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Vlasov—Poisson Equation in Besov Space

Cong He and Jingchun Chen*

Abstract. We study the local-in-time well-posedness of Vlasov—Poisson equation in
Besov space for the large initial data. To accomplish it, we establish commutator esti-
mates in Besov space which are quite useful in dealing with the electronic term V.
Also, the LP-L1 type estimates for the electronic term V¢ are established, which are
not only useful in the estimate for Poisson equation, but also play a fundamentally

important role in commutator estimates involving the electronic term V.

1. Introduction

Understanding the evolution of a distribution of particles over time is a major research area
of statistical physics. The Vlasov—Poisson equation is one of the key equations governing
this evolution. Specifically, it models particle behaviors with long range interactions in a
non-relativistic zero-magnetic field setting. Two principal types of long range interactions
are Coulomb’s forces, the electrostatic repulsion of similarly charged particles in a plasma,
and Newtonian’s forces, the gravitational attraction of stars in a galaxy. The general
Cauchy’s problem for the Vlasov—Poisson equation (VP) in n-dimensional space is as

follows:

Oif +v-Vaof + V-V, f =0,
(1.1) —Ay¢ = fRnfdv,
f(O,ZE‘,’U) = fo(l',?]),

where f(t,z,v) denotes the distribution function of particles, € R™ is the position,
v € R" is the velocity, ¢ > 0 is the time, and the dimension n > 3.

The Cauchy problem for VP equation has been studied for several decades. In 1977
Batt [7] established the global existence for the spherically symmetric data. Shortly, in
1981 Horst [17] extended the global classical solvability to the cylindrically symmetric
data. Next, in 1985, Bardos and Degond [6] obtained the global existence for “small”
data. Finally, in 1989 Pfaffelmoser [25] proved the global existence of a smooth solution
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with large data. Later, more results were published by Schaeffer |27, Horst [18], Lions
and Pertharne [23] and Pallard [24]. However, these literature mentioned above mainly
considered solutions in L' and L* framework. Also, there are many papers studying
Vlasov-Poisson-Boltzmann (Landau) equation in L? setting, for example, see [2}12,[13]
15L|16L[19L]21] and references therein. A natural question is: whether there is a solution for
VP equation in LP-setting, for example the fractional Sobolev space such as Besov space,
which would not be classified into L' or L> framework. This becomes our theme in this
paper.

Let us review some known results about other partial differential equations in the
fractional LP-setting. There is a large amount of literature investigating the solutions in
the fractional differential spaces, such as Besov space [5], Triebel-Lizorkin space [9] and
Modulation space [31]. For instance, in [5], Bahouri et al. extensively studied solutions
of Navier—Stokes equations, Schrédinger equation and wave equation in Besov space; in
addition, heat equation and Navier—Stokes equation, Euler equation and wave equation
in Triebel-Lizorkin space were studied in [3,9,[10]. Furthermore, Wang et al. [31] studied
solutions for Navier—Stokes equations, Schrodinger equation and wave equation system-
atically in Modulation spaces. However, there are rare papers investigating VP equation
(as a special type of the kinetic equation) in fractional Sobolev spaces, and this becomes
our motivation to do some research in this direction.

Our main objective in this paper is to prove the well-posedness of VP equation in
Besov space. The specificity of our approach is to provide a commutator estimate which is
proved by various techniques including Littlewood—Paley decomposition, Bony decompo-
sition (the paradifferential calculus), and the off-diagonal LP-L? estimate for the electronic
field term V ¢.

To achieve our goal, the most difficult part lies in estimates for the electronic field
term V,¢. This is embodied in two aspects. One is the commutator estimate, typically,
[Af, V¢V, f; in our paper, we do not perform [Af’v, V28|V, f since V¢ does not de-
pend on the variable v, this trick captures the anisotropy in some sense. More concretely,
we will establish the commutator estimate of |27°|| (AT, vﬁ(ﬁ]v”ﬂ‘Lﬁ,,,@;)

in the VP setting for the first time as far as we know. The other one is LP-L? estimate

;- which is proved

for electronic term V¢ in Besov setting. The off-diagonal LP-L? estimate is not only
favorable to the commutator estimate but also represents the character of Poisson equa-
tion. Attentive readers could find the delicate relation between the off-diagonal estimate
and the commutator estimate proved in Sections [3| and [4] separately. More precisely, we
used various techniques to establish the following original and fundamentally important

inequality

2|18, Va1V 1y
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This inequality embodies all the essential ingredients including an off-diagonal estimate,
commutator estimates, the structure of Besov space and VP.
Before we state our main theorem, we first need to introduce some common notations

and definitions.

