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Uniform Stabilization for a Semilinear Wave Equation with Variable

Coefficients and Nonlinear Boundary Conditions

El-Hadi Kamel*, Abdelhamid Ainouz and Ammar Khemmoud]

Abstract. The uniform stabilization of a semilinear wave equation with variable coef-
ficients and nonlinear boundary conditions is considered. The uniform decay rate is
established by the Riemannian geometry method.

1. Introduction

Let © be an open bounded domain in R” with a smooth boundary I'. We assume that

I' = Ty UTy, where I'g and I'; are closed subsets of I" with T'o NI’y = (. Moreover, we

assume meas(I';) # 0, where meas denotes the (n — 1)-dimensional Hausdorff measure.
Consider the following problem

¢

u" + Au+ fi(u,z) =0 in Q x (0, +00),
(1.1) u(z,t) =0 on Iy x (0, +00),

(. t) = = fo(u, @) — ez(x)u’ on Ty x (0,+00),
where

Au = —div(A(x)Vu), z=[z1,...,24),

A = (ai;) is a matrix function, a;; = aj; are C*° functions in R", v is the unit normal of

I" pointing toward the exterior of 2 and v4 = Av.
Assumptions.
(A1) We suppose that the second-order differential operator .4 satisfies the uniform ellip-

ticity condition

D aij()&g >N & €N 0£E=(6.&,...,&) €R"
i,7=1

1,j=1
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(A2)

(A3)

(A4)
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for some constant A > 0 and assume further that

n

(1.2) > ai(2)&8 >0, TR 0£E=(4,6,...,&) €R™

i,j=1
We assume
(1.3) c3(z) € L™(Ty), c3(x) >co>0 ae inTy.
Let fi: R x 2 — R be a continuous function in R x 2 and differentiable in its first

variable such that

0
At < 1), G| < a1 ana A =0,
where 5
c1>0, 0<p<oo ifn=2 and 0<p<n_2 if n > 3.
We also assume that
(1.5) Im > 0: (1 +m)Fi(u,y) < filu,y)u,
where

Fi(z,y) = /OZ fi(s,y) ds.

Let fo: R x  — R be a continuous function in R x Q and differentiable in its first

variable such that
[ fo(u, y)| < ca(ful" + [ul+1) and  f2(0,y) =0,

where ¢3 > 0,3/2<¢<occifn=2and 3/2<qg< (2n—3)/(n—2)if n > 3. We

also assume that

(1.7) dng > 0: (14 n2)Fa(u,y) < fo(u,y)u,
where

Fy(z.y) = /0 " alsy) ds.

The problems of control and stabilization of the wave equations have been studied

by several authors when A = I. For the internal stabilization, Y. You proved in [28],

the energy decay and the exact controllability for the Petrovsky equation with linear
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and nonlinear damping. See also [6], where the author studied the decay estimate of
the wave equation with a local degenerate linear dissipation in a bounded domain. For
the case of nonlinear damping, we have also numerous writing, as [13] of I. Lasiecka and
D. Toundykov, the authors proved the energy decay rates for the semilinear wave equation
with nonlinear localized damping and source terms, or S. Berrimi and S. A. Messaoudi
in [1] about the exponential Decay of solutions to a viscoelastic equation with nonlinear
localized damping.

Regarding the boundary stabilization, when the boundary conditions are linear, we
may mention among the achieved results, the works [9,25]. When the boundary conditions
are nonlinear, many results have also been obtained, see for instance [7,|10H12}29].

Concerning the wave equations with memory term, the stabilization and exponential
decay were studied by many writers for viscoelastic wave equations, see for instance [1.[2}
4.|8,21].

As regards the controllability and stabilization of the wave equations with variable
coefficients by using the Riemannian geometry method, this method is introduced by P.-
F. Yao in [27], the author established the observability inequality for exact controllability
of wave equations with variable coefficients by the Riemannian geometry method under
some geometric conditions for the Dirichlet problem and for the Neumann problem and
presented a number of nontrivial examples to verify the observability inequality. Then,
many authors followed the study of stabilization using the Riemannian geometry method
for more generalized cases, see for instance [2,3./5/16,17./19,20].

