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Existence of Invariant Curves for Degenerate Quasi-periodic Reversible

Mappings
Peng Huang

Abstract. In this paper we are concerned with the existence of invariant curves of
quasi-periodic reversible mappings with higher order degeneracy of the twist condition
under the Brjuno-Riissmann’s non-resonant condition. In the proof we use a new
variant of the KAM theory, containing an artificial parameter ¢, 0 < ¢ < 1, which
makes the steps of the KAM iteration infinitely small in the speed of function ¢"e¢,

rather than super exponential function.

1. Introduction

In this paper we are concerned with the existence of invariant curves of the following

planar quasi-periodic mapping

r1 =2+ h(y) + f(z,9),
y1=y+g(x,y),

(1.1) A

where the frequency map h(y) is real analytic, the small perturbations f(z,y) and g(z,y)
are quasi-periodic (see Definition in z with frequencies w = (w1,we,...,wy,), real
analytic in = and y, the variable y ranges in an open interval I C R. The mapping
is called area-preserving mapping, if it preserves area. Correspondingly, the mapping is
called reversible mapping with respect to the involution R: (z,y) — (—=z,y), if ARA = R.
Our main concern will be the analytic quasi-periodic reversible mapping A with higher
order degeneracy of the twist condition, that is, there is some value yy € I such that
W (yo) = 0,...,hAO D(yg) = 0, N (yg) # 0 with X\ € Z > 1.

When the perturbations f = g = 0 in , the mapping A has a family of invariant

curves with h(y) as its rotation number. The condition

dh
(1.2) dhly) 40 forallyel
dy
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is called twist condition. Under this condition the mapping ((1.1)) is called twist mapping

and can be equivalent to

x1:x+y+f(ﬂ:,y),

(1.3) Ap :
y1=y+g(x,y).

Moser [21] considered the area-preserving twist mapping

1 =T+« + x,Y),
M, 1 (y) + p1(z,y)

y1 =y +p2(z,y),
where the perturbations @1, @9 are assumed to be small and of period 27 in x. He
obtained the existence of invariant closed curves of 9ty which is of class C333. About 9,
an analytic version of the invariant curve theorem was presented in [30], a version in class
C? in Riissmann [27] and a optimal version in class C? with p > 3 in Herman [9,[10].
When the perturbations f(z,y), g(x,y) in are quasi-periodic in z, there are some

results about the existence of invariant curves of the following planar quasi-periodic twist

mapping

(1.4) o, . o Tetety i@y, R,

yi=y+9y),
where the functions f(z,y) and g(x,y) are quasi-periodic in x with the frequency w =
(wi,w2,...,wn), real analytic in x and y, and « is a constant.

When the map 91y in is an exact symplectic map, wi,wo,...,wn, 2ra”! are
sufficiently incommensurable, Zharnitsky [34] proved the existence of invariant curves of
the map M and applied this result to present the boundedness of all solutions of Fermi—
Ulam problem. His proof is based on the Lagrangian approach introduced by Moser [24]
and used by Levi and Moser in |15] to show a proof of the twist theorem.

When the map 91y in is reversible with respect to the involution R: (z,y) —
(—z,y), that is, RO R = Dﬁfl,wl,wg, ..., Wm, 2ma ! satisfy the Diophantine condition

(k) o

; _j‘zl for all k € Z™\ {0}, j € Z,
s

k|7

Liu [17] obtained some variants of the invariant curve theorem for quasi-periodic reversible
mapping 9. As an application, he used the invariant curve theorem to investigate the
existence of quasi-periodic solutions and the boundedness of all solutions for an asymmetric
oscillator depending quasi-periodically on time. On the other hand, by establishing the
invariant curve theorem of planar smooth quasi-periodic twist mappings in [12], recently
we obtained the existence of quasi-periodic solutions and the boundedness of all solutions

for an asymmetric oscillation with a quasi-periodic external force [13].



Existence of Invariant Curves for Degenerate Quasi-periodic Reversible Mappings 767

For the reversible mapping, the invariant curve theorem was obtained by Moser [22,23],
then developed by Sevryuk [29]. Liu [18] concerned with the existence of invariant curves
of reversible mappings, and obtained a variants of the small twist theorem. In the previous
proofs in [17,|18,[21}:34], the steps of KAM iteration decay in speed of super exponential
function e#", 1 < p < 2.

After the research of the twist mapping, it is clear that an important direction of
further investigation is the non-twist mapping which violates the twist condition ((1.2)),
that is, there is some yp such that h/(yo) = 0.

When the perturbations f(z,y), g(x,y) in are 2m-periodic in x, Sim6 [31] proved
the existence of invariant curves for the periodic non-twist area preserving mapping. For
other well known results on the periodic non-twist area preserving, refer to [1,3-6] and
the references therein. As we know if the twist condition is not satisfied, the frequency of
invariant curves may have some drift rather than the frequency remain unchanged. How-
ever, in the above references, for the periodic non-twist mapping one can only obtain the
existence of invariant curves, there is no information about the frequency of the invariant

curves.

Cheng and Xia [2] proved a generalization to the classical KAM theorem, replacing
the standard twist or nondegenerate condition with a weaker topological condition. This

generalization was also proved by Herman [11].

Zhang and Xu [33] obtained the invariant curve theorem for the analytic periodic
reversible non-twist mapping under the Brjuno—Riissmann’s non-resonant condition. They
mainly use the ideas in [26,[2§8], introduce a parameter ¢, 0 < ¢ < 1, and make the steps
of the KAM-iteration infinitely small in the speed of function ¢"e, rather than super
exponential function e*", 1 < pu < 2. Moreover, they also investigated the persistence of

the frequency of the invariant curves.

The study of the existence of invariant curves of area preserving non-twist maps,
and equivalently in degenerate Hamiltonian systems, is a problem of both theoretical
and practical relevance. Recently, there has been considerable interest in studying the
persistence of tori of Hamiltonian system with fixed frequency, where twist condition is
violated but nevertheless, the system depends on sufficient parameters that control the
frequencies. Gonzélez-Enriquez, Haro and Llave [8, Chapter 9] obtain persistence of an
invariant torus with fixed frequency in both the twist and the non-twist cases, including

small twist.

In this paper we focus on the quasi-periodic case, that is, the perturbations f(x,y),
g(z,y) in are quasi-periodic periodic in = with the frequencies w = (w1, w2, ..., wp),
and similar to [17,/18}33], we also assume that the mapping A in is reversible with
respect to the involution R: (z,y) — (—=x,y), that is, ARA = R, instead of the exact
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symplecticity or area-preserving assumption on A, and want to establish the invariant
curve theorem for the quasi-periodic mapping A with higher order degeneracy of the twist
condition, that is, there is some value yo € I such that h/(yg) = 0,...,h* " D(yy) =
0, MM (yo) # 0 with A € Z > 1. However, we remark that unlike the standard KAM
theorems where the invariant curve for any fixed diophantine rotation number is unique,
here we may have many or even infinitely many invariant curves with the same rotation
numbers. For instance, in if h(y) = B* +y3 and f(z,y) = ey(sinwix + sinwoz +
o Fsinwpr), g(z,y) = 0, then for any S close to 5* there are three invariant curves with
rotation number j3.

As in [25032}33], we introduce some parameters, so that the existence of invariant curves
of quasi-periodic mapping A in can be reduced to that of a family of quasi-periodic
mappings with some parameters. We write y = p 4+ 2z, and expand h(y) around p such
that h(y) = h(p) + fol R (y)z dt, where yy = p+tz, 0 <t <1, z varies in a neighborhood
of origin of the real line R. We put Q(p) = h(p), f(z,z;p) = fol B (y)zdt + f(z,p+ 2),

g(z,z;p) = g(x, p+2), and obtain the family of analytic quasi-periodic reversible mappings

(1.5) D R R R UORSICED))

21 =z2+9(z,zp).

