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Boundedness in Asymmetric Oscillations at Resonance in a Critical Situation

Shufang Zhang and Xinli Zhang*

Abstract. In this article, by using Moser’s twist theorem, we prove that all solutions
of the equation z” + ax™ — bz~ + ¢(z) = p(t) are bounded in the critical situation,

where p is a smooth periodic function, and ¢ is bounded one.

1. Introduction

In the past few decades, due to its background in applied sciences [7], the boundedness

problems for the asymmetric equations
(1.1) 2" +axt —bxT = f(x,1)

have been extensively studied; see for examples [2-5,[8/11,/12,|15] and references therein,
where 7 = max{z,0}, x~ = max{—z,0}, a and b are different positive numbers. The
function f(z,t) is periodic in ¢.

Generally speaking, in the case of resonance, that is,

! + : 2 eN
D w ) n )
va Vboon
the boundedness problems for (1.1]) are more difficult to study than in non-resonance case.
Liu [8] obtained the boundedness of the solutions for (1.1)) when f dependents only on

t and satisfies

(1.2)

2
FOCO+1)dt£0, 6€eR,
0

where C is the solution of the initial value problem

2" +axt —bx” =0,

(+5) 2(0)=1, /(0)=0.

In [12], Wang proved the boundedness of solutions for the equation

(1.4) "+ axt —br” + ¢(x) = p(t)
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under the condition

(1.5) /%p(t)cw 1) dt £ 2nva <“’(+°°) - 90(‘“”) , 0ER
0 a

with ¢(d00) = limy— 400 ().

Fabry and Mawhin [4] obtained the boundedness result for with f(z,t) = p(z) +
g(z) + p(t) under the condition (L.5), where g is a sublinear primitive and bounded.

If a =b=n?, becomes the symmetric equation

(1.6) a” +n?x + p(x) =p(t), neN.

It is obviously in the resonant case. Lazer and Leach [6] proved that (1.6]) has at least one

periodic solution under the so-called Lazer—Leach condition

2m
(1.7) / p(t)e dt’ <2 (liginfnp — lim sup <p> , V60 e€][0,2n].
0 o0

T T——00

In 1999, Liu [9] proved that each solution of the equation (1.6)) is bounded with p €
C"(R/277Z), ¢ € C5(R) under the condition ([T.7).
However, Alonso and Ortega [1] proved that if lim|;| o ¥(z)/2 = 0 and ¢ is bounded,

each solution of the semilinear equation
(1.8) 2" +n’x + p(a) + ' (x) = p(t) = p(t + 2m)

is unbounded with a large initial condition if

2w
/ p(t)e dt‘ > 2(H - K),
0

where H = max { limsup, ., ., ¢, limsup, ., <p} and K = min { liminf, , ¢,
liminf, gp}.

In 2016, Wang, Wang and Piao [13] showed that if ¢ oscillates periodically in z, the
Lazer—Leach condition is sufficient and necessary for the boundedness of .

So we can ask a question: if the “ <” in is changed to “ =" (critical situation),
can one obtain boundedness results for ?

Recently, Xing, Wang and Wang [14] succeeded in answer the question. They obtained
a certain sufficient and necessary condition for the boundedness for in the critical

situation, that is,

27
[ s dt] — 2(p(400) — p(—0),

where p(+00) exit finitely and p is 27-periodic in ¢.



Boundedness in Asymmetric Oscillations at Resonance in a Critical Situation 1221

In this article, we are going to study the analogical problem of [14] for the asymmetric
equation (|1.4]). The corresponding critical situation should be

(1.9) /O%p(t)C(t —0)dt =2n\/a ((p(—Zoo) - SD(_bOO)> for some 6 € R.

We suppose that there exist two positive constants c+ such that
: k—1+dp(k) o <
(1.10) zgrinoox 'Y’(z) =0, 0<k<I11

with 0 < d < 1 and

(1.11) Ti(z) = /Ox(go(x) — p(00)) d — cx - (1 4+ 22)1-D/2.
Now we can state our main result as below.

Theorem 1.1. Suppose that p € CO(R/277Z), ¢ € C1O(R) satisfying

p(Fo0) = lim o(z)

are finite. Assume (1.2), (1.9)—(1.11)) hold true, then all solutions of (1.4} are bounded.

Remark 1.2. Theorem is applicable to many equations. Here we provide a concrete

example.