Our main goal is to prove the uniform stabilization for a semilinear wave equation with
variable coefficients and nonlinear boundary conditions fa(u,x), by considering a boundary
feedback c3(x)u/, i.e., we establish under Assumptions (A1)—(A4) that the energy associ-
ated to problem is convergent exponentially to 0 when ¢ — oo (see Theorem .
To do this, we combine the Riemannian geometry method, developed by P.-F. Yao [27]
and the method developed by I. Lasiecka in [11] and then by I. Lasiecka and D. Tataru
in [12], and we finally complete the proof of Theorem by using the semi group theory.

This paper is organized as follows: In Section [2, we present the definitions and no-
tations on Riemannian geometry. We state the main result in Section [3| and prove it in
Section Ml

2. Notations on Riemannian geometry
All definitions and notations are standard and classical in literature, see [26[27]. Define
G(.%') = [A(x)]_l = (glj(x))’ hj=1,...,n, x € R™.

For each z € R", we define the inner product and the norm on the tangent space
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n _ pn
R” = R" by

n

0
XY E ; X —XX1/2 E(yl Y——E i —
( = 191] azﬁ]a ‘ |g ( ) 0z, Z B oz,

It is easily checked from ([1.2]) that (R™, g) is a Riemannian manifold with the Riemannian
metric g.
Denote by Vo f and divp(X) the gradient of f and the divergence of X in the Euclidean

metric, respectively, where

Oai(x

2.1
(2.1) Vof = Z oz, 83;1 and  divg(X Z 83:1
Define the gradient V,f of f in the Riemannian metric g, via the Riesz representation
theorem, by
(22) X(f) = <v9f7X>97 f € 01(6)7

where X is a vector field on the manifold (R", g). The next lemma (see [27, Lemma 2.1])

will be used to prove many results in this paper.

Lemma 2.1. Let X = [x1,...,2,] be the natural coordinate system in R™. Let f,h €
CY(Q). Finally, let H, X be vector fields. Then, with reference to the above notation, we

have

(2.3) (H(z),A(z)X (x))y = H(z) - X(z), x€R",
(2.4) Vof Z Zaw = A(x)Vof, xeR"
=1 \j=1

FX =506 then by @) and @),
0
X(f) = (Vyf. X)y = {A@)Vof X)y = Vof - X = Y600
i=1 !

by (2:2)-(24).

(Vgf,Vgh)g =Vyf(h) = (A(z)Vof,Vgh),

(2.5)
= Vof - Vgh = VofA(x)Voh, x€R"

If H is a vector field on (R™, g),

(Vo V(H(F)))g = DH(Vyf, ¥y f)g + 5 divol| Vo 2H) 2)

(2.6) 1
— 5 (IVafl5(@)(divo H)(x), xR,
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where DH s the covariant differential. By (1.1)), (2.1) and (2.4)),
A=— i 9 ial(:ﬁ)% = —divg(A(x)Vou) = —divg(Vu), ue C*Q).
im1 (9:6‘2 = J (%'j 9=n
Let H be a vector field on (R", g). The covariant differential DH of H determines a
bilinear form on R? x R?, for each x € R", defined by
DH(Y,X)=(DxH,Y),, VX,Y eR},

where D and Dx H are the Levi-Civita connection in the Riemannian metric g and the
covariant derivative of H with respect to X respectively.
In order to obtain the uniform stabilization of problem (|1.1]), we need the following

assumption.
(A5) There exists a vector field H on the Riemannian manifold (R", g) such that
(2.7) DH(X,X)>bX[2, VXER}, z€Q

)
for some b > 0. We also assume that H satisfies
<0 ifx € [y,

>6>0 ifzely

H-v

for some positive J.

