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Consecutive Quadratic Residues and Primitive Roots in the Sequences

Formed by Twice-differentiable Functions

Mengyao Jing and Huaning Liu*

Abstract. In this paper we bound character sums of the shape

> allfmDxe(lf(n+D)),

n<N

where x1 and 2 are non-principal multiplicative characters modulo a prime p, f(z)
is a real-valued, twice-differentiable function satisfying a certain condition on f”(z),
and [ is a positive integer. As an immediate application, we obtain some distribu-
tion properties of consecutive quadratic residues and consecutive primitive roots in
Piatetski—Shapiro sequences |n¢| with ¢ € (1,4/3).

1. Introduction

The Piatetski-Shapiro sequence associated with ¢ € (1,2) is defined by (|n¢])nen, where
|z] denotes the floor function. Investigations into arithmetic properties of these types of
sequences have attracted wide interest. For example, many papers have been written on
the least quadratic non-residues in Piatetski-Shapiro sequences (see [1,[2,9,12]).

Later, Banks and Shparlinski [5] focused on more general sequences. Let k be a real
number with 2/3 < k < 1 and let f(z) be a real-valued, twice-differentiable function such
that

1 "
(1.1) lim log f"(z) _
z—oo  logx
The constant  corresponds to 2—c in the case of the Piatetski-Shapiro sequence (|n¢|)pen.
They studied character sums over the integer sequences (|f(n)])neny and obtained the

following result.
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Proposition 1.1. Let p be an odd prime, x and € be fived real numbers such that

2 3Kk — 2

S<k<l and 0<e< —— "

3 =" a S22 —r)
and let f(x) be a real-valued, twice-differentiable function satisfying (1.1). Then, for all
non-principal characters x modulo p and all integers N with

pl/(2m)+e < N< pl/(2—n)

)

the uniform bound

> x(Lf(m)]) <oy Np~°

n<N

holds with some constant § > 0 that depends at most on € and f.

Following their proof, we can prove that one may take 6 = 279¢2x% in the above. From
Proposition we derive that for every sufficiently larger prime p, there is a positive in-
teger n < p'/(2¥)+e(1) guch that | f(n)] is a quadratic non-residue modulo p. Furthermore,
for 1 < ¢ < 4/3, there is a positive integer n < p'/(4=2+0(1) guch that |n°| is a quadratic
non-residue modulo p.

On the other hand, many scholars studied the distribution of consecutive quadratic
residues and primitive roots modulo p (see [6-8,|10,/11,|15/16]). For instance, Tanti and
Thangadurai [15] proved that for all p > 7 (respectively for p > 5), there is an integer m
such that m and m + 1 are quadratic residues (respectively for quadratic non-residues)
modulo p. We remark that this is loosely related to Artin’s primitive root conjecture in
the sense that one certainly has a pair m, m + 1 of consecutive quadratic non-residues
modulo p if 2 is a primitive root modulo p and this is believed to happen infinitely often.

In this paper we study the distribution of consecutive quadratic residues and primi-
tive roots in the sequences (| f(n)])nen, where f(x) is a real-valued, twice-differentiable

function. The crucial tool is to bound character sums of the shape

(1.2) Srixi,x2; N, = > xa(Lf(m)xa(Lf (n+1))),

n<N

where [ is a positive integer. We shall prove that the bound in Proposition |1.1] is also
applicable to (1.2)) if / is small enough. Our results are as follows and the proof method

due to [5,[14]. For convenience, we denote
(1.3) 0 = 27921

throughout this paper.
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Theorem 1.2. Let k and € be fized real numbers such that

2 3k —2
- 1 d 0 —
g <m<1 an <€<2;<;(2—/<;)’
and let f(x) be a real-valued, twice-differentiable function such that
"
i 08 f"(@) _

z—oo  logx
Then, for all non-principal multiplicative characters x1, x2 modulo p and all integers I,
N with
Pt < N < pl/ @R gna 0 <1< pf2

the uniform bound
S(x1,x2; N, 1) <o Np™°
holds with some constant § > 0 that depends at most on € and f. In particular, one may

take 6 = 0.

