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Ground States of Nonlocal Fractional Schrodinger Equations with Potentials
Well

Ye Xue and Yunlan Wei*

Abstract. Inspired by Alves and Souto [2|, we investigate the existence of nontrivial
solutions to a class of fractional Schrodinger equations with potentials well. Taking
the superlinear nonlinearities into consideration, we obtain the existence of nontrivial

solutions by loosing monotonicity. Furthermore, a ground state solution is established.

1. Introduction

In this paper, we are concerned with the ground state solution of the following fractional

Schrédinger equation
(1.1) (=A)u+V(z)u = K(z)g(u), zeRY,

where N > 2s with s € (0,1), V(z) is sign-changing, K(z) > 0 and g(¢) has super-linear
growth with a loosen condition than the monotonicity of g(t)/t.

The fractional Schrédinger equation is a fundamental equation of fractional quan-
tum mechanics, which was discovered by Laskin [12/13]. As stated in [9], the fractional
Schrodinger equation is important, as a result of extending the Feynman path integral,
from the Brownian-like to Lévy-like quantum mechanical paths, where the Feynman path
integral leads to the classical Schrodinger equation and the path integral over Lévy trajec-

tories leads to the fractional Schrodinger equation. The fractional Schrodinger equation
(=A)u+V(2)u= f(z,u), zecRN, N>2s,

arises in many fields of physics. For example, it is essentially related to looking for the
standing waves ¥ (¢, 7) = e~ “!u(x) for the time-dependent fractional nonlinear Schrédinger
equation

iho U + (=AU +V(2)¥ = f(z,¥), zeRY teR.

This was proved in [7] that (1.1) can be reduced to the classical Schrodinger equation,
since (—A)® can be changed to the standard Laplace —A as s — 1.
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Recently, the interest towards nonlinear equations has grown more and more, where
several types of V(x) and f(z,t) are considered, see [1-5,9,/14,/19,[21}[22,|25] and the
references therein. For example, when V' (x) is a nonnegative continuous function, Alves
and Souto [2] proved the existence of ground state solutions for a class of elliptic equations
under monotonicity and some other mild assumptions. For the nonnegative and vanishing
potentials at infinity, Ambrosio and Isernia [4] have been established the existence of
sign-changing solutions for a class of fractional Schrodinger equations. When V(x) is sign-
changing with K (z) = 1, Li, Zhao and Wang [14] have gave a result about the existence
of a positive ground state solution for under certain assumptions. In that work, (fz)

is the key to obtain the boundedness of (PS) sequence, where

QU) 1= 370t~ F(t) satisfy 0<Q(h) < Q(t2) (YO <1 <o) and Tim Q) = +oc.

t—4o00

For (1.1)) with sign-changing and vanishing potentials V' (z), Wang and Zhou [22] and Xue
et al. [25] deal with the existence of ground states based on monotonicity and some other
proper conditions, respectively.

Known to all that the main difficulty in dealing with nonlinear problems on unbounded
domains arises from the lack of the compactness of Sobolev embeddings. To obtain the
compactness in RV, a class of Hardy-type inequalities were introduced in [2] under appro-
priate conditions. Then, the results were extended to the nonlocal fractional setting in [4]

under the following conditions (V, K):
(Vo) V€ C(RY) and V() > 0;
(Ko) K € C(RY), K(z) >0 and K € L®(R");

(K1) if {A,} € RY is a sequence of Borel sets such that |A,| < R for all n and some
R > 0, then lim, fAntC(o) K (z)dx = 0 uniformly in n € N;

(KV) one of the below conditions occurs:

K
— e LRV
v € (R™)

or there is 7 € (2,2}) such that

[V (2)]@—/@-2)

— 0 as|z| — +oo,

where 2% = 2N/(N — 2s) is the fractional critical exponent.

This set of conditions (V, K) generalizes the condition states in [3]. Recently, using a kind

of Sobolev embeddings introduced by Han [10], Toon and Ubilla |21] proved the existence
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of at least one positive solution for a Schrodinger equation with a positive and vanishing
potential at infinity and subcritical nonlinearity f. Their conditions allow to consider
the examples of nonlinearities which do not verify the Ambrosetti-Rabinowitz condition,
neither monotonicity conditions for the function f(z,t)/t.