Remark 2.2. The existence of a vector field satisfying Assumption (A5) has been proven

in |27], where some examples are given. In particular, for A = I, we can take H = = — z.

Figure represents an example of a domain (2 satisfying the above conditions.

I’

Figure 2.1

Let H be a vector field on R” and f € C1(Q2). Then, from [27], we have the formula

for divergence in the Euclidean metric
(2.8) divo(fH) = f divo(H) + H(f)

and

(2.9) /Qdivo(H) d:c:/FH-Vdo.
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3. Main result
In the sequel, we denote @ = Qx]0,T[, ¥ = T'x]0,T[, ¥; = I';x]0,T[, i = 0,1 and
HuHip(Q) = [quPdx for 1 < p < co. Set
Hi, (@) = {u € H'(Q);u), =0},
and consider the Hilbert space
H = Hp (Q) x L*(Q)

equipped with the inner product

(U,V}H:/<Vgu1,ng1)gdx+/u2v2 dz,
Q Q

where U = (44), V = (}).
Multiplying the first equation in problem (1.1)) by «’ and using Green’s formula, we
obtain

d (1 1
sy il by Ve [ Andes
e —63(x>”ul‘|%2(1—11) = El(t)

Then the energy F is defined by

Fy(u,x) da}
It

1
E(t) = 2{Hu/H%{Z(Q)—|—/Q]Vgu\§d:):da}—i—/QFl(u,x) dx + g Fy(u, ) dx.
1

Integrating (3.1]) over (0,¢), we have
t
(3.2) E(t) - B(0) = _C3($)/0 |2y ds <0, ¥ >0,

Therefore, the energy is a decreasing function of time.

Theorem 3.1. Under Assumptions (A1)—(A4), we suppose that fi(u,z) and fao(u,z) are
Lipschitz continuous on u. Then, for each initial data (u®,u') € H, problem (L.1)) has a

unique solution u such that
(u, ') € C(0,T; Hy, (2)) x C(0,T; L*(92)).
Theorem [3.1) can be proven by using Faedo Galerkin method (cf. J. L. Lions [18]). Our

stability result is as follows.

Theorem 3.2. Assume that Assumptions (Al)—(A4) are fulfilled. Let u be the solution
of problem (1.1)). Let H be a vector field on (R™,g) satisfying Assumption (A5). Then,

for every constant M > 1, there exists a constant w > 0 such that

E(t) < Me ™ E(0), VYt>O0.
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4. Proof of main result

In this section we will prove Theorem by several steps, to do this, we need to state

some results.
Lemma 4.1. |27, Proposition 2.1, Part 1] Let u be a solution of the following problem
(4.1) " + Au+ fi(u,z) =0 in Q x (0, +00).

Let H be a vector field in Q. Then

//81/,4 w) dodt + = //yu|2 \Voul2)H - vdodt
(4.2) / o' H(u)|y + / /Q DH(V yu, V yu) dzdt
/ / — |Vgul?) divo H dzdt + /0 ' /Q fi(u, ) H (u) dadt.

Proof. We multiply (4.2) by H(u) and integrate in 2, we obtain
/ v H(u) dx +/ AuH (u) dx —i—/ f1(u,z)H(u) dzx = 0.
Q Q Q

Using Green’s formula and Lemma [2.1] parts (2.4), (2.5) and (2.6]), we obtain

/AuH d:c_/ Zaw 0 9 fwyde— [ 2% B do

XT; T 12
ig=1 a]z FaA

ou
/ Vou(H(u))dx — %H(u) do

(4.3) = /Q (Vgu, Vg(H(u)))g dz — a—H(u)dU

/ /DHVuVu)da:dt+ / /\V u|gH vdodt

~ [ O g do—2/ /|vgu|§divo(H) dxdt.
0 Q

r Ova
On the other hand, integrating by parts and taking into account ([2.8)), we deduce

/u”H(u) dx:/ ’0 dw—// " dtdx
Q
(v, H(u ‘de—// H((u')?) dadt

u , H(u ‘0 dr + = / / le[) ) dxdt

—/ / H vdodt.