Let p(t) = 4 cos(nt), p(x) = arctan z + 22(1 + 22)~2/3. Then we have

/ T OC (- 0) dt
0
27 2
= 4cos(n9)/0 cos(nt)C(t) dt — 4Sin(n0)/ sin(nt)C(t) dt

= 8n cos(nf) </2W cos(nt) cos(v/at) dt — \[/ cos (n <t+ 2?/&)) sin \/5tdt>

1
= 8n+/a cos(nh) cos <2f> (a — 3T o n2>
Now we choose a = 36, b = 144, n = 8, which satisfy the condition (1.2)). Meanwhile
2m nm 1 1 324
/0 p(t)C(t — 0) dt = 8n+/a cos(nd) cos (2\/&> (a — 3 n2> =

~ %
oy (BLE2) 20l r

cos(860),

One can take 6 = £ arccos 12X + 2kr (k € Z) such that the condition holds. Then,
according to Theorem we obtain the boundedness for the equation with d = 1/3,
c+ = 3.

In fact, the conclusion of Theorem [1.1] H is also true, if the conditions (1.2)) and (1.9 . are
replaced respectively by
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1 . 1 2m L q lativel . itive int
o —— — = ——, where m and n are relative rime positive 1ntegers
va Vb n y P p g
and
2m 9 o
0 a

This paper is organized as follows. In Section [2, we give some technical lemmas. In
Section [3| we introduce a rotation transformation and make a series of canonical trans-
formations such that the new Hamiltonian system is closed to a nearly integrable one. In
Section [d] we first give a twist condition in some weak way, then prove the boundedness
of solutions of by Moser’s twist theorem.

Throughout this paper, we denote by

2T
() ;:;T/O 1(-.0)d6

the average value of I( -, 0) over R/27Z. We denote by C > 1, ¢ < 1 two positive constants

without concerning their quantity.

2. Preliminaries

In this section, some technical lemmas will be given.
Introduce a new variable y as ' = —y, then the equation (|1.4) is equivalent to a planar

non-autonomous Hamiltonian system

OH . 0H

(21) @ = _aiy(xayvt% Yy = %(%y»t%

where H(z,y,t) = 3y* + sa(zh)? + 3b(z7)% + ®(2) — zp(t), ®(z) = Iy w(s)ds.
Define S(t) = —C'(t). Then (C(t),S(t)) is the solution of the following system

¥ =—-y, oy =ax"—bx"

with the initial condition (C(0),S(0)) = (1,0) from (L.3). Hence
o C(—t) = C(t), S(-t) = =S(b);
e C(t) and S(t) are 2%—periodic functions;
o S%(t) +a(CH(t)* +b(C(1))* = a;

e C(t) can be given by

cosv/at, 0<|t] <57,
~VEsinVh (1= 5% ), g <l <z
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For r > 0, we make the transformation (r,6) — (z,y):
z=a Y212C00), y=a"Y?r1/28(0),

then the Hamiltonian system (2.1]) is changed into

dr oh dd  Oh
(22) E - —%(T,e,t), a - E(neat)?
where
(2.3) h(r,0,t) =1+ I(r,0) + I2(r,0,t)

with I1(r,0) = 2®(a~2r1/2C(0)), I2(r,0,t) = —2a= 21 /2C(0)p(t).
Similar to [9], we can obtain the following estimates on I1(r,0), Iz(r,0,t) by direct

calculations. We omit the proof here.

Lemma 2.1. Forr > 1, it holds that
L (r,0)] < CrY/2, |0i0I,(r, 0)] < Cr—tata(max(Li)=1) 4 5 <11,
Lemma 2.2. Forr > 1, it holds that
DLDIOF Iy (7, 0,8)| < Cr~ 12 4 <11, k <6.

Lemma 2.3. Let

a(r) = [I)(r) — 2;n701/2 . <‘P(+OO) . 90(_00)> _

T a b

Then a(r) satisfies

er(1=D/2=k < 0 (0) () < Op(-d)/2=k k=0,1,0<d<1,
a@ ()| > er0=D272 oW (1) < er=D27F 0 <11, 0<d < 1.