Motivated by the works described above, for a sign-changing potential, the main aim
of this paper is to study the ground state solution for by loosing the monotonicity of
g(t)/t. Firstly, for s € (0,1), we define D$2(RY) as the completion of the set of C§°(R")
with respect to the so called Gagliardo semi-norm [u]s = ( [pon Ixxy‘ij\,ﬂ)s' dzdy) 2 Set
VHt(z) = max{V(x),0} and V~(z) = max{—V(z),0}. As this moment, we add the

following conditions:
(V1) V.=Vt =V, where V* € LNEIRN), O := {z € RN | V(z) < 0} # 0 with

meas 2 > 0 and there exists a large constant Ry such that V(x) > 0 for a.e. |z| > Ry;

(Va2) there exists a constant 19 > 1 such that

) [u]g + fRN V+($)u(x)2 dx
m o= inf — 5 > 10;
weDs2®N\{0}  Jen V™ (@)u(x)? dx

(KV) K/V — 0 as |z| — oc;
(g0) g € C(R), g(t) =01if t <0 and g(¢t) > 0 if t > 0;
(g1) there is ¢ € (1,2% — 1) such that g(¢) < C(1 + |t]9);
(g2) limyo L2 = 0;

(g3) limyyoo Gt(Q) — 00, where G(t fo

(g4) there exists a constant 6y € (0, 1) such that

! _2929(t)t > /tg(f) dr = G(t) — G(0t), V0 € [0,0).
ot

Remark 1.1. (I) The similar conditions of (Va) can be found in [6] and [15]. By (V2) and

a simple calculation,

-1
[u]g +/ V+|u|2d:z: > [u]g +/ V|u|2d:U > o=- <[u]g —I—/ V+|u2dzn> .
RN RN Mo RN

For u € D*2(RYN), set S := ianuHLz*zl[u}z. By the conditions (V1), (V2) and the Hélder

and Sobolev inequalities, we derive that

2+fRNV+ () |uf* dz [u): [u)
2 = 2 = 2
Jew V™ (@) |uf? dz Jew V(@) ul dze = [V pvyes [lull? o
Kk S

> =
~ STV lpwes IV llpaes
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A . . _ > S
which implies that if ||V 7| v/@s < S, then n > VT, na0 > 1

(IT) Condition (g4) is introduced by Tang in [20]. If the map ¢ — ¢(t)/t is increasing
in (0,400) and g(t) = 0 if t < 0, for any ¢ € R, it follows that 1g(t)t — G(t) > 0 and
ALyt + G(t) — G(61t) < 0 for 6 € [0, 1], which yields (g4). In addition, if the version

of (AR):

Ju>2, 0<uG(t) <g(t)t forteR

is satisfied, then set 0y = (“7_2)1/ ?hence we have

1—6? 1
5 g(t)t > ;g(t)t > G(t) > G(t) — G(6t) for 6 € [0, 0.

This shows that (g4) holds also.

Now, we are able to state our main theorems.

Theorem 1.2. Suppose that conditions (Ko), (V1), (KV) and (go)—(g4) hold. Then

has at least one nontrivial solution.

Theorem 1.3. Suppose that conditions (Ko), (V1), (Va), (KV) and (go)—(ga) hold. Then
(1.1) has at least one ground state solution.

This paper is organized as follows. In Section [2] we recall the variational setting and

state some preliminary results. In Section 3] the proofs of our main results are given.

2. Preliminaries

In this paper, our work space is E = {u € D*?(RY) : [on VT (z)u?dz < +oo}. E is a

separable Hilbert space with the inner product

[ ) ) v ol da
)= [ IR ey + [ v @pula)ola) d

and the corresponding norm is |[ul|? = [u]? + [pn VT (x)|u|? dz. More details about the
space F can be found in [16,|17]. Let us define the weighted Lebesgue space

L5 (RY) = {u: RY — R : u is measurable and K(z)|u|"dx < oo}

RN
endowed with the norm || ||z = (Jan K(2)|u|" dz) Y7 We recall |u]|oo = esssup,cpn |ul.

It is known that problem ([1.1)) is variational and its solutions are the critical points of
the functional defined in E by

) =3l =5 [ V@l o= [ K@GwWd,
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which is well defined and of class C'(E,R). Moreover,

(T (), ) = /RQN (u(z) — u(y))(v(z) —v(y)) ddy + /RN VH(@)uw da

o —

—/ V7 (x)uvdx — K(x)g(u)vdx.
RN RN

Definition 2.1 (Cerami condition). Let E be a Banach space, J € C*(E,R) and c € R.