2. Preliminaries and main theorem
2.1. Notations and definitions
First of all, we list our notations and definitions.

e Given a locally integrable function f, the maximal function M f is defined by

1
(MF)(@) ::§2%|z3<x,6n./;<xﬁ>‘

where |B(z,d)]| is the volume of the ball of B(z,d) with center = and radius 0.

f()ldy,

e Given f € .%, the Schwartz class, its Fourier transform .# f = ]?is defined by

. 1 )
_ —iz-§
FO) = Gy [ e de
and its inverse Fourier transform is defined by .Z ! f(z) = f(—z).

e For 0 < a < m, we let I, be the Riesz potential operator defined for locally integrable

functions by

L@ = [ A

o w= ()7, y-p/p>n,1/p +1/p=1, () = (L+][o]*)2.

o Hagtr = (Z520las") " 1 Fle = (Jfan [F@P d2) N Fille oy = (5520 1£170) "
and | Fll .y = (Spon [ £ 0) P wdadv) /7.

e A < B means there exists a positive constant ¢ independent of the main parameters
such that A <¢B. A~ B means A < B and B < A.

2.2. Definition of Besov space

We recall the definition of Besov space [29,30]. Let ¢ € . satisfying

suppp C{EeR":1/2< ¢l <2} and (&) >0 if1/2<E<2.
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Setting ;(&) = ¢(279¢) with j = {1,2,...,}, we can adjust the normalization constant
in front of ¢ and choose ¢g € .7 satisfying supp ¢p C {€ € R™ : [¢| < 2}, such that

Zw(é) =1, V(eR™

Given j € N, we define the function S; € % by

Si€)=1- Y (9.

J'Zj+1
In particular, we set ;(§) =0 for j < 0, then we have S;(§) =0, j < 0. We also observe
(2.1) supp @ Nsupppy =0 if |j — j'| > 2.

Given f € ./, we denote A;f = F 1o, Z f. For (s,p,r) € R x [1,00] x [1,00] and

then we define the inhomogeneous Besov space by

By, (R") = {f € 7+ | fllz;, = [2°18; 1y

ZTSOO}
J

with the usual interpretation for p = co or r = co. We will use the abbreviation B, , =
B, (R") for simplicity whenever there is no confusion arising.

With notations in the definition of Besov space in mind, we also denote
AL =T oj(n)Fuf, AV =F, 0i(6) P,
Ajf = A7"f = Z 00 (&M Fanf,  IVaflB;, Z 10, f 1155,

and

/1l 5

In our context, we assume that

w = 1A il 17133, = 12718511

prx

o (I£1ls;

pr;c

w) + 1 f1l5;

pru

) < s, ) < CollflBs, )+ 1flBs, )

with Cy > 1 is a generic constant based on the fact (see [14]) that

£l ,.w) ~ [ £l B

p’V‘I

w) + 1 fl Bs

prv

2.3. Known result on pseudo-differential operator and main theorem

The following pseudo-differential operator estimate will be used in the commutator esti-

mate involving the electronic term V¢ and the process of proving the main theorem.
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Lemma 2.1. [11] Define Af(x) = F a(z,-)F f](x) with a € ST Assume 1 < p,q <
o0, s € R, then
A: Byt (w) = By (w)

is bounded, where the symbol a(x,§) € STy means
|00 a(,€)] < Cap(1+ €)™

for any multi-index o« = (a1,...,ap) and = (B1,...,Bn). Additionally the weight w(x)
satisfies
w(z) 20, w(x+y) S w)- wy).

Now we are ready to state our main theorem.

Theorem 2.2. Suppose fo € B;vr(w), then there exists Ty > 0 such that the Cauchy prob-
lem of the Vlasov-Poisson system (L.1) admits a unique solution in L>([0,Tp), B, ,.(w))
satisfying the initial condition f(x,v,0) = fo(z,v), where

s>ﬁ—i-17 1<p<g, n>3, 1<r<oo
p

and ,
w = (v)7, 7-g>n, 14—%21.
p p p
Remark 2.3. Note that the space B%;Sﬁ.(]Rgv), 1 < r < oo which could not be embedded
into L°(RS ), due to the fact 2.04-2.9 < 6. Thus, we extend the results in the literature

to more generalized function spaces in some sense.

Remark 2.4. From the local existence aspect, with our careful comparison with classical
results in L™ or continuous function space, e.g., [6] due to C. Bardos and P. Degond, we

actually improve their results from the following aspects:

e C. Bardos and P. Degond imposed the pointwise condition like

€

0 < tino(x,0) < .
S veo(T:0) S AN T T ol

However, the polynomial decay in x variable is not needed at all in our proofs.

o B%:Sﬁn (R®) &4+ C(RY) which implies that our regularity index can be weaker than C?
(too strong) in [6].

e Our working space B, ,(R") has more flexibility than C(R™) or L*°(R") since the
interplay among the parameters (s, p,r,n), and implies that we can obtain the solu-

tions in more spaces.
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Remark 2.5. e Global existence of (1.1)) is an open challenging problem. But we have
a blowup criterion: if the life span T of the solution of VP system ([1.1)) is finite,
then

T
|1 ey = o

e One may notice that not all the kinetic equations are compatible with Besov space
structure, for example, it is still open whether Vlasov—Poisson-Fokker—Planck equa-
tion has solutions in Besov space up to now. Additionally, as far as we know, the
study especially for VP equation in fractional differential LP-Sobolev spaces is very
rare. The methods we applied in this paper are quite different from the case when

the differential index is an integer.