Proof. By definition of [I1](r), one has

alr 1 o a—1/2,1/2 B 27”7,1/2' p(+00)  p(—00)
(r) /0 20 C(0)) do < > ,

:27r T a b

By direct calculations, one has

(2.4)
a~1/2p-1/2 2 . oo
o/<r>=2w< /0 80(0_1/27“1/20(9))0(0)#—2na1/2.(‘p(z >_s0<b >>>
a~1/2p-1/2 "

= o Z(ak+(7”) + ap—(r)),
k=1
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where

(2‘5) 2(k+ )7

By (1.10]), as » — oo, there exists a positive constant C7(d) such that

2k7r+ ™

(@) ) = [ (ol rC0) — oo @ AC0) e 0) ds
m T 2Va

— Cl (d)c+,

QRE+D)mw _ _x

(a™'r)Par-(r) = T (plaV22C(0)) — p(—00)) (@ V22 C(6)) T 6) df
2km s
n Jr2\/5

— Cl (d)C_ .

Then we have, as 7 — 00,

1
(') D20 (r) — %C’l(d)(c+ +e),

which implies that
(2.6) er1=D2=1 < o/ (r) < Chgl_d)m_l.

The conclusion
er=4/2 < a(r) < Cr(1=9)/2

is a consequence of (2.6)) by the rule of L’Hospital.
By (1.10) and (2.5), as r — oo, there exists a positive constant Cy(d) such that

2km uy

207t Praf, () = [ T @V RC(0)) (a2 C(0) T 0) db
n2Va

— —Ca(d)cyd(1 — d),
(2k+1)7r_i
2Aa') o (1) = [ " e 2C0) (@ 2R C(0)) 1 6) do
Bt

— —Co(d)c_d(1 — d).
Thus

(2.7) (e () + af_(r)) = =Ca(d) (e +c-)d(1 — d)%ad/%*l*d/?,
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By ([2.4)), one has

~1/2,.-3/2 " —1/2,.—-1/2 "

wo\oa YA a Y4y
o(r) = T ar Z(Oék+(7”) + ag—(r)) + T om

k=1 k=1

which together with (2.6) and (2.7) implies | (r)| > ¢r(1=9/2-2,

By direct calculations, one has for m < 11 that

(4 () + 0 (1),

2k7r+ s m

Tm+d/2a](€?)(r) _ / n ' 2Va Zc¢(i)(a_1/2r1/2C(<9))(a_1/2r1/2C(9))HdCl_d(e) d97
2

km s .
=1

n 2\/a

~

2(k+1)7r_ P m

P (r) = / LY epa 2 C(0) (A2 C(6)) 1 C ) db.
Tﬁ+2\75 =1

As r — 0o, we have

(2.8) |a,(:£) (r)] < Cr—m=2,
Thus we can obtain the last estimate from (2.4) and (2.8]). O

By (2.3), Lemmas and one has 0,h > 0 for r > 1. Then by the implicit
function theorem, there exists a function R(h,t, ) such that

r(hit,0) = h — R(h,t,0),
where
R(h’7 t, 9) = Il(h - R, 9) + I?(h - R, eat) = Il<h7 0) + IQ(hv 07t) - RO(h7t7 0)

with Ro(h,t,0) = [} 9,11 (h — uR,0)Rdp + [, d,Io(h — uR,6,t)R dp.
Now h, t and 6 are the new action, angle and time variables respectively. Moreover
R(h,t,0) and Ry(h,t,0) satisfy the following estimates.

Lemma 2.4. For h > 1, it holds that

03000k R| < Chmitatalmax i1 g <11 <6,
2.9 DL O Ryl < ChTITH/2, i+ k<10, j <6.
h“t~0
The proof can be obtained by direct calculations similar to that of Lemma 3.1 in [14].

Thus we omit it here.
Now the Hamiltonian system (2.2]) can be written

dh or dt or

*7(hat79)a @: %

= o (k)

where

(2.10) r(h,t,0) = h — I,(h,0) — Is(h,0,t) + Ro(h, t,0).
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3. Canonical transformations

In this section, we will make some canonical transformations such that the perturbation
satisfies desirable estimates. First, we eliminate the linear part of the Hamiltonian by a

rotation transformation.