Now we turn to consider this family of analytic quasi-periodic reversible mappings 9t
with parameters p € II such that Q(p) # 0 and II C I is a neighborhood of yg, which is a
bounded interval such as (yop — 6,yp + ), § > 0.

In this paper, under the Brjuno—Riissmann’s non-resonant condition , the exis-
tence of invariant curves of analytic quasi-periodic reversible mappings 9t will be proved.
In the proof we use a new variant of the KAM theory in |26}28,[33], containing an artificial
parameter ¢, 0 < g < 1, which makes the steps of the KAM iteration infinitely small
in the speed of function ¢"¢, rather than super exponential function. Moreover, we will
investigate the frequency of the invariant curves, the frequency can not be regarded as
independent parameters. The frequency may have some drifts at each step, rather than
the frequencies remain unchanged. Hence, we can also obtain the existence of the invariant
curves for the analytic quasi-periodic reversible mappings A.

After we get the invariant curve theorem, as an application, we shall study the ex-
istence of quasi-periodic solutions whose frequencies are not independent parameters for

the following superlinear Duffing’s equation
(1.6) i+ 2® = f(1),

where f(t) is real analytic and quasi-periodic in ¢ with the frequency w = (w1, wa, ..., wn).
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It is well known that the longtime behaviour of a time dependent nonlinear differential

equation
(1.7) i+ f(t,x) =0,

f being periodic in t, can be very intricate. For example, there are equations having
unbounded solutions but with infinitely many zeros and with nearby unbounded solution
having randomly prescribed numbers of zeros and also periodic solution (see [7]).

In contrast to such unboundedness phenomena one may look for conditions on the

nonlinearity, in addition to the superlinear condition that
1
—f(t,z) = o0 as |z| = oo,
x

which allow to conclude that all solutions of equation are bounded. For example,
every solution of equation with p(t + 1) = p(t) being continuous, is bounded. This
result, prompted by Littlewood in [16], is due to Morris [20], who proved that there are
infinitely many quasi-periodic solutions and the boundedness of all solutions of .
In 1987, Dieckerhoff and Zehnder in |7] extended this result to the general superlinear
Duffing’s equation. For recent development, we refer to [14,]19] and the references therein.

The rest of the paper is organized as follows. In Section [2| we list some properties
of quasi-periodic functions, and then state the main invariant curve theorem (see The-
orem for the quasi-periodic reversible mappings 21 which is defined by . We
introduce some tools which will be used to prove the invariant curve theorem, and give
the proof of Theorem in Section Some examples and applications are given in
Section [l

2. Main result

2.1. The space of quasi-periodic functions

We first define the space of real analytic quasi-periodic functions Q(w) as in [30, Chapter 3].

Here the m-dimensional frequency vector w = (w1,ws, . ..,wy,) is rationally independent,
that is, for all k = (ki ko, ..., km) # 0, (k,w) = >_; kjw; # 0.

Definition 2.1. A function f: R — R is called real analytic quasi-periodic with the

frequency w = (w1, wa, . ..,wn), if there exists a real analytic function
F:0= (017927~~-,9m) eER™ >R

such that f(t) = F(wit,wat, ... ,wpyt) for all t € R, where F is 2m-periodic in each variable
and bounded in a complex neighborhood II;* = {(61,62,...,0,,) € C™ : |[Imb;| < r,j =
1,2,...,m} of R™ for some r > 0. Here we call F'(§) the shell function of f(t).
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Denote by Q(w) the set of real analytic quasi-periodic functions with the frequency
w= (w1, ws,...,wn). Given f(t) € Q(w), the shell function F(#) of f(t) admits a Fourier
series expansion

F(O) =Y fue"™?,
kezm™
where k = (ki, ko, ..., kn), k;j range over all integers and the coefficients fj, decay expo-
nentially with |k| = |k1| + |ke| + - - - + |km|, then f(¢) can be represented as a Fourier series
of the type from the definition

f(t) — Z fk6i<k,w>t-
kezm
In the following we define the norm of the real analytic quasi-periodic function f(¢)

through that of the corresponding shell functions F'.

Definition 2.2. For r > 0, let Q,(w) € Q(w) be the set of real analytic quasi-periodic
functions f such that the corresponding shell functions F' are bounded on the subset II;"

with the supremum norm

< +00.

|F|, = sup |F(0)| = sup
oeIIm oerIm

Z i k0)
e

Thus we define |f|, := |F|,.

The following properties of real analytic quasi-periodic functions can be found in [30,
Chapter 3].

Lemma 2.3. The following statements are true:
(i) Let f(t),9(t) € Q(w), then g(t + f(t)) € Q(w);

(ii) Suppose that

[(k,w)| > ¢,00 >0

c
[0
for all integer vectors k # 0. Let h(t) € Q(w) and 7 = Bt + h(t) (B+ h' > 0), then
the inverse relation is given by t = =7+ hy(7) and hy € Q(w/B). In particular, if
B =1, then hy € Q(w).

Throughout this paper, we assume that the frequency w = (w1, ws,...,wy,) satisfies
the Diophantine condition
c
(21) ]<k,w>\ Zw, C,O'()>0
for all integer vectors k # 0. It is not difficult to show that for o9 > m — 1, the Lebesgue
measure of the set of w satisfying the above inequalities is positive for a suitably small c.

Let |OJ|OO = mMaXj1<i<m |OJZ|
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2.2. The Brjuno-Riissmann’s non-resonant condition

Since there is some value yg € I such that
W (yo) = 0,..., A D(yo) = 0, (yo) # 0

with A € Z > 1, as a matter of fact, it is apparent that there exist a bounded interval II
such that Q(p) = h(p) satisfies

(2.2) QM) 40, ANeZ>1 forallpell,

where II C I is a neighborhood of y, which is a bounded interval such as (yo — d,yo + 9),
0>0.

In KAM step, 2(p) also need satisfy the Brjuno—Riissmann’s non-resonant condition

(2.3) ’<k,w>9(§)—j‘z T forallkeZ™\ {0}, j € Z

with some v > 0 and Brjuno—Riissmann approximation function A. We call A: [1,00) —
[1,00) an Brjuno—-Riissmann approximation function, that means it is continuous, increas-
ing, unbounded such that A(1) =1 and

/ In A(#) dt < oo.
t2
1

Remark 2.4. If we choose A(t) = t*, the Brjuno—Riissmann’s non-resonant condition (2.3))
becomes the Diophantine condition which had been used in |17},21,[34].

In the following the measure estimate of the parameters p such that the frequency Q(p)
satisfies the Brjuno—Riissmann’s non-resonant condition (2.3) under (2.2)) will be given.

Theorem 2.5. If the Brjuno—Riissmann approximation function A is chosen such that

—+00 1 1/
S (L) <
CA(0) ’

(=1

then for suitable v, the set of p satisfying the Brjuno—-Rissmann’s non-resonant condi-

tion (2.3) under (2.2) has positive measure.