J satisfies the Cerami condition if any (C).-sequence {uy} such that
J(up) —c and (1 + [Jus|)| T (un)]| = 0 asn — oo
has a strongly convergent subsequence.

Lemma 2.2. Assume that the conditions (Ko), (V1) and (KV) hold. Then E is compactly
embedded in L% (RY), k € [2,27).

Proof. Let {u,} C E be a sequence such that u,, — v in E. By (KV), Ve > 0, there is
R. > Ry such that K(x)/V(x) < € for all |z| > R.. For k = 2, that ¢, constants Ty, T

and a.e. |x| > R, we have

K ()|t < K(@)|t]* + eCJt]* + C-K (2)x(z,,m)[t1*

< eVF(@)|t]? +eClt|* + C-K (x)x (1, m)|t|*, VteR.

Hence,

/ K(2)|ul*dr < Ce </ VYt u? dx —|—/ |u|? dac)
e (0) B, (0) B,

(2.1) Re
+C.T% / K(x)dz, VYuekl,
ANBg_(0)

where A = {z € RN : Ty < |u(z)] < T}. Set A, = {x € RN : Ty < |un(z)| < T}
Al <[4 [u,|? da < Ir, lu,|? dx < C.
Thus, sup,,cy |An| < +00. Thereby, from (V1) and (KV), there is a large positive constant
R. (> R.) such that

Recalling that u, — u in F, we derive that T02*

(2.2) / K(z)dx < % for all n € N.
AnnBS (0) C. 1%

Combining (2.1), (2.2) with u, — u in E, we have [, ©) K(z)up|?dx < Ce, Vn €
Re
N. Furthermore, by Sobolev embeddings, it follows that lim, o [5 o K (2)|un|? dr =
Re
I5. ) K ()|ul?* dz. Therefore, lim, o0 [pn K(2)|un|? do = [pn K (2)|ul? dz, which yields
Re

Uy — u in L% (RY).



1208 Ye Xue and Yunlan Wei

For the case of k € (2,2%), Ve > 0, constants Tj), 7" and |z| > R, > Ry, we have
K(z)|t]* < eCK (x)|t]* + eC[t|* + C-K (2)x(zyrlt]*, VteR,
Then, repeating the progress above, we complete the proof. O

Lemma 2.3. (23, Lemma 2.13] Let V(x) € LN/?%)(Bg), where N > 2s and R > 0 is a
constant. Suppose that u, — u in E, then fBR V(z)|un|? doe — fBR V(x)|u|? dx.

Lemma 2.4. Assume that the conditions (Ko), (V1) and (g0)—(ga) hold. Then the mini-

mizing sequence {u,} of J is bounded.

Proof. Let {u,} C E be the sequence such that
(2.3) Jup) —c and (14 |Jun|) T (un) = 0 asn — .

By contradiction, suppose that {u,} C E is unbounded. We may assume that ||u,| — co

as n — 00. Set v, = Uy /|un|| and s, = @/||u,||, where @ = (2¢ + 4)'/2 4 1. By a simple

computation, it is not difficult to have

wZ w? 2

T (wvg) — T (un) = 5T fw Vo(r)—= ||Un||2 dx — o K(x)G(wvy,) dx

1 1
— —Jun® + / vV~ (x)ul dx + K(2)G(uy) dz
2 2 Jrn RN

=—|—s—1]||un|"— = -1 V7 (z)u;, dx
2 <Hunu2 lenl =5\ =) S V@

- K(x)G(wuvy,) dx + K(x)G(up) dz.

(2.4)

Also,

T (un) (wwvy, — uy) = @l|ug| — “ / Vuflda:—/ K(x)g(up)w Un dx
[un |l Jr~ RN [|n |

— / V@2 de + | K(@)g(un)u, de
RN RN

= (g 1) - <uiu 1) [V e

( ) / K(z)g(up)uy, dz,
lunll
which yields that

2 2
<H;ﬂ! * 1) T (un) (vn = wn) = (va - 1) en]” - <Hw\l2 - 1) A
n Un Up, R

K(z)g(up)uy, dx.
<Hun||2 ) /

(2.5)
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By ([2.3)), it is easy to know that %(IIZZH + 1) T (un) (v — un) — 0, n — co. Therefore,
by (2.5)), for large n,