Lemma 3.1. There exists a rotation transformation ¥y of the form
U,: h=hy, t=t;1+80

such that the system with the Hamiltonian (2.10) is transformed into a sublinear system

with the following Hamiltonian
(3.1) Tl(hl, tl, 9) = —Il(hl, 9) — Ig(hl, 9, tl + 9) + Rl(hl, tl, 9),

where Ry(hy,t1,0) = Ro(h,t1 + 0,0) satisfies

(32) 195,00 O Ry (hn, t1,0)] < Chy™™2 iy k <10, j <6.
Proof. 1t is not difficult to obtain (3.1)) and (3.2) from (2.10)) and ({2.9)). O
Lemma 3.2. There exists a canonical transformation Vo given by
(3.3) U, : h1 = hg, t1 =1t — 6h282(h2, 9)
with
0

(3.4) Sg(hg, 9) = / (Il (hg, 9) — [[1](h2)) ds

0

such that the Hamiltonian is transformed into the following Hamiltonian
(3.5) ro(he, ta,0) = —[I1](ha) — I2(he, 8,t2 + 0) + Ra(ha, t2,0),
where Ro(ha,ta,0) satisfies

(3.6) 104,07 08 Ro(ha, t2,0)| < Chy ™2 itk <10, j <5.
Proof. Under the transformation Wo, the transformed Hamiltonian is

ro(ha, te,0) = —I1(ha,0) — Iz(h2,0,ta — Op,S2 + 6) + Ri(ha, to — Ok, S2,0) + 0pS2
= —[1](h2) = Ia(h2,0,t2 + 0) + [I1](h2) — I1(ha, 0) + Ra(ha,t2,0) + 0pS2,

where

1
Rg(hg,tz, 9) = Rl(hg,tg — 8h252, 9) + / 8,51[2(}12,9,152 — u8h252 + 0)8h252 dyt.
0
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By (3.4)), one has
[Iﬂ(hg) — Il(hg, 9) + 09Sy = 0.

Thus we obtain the Hamiltonian (3.5). By Lemma[2.1] one has

—it+1+1(max{1,5}-1)

(3.7) 10,8382 (h2,0)| < Chy . it <11

By , we have

(3.8) O, 1] < Chy ™, % <|outl <2, || < Chy 2,

(3.9) 05 310k 1| < chy E RN L e s 9 <10, k<6

By Leibniz’s rule, 822 ag; 85R1(h2, to — Op,S2,0) is the summation of terms

S
oy os, 04 Ry - [ [ 03 0105t
=1

withl<m+s+qg<i+j+km+y,; =14y, g=jandg+>,  k ==k
Combining (3.2)), (3.8) with (3.9)), we obtain
(3.10) 104,07 08 Ry (ha, ta — D3, 52,0)| < Chy "™ i 4k <10, j <6.
Similarly, we obtain
104,07, 08 (01, I (ha, 0, t5 — 110p, Sa + 0)))|
—i+3+1 (max{1,k}-1)

< Ch, , itk<10,j<5.

By (3.7), (3.11) and Leibniz’s rule, one has
|04, 07,08 (94, In(ha, 0, t — 14y S + 0) - Dy S|

(3.11)

(3.12) 11
< C,h2—z—2—|—2(rnax{l,k}—l)7 i+ k<10, j<s.
Then the estimate (3.6 follows from (3.10]) and (3.12]). O

Without causing confusion, denote

1 2T
[Lo](h,t) = 2/ Iy (h,0,t + 0) de.
0

s

Lemma 3.3. There exists a canonical transformation Vs given by
W3 :  hy=hg+ 01,53(hs,t2,0), t3=ta+ OpyS3(hs,ta,0)
with

0
(3.13) Sg(hg, ta, 9) = /0 (Ig(hg, S,t9 + S) - [IQ}(hg, tg)) ds
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such that the Hamiltonian (3.5)) is transformed into the following Hamiltonian
(3.14) r3(hs, t3,0) = I(hs,t3) + R3(hs, t3,0),

where Rs(hs,ts,0) and I(hs,t3) satisfy

(3.15) 15,00, 08 Ry (hs, t5,0)] < Chy ™2 ip k<10, j <5,
(3.16) 0F T(hs,t3)| > ch{ D% k=0,1,2
h3 3
3.17 O Ol I(hs,t3)| < Ch**Y2 k<11, 1<6.
h3%Yts 3

Proof. Under the transformation W3, the transformed Hamiltonian is

r3(hs,t3,0) = —[I1](hs + 01, S3) — I2(h3 + 01,53, 0,12 + 6)
+ Ra(hs + 01,53, t3 — 0,53, 0) + 0pS3
= —[](h3) — [I2](hs, t3) + [I2](h3,t2) — I2(h3, 0,12 + 0)
+ 0pSs + R3(hs, t3,0),

where
1
R3(h3, t3,0) = Ro(hs + 04,53,t3 — O, S3,0) — / OnyI2(h3 + 1oy, S3,0,t2 + 0)0y, Sz dp
0
1 1
b [ Ottt 0050000, Sy dia — [ 1) s + 1050000, .
0 0

By (3.13)), one has
[I5](hs,ta) — I2(hs3,0,ta + 0) + 0pS3 = 0.