Proof. Choose some m-dimensional frequency vector w = (wy,wa, . .., wn,) satisfying (2.1])
and let IL, , A denote the set of all p € II satisfying (2.3) with the fixed w, v, A. Then

IL, ~ A is the complement of the open dense set Ry, 4 A, where

Ruqa = U RZZ@,A: U {pen:‘<k’w>g2(:)_j'<A(7|k|)}'

keZm™\{0} kezZm™\{0}
jez jEZ
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Now we estimate the measure of the set Rij,y A~ Set [kmax| = maxi<j<m |k;|, then there

exists some 1 < m < m such that |kz| = |kmax|, and 1 < |k|/|kmax| < m. Therefore, we
have
Qp) gl
R = IT: |{k —
o= {remsfea 32 | < 5

Q(p) Qp) . ¥
= IT : \kmaxws Wi - .
{pe Unor AN T < AR

Since there is some value yg such that h'(yo) = 0,..., h(/\—l)(yo) — 0, ( o) # 0 with
A > 1, then
QW (yo) =D (yo) =0, 1<i<A

And by (2.2), we know
QMN(p) #0 for all p € IL

Hence there exists ¢ € II between p and o such that Q™ (¢) # 0 and

) ) A
) = 20) + T - ) = o) + ) (pA + Z(I)J<j>p“yé) -

1=1
Therefore,
i 9l 2mry
Rk = I | maXHWmH
e {pe =il < 3
= {pEH:bj75k< |p|)‘<bj+5,€}7

where b = _Z; 1(_1)J(;)p Y Tl Rmasmh(y0) + Xz hiwip) —
2 } and ¢ Al
™ b= A T e T

If b; — 05, < 0 which means b; < dj, then

(R ) < 225 )1//\ _5 4mry Al /X
meas (Ry,?) A K A(]) emax w12 Q)]

=7 (rk\!(\kn)m (wﬂq)m (mﬂg%)m'

If b; — 03, > 0 which means b; 4 63, > b; — 0, > 0, and by the inequality z/r —gl/r <
(z —a)'/* when A > 1, z > a > 0, then

meas (Rw A) < 2((bj + 5 — (bj — (5k)1/)\) < 2((bj + 0k) — (bj — 51’%‘))1/A

4y Al 1/A
2(265) /A = 2
(20%) <A<|k|> |kmax||wm|m<k><<>|>
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Since 1 < |k|/kmax < m, then we have the following measure estimate

k,j Y 1/
meas (Rw %A) <0 <<|I<:|A(|k:|)> ) .

Next we estimate the measure of the set Ry, , a. Since k € Z™ \ {0}, j € Z,

then we have

) Q
i < [th) G2 + 50 < i,
71_

where ¢g is a constant independent of k. Thus

/A
meas(Ruya) < D 3 meas(RGLA) < D D O<<|k|A |k|>) )

kezm\{0} Jj€EZ kezZm\{0} Jj€EZ
lj1<colk| lj1<colk|
1/A
< 0] k‘( ) .
= o))

Also, by the condition of Theorem we have

= () <) ()

keZm\ {0} =1
+00 1 1/
< 22m—1 o <
Yo () <
Hence
meas(Ry, 4,A) < O("*) and meas(II, 4 o) — meas(II) as~y — 0.
This completes the proof of Theorem O

Remark 2.6. From power function 2, 8 > Am + X — 1, to exponent function etlﬁ, v <1,

can all be chosen as a Brjuno—Riissmann approximation function.

Throughout this paper, we assume that the Brjuno—Riissmann approximation function
A has been chosen such that Theorem is established. Hence II, , A the set of all p € II
satisfying under has positive measure. Finally, with any approximation function
A we define another function A by setting A(t) = tA(t).
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2.3. The main result
Before stating our theorem, we first give some definitions and notations. Define
D(r,s) = {(9,,2) eC"xC:|Imb;| <r,j=1,2,...,m,|z| < s},
and a complex neighborhood of I, A,
I, = {p € C: dist(p, I, ~,a) < h}.

Suppose the function f(z,z;p) is quasi-periodic in z with the frequency w = (w1, w2,
...,wm) and real analytic on D(r,s) x II. We expand f(x,z;p) as Fourier series with

respect to x,

fla,zp) = Y frl(zp)ele,

kezm
then define
£ llrsn = > |fulsne™,
kezm
where
|filsn=""sap |fr(2; D)l
|Z|§s,p€Hh

And, we can do the same procedure for the function g(z, z; p).

Now we are in a position to state our main result.

Theorem 2.7. Consider the real analytic quasi-periodic mapping M given by (1.5), which
is reversible with respect to the involution R: (x,z) — (—x,z), that is, MRIM = R. We
assume that the corresponding shell functions F(0,z;p), G(0,z;p) of f(z,z;p), g(z, z;p)

are real analytic on D(r,s) x I, with

i
50A(T)’

[ fllr.sn +lgllrsn =€ <

where T is so large such that

* InA(t) r
1 dt < —.
o[ e

Then there is a non-empty Cantor set meA

U.(-,-;p): Du = D(r,s) for allp € IT, A,

C II, A and a family of transformations

r=E¢+u(p), z=v(&p)

satisfying

4dal 2dA
[ —id || p.xiry |, < eXP{ - 060} 00e

(d=1)y) (d—1)y’
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where D, = {|Im¢| < r,} x {0}, /2 < r, <r. Under these transformations, the mapping

M is transformed into

M, - §1=§—|—Q*(p), m=n.
Thus, for any p € H;"J’% A the mapping (1.5) has an invariant curve I'g with the form
x=a"+p), 2=y,

where @, ¥ are real analytic quasi-periodic with the frequency w = (w1, w3, ..., W), and
the invariant curve Ty is of the form z = ¢(x) with ¢ € Q,,(w). The restriction of M

onto 'y 1s

M, : af =2’ + L(p)

whose the frequency satisfies that

1Q2.(p) — Q(p)

* <
meA - 26’

and

Qulp) . ¥ :

— g > —— 7zm Z.
o ‘7‘_2A(\k|) for all k € \ {0}, j €

k)

* 1/X
Moreover, we have meas(IL, 5 A \ Hw,%A) < eyl

3. Proof of the main result

In this section we will prove Theorem The proof is based on the KAM approach, is
to find a sequence of changes of variables such that the transformed mapping of 9 will

be closer to

1=+ Q(p), 2=z

than the previous one in the narrower domain.

In the KAM step, under the weaker non-degeneracy condition , the frequencies can
not be regarded as independent parameters. Moreover, the frequencies may have some
drifts at each step, rather than the frequencies remain unchanged. Hence the previous
methods in [17}/18,21}34] are not valid. The key is to control the parameters in the small
divisors. We use the ideas in 26,28} 33], in the proof we use a new variant of the KAM
theory which containing an artificial parameter ¢, 0 < ¢ < 1 and makes the steps of the
KAM iteration infinitely small in the speed of function ¢"e. In the following, we first give

one KAM step, we will give a construction of such transformation.
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3.1. The KAM step

Lemma 3.1. Consider the following real analytic quasi-periodic reversible mappings

R R LR}

21 =z +g(z,zp)
on D(r,s) xII. Let 0 <o <r/2, 7>1, definea=1—e""7. Forallp € Il , A,

(3.1) khwfﬁ?—j%ﬁA&w forallk € Zm\ {0}, j € Z, 0 < |k| < 7.

Let

Ty /
h=—— max |2 <T.
A(T)Z |("’co7 pe%h’ (p)| -

Suppose that
by

<e << —,
£l + lgllen < & < 570

where 0 < b < 1/2 is a positive constant. Then for any p € 11, there ezists a change of

variables U
r=&+ul&mp), z=n+v&np),

where u and v are real analytic quasi-periodic in & with the frequency w = (w1, wa, ..., wny).