3. LP-L7 estimate

In this section, we are devoted to obtaining LP-L? estimates for the electronic term V,¢
since there is no L estimate such that [|[V.¢[ps, < ll9lB;, for the Poisson equation
—A¢ = g. The off-diagonal estimate is crucially important to obtain the commutator

estimate involving the electronic term V¢, see Corollary [£.4]

Lemma 3.1 (LP-L? estimates). If —A¢ = g, and suppose 1 < p < n/2 with 1/q =
1/p —1/n, it holds that

Vol Lamny S N9l e wn)-

Proof. Note that V,¢ = V(I3 * g) with Ir(z) = (nfg)gizm . Iw\" 5, therefore there holds

IVl Loy = Va2 * 9)l| Laemy S 1(Mg)' 2 - (o % [g))"? || Lagren
S Mg) 2| s gy - [[(T2 # |g1) " o2 )

1/2
SIMl e o gy - 112 %

‘g‘ HL‘]2/2(]R")
where we applied Proposition [6.1] and Hélder’s inequality with

1 1 1
—+—=- g>1
q1 q2 q

On the one hand, the boundedness of Hardy—Littlewood operator yields that

HMQHLq1/2 (R?) ~ HgHLfn/? R7) = = llgll e ®n)

since we require that ¢1/2 = p, i.e.,
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On the other hand, by Lemma [6.3 we have

[[12 * |9|||Lq2/2(Rn) N ||g||LP(R")7

where
2 1 2
q2 p n
1/2 1/2
Consequently, [ Vool o) < 1915 gn - 19110 = 9]l Logen. O

Remark 3.2. We summarize indices in Lemma [B.1] as follows:

1 1 1
-—=—4+—, ¢>11=12,
q q1 g2
z2_1 2 2 1
@ p n oq p
which implies that
1 1 1 2np
- = - T QI:2]9> q2 = .
qg p n n—2p

The following corollaries will be used in commutator estimates in Section 4, One may
observe that the LP-L? estimate does not result in the increase of the differential index
which is an advantage. As far as we know, this property was never used before in VP

equation but is quite powerful in the LP setting.

Corollary 3.3. With the same assumptions as in Lemma (3.1}, we have

IVadllBs, < llglss, -

Proof. Note that
ATV = VA9 = Vi (I2 x Afg).

Applying Lemma, with ¢ and g replaced by Af¢ and Afg separately, we have
1AVl e S [1ATgllLe-
Multiplying 27¢ and then taking the {" norm in terms of j, the corollary is immediate. [J

Corollary 3.4 (Weighted LP-L9 estimates). If g(x) = [, [ dv in Corollary then we

have
1

1
IVadlls, S IfllBs, . ) ¢ p n

Proof. Holder’s inequality leads to

Lo\ WP
<183 gy ([ 0 )

ATg| = \ [ asra
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Note that w = (v)Y and - p’/p > n, which implies that

, 1/p’
</ w_p/pdv) <ec.

(3.1) |AT gl S NATfll e -

Thus,

Taking an L% norm, then multiplying 2%, and finally taking an {" norm in terms of j on
both sides of (3.1]), we obtain

|27 AFgll e

l; S ’2JSHACJﬂfHL£,U(w) l;’

By Corollary we get the desired result. O

An L estimate in the following is also useful in the proof of existence of the solution
to (|1.1)).

Corollary 3.5. If —A¢ = fR" fdv, and s > n/p— 1, then we have

IVadlliw S 115, ()

Proof. Note By, — L* by Lemma with s > n/q and 1/g = 1/p — 1/n. The result
immediately follows from Corollaries [3.3] and O

4. Commutator estimates

Commutator estimates in Bessel potential space were studied in [20L22]. In this section,
we aim to prove a general commutator estimate in Besov space which plays a key role in
estimating the electronic term V,¢. Our main tools are Littlewood—Paley decomposition
and paradifferential calculus by J.-M. Bony splitting the commutator into several terms.

In our proofs, various delicate techniques are applied for different terms.

Proposition 4.1. Suppose s >n/p+1,1/p=1/qg+1/n, 1 <p, <o, 1 <r < oo and
f e B, (R"), g e Bs;1(R"), then we have

127°(1[A, Flgll £o ey

i S 190535 ey 113, -

Proof. We decompose f(x) = Sj—2f(z) + (f(z) — Sj—2f(x)) and then use Bony’s formula

[4,8] for the paraproduct of two functions:

fg=Trg+Tyf + R(f,9),
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where we set
Trg=Y) Si2fAjg, Tyf =) Sj208if, R(f.9)= Y AifAg,
jEN jEN li—j|<1
then we have
[Aj, flg=Aj(fg) — fAjg
= Aj(Tyf) = [Tr, Ajlg — Ta;o(f — Sj-2f)
— R(f — Sj—2f,Aj9) + AjR(f,9) — R(Sj—2f,Aj9)
=1—-1I-1II1 -1V +V -VI.