Theorem 1.3. Suppose that €, k, f(z), | and N are defined as in Theorem . Let
Qf(N,1) denote the number of positive integers n < N such that [ f(n)] and | f(n +1)]

are quadratic residues modulo p. Then we have
N _
Qf(N.1) = =+ 0- s (Np~),

4
where 0 is defined as in (1.3]).
Theorem 1.4. Suppose that €, k, f(z), | and N are defined as in Theorem . Let

Gf(N,1) denote the number of positive integers n < N such that [ f(n)] and | f(n +1)]
are primitive roots modulo p. Then we have

G(N,1) = <<z>(p—1)> N+o. <<¢"§3p‘11))2 4w<p—1>Np—e> |

p—1
where 0 is defined as in (1.3]), ¢ is the Euler function and w(q) denotes the number of

distinct prime factors of q.

As an immediate application of Theorems [I.3] and we obtain bounds on the least

consecutive quadratic residues and primitive roots in Piatetski—-Shapiro sequences.

Corollary 1.5. For every sufficiently large prime p and for 1 < ¢ < 4/3, there is a positive
integer n < pt/(4=20+o(1) sych that [n°| and |(n + 1)¢] are quadratic residues modulo p.

Corollary 1.6. For every sufficiently large prime p and for 1 < ¢ < 4/3, there is a positive
integer n < pt/(4=200+0(1) sych that |n| and |(n+ 1)¢] are primitive roots modulo p.

The rest of this paper is structured as follows. First, in Section 2] we recall some prop-
erties of discrepancy and estimate certain double character sums. In Section [3| we bound
the sum over short intervals and this bound will be applied to prove Theorem in
Section [ Finally, in Section [l we prove Theorems [I.3] and
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2. Preliminaries

The first purpose of this section is to introduce some information about discrepancy. The
discrepancy D(N) of a sequence of (not necessarily distinct) real numbers z1,...,xx €
[0,1) is defined by

V(I,N

(2.1) pv) = suwp |V )—m',

7C[0,1)

where the supremum is taken over all intervals Z = [a,b) C [0,1), V(Z, N) is the number
of integers n < N such that z,, € 7 and |Z| is the length of Z.

Banks and Shparlinski studied the discrepancy of fractional parts of twice-differentiable
functions by using the Erdés—Turdn inequality. The following result is taken from [5),

Lemma 3.2].

Lemma 2.1. Assume that f(x) is a real-valued, twice-differentiable function such that
0<a< f'(#)<aB (or 0<a<—f'(z)<af)

throughout the the interval [K, K 4 L|, where L > 1. Then the discrepancy D¢(K, K + L)

of the sequence of fractional parts ({f(n)})ne(kx,k+L)nz Satisfies

Dy(K,K + L) < o?p%3 4 [7La71/2,

The second purpose of this section is to bound certain double character sums in Lem-
mas and In order to prove our results, we present Weil’s bound |13, Theorem 2C]

on character sums in Lemma

Lemma 2.2. Let F, be a finite field and let x be a multiplicative character of order w > 1
of Fq. Let F(x) € Fy[z] be a non-constant polynomial which is not a constant times of a

w-th power and let s denote the number of distinct zeros of F(x) in ﬁq. Then we have

Y X(F@)] < (s —1)Va.

z€F,
Lemma 2.3. Let p be an odd prime, t be an integer with 1 <t < p —1 and let x1, X2
be non-principal characters modulo p. Suppose that U, V are subsets of I, of cardinalities
#U = U and #YV = V. Then, for an arbitrary fized integer k, for any complex numbers
Ay, by (weU, veEV) we have

(2.2) Z Z aubyx1 (u + v)xa(u+ v +t) < ABUY/ (2R (Vl/zpl/(%) + Vpl/(4k)),
uel veV
where

A =max|a,| and B = max]|b,|.
uel vey
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Proof. Denote the left side of (2.2)) by I'. Using the Hélder inequality we have