Under this transformation, the original mapping M is changed into the form

& =8+ Q(p) + f+(&mp),
m=n+g+(& D),

M, = U~ tomy

where the new perturbation fi and gy are real analytic quasi-periodic functions in & with

the frequency w = (w1,wa, ... ,wn) defined in a smaller domain D(ry,sy) and satisfies

Hf—&-”r+,s+,h + Hg-i—HTJr,SJr,h < €+ = g€,

where

2(a®b+b+ab+ (1—a)+ L)

o
ry=r—o0, 0<sy=5——<¢g ¢q=
a

1 —2ab ’
a, b are positive constants such that 0 < g < 1. And,
(3:2) 1% (p) — Qp)| < ae for all p € Iy,
Let vy =~ — %W, define
Rt . — U REAT — U peTl,,: |(k w>Q+(p) —il< T+
w,y,A WY, wyy - ’ o A(‘kD )

T<|k| <1y T<|k| <1y
keZm™\{0}, jEZ keZm™\{0}, jEZ
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I A =Musn \Rw ~.a- Then for all p € "

wyY, A WY, A
(3.3) <k:w>Q+7(m—j> ks forallk e Z™\ {0}, j € Z, 0 < |k| <7y
’ 27 — A(|k]) ’ ’ -
where AT)
T _
Ay = a0 =AM (Ay).
Let
ae Y4
Ty =T4 — o hy=-—
" (I—dg)h’ " ATy |wle

where d > 1is a constant such that 0 < dq < 1. Ifhy < dgh, then maxpery,, 1Y, (p)] < T
Moreover,
[ f Ml by + g+l spny < 64 = ge

Thus the above result also holds for the new mapping M in place of the mapping M.

Proof. Lemma [3.1] is usually called the iteration lemma which is actually one KAM step.
We divide the KAM step into several small steps.

3.1.1. Truncation

The function f(z, z; p) is real analytic quasi-periodic in = with the frequency w = (w1, wo,

., Wm), expand f(x, z;p) as Fourier series with respect to z,

fa,zp) = Y fr(zip)e”

kezm

Then we truncate f(x,z;p) = f(:v, Z;p) + f(% 2:p) with
m Z;p) Z fe(z;p)e T4 (1—a) Z fk(z;p)6|kla6z'<k,w>:c7

kez™ kez™
|k|>T |k[<T

and

flo,zip) = > falzip)e™™ ™ fu(zp) = (1— (1 — a)el™7) fi(z;p).
kez™
|k|<T

TO

In view of e77% =1 — a, we have

1Fllr—osn < (1= a)|[fllrsn < (1 —a)e.

On the other hand, the rest f(z,z;p) is bounded. Indeed, with & = 2=,

fllrizsn = > (1= (1 —a)e)|fils e+
kez™
0<|k|<T
< sup (1 -(1- a)eto)eﬁ Z |fk\s,h6|k|r =ace
0<t<r e
€z
0<|k|<T

(3.4)
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which is guaranteed by the function supg<;<, (1 — (1 — a)e!?)e'” which is monotonically
decreasing for 0 <t < 7 and equals a at t = 0.

Similarly, g(z, z; p) has the same decomposition and estimates.

3.1.2. Extension of small divisors estimate

s

For any p € II, there is a parameter py € IL, , A with |p —pg| < h = NCaEATEI

’Ylwloo’ hence in
view of A(t) = tA(t), ke Z™, 0 < |k| < T,

[0} (@) = 2p0)]| < [bllelo|2p) = po)]| < 7lelooTh = 5

As po € I, 4.A, then Q(po) satisfies (3.1)), all relevant divisors thus admit the lower bound

Q(p) — Q(po)
27

ki) 52 = | = | 422 — 5

T
2 g 2

= A(lk])  2A(T) = 2A(|k[)

Thus the non-resonant condition (3.1)) also holds for all p in the neighborhood IIj, of I1,, ;A
with v = ~/2.

3.1.3. Construction of the transformation

From the theory of transformations, we know that after a canonical change of variables, the
transformed mapping of a symplectic map is also symplectic. Analogously, for a reversible
mapping, it is easy to see that if the change of variables commutes with the involution R,
then the transformed mapping is also reversible with respect to the same involution R.

More precisely, if the change of variables (§,n) — (z, 2) is of the form

=&+ u(§n;p),
z=n+v(&n;p),

S

then from the equality R = UR, it follows that

(3.5) u(=&np) = —u(&,m;p),  v(=&n;p) =v(&n;p).

In this case, the transformed mapping =19 of M is also reversible with respect to the
involution R: (&,n) — (=&, n).
In the construction of the transformation, we will meet the following difference equation

(the so-called homological equation):
(3.6) l(x +a)—Il(x) =h(z),

where h = gezm hpellbwiz ¢ Qr(w). Let us first study this equation.
|k|<T
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Lemma 3.2. Suppose that h € Q,(w) and w = (w1,...,wn), « satisfy the Brjuno—

Riissmann’s non-resonant condition

(3.7) (k, w)—

. Y .
B zm z <7
= ]‘_A(!k\) for allk € Z"\ {0}, j€Z,0< |k| <7

Then the difference equation (3.6|) has the unique solutionl € Q,(w) with limp_, s % fOTl T
dz = 0 if and only if

(3.8) lim — /OT h(z)dz = 0.

In this case, we have the following estimate

(3.9) 2]l < 1A,

Moreover, if h(—x — o) = h(x), then | is odd in z; if h(—x — a) = —h(z), then [ is even
m .

Proof. From h € @Q,(w) and (3.7), (3.8)), we know that h can be represented by

§ : hk€i<k,w)x.
kezm
0<|k|<T
If using a Fourier series representation
— § : lk6i<k’w>w.

kez™

After straightforward calculations we obtain the relation between Fourier coefficients hy

and [ as follows

hy, m
lk—ma kez™\ {0}, [k| <,
then [ is of the form L
— k i(k,w)x
l(x) Z eilbw)a _ 16 ’
kez™
0<|k|<T

which is the uniquely determined Fourier expansion of the wanted solution [ satisfying
| € Q(w) with lim7_,e0 7 fOT l(x)dz =0.
From (3.7)), it follows that

e 1| 2 (hw)go — i 2 g forall k€ ZM\ {0}, 0< K| <7,

Ikl)

Hence

< >0 v AURD e < AT A b)),

kez™
0<|k|<T
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When h(—z — a) = h(z), we have
hk _ h_kei<k,w>a

which yields that

_ hy, —i(kw)z _ —k i(k,w)x
(=r)= ) cilkwya _1°¢ = D, o—i{kwya—1 ¢

kez™ —keZ™
0<|k|<T 0<|k|<T
h .
S S ST
ez(k,w)a -1
kez™
0<|k|<T

Similarly, one may verify that [(—x) = I(z) if h(—x — @) = —h(z). The proof of this

lemma is completed. O

We shall construct a change of variables 4:

(3.10) r=E+ul&,mp), z=n+v(Enp),

where u and v are real analytic quasi-periodic in £ with the frequency w = (w1, wa, ..., wn).

Under this transformation, the original mapping 91 is changed into the form

§1 =&+ Q(p) + f+(§m5p),

(3.11) M, = UMY
m =mn+g+(&mp),

where the functions f; and g4 are real analytic quasi-periodic functions in £ with the fre-
quency w = (w1, ws, . .., W) defined in a smaller domain D (s, 74 ) xII,, and || fo|lry op ny
+ ll9+1lrs 51 hs < €4 = ge is smaller than || f|[;sn + [|9lrs,h-

We also assume that for each fixed y, p, f(-,y;p),9(-,y;p) € Qr(w) and f, g are real
analytic in the domain D(r,s) x II;. Moreover, we assume that w = (w1,...,wmn), Q(p)

satisfy the non-resonance conditions ([2.1) and (2.3). Let

||f||7"78,h + Hans,h <e.