1 w2 > 1 w2
[ —— =1 HunHQ—f (—1)/ V*(a;)u%dx
2 (Hunll2 2\ flun|? RN
1<w2 1) K (2)g(un)n dz < 1
— 7=z - z)g(up)un dz < 1,
2\ [Jun|? RN
that is,
1 2 1 2
1 (7”2 _ 1) un 2 - (7”2 _ 1) / V(o) da
2\ [|lunl 2\ [lun| RN
(2.6) ,

w

1
§1+(—1> K(x)g(un)uy, dz.
2\ [Jun? RN (@) (un)

Combining (2.4)), (2.6 and (g4), for large n, we derive that
I (wvn) — T (un)

1 2
<1+= <w2 - 1) Kg(up)uy, dx — KG(wvy,)dr + KG(uy,)dr
(27) 2 HunH RN RN RN
1
=1+ (s -1) / Kg(up)u, dx — KG(spuy)dx + KG(uy)dx
2 RN RN RN

<1

Now we claim v, — v in E and v # 0 for a.e. x € RV. If not, by (2.7) and Lemma

for n large enough, we obtain that

c+2>T(up) +1>T(wuy)

2 2
— w o w Vf(x)q)?l dxr — / K(.’L‘)G(W'Dn) dx
2 2 RN RN
2
= 2 +o(1),

based on

/ Vo (z)vidz -0 (by v, —0in E, (Vi) and Lemma [2.3)
RN

and | [pn K(2)G(wvy,) dz| < 5||wvn||%%( + cEvaanL;l. This is a contradiction to w =
(2¢+4)Y2 41, hence we get the claim. By u, = vy ||u,]|, it holds that |u,| — co as n — oo.
By K(z) > 0 and (g3), we obtain that %]vnp — 00 as n — oo. Consequently,

using Fatou lemma, we get

e+ o(1) = Lfun|? - /R V@)t de— [ K(@)Gluy)do
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and

1 1 K n K n
cto(l) | W’W)d$2/ K@)Gun) 2 10 oo as n - oo,
v#0

2 Jual® T Jey o lual? uy

which is impossible. Therefore, our hypothesis is untenable. Hence, the sequence of {u,}

is bounded in E. This completes the proof. O

Lemma 2.5. Assume that the conditions (Ko), (V1), (KV) and (go)—(g4) hold. Then

there exists a strong convergent subsequence of the minimizing sequence {u,} in E.

Proof. By Lemma the minimizing sequence {u,} C E of J is bounded. Passing to a
subsequence, one has u, — u in E, u, — u in L% (RY) (r € [2,2})) and u,(z) — u(x)

a.e. © € RV, By a direct computation, we derive that
[un = ull? = (T (un) = T (), — u) — /N V(@) un — ul? do
R
U —

+ [ K () (g(un) = g(u))(un
RN

u) dx.

Combining Lemma with Lemma [2.3] we can complete the proof. O

3. Proofs of Theorems and

Now we focus on the eigenvalue problem
(3.1) (=Au+V(z)u = AK(z)u, =RV,

In this paper, we study the case when the functional possesses the so-called linking geo-
metric structure, so we assume that A; (< 0) is the bottom of o((—A)® + V'), and there

exists k such that A\p < 0. More details for A\, see the following lemma.
Lemma 3.1. Let s € (0,1), N > 2s, (Ko), (V1) and (KV) hold. We claim that

(a) A1 is achieved, where

: Ju(z) — u(y)? 2
A1 := inf / ——=dxdy + V(z)u*(x)dx.
||U|1|L 2 =1 R2N ‘l‘ B y’NJFQs R ( ) ( )
LK_

Also, A1 is the finite eigenvalue of (3.1)) with a nonnegative eigenfunction ey € E.

(b) The spectrum of problem (3.1) has and only has eigenvalues which can be listed
A <A< <A S0 < Mg < - with a finite multiplicity for each eigenvalue
and the corresponding eigenfunctions {ey}ren form a base of Hilbert spaces L?(RY)
and E.
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Proof. Denote J (u) = 1 Jron ‘i)ylij\,&gidxdy + 1 Jon V(z)u®(z) dz, where u € E. By
Holder and Sobolev inequalities, we derive that

~ u(x) — u(y)|?
J(u) = 1/RZN [u(@) = uly)I” |9(U z y|N%/2)s‘ dzdy + ;/RN VH(z)u?(z) de — % V= (2)u?(z) dz

