E1 U E}). The log pair

1
<S, 4n2(M11+Mf’+M§’+D))

is not log canonical at the point p, where D; ~ Ro+ R3+ D for some D € |p*(—nKx—L1)|
by Proposition [L.2)(i). We have
D =aM}+ A

where a rational number o > 0 and M} ¢ Supp(A) with an effective Q-Cartier divisor A.
By using a general member M of the linear system |2M?| such that M ¢ Supp(D),

8n—12=D-M > aM; - M = 2a.

Thus we can use the inversion of adjunction formula. So the log pair

1
M3 (M 4+ M3 A‘
( 1’4n—2( 1My + )Mf

is not log canonical at p. Then

1+(4n—4):(M11+M§+A).M§zmultp((M11+M§>+A)}M13)>4n—2
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which is a contradiction.
We can induce a contradiction by using a similar argument like the above cases for

each point of R. Therefore for all cases i = 1,2, 3,

1
1Ct(5, D,L) > 4

for any D; € [2nKg|;.
And the inequality is optimal because lcty(S, D;) = 1/(4n — 2) for
D;:=Ris1 + Riva +2((2n — 1)E{ + (n — 2)Ej,; + (2n — 3)Ei11 + nEi2) € 2nKg);
and
pEE\ (B UE; UM UM,),

where the index i € {1,2,3} is considered as modulo 3.

3.2. Odd pluricanonical linear system

For a positive integer n, the complete linear system |(2n + 1)Kg| contains the invariant
part |(2n + 1)Kg|o and the anti-invariant parts |(2n + 1)Kg|; with i = 1,2, 3, that is,

3
(2n+1)Ks| > | |20 + DKl
i=0

3.2.1. Invariant part

We prove that for any Dj € |(2n + 1)Kg|o, the log pair (S, ﬁDé) is log canonical. To
obtain a contradiction, we assume that there is a member D}, of |(2n + 1)Kg|o such that

the log pair (S, ﬁDé) is not log canonical at some point p. Note that

|2n+1)Kglp =R+ |2(n — 1)Kg|

(see Proposition and apply B ~ —3Ky and Kg ~qg ¢*(Kx, + 3B)). Thus there is the
member D’ of the complete linear system |2(n — 1) Kg| such that Dj = R+ D’. Since the
global log canonical threshold of the pair (S,2(n—1)Kg) is 1/(4n—4) (see |6, Theorem 1.3]),
p is contained in R. We consider the following cases.

The case p € E3 N E}. The log pair (S, ﬁ(Eg + Ef + D')) is not log canonical at
the point p. For the effective divisor

N := (4n —3)E5+ (4n — 3)E| + (2n — 2)Ey + (2n — 2)ES ~ E5 + E1 + D/,

the log canonical threshold of the log pair (S,N) is 1/(4n — 3). By Lemma there

is an effective Q-Cartier divisor N’ ~g N such that at least one component of N is not
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contained in the support of N’ and the log pair (S, 4n1_3 N’) is not log canonical at p.

Thus at least one of Ey, E3, Ef and EY is not contained in Supp(N’).
We can represent
N = asFs + O/lEi + Q,

where rational numbers a3, o} > 0 and E3, E{ ¢ Supp(Q2) with an effective Q-Cartier
divisor €.
Suppose Ey ¢ Supp(N’). Then

2n—1=N'-Ey>a|E| - Ey=qa}

Ei)

(2n—2) + o} = (a3FE3 + Q) - B} > mult,, ((asE3 + Q)

By the inversion of adjunction formula, the log pair

1
B, ———(a3E3+Q
< 1,4n_3(043 3+ Q)

is not log canonical at p. Thus

Ei)>4n_3

which is a contradiction.

For each case E), Es or E{ ¢ Supp(N’), we also get a contradiction by using a similar
argument as above. We remark that E5 ¢ Supp(N') (resp. E] ¢ Supp(N’)) means ag = 0
(resp. af = 0).

The case p € E3\ (E] U E}). The log pair (S, -5 (Es + M7 + M3 + D')) is not log

canonical at the point p. We have
D' = a3F3 + o\ By + abEy + A,

where rational numbers as, o), oy > 0 and Es, B}, B ¢ Supp(A) with an effective Q-
Cartier divisor A. Let M be a general member of the linear system |2M3| such that
M ¢ Supp(D’). Then

8h—8=D"-M>a3F;- M = 2as

implies that 4n — 4 > a3. By the inversion of adjunction formula, the log pair

)

(2n—1) +az —ay —ah > (M} + M3 +A) - B3) > multy (M7 + M3 +A)| ;) > dn—3

1
Ey, —— (M2 + M3+ A
(B0 g + 023 + )

is not log canonical at p. Thus

which implies ag > (2n — 2) + o} + of. Meanwhile, the inequality

(2n—2)—az+a]=A-E >0
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implies that (2n — 2) + o} > a3 which is a contradiction.
The case p € Mi \ (E1 U EY}). Set M := M? + M3 + M3 + M3. Then the log pair

1
——(M{ + M+ D
is not log canonical at the point p. We have
D' =aM] + A,

where a rational number o > 0 and M{ ¢ Supp(A) with an effective Q-Cartier divisor A.
By using a general member M of the linear system |2M2| such that M ¢ Supp(D’),

8n—8=D"-M>aM!-M=2a
which implies 4n — 4 > «. By the inversion of adjunction formula, the log pair
M, o (M)
dn — 3 M}
is not log canonical at p. Then
1+ (n—4)> (M +A)- M})p > multp (M + A)[p1) > 4n —3

which is a contradiction.
We can induce a contradiction by using a similar argument like the above cases for

each point of R. Hence

1
let(S, Dp) > 1

for any D, € |(2n + 1)Kslo-

And the inequality is optimal because lctp (.S, Eg) =1/(4n — 3) for
Dy := R+2(n—1)(2E, + Ey+ 2B, + E3) € |(2n+ 1)Ks)o

and
pe E)\ (E1UF3UM2UMS3).

3.2.2. Anti-invariant part
For a positive integer n and i = 1,2,3, |(2n + 1)Kg|; is represented by
Ri + |¢*((1 = n)Kx + Ls)|

(see Proposition and apply B ~ —3Ky).



Log Canonical Thresholds via Pluricanonical Divisors 1143

We may consider for ¢ = 1. The divisor
D) := By + E| + M2 + M3 +2((2n + 1)E} + (n — 1) B} + nEy + 2nkE;)

isin |(2n+1)Kg|1. The log canonical threshold of the log pair (S, D) is 1/(4n +2). Note
that the global log canonical threshold of the log pair (S, Kg) is 1/2 (see |6, Theorem 1.3]).

This means that the infimum of the set
{let(S, D7) | Dy € [(2n 4+ 1) K1}

is 1/(4n + 2). Thus

1

inf{l D)) | D! 2 1)Ks|:} =
inf{let(S, D)) | D} € [(2n + DKsli} = 7

for each i = 1,2, 3.
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