We try to motivate the following constructions for u, v first. From (3.10) and (3.11)),
it follows that

f+(&mp) = f(§+u,n+v;ip) +ul€,n;p) — u(€r,m;p) + Qp) — Q4 (p),

(3.12)
g+ (& p) = g+ u,n+vip) +v(& 0 p) —v(&1, M3 D),

which serve to define fy, g1 implicity in D(ry,s1) x Il . If u(-,m;p),v(-,m:p) € Q(w),
then one can prove that fi(-,n;p),9+(-,m;p) € Q(w) are well defined by (3.12). Indeed,
since f(-,zp),9(+,zp),u(-,mp),v(-,m;p) € Q(w), then we have f(€§+u,n+v;p),g(£+
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u,n +v;p) € Q(w). Hence f(&§ 4 u,n+v;p) +u(&,n;p),9(& + u,n +v;p) +v(&,n;p) €

Q(w). Denote ¢(&,m;p) = f(§ +u,n + vip) + w(&,m5p) + Qp) — Li(p), Y(E,mp) =
g(E+u,n+v;p)+v(& n;p), and the corresponding shell functions are ®(6,n;p), ¥(6,n;p)
which are period 27 in each of the variables 6; (1 <i <m). U(0,n;p), V(6,n;p) are the
corresponding shell functions of w(§,n;p), v(&,n;p). If the unknown functions f4 (&, n;p),

9+(&,m;p) are represented by F..(0,n;p), G4(0,m;p), where fi({,n;p) = Fy(wé m;p),
9+(&,m;p) = G+ (W€, n; p), the conditions for F, G4 become

Fo(0,m;p) = ®(0,m;p) — U0 +wn + wFy (0,1;p),n + G4(0,m;p); ),
G4 (0,m:p)) = U(0,m;p) — V(0 +wn +wF(0,1;0),n + G (0,17;0); ).

By (3.17)), (3.24)) and the implicit function theorem, we know that F. (6,n;p), G+(6,7;p)
are well defined by (3.13), and have period 27 in each of the variables 6; (1 <i < m).

In the following, we will determine the unknown functions v and v to satisfy the
condition (3.5)) in order to guarantee that the transformed mapping 9t = {19 is also

reversible.

(3.13)

As one did in the periodic case, we may solve v and v from the following equations

u(€ + Qp),m;p) — u(€ msp) = f(&nm;p) — [f1(n;p),
v(€+Q(p), m;p) — v(&,mp) = (& m:p) — [9](m; p),
where [-] denotes the mean value of a function over the first variable. Indeed, one can

solve these functions from the above equation. But the problem is that such functions u
and v do not, in general, satisfy the condition i.e., the transformation 4 does not
commute with the involution R. In this case, the transformed mapping 9, = U~ 19MU
is no longer a reversible mapping with respect to R. Therefore, we cannot use the above
equations to determine the functions v and v. Instead of solving the above equations, we

may find these functions v and v from the following modified homological equations

u(€ + Qp), m;p) — w(&, m;p) = F(&m;p),

(3.14) _
v(§+ Qp),mp) —v(€,m;p) = G(Em5p),
where
F(&,mp) = %(f(é,n;p) + f(=€ = Q(p),mp)) — [fl(n: p),
G(&m;p) = %(E(E,n;p) — 9(=£ = Q(p),m;p))-

It is easy to verify that F'(—£—Q(p),7;p) = F(&,n;p) and G(~£—Q(p), n;p) = —G(&,m;p),
hence the functions u and v meet the condition (3.5) by Lemma In this case, the

transformed mapping 9, = U9 is also reversible with respect to the involution
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Now we can solve the functions v and v from (3.14]) and give the estimates of them.

From the Lemma [3.2] we know u and v have a Fourier series expansion

ik, B k.
w= § :’U,k€2< w)x’ v = § :,l)kez( w):z:7

kezm kezm

where N
Ik Ik

Uk = Uk = ey l) — 1

= i) 1 kezZ™\{0}, [k| <.

By (3.4), (3.9) and a =1—¢e777 < 70 we get

(3.15) [llrsz5n < 2A0)7 | fllrizsn < 2A(T)y ae < 2A(1)y Loe.
Similarly,
(3.16) [olly 45,0 < 2A(7)7 0.
Because
1
7"-%5—(7‘—0):ﬂ+(7:g7
a a

by Cauchy’s estimates and (3.15)), (3.16)), we have

a
[ugllr—o.5.n < —llullr15,6n < 2aA(T)y "¢,

||U£||T—a,s,h < 7”””7‘—}—5,8,}1 < 2aA(T
(3.17) o

AN
=
=
+
q
w
=
N
[\)
Q
=
\]
)
\.03

||u77||r+5,s—a/a,,h >~ o,8,h >

HUWHT-{—G,s—a/a,h < ;HUHH—E,S,h < 2aA(T v €.

3.1.4. Estimates of the new frequency

However, due to the lack of twist condition, we have [f](n;p) in every KAM step, which
will be an obstruction in making the new perturbation smaller enough to go to the next
iteration. Therefore, the frequencies can not be regarded as independent parameters.

Moreover, the frequencies may have some drifts at each step, we have to introduce

(3.18) Q. (p) = Qp) + [f1(0; p)

as new frequencies, where [f](0; p) denotes the value of [f](n; p) at n = 0. As a consequence,

we have

194 (p) — Q)| < | fllrsz.0n <aec for all p € Ty,
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it follows that (3.2)) holds. Let vy =~ — % We have

Qi(p) . Qp) . Q1 (p) — Qp) v T|wl|soae
’<k,w> ;—71’ _‘7‘2‘<k’w>2ﬂ'_3‘_ (k) : o ‘ZA(W)_ o
1 _aTA(T)|w[oe _
SN (” on > A(JK])

for all p € I, 4 A, k € Z™\ {0}, j € Z, 0 < |k| < 7, that is, the non-resonant condition
with respect to the new frequency € (p) automatically holds for k € Z™ \ {0}, j € Z,

0 < |k| < 7. Then by the definition of R . it follows that (3.3) holds.

3.1.5. Estimates of the new perturbation

From (3.12), (8:14) and (3:18), we have

fr=ul€+Qp),n;p) — uw(€r,m;p) + f(€+u,n+v;p)
— %(f(&n;p) + f(=€ = Qp),mp)) + (s 0) — [F1(0;p),
g+ = v(§+Qp),mp) —v(&1,m;p) + 9§ +u,n +v;p)

- %(E(é, m;p) = 9(=€ = Qp),m;p))-

(3.19)

(3.20)

From the reversibility of 9, it follows that

f(=z=Q(p) — f, 2+ g;p) — f(z,2;p) =0,

(3.21)
g(—x = Q(p) — f,z+g;p) + g(x,2;p) = 0.

By (3.19)—(3.21), we obtain

f+ =ul€+Qp),mp) —uw(&,m;p)+ f(E+un+vip) — f
+ %(f — f+ (€= Q). mp) — F(—€ — Qp),m;p)
+ f(—=€=Q(p) — f.n+gip) — (=& — Q). n:p))

+ [f1(n;p) — [f1(0;p)

(3.22)

and

g+ =v(E+Qp),m;p) —v(&,msp) + 9§ +u,n+uvip) —g

(3.23) + %(9—5—9(—5—9(19),?7;1?) +g(=& = Q(p),m;p)

—g(—=¢£=Q(p) — f.n+gip) + 9(—=£ — Qp). i p)).
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The contribution from the functions u, v on the right-hand side of (3.22)), (3.23]) can
be estimated using the mean value theorem followed by (3.17)), yielding

Hu(§ + Q(p), 77;27) - u(§17 7713P)Hr—a,s—a/a7h
< ”uﬁHT*G,S,h(’Q-‘r(p) - Q(p)‘ =+ Hf-l—”rfa,sfa/a,h) =+ ||u77H7’*U,S,hHg+Hrfa,sfa/a,h
< a’2b€ + ab(”f-i—”rfa,sfo/a,h + Hg-‘rHTfo,sfo/a,h)a

where
(3.24) a=1—eT"7, b=2A(1T)y" e,

0<a<1,0<b<1/2 are positive constants.