2k
|F|2k < A2kU2k—1 Z
ueU

< A2kU2k—1 Z

uel,

D buxa(u+v)xa(u+v+1)
veY

2k

D boxa(u+v)xa(u+v+1)
veY

Let x« be a character modulo p of order p — 1. Then, every character xy modulo p can
be expressed as x = x%, where dy is an integer with 1 < §y < p — 1. Note that x; and x»

are non-principal characters, then there exist some 1 < 1,02 < p — 2 such that

x1=x2 and x2 =x2

It follows that

2k
T2k < A%y 2Rt Z Z boxs ((u+ )% (u 4 v + t)52)
u€F, lvey
— AZkpr2k—1 Z Z buy =+ b by« bugy

V15 UK EV Vg g 1,500, V2K EV

k 2k
X Z X (H(u + ;)% (u + v; + t)62> X+ H (u+ v;)% (u+ vj + t)°2

u€lFy, =1 j=k+1

For (m,p) = 1, let @ denote the multiplicative inverse of m modulo p. If ((u 4+ v;)(u +
vj +1),p) =1 we have

E((u + vj)61 (u+v;+ t)52) = X*((u + vj)% (u 4 v + )% (u + vj)pfl(u +v; + t)pfl)
= e ((u + 0 P10 (w4 vy 4+ )PI%2).

Thus we have

(2.3) DPF < APB2RUt YT 1Y x(H (w)|,
V1,...,U2k EV [uEFp
where
k 2%
H(U) = H(u + Ui)§1 (u + vi + t)§2 H (u + Uj)pflf& (u + vj + t)p71762.
i=1 =41

Define the subset Q C V2 as

Q={(v1,...,v9) € V2 . H(u) is the (p — 1)-th power of a polynomial over Fy}.
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By Lemma the inner sum in (2.3) can be estimated as
O(p) if (Ula"wU?k‘) € Qa
(24) > v (Hw) = | .
uel, Ok(\/]?) if (1)1, ... ,ng> ey \ Q.
Therefore, from (2.3) and (2.4]) we immediately get
(25) |1’\‘2k’ < A2kB2kU2k_1 ((#Q)p + VZk\/];)

It remains to treat the cardinality of 2. We construct a new polynomial G(u) as

2k
G(u) = [J(u+vi)(u+vi + 1),
i=1
and define the subset Q7 C V¥ as
0 = {(vl, ceo,Ugp) € Y2k G(u) has no simple root}.

It is clear that G(u) and H(u) have the same roots. Since 1 < d1,d2 < p — 2, then G(u)
having a simple root implies that H(u) can not be the (p — 1)-th power of a polynomial
over I,,. It follows that {2 C ;. Next, we shall prove that the cardinality of {}; satisfies

(2.6) #Q < #0y < (k+1)E*(2k)* VP,
For every (vi,...,v) € Q1, then for v € {v1,..., v} we write
nv) = #{1 <i <2k :v; =v}.
Thus, we can divide {v1,..., v} into two disjoint sets:
{v1,...,v} =CUD,
where
C={ce{v,...,;v}:n(c) >2}, D={de{vi,...,v9}:n(d) =1}.

We denote the cardinality of D by D and write D = {di,...,dp}. Consequently, the
cardinality of C satisfies

4C < |(2k - D)/2).

Therefore,

G(u) = (H(u+ C)n(C)(u+c+t)’i(C)> (H(u—i— d)(u—i—d—i—t)) .

ceC deD
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Since G(u) has no simple root, for every d; € D there exists some ¢ € C or d; € D such
that
di=dj+t (modp) or di=c+t (modp).

Hence, for fixed C, we only need to choose |D/2] values from V at most and we write
these values to form a set 7. Then, every d € D takes a value from J, J +t and C + .