(4.1)

We estimate term by term of (4.1) individually as below.
Estimate of I. We start with estimating the first term I in (4.1). From the definition
of the paraproduct and the support condition (2.1]), we obtain

25\l pe = 2D (Ty f)lle < 27° D 18(Sjr—2g - Aj f)l| 1o
3'—il<3
SN NSp-ag- Ay fllie S2° Y 1Sy-agllin 1Az fllza,

7/ —31<3 15" —jl<3

where 1/n+1/q¢ =1/p.
Taking an {" norm on both sides of (4.2) yields

(4.2)

|25 (| 2o |, = [27° )| A5 (T f) || 1o S S llgllze 27°||Aji f| L
J
lj'—4|<3 i
< lgllze |27 1 A £l s S S lglliznllf sy, < gl g2l f1ss,,.

where we applied Lemma [6.4] with
1 1
s—1>n < — ) ,
p n

Remark 4.2. We give a comment on dealing with indices. Note that the upper bound is

ie, s>n/p.

HgHBs 1| fll B, instead of [|g[| oo || f[| 55, - This trick is very useful in our situation as shown
in Corollary . Indeed, we are going to take f as V,¢%, g as V, f¥*1 in Corollary .

Estimate of I1. More careful attention is needed to obtain the estimate of the second

term I7 in (4.1)). Roughly speaking, our technique is to rewrite
= -4y - Ay)_lg

and then transfer the derivative (f — Ay) to f. In what follows, we will show in detail

about dealing with the transfer.
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Note that

11 = [Tf,Aj}g = Z[Sj/_gf, Aj]Aj/g and [Sj’—2f7 Aj]Aj/g =0 if |j - ]/‘ > 4.

j'eN
Thus, we have
[Ty, Ajlg
= Z [Sj’72f7A]]A
l7'=71<3
Z 2]”/ 2] (x—y)) - (Sj—af(x) — Sj/fo(y))(ff_ Ay)(f_ Ay)_lgAj/gdy
5/ —31<3
Z 2J”/ (I = A W2 (x =) - (Sy—2f (@) — Sy—af ()] Ay [(T — Ay) 9] dy,
|7 —31<3

where I is an identity operator and h = .Z ~lo.
We also note that

(I =AY [ (@ =) - (Sy—2f (@) = Sjaf(y))]
= "2 (z —y)) - (Sj—2f(2) = Sy—2f(y))
— [(AR)(2 (z —y)) - 27 (Sj—2f (x) — Sy—2f ()]
—2-2(Vh)(2(z —y)) - V(Sj—af(x) = Sjr—2f(y))
—h(2(z —y)) - A(Sj—2f(z) = Sy—2f(y))
=1L +1,+ 115+ 11,
In order to get the estimate of 11, we need estimate those four terms in . In the
sequel, we are using the notation g = (I — A,)~!g for simplicity.

For 11, using the integral representation of the convolution, we have

2]5 Z 2jn/ IIl /gdy

'=jl<3 L)
S Z 299||S0_o f || e [ 27 h(27y) | 11 | Ao o
|7/ —4]<3 15
SN Sl S0 PN Al S leellRls ] S 2 Al
lj"—j1<3 i I —jl<3 i3

S fllz=lglisg, < 1 llzellgll g2

For I15, note that

1
Sjy_of(x) = Sy—af(y) = /0 (VSjaf )(x+71(y — ) (v —y)]dr.
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Thus,

s ) 23”/ IIy-Ajgdy

i —3l<3 BLr)
< 2%V Sy o fl Lo Z 9739392 / [(AR)(2 (z — )| - |z —yl - |A;g| dy
i’ —jl<3 15(LP)
S IVl Z 2759 "223/ [(AR(2))] - |2] - (A g)(x — 277 2)| dz
7 —41<3 15(LP)
SIVAIL=| Y 27 DN (A ) () || £ IV fllz=llglpssr S IV Fllzellgl g
lj'—il<3 i

where we applied changing variable z = 2/(x — y) in the third line, and used the lifting
property [26,29] in the last inequality above.

For 113, again using the integral representation of the convolution, we obtain

’2]8 > 2]”/ II3-Ajigdy

'—j1<3
S 233

lT(Lp)

3 QJ’sgjngj/ [(VR) (27 (z — )V Sj—afllree|Ajgldy

-/ . n
l7'—31<3

i (L7)

SIVAL= VA L

S A dy\
7/ —41<3 I

IVl IR Gl g S IV Fllzoe g

For 114, using the integral representation of the convolution one more time, we obtain

‘2]5 Z 2]n/ II4 /gdy

1—j|<3 15 (LP)
< o9 Z 250" / (2 (& — )| Ao f 10| D3] dy
'—jI<3 (L)

S A llzellpllzr

Y 20UAGl | SIAfl=lIglls;, S IAFllL<lglps-2-
l’!‘

' =3]<3 J

In summary, combining all the estimates from II; to II; with applications of embedding
results in Lemmas [6.4] and [6.5], we have for I,

(29|11 10

i S Flsg gl g

where s — 2 >n/q, i.e., s >n/p+ 1.
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Estimate of II1. We are in the position to estimate the third term I77 in (4.1). The
strategy is to balance the differential index s of f and g. We observe that, from the
definition of the paraproduct and the support condition ([2.1)),

Ta,g(f = Sjaf) = Sy—18ig- Ay(f = Sj-af)

j'eN
=) Sialjge Y AjAnf.
j'€N |5/ —m|<4

Again successively applying Holder’s inequality and Young’s inequality, we have
2| IL1|| 1o = 27°(| T q(f = Sj—2f)ll1e