Equations (4.4) and (4.3)), together with (4.1), yield (4.2). O

(4.4)
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Lemma 4.2. Let u be a solution of the problem (1.1)) and P € C?(Q). Then

T
/ / P(|lu|* - |Vgu|2) dxdt
(4.5) (v, uP)| / / u? AP dxdt + ~ / / U’V P - vdodt
Iy
/ fa(u, z)uP dodt — / / x)u'uP dodt +/ / fi(u, z)uP dzdt.
Fl 1—‘1

Proof. [27, Proposition 2.1, Part 2] From Lemma [2.1] we have

o0x;
i=1 "

(4.6) AP ==Y 0 > aij(x)gx]j = divo(A(2)VoP).
j=1

From and formula , we obtain
(Vgu, Vg(Pu))g(x) = P|Vgu|3(m) +u(Vgu, VyP)gy(z)
(4.7) = PIVguf} + 5V, P(?)
= P|Vqul2 + %divo(tﬁng) + %uQ.AP.

It follows from , (2.9), (4.7) and Green’s formula that

T

(W, uP)‘g = / [(ug, uP) + (v, u'P)] dt
0
T
:/ [(—A — fi(u,z),uP) + (o ' P)] dt
/ / Vu, Vg(uP))y — fi(u, z)uP + |u/|*P] dzdt
(4.8) —/ fo(u, :U)uPdale—/ / cs(z)u'uP dodt
I Iy

/ /P W2 — |V gul )dxdt—/ fo(u, z)uP dodt
I8

— / / w? AP dxdt — / / u2V9P -vdodt
I

/ / filu,x udedt—i—/ / x)u'uP dodt.
I

Equation (4.5)) follows from (4.8). O

First, we deal with the value of \Vgu@ and H (u) on the boundary I' (see [15[27]). For

x € T, the vector V u has the decomposition into a direct sum in (R}, g) as

(4.9) Vou(z) = <Vgu(x), ”A(x)> valz) \J

walg /4 valg
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where Vgu is the tangential gradient. It follows from (4.9)) that

2 2 2
|Vguly = Vgu(u) = mww(x% va(x))g + [Vgrulg

1 ou \? 9
= |VA‘§ <61/A> + |Vg‘ru|g.

(4.10)

Similarly, H can be written as

() = (g 1)y = O () 49y ),

Now, substituting P = %divo H in (4.5)), we obtain

/ /leoH (Ju'|* - |V, u| ) dzdt

2(u uleoH / /u Adivg H dzxdt
(4.11)

1
/ / u V divg H - vdodt + = / fo(u, x)udivg H dodt
F1 2 0 1—‘1

—/ /03 Yu'u divg H dodt + = //fluxudlvodedt
Iy

Combining (4.11]) with Lemma we infer

1 (7
/ / (|u'|2—|Vgu]Z)H-1/dadt
2Jo Jr,
1
/uH ‘0 2(u udlvoH / /f1 u,x)H (u) dzdt
/ /f1 u, z)udivg H dxdt + — / /u Adivy H dxdt

(4.12)
/ / u?V, divo H - Vdadt—l—/ fo(u,z)H (u) dodt
Iy 0o Jry

1 (7
+ = / fo(u, x)udivg H dodt — / / Yu'H (u) dodt
Fl 1—‘1

- = / / Yu'udivg H dodt + / / DH(V4u,V  u) dxdt.
I'1 0 Q

Now, we estimate the terms of the right-hand side of (4.12]), by Cauchy—Schwarz inequality,

we have

(4.13) /Qu’H(u)\ng;(u udwOH)\ < C[E(0) + E(T)]
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and

1 [T 1 [T
‘/ /uzAdiVOdedH/ / u?V,divg H - vdodt
4Jo Ja 4 Jo Jr,
T T
SC’/ /quxdt—i-C’/ / u? dodt,
0 Q 0 Iy

where C' will denote various positive constant which may be different at different occur-

(4.14)

rences.