Thus we have

2k [(2k—D)/2] LD/2] D
Z Z Z 2k —D
D=0 =1 j

j=1

2k [(2k—D)/2] D

< (V)Z.%_DD <k+D> VD2
- [ 2 2
D=0 i=1
2 2k—D D
D D D D

<> Z(k-=)(k-= k k
2 7(-3)(3) (3) v

This proves (2.6). Now combining (2.5) and (2.6) we immediately get Lemma [2.3] O

Lemma 2.4. Assume the hypotheses of Lemma . Then, for any e > 0, U > p'/?te
and any V > p®, we have

ST aubexa(u+ v)xa(u+ v+ t) < ABUVp= /1429,
ueld veV

Proof. Taking k = [1/(2¢)] we get V > p'/(?*) Then, the right side of satisfies
ABUYER) (V1/2p1/@0) /R < ARUI-1 @Ry p ) < ABUYp—e/28),
Since U < p, then we have ¢ < 1/2. Therefore, £/(2k) > €2/(1 4 2¢). This proves
Lemma 2.4 O
3. Character sums over short intervals

Throughout this section we suppose that p is a sufficiently large prime. Like the technical

method in [5], our bound for S¢(x1,x2; N,!) is related to bounds for more general sums

Srlaxa K, L) = Y xallf(m)Dxa(Lf(n+1))),

K<n<K+L

where K and L are sufficiently large real numbers that satisfy certain conditions. Our

result is as follows.
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Theorem 3.1. Fize >0 and 2/3 < k < 1. Let f(x) be a real-valued, twice-differentiable
function such that
log f" ()

lim ———~ = —k.
z—oo  logx
Then, for all non-principal characters x1, xo2 modulo p, all positive integers | with [ < pe/?

and all real numbers K, L that satisfy the inequalities
(1) K" > L > K*2p°, (i) K < p/®®), (i) L > p!/2+e,

we have
S(x1,x2: K, Lo1) <o p Lp~=/%

Proof. Put H = [2p?/?]. The assumptions of Theorem imply that
O<a§f”(x)§aﬁ, K<az<K+L+H-+I
with real numbers o and 3 of the size
a=K"or M) and g=KoW),

where the implied constants depend on f. For any integersn € (K, K+L] and h € [0, H—1]

we have
n—+h

f(n+h) — f(n) — hf'(n) = / £ (u)(n+ h — u) du

n

Thus we have
0< f(n+h)—f(n)—hf'(n) <0.5H?ap.

Note that "

0< Fim)= 1) = [ (wdus Las.
Therefore,
(3.1) 0< f(n+h)— f(n)—hf(K)<2HLap.

Similarly we obtain
(3.2) 0< f(n+h+1)—f(n)—(h+1)f(K)<2(H+1)Lap.

Let A = p~</* with 0 < A < 1/2, and let D = [A~!]. By the pigeonhole principle
there is an integer jo € {0,..., D — 1} such that the fractional part {hf’(K)} lies in the
interval [jo/D, (jo + 1)/D) for at least H/D values of h € {0,1,...,H — 1}. Let H be the
set of such integers h and let £ = jo/D. Then we have

H={he|0,H-1NZ: {hf'(K)—€} <1/D},
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0.5A < 1/D < A and the cardinality of #H satisfies
(3.3) #H > H/D > 0.5AH > p/4,
Next, we define two subsets N1, Ny C (K, K + L] as

M={ne(K,K+LNN:{f(n)+&} <1-A—-2(H+1)LaB},
No={ne(K,K+LNN:{f(n)+1f(K)+¢& <1—A—2(H+1)La}.

We also define their complementary sets as
N =((K,K+LNN)\N; and Ny = ((K,K+ L NN)\N.
Let N = N1 NN3. Hence, and imply that
Lf(n+h)] = Lf(n) +&] + [Af'(K) — €]

and
Lf(n+h+0)] = f(n) +1f'(K)+ &)+ [hf(K) -]

hold for every pair (n,h) € N' x H.
Now we estimate the cardinality of N¢ = ((K, K + L|NN)\ N. It is clear that

N = (N1 NN2)¢ = NFUN3.
Thus we have
(3.4) H#NC < H#HNT + #N3.