2 RN

1 NIN (N—-2s)/N N 9s/N
> gl = e ([ pve ar) -c@ ([ e i)

1 _
> S llull® = Cellull* = C) VIl

for every € > 0. Thereby, fixing € small, we obtain J (u) is coercive on F and is bounded
below. And so, A; is a finite number. Let {u,} C E with ||unHL§( = 1 being a mini-
mizing sequence for J, that is, J(u,) — A1. Obviously, {u,} is bounded in E. Up to a
subsequence, suppose that u, — u in E. By the compact imbedding £ < L%{(RN ), we
obtain u, — u in L%(RM) as n — oo. Hence, ||u||L§{ = 1. Furthermore, by (V1) and
Lemma 2.3 it follows that [pn V™~ )]un( )2 dz — [pn V7 (2)|u(z)|? do. Hence, by the
lower semi-continuity of the norm in F, J (u) < liminf, 4 J (upn) = A1. Consequently,
J(u) = A1, and ) is achieved and is an eigenvalue of problem (3-1).
By (a) and based on the assumption that A; < 0, we have

u(x) — u(y)? / 2
fu@) = w@) ;g v d
Jon o gy [ Viohuto s
> [ K@) de > )\1HKHOO/ w(@)? da.
RN RN

Since A is a finite number, there is a constant Vp = 2|A1||| K ||cc such that

) =8P gy, 2
Cr—yVt2s f E.
/RQN ’x — y|N+2s d:Edy + RN(V(:E) + %)U(l‘) dr >0 for any u €

Let us consider the following equation
(=AYu+ (V(z) + Vo)u = pK (z)u  in RY.

And for any u,v € E, set (u,v)y, = [pon %dwdy + Jan (V(z) + Vo)u(z)v(x) de.
For any u € F fixed, we have
1/2
K(z)u(x)v(z)dr < < K (z)u(x)? da:> <
RN

<C (/RN Ku(z)? dx) v Iol].

By Riesz representation theorem, we obtain that for any u € L%(RN ), there exists a

1/2

K(z)v(z)? d:n)

RN

unique w € F such that

o K(x)u(z)v(z)dr = (w,v)y,, VveE.
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For u € E, define Py,: L% (RY) — E by w = Pyu. Py, is a bounded linear operator.
Set Q: E — L2 (RY), which is the natural embedding operator. By Lemma we know
that @ is a compact operator. Hence, for any u,v € E, we obtain
Py Q)0 = | K(@)u@)o(x) de = ~(u, v}y
RN K
We know that Py, - @ is a compact operator from E to E and (Py, - Q(u),u)y, > 0 for
u # 0. By Hilbert-Schmidt theorem, it follows that the sequence of all eigenvalues {; ;L:Of
of Py, - @ satisfies 0 < -+ < p, < --- < pp < pp and pj — 0 as j — +o00. Therefore,
Aj = i — Vo, (j = 1,2,...) is the sequence of all eigenvalues of . More details about

the problem of eigenvalue, see Proposition 9 in [18§]. O

Suppose that the eigenvalues of problem (3.1)) are listed as A} < Ao < -+ < X\ <0<
Mer1 < ---. Set Y = {ey,...,er}, where {e;} are the corresponding eigenfunctions and
Z={u€eE, (u,v>L§{ =0,YveY}.

Lemma 3.2. Let s € (0,1), N > 2s, (Ko), (V1) and (KV) hold, then
, Ju(z) — u(y)? / 2
6= f —————=—dxd v d 0.
it [ SR iy [ Vi) do >

Proof. The proof is standard, so we omit it. For details, see Lemma 3.2 of [11}24]. O

Proof of Theorem [1.2] Firstly, we will verify the following result:
(i) 3r >0, s.t. m = inf J(S;) > 0, where S;F = 0B, N Z;

(ii) 37 >0, s.t. J(u) <0, Vu € 9Q, where Q ={u=u" 4+ sexr1:u~ €Y,5s >0, |u| <
T}

It is not difficult to obtain (i). Now we follow some arguments in [8, p. 72] and give
the proof of (ii). It is sufficient to show that J(u) — —oc as u € @ with |Ju| — oo.
Arguing indirectly, assume that for some sequence u,, € @ with [|u,| — 400, there exists
M > 0 such that J(u,) > —M for all n. We define wy, = uy/||un|| = w;, +wk*! with the
property ||wy|| = 1. Noticing that the sequence lies in a finite dimensional space, without
loss of generality, we assume that w;, — w™, wkt! — wh+1. Tt follows that

32 - o < T = (P = el - [ voed@) - [ S s

”UnHQ N HunHQ HunH2

Take a number L such that L > Apt1]|K|lec- By (g3), there exists an r > 0 such that
G(z,u) > Llu|? if |u| > r. We have