Recalling that || f||;sn + [|g]lr,s,n < €, we can use Cauchy’s estimate to the derivatives
of f, g, we get |[fellr—o,sn: |9¢llr—0,5n < €/0, an”r,s—a/a,hv HgnHr,s—a/a,h < ag/o, again
applying the mean value theorem followed by (3.15]), (3.16]), we obtain

1£(§ +wn+v;p) — fF(EmD)lr—05—0/an
<\ fellr—osnllvlli—o,s—o/an + 1 follrs—o/apllVllr—o.s—0/a,n
< be + abe,
If = f+ F(=& = Qp),m:p) — F(—€ = Qp),m;p)
+f(=2 = Qp) — frz2+g;p) = (=6 = UP), ;D) lr—0,5-0/ah
<Nf = Flr-osofan + I1F (=€ = 2@, m:p) = F(=€ = Up) 7 D) |lr— 8-/

+[[f(=§ = Qp) — f,n+g;p) — (=6 = QD)1 2)llr—0,5—0/a,h
2
< (1—a)€+(1—a)5+% <2(1—a)e+ be.
Since 0 < sy = s — 0/a < ¢, then we get
- _ 2
117103 9) = [ )y an < = < be.

Hence the new perturbation fi has the following estimates:

5}
Hf-i-”r—a,s—o/a,h S <a2b + ab + (1 - a) + b> €
(3.25) 2

+ ab(||f+”7‘—cr,s—a/a,h + ||g+||r—0,s—o/a,h) .
Similarly, for g we get
||U(£ + Q(p)a 7, ;p) - U(gb nl;p)Hr—U,s—a/a,h

< H'USHT*(T,S,h(’Q-‘r(p) - Q(p)‘ + Hf-i-”r—a,s—a/a,h) =+ anHT*U,S,hHg—i—HT—U,S—J/a,h
< a2b€ + ab(”f—i-Hrfa,sfa/a,h + Hg"rHT*U,Sfa'/a,h)ﬂ
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Hg(€ +u,n+ pr) - g(ﬁ, 77,17> Hrfa,sfa/a,h

< Hg§”T—U,s,hHuHrfa,sfo/a,h + HgnHr,sfo/a,h ‘U”rfo,sfo/a,h

< be + abe,
lg — 9 —9(=§ = Qp),mp) +9(—§ — Qp),m;p)
—g(=§—=Qp) — f,n+g;p) + 9(=& = QD) D)l 050 Jarh
<9 = 9llr—05-0/an + 19(=§ = 2p),m50) — 9(=€ = Q®), 1 P)lr—0,5-0/a,h

+llg(=2 = Qp) — f,2+g:p) — 9(=& = QUp), M P)lr—0,5-0/an
2
< (l—a)a—i—(l—a)e—i—E <2(1—a)e + be.
o

The new perturbation g4 has the following estimates

3
1941l —05—0 jap < (a% +ab+ (1 —a)+ b> £
(3.26) 2

+ ab(||f+||r—a,s—a/a,h + ||g+||7"—0,s—a/a,h)'

At last, adding the inequalities (3.25)) and (3.26]), we have

Hf—l—”rfcr,sfa/a,h + Hg-ﬁ-Hrfo,sfo/a,h
)
<2 (CLQb +ab + (1 - a’) + 2()) €+ zab(Hf-i-HrfU,sfo/a,h + Hg-l—Hrfa,sfa/a,h)‘

Let

2(a?b+ab+ (1 —a) + 3b)

1= 1— 2ab

Then
”f—&-”rfa,sfa/a,h + ”g-i-HrfU,sfo/a,h < ¢e.
Suppose hy < dgh, 0 < dg < 1. By Cauchy’s estimates and (3.2) we have

2 (p) — X (p)| < —=

m fOI' aHpGHh+.

Let Ty =T + =35, then maxpe, Y, (p)| < T4. Moreover, we have

”f+||7’+,s+,h+ + ||g+”7"+75+,h+ < ¢z,

where rp =1 — 0, st =s—o/a, hy < dgh. Thus this ends the proof of Lemma O

3.2. Setting the parameters and iteration

In this section we choose some suitable parameters so that the above iteration can go on
infinitely. First, we can always choose 0 < a < 1 and 0 < b < 1/2 such that
2(a?b+ab+ (1 —a) + 3b)

0 = <1
<4 1—2ab
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and we we can even make dq as close to 1 as we wish.

It then suffices to choose for € and A geometric sequences with the same base ¢, namely

Ag

En = qn5 ) A, = TI N
’ (dg)™

where we assume Ag > A(1) = A(1). Next, let 7, = A~1(A,,), then > n>0 % is convergent.
Indeed, let t = A~(Ag(dq)™"), we have

1 o dv 1 © dA(t)
2 n S/o AT (Ao(dg) ) = In(dg) ! /T tA(t)

n>0 0

Integrating by parts and requiring A(7) > (dgq) ™!, we get

1 1 > InA
(3.27) > S Tnfdg) / t2(t) dt.

n>0 70

Hence, from the definition of the Brjuno-Riissmann function A, A(t) = tA(t), we can
achieve that ) - % is convergent.

Define then other parameters through

o al\ (7)) |w|ooEn b TYn
7n+1 'Yn 27_(_ ) n A(Tn)Tn|W|OO’
QAEqp, _
T =Tp+ —— 1—g=e™on
TL+1 n + (1 _ dq)hn7 a € 9
On

Tn+1 = Tn — On, 0<5n+125n_;<5n‘

As we will see in a moment, r, has a positive limit and s, tend to 0 for Ag sufficiently

large.
Let
7 A= {p € Hwn}A : ‘(k,w) o —J' > Ak
(3.28)
forall k € Z™\ {0},j € Z,1p—1 < |k| < Tn}
and

IT,, = {p € C: dist(p, b A) S i}

Then for any p € I, , there is a parameter py € II}} | A With [p —po| < hy = W,
hence in view of A(7,) = TA (1), k € Z™, Tp—1 < |k| < 7o,

T™n

A(7n)

| () (Qn(p) = Qn(po))| < [klw]oo | (p) — 2 (po)| < TalwlooTrnlin =
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Aspo € I} . A, then Q(po) satisfies (3.28)), all relevant divisors thus admit the lower bound

Qn(p)
2

Qn (pO)
2T

iz

(R T

Tn . Tn Tn
Z A(lk)  2A(7) = 2A(|k])

Thus the non-resonant condition (3.28)) also holds for all p in the neighborhood Il of

n
Hw,%A'

Denote D,, = D(ry, s,) for simplicity. By the iteration lemma, there exists a sequence

of transformations $,,:
z=¢+un(&mp), z=n+uv(& D),
such that for any p € I, ,: Dy, x Iy, — Dp_1x € I, ,, satisfying
It =i 1,1, < 2735 0w and [ Diky —1d b, < 20A(r)7; 0.

Thus the transformation U,, = Hy ol o--- ol is well defined in D,, x II;, and is seen
to take My into
M, = V. ' MeY,..

More precisely, if we write MMy as
v =x+Qp) + f(z,z:p), 21=2+g9(x, 2Dp),

and express U, in the form

r=E+ P&, mp), z=n+Qn(& D),

then 9y is transformed into M,,:

&=+ Q@)+ fu(&mp), m =1+ gn(&m5p),
satisfying
1 fullDoxtn,, + 19nllDox11,, < en=¢"e and [Qni1(p) — Qn(p)lm,, < acn.