<20 N 1S 185gllm 272 | Ay (f = Sj—af)l1e2
J'>j—4

(4.4) SPNAgl 3 D 2l A lu

J'2j—4lj'—m|<4

S 2 Agllin Y 22 Aj f | e
3'>0

S 24 Agglloon 1 e
P2,
where s; +s9 = s, 5, >0,i=1,2 and 1/p; + 1/ps = 1/p. We also require that
n n n n
s—1——>8——, s——>8——, q<ps.
p p1 q p2
Taking the [” norm on both sides of (4.4)) yields

|25 || 111 0

l; S HgHBS1

e 17 pes S gl i1,
Estimate of IV. We move on to the estimate of the fourth term IV in (4.1)). Again,

from the definition of the paraproduct and the support condition (2.1)), we obtain
2% 1V |e = 2°||R(f — Sj-2f, 8;9)l| v

> Ap(f = Sjaf) - AjuAg)

|j/—j//|§1

SN N (Anayf-ApAg)

7' =31<3 13" —3|<1 [m—j|<5

<2 S Andf - Apdsg)l

7' =313 15" =j|<1 m—j|<5

< XXX A Al P A Al

l7'=31<3 15" =j|<1 Im—3|<5

S 2 Ajgllin Y 2R A A f| e,
j’eN

— 9Js

Lp

— 9Js

Lp
(4.5)
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where s; +s2 =5, 5 >0,i=1,2and 1/p; +1/ps = 1/p, Holder’s inequality and Young’s
inequality were applied as well. Taking the [” norm on both sides of (4.5)) yields

2TV 1o

o S lallsg Mgz < llgllgg a1 flis,

Estimate of V. We now estimate the fifth term V in (4.1)). Note that

NR(Fg) =8> > Njjuf-Dyg= > Y ANj(Aj_jnf-Ajg).

J'eN <1 3'2j=513"1<1

From this and with Hélder’s inequality, we deduce that

25|Vl = 27|85 R(f, ) v

< 2] (s1+s2) Z Z A j/_j//f . Aj/g)
J'25=55"<1 L
4.6 j
(4.6) S Y YDA f - Ayl
J'23-5"1<1
S Y YT 2ol A g 1y 20T A f e,

J’ZJ 51571<1

where s1 +s9 = s, 8, > 0,4 = 1,2 and 1/p; + 1/p2 = 1/p. Taking the {" norm on both
sides of (4.6 and using Young’s inequality and embedding theorems [26] yields

27|V ]| »

15z, S lgllgzt £,

i S llgllss

P1:71 P2 T2

where 1/r1 +1/ro=1/r, s—1—n/p > s1 —n/pi, s—n/q> s2 —n/p2 and p < ¢ < pa.
Estimate of VI. Finally, we arrive at estimating the last term VI in (4.1). Since
R(Sj_2f,Ajg)
Z Aj/Sj_Qf . A]//A]g

i —3"1<1
— E <Aj/ Z Amf>.AjuAjg Z Z Z A (Apf) - Ajuljg,
7' —3"1<1 m<j—2 I3 =31<2 13" —3|<1 |m—35|<3
we have

22| VI||Le = 27°|| R(Sj-2f, Ajg)| L

DD X AyAnf) Al

7' —41<2 13" —j|<1 [m—j|<3

4.7 s
(4.7) <2 5 ST S A e 1A Aglles

7' =31<2 15" = |<1 Im—j|<3

S2Nugllm Y I1AmS e,

Im—j|<3

— 978

Lp
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where Holder’s inequality was applied with 1/p; + 1/p2 = 1/p. Taking the {" norm on
both sides of (4.7)), then using Holder’s inequality and Young’s inequality, we have

2V o

v S lgllsg, Mz, S lgll -1l f1lBs,.

where 1/r; + 1/ro = 1/r.

Collecting all the estimates from I to VI, the conclusion is immediate. O
Remark 4.3. To be convenient for the reader, we summarize indices in our proofs as follows:

s=581+52, §>0 1=12

n
§>s814+—+1,
D2

n
§> 8+ — —1,

yai

n
s>—+1,

p
1 1 1 1 1 1
-—=—-+—, —+ — = 1<q<p2) p<p1<nm,
p q n p1 P2 p
n > 3.

Indeed, for any given s, p and n in our working space B, ,(R") such that s > n/p + 1,
1 < p<nandn > 3, we can designate with § > 0 arbitrarily small such that we can take,

(n—2d)p _np

y 4= , p<nmn.
n—90—p n—op

s1=1, se=s—1, pr=n—9, p2=

Taking f as V0%, g as V,f¥T! with the LP norm replaced by the L% ,(w) norm in
Proposition [f.1], we have the following corollary. In this corollary, the LP-L? estimate plays

a fundamentally important role to control the electronic term V¢, i.e.,

k k
IVed®llBs, S 1M, (w)-
This is the main reason that we use g to balance the integral index.