Denote I(hs,t3) = —[I1](hs) — [I2](hs,t3), then we obtain the Hamiltonian (3.14]). By
Lemma one has

100, 0, 0 S3(ha, t2,0)| < Chy ™ it k<11, j<6.

From (3.3)), we have

3/2

|Onyta| < Chy ™/, 1/2

1 _

5 S ‘at3t2‘ S 27 ’89t2‘ S Ch2 )

100, D508 ta] < Chy ™% it j4+k>2,i4j<10, k<6,
1
5 < |Onhal <2, [9hal < Oy, |9sha| < Chy,

04,0008 ha| < Chy ™™ it j4+k>2, i+44<10, k<5

Similar to the proof of (3.6)), we can obtain ([3.15)).
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Notice that

—1I(hs,t3) = [I1](h3) + [I2](hs, t3)

B 2h§/2 ne(4+00)  np(—oo) 1 2m
= a(hy) + 2 (P LR L [T —opar).
which together with (1.9) and Lemma [2.3] implies (3.16) and (3.17). O

Lemma 3.4. [14] Consider the system with Hamiltonian

(3.18) 7 =1I(h,t) + R(h,t,0),

where f(h,t) satisfies and for k <m, 1l <n, and R(h,t,0) satisfies
DI OFOLR| < G-I~ /2 rmax{0(=)/2}

for h large enough, j +1 < mi, k <ny (m; <m, ny <n). Then there exists a transfor-
mation Y of the form

h:h++8ts+(h+,t,9), t+ :t+8h+S+(h+,t,9)
with ;
Silhit.0) = = [ (Flhy.t.0) = (Rl ) do
such that the Hamiltonian (3.18)) is transformed to
F—‘r(h-f—a by, 0) = f“r(h-f—? t-i-) + ‘é"r(h-ﬁ by, 9)7

where Iy (hy,ty) = I(hy,ty) +[R](hy,ty) satisfies (3.16) and B.17) for k < my, | < ny.
Moreover for hy > 1,1 <n;—1, k+j <my — 1, it holds that

\% 3§+ O Ry < Ch;j—(i+1)/2+max{0,(k—i—1)/2}.
Lemma 3.5. There exists a canonical transformation Wy given by
Uy: hg=hg+U(hg,ts,0), t3=1ts+ V(hg,t4,0)
such that the Hamiltonian 1s transformed into the following Hamiltonian
(3.19) r4(ha,ts,0) = I(ha,ts) + Ra(ha,ts,0)
with I(hg,tg) and Ra(ha,ts,0) satisfying

(3.20) OF I(ha,ta)] > ch{™D7F k=012,
(3.21) |0k 0L I(hay ta)| < Chy*T1/2, k<5 1<1,
(3.22) 103,00, 0F Ra(ha, t4,0)| < Chy '~ i+k<5.
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Proof. We can prove this lemma by Lemma [3.3] and repeated applications of canonical

transformations given in Lemma O

Consider the Hamiltonian (3.19). Noting that 8§4I(h4, ty) > chfll*d)/%1

oo, we can solve (3.19) for large hy as follows:

>0 as hy —

(3.23) h4(7“4,9,t4) = N(T4,t4) + P(T4, 9,t4),

where hy = N(r4,t4) is the inverse function of r4 = I(hg4,t4). By (3.19) and ( -, one

has
ry = I(N+P,t4) +R4(N+ P,t4,9)
1
:I(N,t4)+/ On (N + pP,t4) P dp+ Ry(N + P, t4,0).
0

Note that rq = I(hy,ts), thus

1
(3.24) 0= / O I(N + pP,t2) P dji+ Ra(N + P,t4,0),
0

that is,
Ry(N + P,t4,0)

I3 On I(N + pP,ty) dp

Lemma 3.6. For ry large enough, it holds that

3.25 er? <|N| < C’rQ/(l d) eNr7F < |0F N| < CNr[F, k=1,2,
4 4 T4 4

(3.26) s " N| < C’Nr4 , k<6,

(3.27) 0F ) P| < Cry* 'N|Ry|, k+j<5.