Using Cauchy—Schwartz inequality and Assumption (A4), we have

3(z)u' H (u) dadt’
o Jr
(4.15) " .
SC[ / 03(:6)]Vgu|3dadt+/ / 03(:n)]u'|2dadt],
0 Fl 0 Fl
e .
/ / cs(x)u'udivg H dodt
(4.16) h
<C [/ / |u|2d0dt+/ / x) |/ |2dadt]
I
/ fo(u,z)H ()dadt‘
(4.17) o .
ch / \vgu|§dadt+/ /(|u!2(q1)+|u12+1)dadt}
0 I 0 Iy
and

T T
(4.18) ’;/0 : fg(u,x)udivoHdadt‘ gc[/o /F(|u2(q_1)+|u]2+1)dadt].
1 1

Using Cauchy-Schwartz inequality, the inequality ab < ea? + 4—151)2, a,b,e > 0 and

Assumption (A3), we infer

1(u,z)H da:dt‘
(4.19) .,
—5/ /Vg“@dﬂdeZ./ /(|U|2(p+1)+|U|2+1)dxdt
0 JQ o Ja

and

1 T

'2/ /f1<u7x)udiV0Hdﬂ?dt’
(4.20) 0 JQ

T C T
§.€/ /vgu|§dxdt+/ /(|u!2(p+1)+|u|2+1)dazdt
0o Ja de Jo Ja
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for any e. Inserting (4.13)—(4.19) and (4.20) into (4.12), by (2.7]), using the fact that

H-v>0onT7 and u =0 on I'g, we deduce

)
T
b/ /|Vgu\§dxdt
o Ja

T T
/ / 25|Vgu\§ dxdt + / / {ea(@)u' 2 + [es(@) + 1]|Vgu|§} dodt + E(0) + E(T)
0o Ja 0o Jry

(4.21

<C

+C

T T
/ / {|u|2(p+1) + [es(z) + |ul® + 1} dadt + / / {|ul> + uf?@=D) 4 1} dodt
o Ja 0o Jr

From [14, Lemma 7.2], we have

)
T—1
/ /F|VgTu|§dodt
T
ou
<ol [ ]
’Z’p[ 0o Jry Ov

where 7,/ > 0 are arbitrarily small and p is as in the hypothesis. Applying (4.21) with
(0,T) replaced by (7,T — 7), taking into account the decomposition in (4.10) and using
the regularity result in (4.22)), we obtain

T—1
b/ / |V gul? dadt
T Q

T
<C [/ {[c3(z) + e3(z) + 1][u/|*} dodt + E(0) + E(T) + R(u) |,
0 I'

(4.22

2 T
+ |u'|2} dodt + CTHUHLQ(O’T;Hl/zM(Q)) + / / | f1 (u, $)|2 dxdt:l ,
0 Q

where

T
R(u)—/ /{]uQ(p+1)+|u]2+1}dxdt
0 Q

T
+/ / {|u’2 + ’u‘Q(Q*l) + 1} dodt + |’uHL2(07T;H1/2+e(Q)).
0 I

On the other hand, for a fixed T,

T T
b{/ / |vgu\§dxdt+/ / yvgu@dmt} < 2b7E(0).
0 Q T—7JQ

(4.23) b/OT/vagu@da:dtg C [/OT /F1 c(x)|v/'|? dodt + E(0) + B(T) + R(u)| ,

Hence

where ¢(x) is a positive function defined by

(4.24) c(x) = A(x) + e3(z) + 1.
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Choose P = %b, where b is a positive constant given in (2.7). By Lemma we have

1 g N2 2
b ([w']* = |Vguly) dzdt
2 Jo Ja

—lb(’ )\T+1b/T/f( Yu dadt
= 5b(u u) 20 ) Qlu,xux

(4.25) .