R [ ol e < Ml — L s = Ll s

< (L = M| K] |oo) [0 72 = Lllw™ |22 < 0.
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Hence there is a bounded domain Qx C R such that [[w*™||? — L [, |w[*dz < 0. By
the nonnegativity of G(z,u), it follows that

1 1 G
A o T R = S
[unll> — 2 2 o« lunl
1 Gz, up) — Lluy|?
(3.4) <z <||wk+1|]2 |wn|2da:> —/ (&, un) 22| d dz
1 k4112 2 > Lr?|Q x|
= |Jw, wp | dr | + s,
<5 (Wt =z [ S
based on
Lr2|Qx .
_/ G(z,up) — %]unP de< )™ 2ﬁuL||2| if |un| >,
2 - Lr2| Qx| .
Qx ”UnH 2Mun]? if ]un] <r.
By (3.2)), (3.3) and (3.4)), it follows that
1
0 < lim j(un) < lim 7”wk+1H2 7”“’;"2 _ de <0,
n=00 [[up|[? T n—oo 2 o lun?

which is a contradiction.
Furthermore, combining Lemmas and [2.5| with (i)—(ii), we have obtained both the
compactness properties and the geometrlcal structure of the functional. Hence, by Linking

theorem, we complete the proof of Theorem O
Next, we will give the proof of ground state solution for (|1.1)) step by step.

Lemma 3.3. Assume that the conditions (Ko), (V1), (Va2), (KV) and (go)—(g4) hold.

Then the zero function 0 is an isolated critical point.

Proof. Let u be a critical point other than 0. Combining Sobolev inequality with (go)—(g2),

we derive that

-1 1
B2 ull? < 5 lull? - (@l dz = | K(x)g(wuda
2 2 RN

< eljull?y + ceuun;gl < CelulP+ cceuuuq“.

Fix e sufficiently small. Since 2 < ¢+ 1 < 2%, we obtain that ||u|| > k > 0, where & is

some positive constant. This implies that 0 is an isolated critical point. 0

Let K be the set of critical point of J. By Theorem K is nonempty. Denote
= inf{J(u) | w € K}. Then, for any u € IC, by (g4), set § = 0 and we obtain that

700 =70 - 5w = [ K@) (L5 - 6w) dw o

This implies that 0 < m < J(u).
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Lemma 3.4. Assume the conditions (Ko), (V1), (V2), (KV) and (go)—(g4) hold. More-

over, {u,} C E is a C, sequence. If u, — u € E, then u is a ground state solution of

).

Proof. Suppose that {u,} C K such that J(u,) — m. We know that {u,} is bounded in
E. We denote that ¢ := lim, o SUp,crny fB(x 1 K (z)|un|?dz. We claim that § > 0. If
not, § = 0, by Lions lemma, u, — 0 in LL(RY), (¢4 1) € (2,2%). By this, we get

K (2)g(un)un do < ellun|Fs + Cellunl|?ss

+1
RN L%(

and it follows that lim, 0 | fen K (2)g(un)un dz| = 0. Since {u,} C K and by (V2),

-1 B
0< P juy ) < [fun?® - / V@) |unPdr = [ K (2)g(un)u, de.
7o RN RN

Hence, [pn K(x)g(tn)u, dz — 0 as n — co. Consequently,

o — 1
Mo

Jun||* < /RN K(z)g(up)un dz — 0

as n — oo, which contradicts with the fact that 0 is an isolated critical point. Therefore,
0 >0. By u, = v in E and Lemma we obtain u, — u in L%(RY) and u, () — u(z)
a.e. in RV. Thereby, we derive that

0<d= lim Sup/ K(2)|up|?* dz < lim K(:v)|un|2dx:/ K(z)|u|? dz,
B(z,1) N0 JRN RN

n—oo zERN

which yields that u, — v # 0 in E. By u, — u # 0 in E, it is not difficult to obtain u
is a nontrivial solution of ([1.1). Next, we claim that u is a ground state solution of ([1.1)).
Recall K(z) >0 and set § = 0 in (g4), then K (z)(39(u)u — G(u)) > 0. Hence,

Tw) = T () ~ (7)) = /RN K(z) <9(;”"“ - G(u)> da

< im [ w) (29 6] do = i (TG0 - 5 ) ) =

n—oo JRN n—oo

This completes the proof. O
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