Proof. By r4 = I(N(r4,t4),t4), one has
2/(1-d)
cri < |N| < Cr . Opd-0p,,N=1, 0y, -0y N+0,I=0.
Then it follows that

Orsha = 0py N = (O, 1) € [chry !, Chr Y.

From (3.20)) and (3.21)), one has

(3.28) cry*N <19,,N| < Cr;'N

By direct computation, one has

gy ORI Onha O I-0,N
" (ah41)2 (ah4I)2
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From (B.20), (B:21) and (328), one has
-2 2 —2
cry “N < |07, N| < Cr;“N.

Using Leibniz’s rule, for 2 < k < 6, 8,’?4]\7 is the summation of terms

om 8241 ﬁ aki N
ha (ah4 I )2 - "

=1

with 0 <m <k, > " ki=k—1,and k; > 1,7 =1,2,...,m. By induction, we can obtain
(:26) from (3.20), (3-21) and (3.25).

By (3.24)), one has
|P| < Cr;*N|Ry| < CO,,N|Ry|.

Differentiating both sides of (3.24)) on 74, one has
(8h4R4 + P [ 02 I(N + uP, ts) du) 8, N
Jo On I(N + uP,ty) dpu + P [ 92, I(N + puP, ta)pudpe + Op, Ry

< Oy |Ra] - 100, N .

|87"4P’ =

Differentiating both sides of (3.24)) on 6, one has

—0y R4
Jo On (N + pP;ta) dp + P [} 02 I(N + uP,ta)pndpi + O, Ry
< C|Ry| - |0,,N|.

|0p P| =

Similar to the proof of (3.26)), by induction, we can prove (3.27) for 2 < k + j < 5 using
Leibniz’s rule. ]

4. Proof of Theorem

In this section, we will prove Theorem [I.I]by Moser’s small twist theorem. Without leading
to confusion, we denote (14, hq,t4) by (p, H,7) in (3.23)). The system with Hamiltonian

EZ) i

df d
(4.1) = = 9N(p, ) +0,P(p.0.7), 5L =—0P(p.6,7).
T T

Integrate the system (4.1) by 7 from 0 to 27, the Poincaré map P of system (4.1)) is
of the form

(4.2) 01 =0+ Ap) + Fi(p,0), p1=p+ F2(p,0)
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with (p,8) = (p(0),6(0)), and
27
Ap) = ; N (p, ) dr,

2 27 2
Fi(p,0) = ; 9P (p(1),0(7),7)dr + ; N (p(7),7)dr — ; 9N (p,7)dr,
21

Fy(p,0) = — ; 09 P(p(1),0(7),T)dT.

By Lemma for k+ 7 <4, Fi(p,0) and F5(p, 0) satisfy the following estimates
0504 F1(p,0)] < C(N - p +1) - p™*'N - |Ra,
|050) Fa(p,0)| < Cp*'N - |Ry

Moreover, the following estimates hold true for A(p):

cp < [A(p)| < CPITN=D e <N (p)| < CpH =),
AR (p)] < CpFd/A=d)=k — } <5

Denote by p(A) the inverse function of A(p). By (4.3), one has

(4.3)

(4.4) cATFD/A=d) < 5 < O, pB(A)] < CAF|p|, k<5,
The Poincaré map can be rewritten in the following map

(4.5) 01 =0+ A+ Fi(A0), A=A+ Fy(A,0),

where

Fi(A,0) = Fi(p(r),0), Fa(A,0) = /01 A(p+ AF2(p, 0)) Fa(p, 0) dA.
By Leibniz’s rule, and , one has
k
OXOGFL| < 310,03 Fil - [ (r) - o) ()]
i=1
(4.6) SCN?-p7"3|Ry| - p' - ATF
< Cp~® - A" |Ry| - N?
<Cp3, k+j<4
with Z?Zl k; = k. Similarly, one has
(4.7) ORI < Cp™3, k+j <4
By , we have the estimate
O 2501 R| < Chy "% k<5, k+j<5, 1<4
Since N = hy, thus for j <5, k+j <4, and yield that
OKOYE;| < Cp™3, i=1,2.
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Proof of Theorem [I.1] The map (4.5)) satisfies all the conditions of Moser’s small twist
theorem [10]. Thus we obtain the boundedness result of Theorem O
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