T 1 T

+ b/ fo(u, x)udodt + b/ / cs(z)u'u dodt

2 Jo Jr, 2 Jo Jr,

T
< c{/ / ey(@)u' 2 dodt + E(0) + E(T) —i—R(u)}.
o Jr
Combining (4.12))—(4.25)), we obtain
T T
(4.26) / E(t)dt < C { / / o(@)|/|? dodt + E(0) + E(T) + R(u)} .
0 o Jry
We now estimate R(u) in terms of

T T
/ /|u|2dxdt+/ lu? dodt + E(0).
0 Q 0 Iy

Proposition 4.3. For every solution u of (1.1) and time T large enough, the following

estimate holds true,

@27) R <CT(E(O)){/OT/Q]uFdxdtJr/oT/Fl |uy2dadt+E(0)},

where the constant Cp(E(0)) remains bounded for bounded values of E(0).

Proof. Recall that
T

R(u) —/ / {ul*P*D 4 juf? + 1} dadt
0 Q

T
T / / {Jul? + 207D 4+ 1} dodt + [[ull 2o zerm1/240(60)-
0 Iy

Noting that H%O (Q) c L*P*tD(Q) and using hypothesis (1.4)), (1.6]), we obtain

(4.28)

T T
(4.29) / / w2 dzdt < C / / |V gul? dzdt < CTE(0).
0 Q 0 Q

By the trace theorem and Assumption (A4), we have H'(Q) ¢ L2@~1(I'}), therefore

T
/ / {ul? + [u26DY dodt
0 Iy

T T
(4.30) < c/ |u\2dadt+(§’/ /{|u!2+ Vgul2)} dudt
0 I' 0 Q

T T
go{/ / |u2dadt+/ /|u|2dxdt+E(O)}.
0 'y 0 Q
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Since E(0) > 0, it follows that

g T _ Q0+ 1)
(4.31) /0 /Qlda;dt—i—/o /Flldadt_ 50 TE(0) < CrE(0).

From [12], we have

(432) [l / /yv u\gdmdt—l—/ /]u\dedt.

Combining (4.28))—(4.32) and choosing ¢ small enough, we obtain (4.27)). O
Hence, (4.26)) becomes

/TE(t)dt
<C{/ /Fl (z)|u'|* dodt + E(0) + E(T //]u\dedt+//\u|2dadt}

Applying the dissipative property inherent in the relation (3.2)), i.e., VT > 0,

T
(4.33) E(0) = E(T) —i—/o /F c3(z)|')? dodt,

we obtain

Proposition 4.4. For time T large enough, the following estimate holds for the solution

u of :

(4.34)

E(T) < CT(E(O)){/OT/FI c(w)|u’|2dadt+/0T/Q|u|2d:rdt—|—/0T . yu|2dadt},

where the constant Cp(E(0)) remains bounded for bounded values of E(0).

4.1. Absorption of the lower order terms

Now, we are going to eliminate the lower order terms on the right-hand side of (4.34]) by
applying a ‘nonlinear’ compactness-uniqueness argument as in I. Lasiecka [11] and Lasiecka
et al. [12].

Lemma 4.5. For time T large enough, the following estimate holds for the solution u of

-
T T
/ / lu|? dadt —l—/ |u|? dodt < C(E / / z)|[|? dodt,
0 Q 0 Iy r

where the constant C(E(0)) remains bounded for bounded values of E(0).
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Proof. We use the proof by contradiction. If Lemma [4.5 is false, there exists a sequence
{(u(0),4;(0))}°, and a corresponding sequence {(u;(t),u;(t))}72, which satisfies for all [,

;

u + A + fi(u,z) =0 in Q x (0, 4+00),
(4.35) w(@,t) =0 on T x (0, +00),
%(w,t) = _f2(ul7$) - 63(1')'&2 on Fl X (O, +OO),
\ul(xuo) = U?, ’LL;(],‘,O) = ull(aj) in
with
I fo lw? daedt + [ [ |w|? dodt
(4.36) lim 2029 0 Jr, W e