Corollary 4.4. Let s, p, v be as in Proposition it holds that

‘QJSH [A;C7 vm(bk]vvfk-‘rl‘

K
L2, (w) |;r S kaHHB;,T(w)Hf B3, . (w)-
J

Proof. Note

27185 Vo Vo |

k k
SV gz oy 1926 s,

K K
SN By ) - 175 B3, )

where in the last line we applied Lemma [2.1] and Corollary O
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Now we move on to proving the commutator estimate about A}’. The trick bases on
a good observation [A";,U}szk“ = Z|j7j,|<3[A;-’,U]A;’/fok*l. It brings us an extra

decay factor 277 which is fundamentally important in estimating J5 shortly.

Proposition 4.5.

AS, 0V oy D 274NV -
j~7'1<3

Proof. Since

[AY, 0] AV, A = 27n /]R M@ (=) (=) (AF Ve () dy

= _ /Rn h(z) - (2792) - (AU (v —2772)dz (2 =2 (v —y)),
and w(v) = (v)?, we have

H[Av ]Av/v karlHLp

w(w)

S [ Gl @1z (/ (apv xfk“)(v—Q_jZ)!”(Ude)l/p d

s [ @@k

1/
< [ e 2frz|( A;cvxf’f*l)@)\wmzjzwda) " e
SRR dz) NI A

Consequently,

A5, oAV oy S D 277 AWV 1)

li—J4'1<3

, 1/p
ALV Y @) PO+ 277 2)7 d5> dz

which implies the proposition. O

5. Proof of the main theorem

5.1. Existence

With the above powerful commutator estimates, we are ready to prove the main the-
orem. In this part, we adopt the LP-version energy method in Besov space and the
iteration method to prove the existence of the solution to (| . Note our working space is
1 B3, @) ~ I fllBs, .y T fll B, (). This observation enables us to estimate || f||5; | . (w)
and || f|| s, (w) individually. In fact to the best of our knowledge, it is unknown whether
there is an ;effectlve way to deal with [Af Y V0¥V, 1 since V,¢ does not depend on

v, while A]I-’” depends on both x and v.
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Proof of existence. We consider the following iterating sequence for solving the VP sys-

tem ,
(5.1) OfFtt v - Vot 4 Vo ob - v, Al =0
—A¢h = [ ffdv,  fH0,2,0) = fo(a, ).
R’n

Step 1: Applying A7 to (5.1) we have
(5.2) QAT v Vo AT FEH L AT V0|V, f2H + Vaeh - VAT R = 0,

Multiplying ]A;‘f’““ ]p*Q(Affk“)w on both sides of (5.2), and then integrating over R” x
R} yields

DVATI )+ (o VAT AT A P )
Ji
(53) + (A5, Vad IV AT PR AT £ )
J2
+ <vz¢k . VvAffk“, ‘A;gfk+1‘p—2(A3¢fk+l)w> —0.
J3

We now estimate ([5.3)) term by term. For Jj, we have
(5.4) Ji = / v - Vm]A;”fk‘H]pw dxdv = 0.
R2n
For Ja, we get
. A o .
(5-5) 2j8p<]2 5 2]8” [Af, V:chbk]vvfk—i_lHng(w) ' 2]5(]0 l)HAj‘jfk—’_lHig,u(w)-
For Js, note that |V,w| < w, integration by parts yields

6.0 BE [ V0T A Pwdedy S [V e AT

Multiplying 277 on both sides of (5.3)), plugging (5.4), (5.5]) and (5.6)), and then integrating
with respect to t, we have

(5.7)

t
2| AT 1y < 2JS||Aff0HLg’U(w)+C</O IVo0® |l Loe - 2| A% F* 5 | 12y AT

x,v

t .
+ / 2°|[1AF, Vad Va1 ) dT>,
0 ,
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where we used an elementary fact that
d z rk+1| P z pk+1)p—1 d z pk+1
SNATFERE, =PI S IAT R

Taking an /7 norm on both sides of (5.7)), we have

ka+1HB )dT

t
ey < ol o +c</ 1435w - 175
0

D, 7"u
¥ /0 145y 15 35 ) dT).

Step 2: Applying AJ to (5.1) we have

(5.8)

(59) 8Avfk+1_’_v \V4 A'Ukarl [A ] sz+1_’_v ¢k \V4 Avfk+1_0

Multiplying \A;’f’““ ]p*Q(A;-’ka)w on both sides of (5.9)), and then integrating over R” x
R} yields

;ZH vfk+1”Lp W (w) <v . VzAgfk-&-l’ ‘A;gfk+1|P—2(A§fk+1)w>
Ja
(5.10) + (A7 oV /M AT (AT T w)
Js
+ (Vad - VAL AT P AY ) =0,
Je

We now estimate ([5.10) term by term. For Jy, it is easy to see
(5.11) Jy = /2nv-Vm\A§fk+1|pwdxdv:O.
For J5, we obtain

1 1
T SNAG oV gy A5 I g+ =1

Now the commutator estimate comes into play, by Proposition we have

P J5 S22 N ALV |y 1ASFE T
1<t

< Y0 E AL (VLAY

% (W)
li—35'1<1

w(w)

(5.12) | )
. 2Js(p71)|m;afk+1”1zgi(w

For Jg, note that |V,w| < w, integration by parts yields

(5.13) J@S/ V2t |- | AT F* 1 Pw dado S ([Vad® o< |AT I, |-
R2n
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Multiplying 275? on both sides of (5.10), plugging (5.11)), (5.12)) and (5.13)) into (5.10]),
then integrating with respect to ¢, we have