In the following we will verify the assumptions in Lemma to ensure that KAM step
is valid for all n > 0.
By hn = A

%, it follows that
hn+1 _ Tn+1 T, A(Tn) < An

b, Yo Tns1 A(Tng1) — Angr

=dq.
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Thus we have hy,+1 < dgh,. By the definition of v, we have

— aA(Tn)|W‘005n _ (IA0|CU|OOE(] 1
27 dn

27
aA0|w|OO€0 1 dCLAQ|w|OO€0
>y — —————— — =y
=70 2 Z PO (d—1)m
0<neZ

(d=1)my
2daMo|w|oo

Suppose ma‘XPGth ‘ng(p)‘ < Tn‘ Let Tn—i—l = Tn + %,

Since g¢ < , we obtain v/2 <, <+ for all n > 1.
then we have MaXpeTl,,,

1,11 (p)| < Thy1. By iteration,

2dal 1
Ter =T, + asy aMg|w|sogo )

<14 e
(1 —dg)h, — < m(1 —dg)y dr

2daAo\w|oo€0 1
< T 1+——.
N O,EO( TR~ dgyy &

By o < %, then Ty < T, < e¥(@=DTy for all n > 1.

The above discussions lead to the following lemma.

Lemma 3.3 (Iterative lemma). Suppose f and g are real analytic on Dy x Iy, and satisfy

(d—1)my 7w(1—dg)y ~b
2daAo\w|oo’ QdCLAwa‘OO’ 2A0

[ Flooxin, + 9l poxin, < 20 < min{

with Ay sufficiently large. Then for each n > 1 there exists a parameter and coordinate

transformation
‘Bn ZL(() OL[l O:.-- OL(n: D(T’n,sn) X th — D(T(),S(])X S Hhm
which transforms the reversible mapping M into M,, = V1M, V,, such that

[fnllDnx1tn,, + [gnllDnxms, < €n = q"c0.

Moreover,

D41 — DVl Dpos XMy, ,, < CA(Tn+1)7;i10n+16n+1-

Proof. The estimate of the f,,, g, on D,, x II;,  follows by applying the KAM step lemma
repeatedly. Just note that A(7,) < A,, and

2£nAn'ygl < 250/\070_1 <b foralln>1.
In the following the estimate of 3, is given. By the KAM step, we observe that

Ity — d[|p, x,, < 280 0nen and D — 1d iy, < 2aA(7)7 "en,
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where D denotes the Jacobian with respect to (z, 2).

Then we have

- ”an Oiln«kl - gZ]TLHD»,L+1><1_Ih

< 1Dl o, xy, [Hn1 = id Dy g <y,

||Q]n+1 - an||Dn+1 xIIp,

n+1 n+1

—1
< CA(TN+1)’7n+10'n+1En+1

provided that D®J,, is uniformly bounded on D,, x IIj, .
In fact by induction we have DU,, = Do D4 o-- -0 DL, with the Jacobian evaluated

at different points, and

= |[Dtlg 0 Dk 0+ 0 Dt p,. 11, < [] (1 + 20A(m)vyten)

n>0

dalgeg 1 4daloeg
< 1 — | < —
_H< " gl d">_eXp{(d—1)'v}

n>0

||DQ]TL||DTL+1 XIp,, 4y

which is uniformly bounded and small. Thus this ends the proof of Lemma [3.3 O

3.3. Convergence of iteration

We first verify that r, tend to a positive limit and s, tend to 0. From the definition of
On, 1 —a =e % and (3.27) it follows that

In(l—a)™t  In(l1—a) [*InA(t)
= < .
Sem=d e s [

n>0 n>0 n 0

Hence by choosing 79 sufficiently large, we can achieve that ) .0, < r/2 and thus
rn — 7w > 1r/2 as n — oo. From the definition of o, €, and an/c;< sn < &p, it follows
that s,, — 0 as n — oo.

By Iterative Lemma (see Lemma [3.3), U, and €, (p) respectively satisfy

[RUSEE RN (ORI . A (To 1)Vt 1On 18041
and
1s1(p) — (P, < aen = aq"eo.

Note that r, — ry, r/2 < r, <7, s, = 0, h, = 0 as n — oo. Thus the mappings U,

converge uniformly on

() Do x Ty, = Dy x I, A, Du={|Im¢| < r.} x {0}
n>0
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to a mapping U, which is real analytic on D, and uniformly continuous on IT} ~.a- More-
over,

. 4daA050 2dA0€()U
. —id . < ,
8. ~d]lp.ms,, < exp { (d— 1)7} (d—1)y
agq
[2(p) = QP < 7 ot
Q. (p . m . .
‘(k:,w> 2; ) _]’ > ZAZIkl) for all k € Z™\ {0}, j € Z, p € T}, 4.

For the statement of the theorem, we choose a = 19/20 and b = 1/35, d = 2, which

results in
In(1 —a)

< 16.
Indg 0

NQ
qN57

3.4. Estimates of measure for parameters

In this section the measure of the set II, , A \IL S A of bad parameters is estimated. Recall
that by construction, I}, | A = ngO IT; . A, where I, 5 A D Hg’%A D Hi},’y,A D---isa

decreasing sequence of closed sets defined inductively during the iteration process by

n _ -1 n —1 _
va'yvA - Hwa'YaA\ U R"Jv%A’ H"Jv%A - H"Jv%A
n

with
WY, A T WA T p WY, A ’ At J A(|k]) )
Tn—1<|k|<Tn Th—1<|k|<m
kezZ™\{0},j€Z keZ™\{0},j€Z

Lemma 3.4 (Measure estimates). If the Brjuno—Rissmann approzimation function A is

chosen such that
—+00 1 1/A
S L) <
— CA(Y) ’

then meas(Ily, 4 A \ II7, - A) < ey,

Proof. By the proof of Theorem and by 7/2 < v, <, foralln >0, p¢€ RZ:JA, we

. . T /X 1/ 1 1/x
eaS(Rw,'y,A)SO((’MA(%\)) >§7 X (!k\MM)) '

have

Next we estimate the measure of the set Il 5 A \ RZ’% A- Since for p € RZ?I;JA,
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then we have

. Q(p) Tn
< w _|_ <

where ¢g is a constant independent of k. Thus,

meas(R7, - A) < Z Z meas (RZ:JA)

Tn—1<‘k‘§7'n 'jGZ
kezm™\{0} |j|<colk|

DD 0(<\km\kl>)m>

Tno1<|k|<Tn JEZ
kezm™\{0} |jl<colk|

1 1/2
AP O(”“(M:mukw) )

Tn—1<|k|<Tn
kez™\{0}

Then

1/A
meas(L .\ T p0) <7743 0("“’<\km1<\kr>> )

keZm\ {0}
Also, by the condition of Lemma we have

= i) S ) (1)

kezm\ {0}
< 92m—1 fﬁm . v < 400
= = EAING ‘

Hence

meas(Iyp,a \ T, ) < e/,

This completes the proof.

4. Example and application

4.1. Example

791

In this subsection we give some examples to discuss the persistence of invariant curves

with prescribed frequency and show how to introduce extra parameters in the proof. In

the following the non-degenerate condition is even order non-degeneracy. Typically, we

only consider the case of second order nondegeneracy for simplicity. The cases of more

higher even order can been treated similarly.

Suppose the second order non-degenerate condition is satisfied, i.e., there is some y*
such that dh( *) =0, but th( *) # 0. Without loss of generality we can assume that the
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critical value y* of h(y) is located at the origin. Our initial reversible mapping Ay:

1 :x—i—a—i—yQ—i—f(a:,y), 1=y +g(x,y),

where the small perturbations f(z,y) and g(x,y) are quasi-periodic in x with frequency
w = (w1,wa,...,wn), real analytic in z, y and include the more than 2-order terms of y, the
variable y has been scaled so that the coefficient of y? equals to 1. By the method in this
paper and KAM iteration with some parameters, we can prove that a family of variant
curves can persist under small perturbation, but the frequency ,(p) has some drift.