T
l—00 Ih fF1 c(x)|uj|? dodt

while the energy of the initial data {(u;(0),v;(0))};2, denoted by E(u;(0)) is uniformly
bounded in {.
By the energy relation (3.2), the sequence E(u;(t)) is also uniformly bounded for

0 <t <T. Hence, there exists a subsequence u;, such that

w —u  weakly in H(Q),
(4.37) u; — u  strongly in L?(Q),

u; — u  strongly in L(%).
We consider two possibilities

Case 1: u # 0. By a compactness result [24, Corollary 4], Assumptions (A3) and (A4),
using Sobolev embedding and the convergence in (4.37)), it follows that

(4.38) fi(ug, ) — fi(u,z) strongly in L°°(0,T; L*(Q)),
(4.39) fa(ug, ©) = fo(u,x) strongly in L(0,T; L*(T)).

From (4.36), we deduce that c(z)u] — 0 in L?(¥1). Then, using convergences (4.38),
(4.39)) and passing to the limit in the problem (4.35)), we have

u” + Au+ fi(u,z) =0 in © x (0, +00),
8871;($’t) = —fa(u, x), w'=0 onTlyx (0, +00).

Moreover, taking the derivative of (4.40) with respect to t, we have, for v’ = v,

v+ Av + %(u,x)v =0 inQx(0,400),

v=0 on I'y x (0, +00),
8‘?}; (x,t)=v=0 on I'; x (0, +00).
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By Assumption (A3), there exists a constant C' > 0 such that

af|"

2n
5| < C(Ju|»=2 +1).

Since HY(Q) C L%(Q), we get % € L>(0,T;L"(Q)), then, for T" > 2diam Q, we may
apply the uniqueness continuation result of A. Ruiz [23] adapted to our case, which yields
v =1 = 0. Then, from ([4.40)), we get the elliptic equation

(4.41) Au = — f1(u, z) in Q x (0,400),
881}; (z,t) = —fo(u,z) onI'y x (0,+00).

Multiplying the first equation in (4.41]) by u and using Green’s formula, we obtain
/ {|Vgu|3 + filu,z)u}de+ | fa(u,z)udo = 0.
Q I

By (1.4), (1.5, (1.6) and (1.7), we have v = 0, which contradicts our assumption that

u # 0.
Case 2: uw = 0. Denote

1/2
(4.42) A= (lulZegg) + el Zesy) 2,
(4.43) 0 = All u.
Then
(4.44) [l 22 + lll7zsy = 1.

Since u = 0, from (4.36), we have

(4.45) AN —0 asl— oo

Also, we see that u; satisfies

) + Ay —|—fl(ul’ 2 — in Q x (0,400),
(4.46) uz(x t)=0 on 'y x (0, +00),
aalfuflt (z,1) = _%;’x) —c3(x)u; on I'y x (0,400).

Using the dissipative relation (4.33)) (applied to w;), followed by the estimate (4.34), we
have for all ¢ € (0, 7],

(4.47)

Ey(t) < Cr(E(0 {// ]ul|2dxdt+/ /|ul|2dadt+//yul|2dxdt}
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where E;(0) is obtained by replacing u® and u! by u{ and u} respectively in E(0).
Dividing both sides of (4.47) by A;, we deduce that the sequence E(w;(t)) is uniformly

bounded for 0 < ¢t < T'. Hence, there exists a subsequence wu;, such that

u — v weakly in H(Q),

i

u — u  strongly in L?(Q)
u — u strongly in L(%).
In order to pass to the limit in problem (4.46)), we need the following

Proposition 4.6.

(4.48) c3(x)u) — 0 strongly in L* (%),

(4.49) Jolu, ) — %(O,x)ﬁ strongly in L*(),
Al ou

(4.50) Jlwsx) 0N o i strongly in T2(Q),

A ou
where \; is given by (4.42)).