(5.14)

207 ey < 2780185 foll 22 ) +C</ IVa®poe - 2| AT p ) dT

/ > 2| AY (v dT>

li—3"1<1

where we applied the following fact

R P XY et IN T [P
Taking an /; norm on both sides of (5.14), we have

(5.15)

175 M Bs ) < Lol

prv

t
o / ||f’fr|B;,T,m(w 175 o+ [ 17 )
Combining ([5.8]) and ([5.15)), we deduce that

t
15 O sy < Cal foll s,y + C /0 L+ 15, ) - 175 s,y

Let us take
Cq

Ty =
1+ 2G5 foll B, (w)

1
Inductively, we assume

sup || f*(0)llss, w) < 2G5l foll 3., (w);
0<t<Ty

then it follows that

k+1 2
su t s <C foll Bs
O<t<p . Hf ( )HBP’T(w) 0 H ||Bp’r(w)

+CTo (14268 follsg ) 510 I 0 o

ie.,

(1-CTo(1+ 2CO||f0||Bé,

’r

w))) S 1A Ol w) < Coll foll B, (w)

<t<Tp

Note 5
]. - CTQ(l + 200||f0”Bs r(w ) Z 17
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we have

sup Hle(t)HB;,T(w) < 2C3 | foll s, (w)-
0<1<Ty

This implies that

sup sup (175 (0) 15y < 2C20 foll s
k 0<t<T,

i.e., we get a uniform-in-k estimate. As a routine, let k& — oo, we obtain the solution and

completes the proof of existence. O

5.2. Uniqueness

We are in the position to prove the uniqueness of the solution to (1.1]). The proof of the
uniqueness is quite analogous to the existence. But this time, we are working in B;;l(w)

other than in By, (w) space. Indeed, if we worked in B, (w) space, we could not control

27| ATV g

/ .
Lgo(w) 1l

Proof of uniqueness. Assume another solution g exists and satisfies the condition

”g”L‘X’([O,To),Bg (w)) < 00, taking the difference between f and g, we have
(5.16) O+ Vi + Vabs - V)(f = 9) + (Vaihy — Vady) - Vg = 0,
Aoy =60) = [ (T=g)de, f0.2.0) = g(0.3,0).
Step 1: Applying AY to (5.16), we have

HAT(f —g) +v- Vo AL (f — g) + [AT, Voo fIVu(f — g) + Vady - VoAT(f — g)
+ [Af’ v$(¢f - ¢g)]vvg + V:r(¢f - ng) : Afvvg =0.

Multiplying [Af(f —g) |p_2(A§(f —g))w on both sides of (5.17), and then integrating over
R” x R” yields

(5.17)

LS~ 0l 0+ {0 VDI — ) IS — P (AT — g

Jr
+ ([AF, Vs Vo(f = 9), [A5(f = )P 2(AF (S — 9))w)
Js
sy (Ve VAT 0 IAT( — )P AL - g))w)
Jo
+ ([AF, Va(dy — 9)IVug, [AT(f = 9P (AT (f — g))w)
J1o

+ (Val(dr = 0g) - AFVug, [AF(f = 9)P2(AF(f — g))w) = 0.

Jin
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We could repeat estimates in the proof of existence except for some special terms. Thus
we would like to write down estimates directly without the details.

Obviously, J; = 0. For Jg and Jyg, which are similar to the estimate of Jo, we have

20000 Jg < 29D AL, Vo gIVol(f = Dz, gy - 2 VCVNALS = )15 o,

and

29610 11y < DAL, V(b5 — 60)]Vugllzz, ) - 2OV - )55

T,v w)'

For Jy, which is similar to the estimate of J3, with Corollary [3.5| we have
PRIy S POV Vadp|l e |AT(F — 9)IIE
S lss, @27 PIAT(f — 9)

p’ra‘

HLP o(w)”

For Jy1, by Corollary we obtain

P SV gl 1 Va2 VNG

w(w)
SIS =9lpst i 2 V1AV eglin w2 VEVIATS ~ 9T,

where s > n/p.

Note that
d X X X
LIS~y = PIATT = DI ) S AT(S — )t

Multiplying 27(*=1P on both sides of (5.18)), plugging all the estimates from .J; to Ji1, and

then integrating with respect to t, we have

. t .
2J(S_1>HA;‘C(J£_g)HLg,v(w) S/O 2](5_1)“[A;C,Vx¢f}vv(f—g)Hng(w) dr

t
n / 9 (s—1) H ,Vm(ﬁbf — d)g)]VUgHL’gZ o (w) dr
(5.19) |

/ 115, 2V IALE = )l 7

/ 1 = gllgst O NAIV gl o -

Applying the commutator estimate Proposition and taking the 7 norm on both sides

of (5.19), we have

If— g”Bngz
a0y 5 [ Wlmold = ol + [ 16 =9l ollslagor oy dr

/ 1F115;, -y I = 9l gy A + / 1 = gllgss a9l . o -
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Step 2: Applying A? to (5.16)), we have
QAG(f —g) +v-VaAj(f —g) + [AF,v]Va(f — g)
+ Vm¢f : A;} v(f - g) + Vm((ﬁf - ¢g) : VvAjg =0.
Multiplying [AY(f — g)|p_2(A;?(f —g))w on both sides of (5.21]), and then integrating over
R? x R? yields