Moreover, the frequency €. (p) satisfies the Brjuno—Riissmann’s non-resonant condition:

Q,
'(k,w) z(p)—j’2 T forall ke Z™\ {0}, j € Z.
T

4.2. Application

In this subsection we will apply the above result to superlinear Duffing’s equation
(4.1) i+a = f(t),

where f(t) is real analytic and quasi-periodic in ¢ with the frequency w = (w1, wa, ..., wn).
Throughout this subsection, we assume f(¢) is even in ¢t. Introduce a new variable
y = —&, Equation (4.1)) is equivalent to the system

(4.2) i=-y, y=a—f(t),

which is reversible with respect to the involution (x,y) — (x, —y).
Dropping the time-dependent term equation (4.1) becomes

i+’ =0,

which is equivalent to the system

(4.3) &=—y, y=a°,

which is time-independent Hamiltonian system on R?:

. 0 .0

with h(x,y) = %yz + %:1:4. Clearly, h is positive on R? except at the only equilibrium point
(z,y) = (0,0) of where h = 0. All the solutions of are periodic with period
tending to zero as h = F tends to infinity.

Suppose (C(t),S(t)) is the solution of satisfying the initial condition (C(0),.5(0))
= (1,0). Let T\ > 0 be its minimal period. From , these analytic functions satisfy
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(i) C(t+T.) = C(t), S(t+T.) = S(t) and C(0) = 1, S(0) = 0.

(i) C(t)

= S(t), S(t) = —C3(t).

(iii) 259%(t) + C4(t) = 1.

(iv) C(—t) = C(t), S(~t) = —S(2).

Under the

transformation

U: x=cBpBo0r,), y= AR RS0T)

with ¢ = 3/T,. The system (4.2)) now becomes as follows:

- —%w + écl/ SpBC(OT.) £ (1),

p=—cBTp3S(OT,) f(t),

793

d = ¢*/3 /4. This system is reversible with respect to (p, ) — (p, —6) and 1-periodic in 6.

As one did in the periodic case, now we change the role of the variable ¢ and 6, and

yields that

(4.5)

dt 4 1/3 1 1/3 —2/3 '
h = 5 o * Y
0 3dp + 30 p C0Ty)f(t)

4 1 -
@ — —Cl/gT*pl/SS(eT*)f(t) |:_3dp1/3 + §01/3,0_2/3C(9T*)f(t) ’

do

this system is reversible with respect to the involution (p,t) — (p, —t) and 1-periodic in

the new time variable 0.

Our next goal is to obtain asymptotic expansions for ¢; and p;. For pg large enough,

the second

equation of (4.5 can be rewritten as
dp  3T.c/3 1
— = T, .
B e s0m) 1) + O

An integration of this equation leads to

(4.6)

Therefore,

p(0) = po+O(1), 6€l0,1].

p(0) % = ps P+ pytO(1) 713,

Expanding (1 + pyO(1))™1/3 yields

(4.7)

p(0)7 =P+ 000 ), 0 e0,1]



794 Peng Huang

for po large enough, by (4.7) and the first equality of (4.5)), we get

dt ~1/3
@ _O(p[) )) XS [07 1]5

which implies that
(4.8) HO) =to+O(py %), 0 €0,1]

for po large enough. Substituting (4.6)—(4.8]) into the second equality of (4.5)), we have,
for 6 € [0, 1],

dp  3T.c'/3
a0 4d
for po large enough. An integration of (4.9)) over 6 € [0,1] yields

(4.9) S(OT.) f(to) + Olpy /*)

p1=po+O0(py %)
for pg large enough, where p; = p(1). Substituting (4.7) and (4.8)) into the first equality
of (4.5), we have, for 6 € [0, 1],

a3 -
a6~ 14"

for po large enough. An integration (4.10) over 6 € [0, 1] yields

(4.10) Y3100

3 _ _
ty =ty — on 1/3 + O(p, 4/3)7

where t; = ¢(1).

To apply the invariant curve theorem obtained in Liu [17], introduce a new variable p
by
2 13
4dp 9y
Obviously, p > 1 <= § < 1. Under this change of variable, we may get an expression of

time-1 map of (4.5)):

op = — we [-2,—1].

t1 =to + 0o + 5J?1(t0,/i0, 5),

P ~
w1 = po + 0 f2(to, o, 9),

where ]?1, fg are real analytic and quasi-periodic in ¢y with the frequency w = (w1, ws, ...,
W) and ]71,]?2 — 0 as 0 — 0. If § is sufficiently small, therefore the assumptions of
Theorem 2 in [17] are met. Hence the existence of the invariant curves of P is guaranteed by
Theorem 2 in [17], the invariant curves are real analytic quasi-periodic with the frequency
w = (w1,wa,...,wn). Then system has infinitely many quasi-periodic solutions with

frequencies {w = (w1, w2, ..., wm), i}
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As an application of the invariant curve theorem obtained in this paper, we shall
study the existence of quasi-periodic solutions whose frequencies may be different from
{w = (W1, W2, -+, W), %} for system . To apply the theorem obtained in Section
introduce a new variable y by

3
2 _ ~1/3
(4.11) po=gr

Under this change of variable, we may get an expression of time-1 map of (4.5):

tl == tO - Mg + ﬁ(toa /'LO)a
1 = po + Jg(to,ﬂo),

P

where ﬁ, fg are real analytic and quasi-periodic in ¢y with the frequency w = (w1, ws, . .
w) and fi = O(ug), fo = O(u3)-
Since the change of variables (4.11)) commutes with the involution R: (u,t) — (u, —t),

hence P is also reversible with respect to the same involution R. Let y = z+ p, the above

*

mapping P becomes

ﬁ' t1:t0—p2+f1(to,zo;p),

21 = 20 + fa(to, 20; D),

where ﬁ(th ZOvp) = _Zg - 220]9 + fl(tOv 20 +p)> .E(t07 ZOvp) = fé(th 20 +p)7 Mo € (_6? 5)7
29 € (=9,0), p€ (0,6 —d) or p € (=6 +6,0), 6 >3 > 0. Now we apply Theorem
to prove the existence of quasi-periodic solutions and the boundedness of all solutions for

ED.

4.3. The main result

Theorem 4.1. Every solution of (4.1)) with a real analytic quasi-periodic function f(t) €
Qr(w), w satisfying the non-resonance condition (2.1) is bounded. Moreover, (4.1) has

infinitely many quasi-periodic solutions.

Proof. Since Q(p) = —p?, and Q@ (p) = —2 % 0 when p € (0,6 — &) or p € (=6 + 4,0).
Moreover, by Theorem there exist Brjuno—Riissmann approximation function A such
that
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has positive measure. Then from Theorem we know that the map P has invariant
curves if § > 0 are sufficiently small. If the conditions of Theorem hold and § > 0 are
sufficiently small, therefore the assumptions of Theorem are met. Hence the existence
of the invariant curves of P is guaranteed by Theorem the invariant curves are real
analytic quasi-periodic with the frequency w = (wi,ws,...,wpn). Undoing the change of
variables we obtain the invariant curves of P. Then system has infinitely many

quasi-periodic solutions as well as the boundedness of solutions. ]

Remark 4.2. Tt follows from the proof of Theorem [4.1]that if the conditions of Theorem [4.1]
hold, then system (4.1)) has infinitely many quasi-periodic solutions with frequencies {w =

(w1, w2, ..., wWmn), _%)2} satisfying the following non-resonance condition

‘<k’”>_2i2‘j‘ > X0

pG(O,(S—g) or pE(—(S—&—g,O), §>6>0

for all k € Z™\ {0}, j € Z,

and ¢ is sufficiently small.
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