Proof. ({4.48) follows directly from (4.36]) and (4.43]). For the second convergence, we have

2

folw,z)  Ofs
A = || = 0
: ’ Al u Bu D) L2(%)
fo(u, ) Ofa _|? / Ja(u,z)  Ofa 2
= = — —=(0,z)u;| dxdt+ 7——09611 dxdt.
/|ul§e Y 5u( u |ug|>e Al ou (0, 2)

Using the inequality (a + b)? < 2(a? + b?) and (4.43), we obtain

— Jjugl<e

2
—= dxdt
" 9 (0,2)| dx
2
+2/ ]dedt+2’8h(0,x)
|ul\>a

ou

2
/ |t |* dadt.
[ug|>e

Then, from Assumption (A4), we get

_ |y |24 1) yu,|2 1
(4.51) A < T2 2+ C + dzdt,
L2(Z) & |u”>5 )\ZQ AIQ )\2
where (. = supj,|<, ’f2(zv 8f2 0,z | (: >0ase—0.

Since |u;| > € in the second member of the right-hand side of (4.51)), it follows that

RIS . 1 1
T 2= T 2

Ap < @2y +C
(4.52) * | > /\12

D=2 y~
< 3oy + CATD 72 a7, (s

] dxdt
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By the trace theorem and taking into account Assumption (A4), we have
HY Q) c L*(2) and HYQ) C L3(%).
Using the above injections for the last inequality of the equation (4.52)), we deduce

1 ~
(4.53) Ay < Clfll )62 + CATTD 72 537

Since % is bounded in L>(0,T; H(Q)) and 2(q — 1) — 2 > 0, using the limit in (4.45), we
see that the second member of the right-hand side of (4.53) satisfies

hm sup Ce )\2(q -2 oy HHq 1)) = zlifilo SLllp C’a/\lz(q_l) hm sup Hule(q 1))
: 2(¢—1)—-2 2(q b _
= ll_l)IgOCEAl Slllp”ulHHl(Q) =0,
consequently

lim sup A; < sup ||7]|2 2 and lim A; =0
Faroe ZP 1> lPH l”Hl(Q)CE S

as € — 0. Here we have used the fact that @; is bounded in L>(0,T; H(2)) and (. — 0
as € — 0. That is, we get (4.49).
Also, (4.50) may be proven in the same way. O

Applying Proposition and passing to the limit in the problem (4.46)), it follows that

;

@+ A+ %1 0,2)7 =0 in Q x (0,+00),

(4.54) o (@,t) = —G2(0,2)a  on Ty x (0,+00),
i=0 on Ty x (0, +00),

=0 on I't x (0, 400).
Moreover, for @' = v,

)
v 4+ Av + %(O,x)v =0 in Q x (0,400),

%(w,t) =0 on I'; x (0,400),
(v=0 on I'y x (0, +00).

Using the uniqueness continuation result of A. Ruiz [23], we have v = @' = 0. Then, by
(4.54), we get

At + 910, 2)5 = 0 in Q x (0, 400),

(4.55) A5 (x,t) = —32(0,2)T  on Ty x (0, +00),
u= on I'g x (0, +00).

As in Case 1, multiplying the first equation in (4.55) by w, we obtain u = 0, which
contradicts (4.44). Hence, Lemma [4.5]is proved. O
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Combining Proposition [£.4] and Lemma[4.5, we conclude, for time 7" large enough that

T
(4.56) B(T) < C /0 /F o)/ |2 dodt,

where ¢(x) is a positive function given in (4.24)).
From (4.56]), using hypothesis ([1.3) and applying the dissipative relation (3.2), we

easily deduce

C

(4.57) B(T) < 15 F(0).

Estimate (4.57) combined with the semigroup property (cf. J. Rauch and M. Taylor [22])
implies that
E(t) < Me ™' E(0), Yt>0

with

1 1
M = and w:TlogM.

1+ 4

This completes the proof of Theorem [3.2]
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