1d
— AT =9y + (v VAT — 9), IAT(f = DIP2(AF(f — 9))w)

(5.21)

J12
+ ([AF, 0]V (f = 9), [AT(f = )P 2D (f = 9))w)
(5.22) 13
+ (Vady - AV (f = 9), A (f = 92 (A(f — 9))w)
J14
+ (Va(dg — ¢g) - VolAig, [AT(f = 9)P2(AY(f - 9))w) = 0.
Jis

We estimate ([5.22]) term by term. Obviously, Jij2 = 0. For Ji3, which is similar to the

estimate of J5, we have

PO Pns S Y P CPNALVS — 9l w) - ZCTVEVNATL,
li—5'1<1
For Jy4, which is similar to the estimate of Jg, we have

2T S g, 2 I = 9

where s > n/p.

For Ji5, we have
Qj(s—l)PJ15
S = 9llsat - 2 TNAN gl p - 2CTIOTVAY(S — g)

172y 5>
p

Note that
d v v v
LIS~y 0y = PIAS — )5 ) TIANS = 0Dl o

Multiplying 27¢=D? on both sides of (5.22), plugging all the estimates from Jio to Jis
into (5.22)), and integrating with respect to t, we have

DAY = 9z, w) ~/ Y YCINALYLS ~ 9)lip, ) T

l7—3'1<1

(5.23) / 11551y 2NN ~ D2z o

/ 1F = 9l ) 2V I AI gl g
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Taking the /7 norm on both sides of (5.23), we have

1 = ol gt o /nv (F =920 d¢+/\|f||35m<w 1 = 9l sy 47

prv prv

(5.24)
/ 1 = 951 o lgll s,y -

Note HfHB;;l HfHBSTZ(w + HfHB;;h(w)’ and f(07$7v) = 9(071.77))' Combining "
and (5.24)), we have

t
1 = ala5 ) S CUons) [ 107 =) gyt

By Gronwall’s inequality, we have ||f — g|| BT (w) = 0 implying f = g, which completes
the proof of uniqueness part. Thus we end the proof of Theorem O

6. Appendix

In this appendix, we cite some classical results for Riesz potential [1,28] and some embed-
ding results as well. They are very important in deriving LP-L9 estimates and commutator

estimates, see Sections [3| and [4] separately.

6.1. Pointwise estimate of Riesz potential

We first give the pointwise estimate of Riesz potential, for more details, see [1].

Proposition 6.1. [1] For any multi-index £ with || < a < n, there is a constant A such

that for any f € LP(R™), 1 < p < 00, and almost every x, we have

DS (L # f(2))] < AM f(2)EV/ . (I, % | f|(z)) e

[((n—a)/2)

— Yo = ————
where Ia = Tarer Ya = ﬂn/220¢F(a/2) :

Remark 6.2. In our paper, we consider —A¢ = fR" fdv=:¢g,n > 3. Thus, in our context,

I, can be taken

1 1
I = . ie. =2
Q(x) (’I’L _ Q)anl |x|n,27 Le., « )

where wy,_1 = 13?://22) is the (n — 1)-dimensional area of the unit sphere in R™, then we

have
IDS(Iy % g(z))] < eMg(z)61/2 . (I * |g| (z))~161/2,

Next we present the boundedness of Riesz potential operator.
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Lemma 6.3. 28] If —A¢ =g € LP(R™), then ¢ = I3 * g and

112 * gl Lamny < cllgllze@n),

where 1 < p <n/2, c=c(p,q) and

6.2. Embedding theorem

The following embedding results were applied in commutator estimates, see Section[d For

completeness, we give their proofs.

Lemma 6.4. Let s € R, 1 < p1,p,r < oo and p < p1, n(1/p —1/p1) < s. We have the
following embedding result
By, < LP'.

Proof.

[fllze =

> Af DTN DT A <D D) 1AA flle

jEN JEN  |j—j'|<1 LPL jeN|j—j<1

<Y > IF T epllallAifllee = Y 2P0 A f | 1

Lr1

jEN |j—j|<1 jEN [j—j|<1
© 1/r
S !{aj}hr'(ZW”HAMH’LP) S flis;,
=0

where we applied Young’s inequality with 1/p+ 1/p = 1/p1 + 1, and Holder’s inequality
with 1/7' +1/r = 1. In addition,
aj = Z 94'n(1/p=1/p1)9—js ]
l7i—3"1<1

Lemma 6.5. [31] Let 1 < g < 00, 1 <r < oo and s > n/q. We have the embedding

result
By, — L.
Proof.
£l = 1D A <D NAflle <2 A f Lo
jEN Lee jeN jEN
= 209 A fll e <Y 2T flle < Ifllsg,
jEN jEN

where we applied the assumption n/q — s < 0, and the fact that By, — Bj « in the last
line. O]
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