Write fi(z) = f(z) + & and fa(x) = f(x) + 1f'(K) + & Recall that Dy(K, K + L) is
the discrepancy of the sequence of fractional parts ({f(n)})ne(k,k+r1)nz- From and

Lemma 2.1] we have

#NT < (L+1)Dy (K, K+ L)+ (L+1)(A+2(H+1)Lap)
< Lo PR3 4 a7 V2 £ LA +2(H + 1) L?af
< LK—H/3+Of(1) +K!€/2+Of(1) + Lp—€/4 +L2p6/2K_R+Of(1).

Using (i) and (iii) we get #N{ < Lp==°+oes(D) Similarly, #N§ <« Lp==°+o=s(1) | From
(3-4) we get

(3.5) #NC < ¢ Lp_EZ/Q.
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For every integer h € H we have

Stxuxz K, LD = Y xa(lftn+h) Dxa([f(n+h+1)]) + O(h)

K<n<K+L
= > xallfm+ R Dxa(Lf(n+h+1)]) + Oc (977 + #N°).

neN

Thus we have

(3.6) S(x1 x2; K, L, 1) = 7:;[ + 05 (02 + Lp~=7?),

where

0= 5" S xa(Lf(n) + €] + [hf(K) — €))xa(LF(n) + L (K) + €] + [Af (K) — 1)
neN heH

Now we divide A into two disjoint subsets:
N=MiUM;y with MiNMy=0
where
Mi={neN:{f(n)+& +{If(K)} =1},
Moy={neN:{f(n)+& +{lf(K)} <1}.

Then we have ©® = ©1 + Oy, where

= > D xallf(n) +€) + [hf(K) =€)

neMi heH
X xa([f(n) + &) + [1Lf'(K)| + 1+ [hf'(K) =€),
@:= 3 S a(lfn) +¢) + [hf(K) —¢€))

neMsz he’H
< x2(Lf(n) + &) + LLf'(K)] + [hf' (K) —€]).

Finally, we reduce the sums ©; and ©2 into weighted double character sums and apply
Lemma 2.4 to bound them. Let

U={ueF,:u=[f(n)+£&] (modp) for somene M}, i=1,2,
V={veF,:v=|hf(K)—¢&| (mod p) for some h € H},
and put

ay=#{neMi:[f(n)+& =u (modp)}, wuelh,
cu=#{neMsy:[f(n)+& =u (modp)}, ué€ls,
by=#{heH: |hf(K)—€ =v (modp)}, veV.
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Thus we have

O = Z Zauva1(U+U)X2(U+U + Uf/(K)J + 1),

u€U veVY

0= 33 cubua(ut v)xa(u+ v+ [1F(K))).

u€Us vey

In order to apply Lemma [2.4] we need to give the size of #U1, #Us, #V, ay, ¢, and
by. From the assumptions of Theorem on f"(x) we know that

f’(x) _ xl*lﬁ‘FOf(l) and f(.%') _ $27n+0f(1), T — oo,

Since k < 1, the values of |f(n) +&| (n € N) are pairwise distinct, and in view of
condition (ii) these values are of size at most p' /(). On the other hand, since f/(K) > 1,
the values of |hf'(K) — & (h € H) are also pairwise distinct, and in view of (ii) these

values are less than p. Therefore,
a, <p”Y, e, <pM by =1,
Then, from we also have
(#V) = (#H) > p/".
It remains to treat the cardinality of i/, and Us. From we obtain
HN = (FM:) + (FM1) = L+ O (Lp~=7?).

This implies that
#Mi > Lp = /1% or #My > Lp= /1,

Case 1. If # My > Lp=="/'6 and #My < Lp=="/16, From (iii) we have
HUy > p1/2+6—62/16+0f(1) > p1/2+s/4‘

By Lemma [2.4] we have
(BT ©=01+6: < (F)#VIp /P + (#M)(#H) < (#H)Lp /.

Case 2. If #M; > Lp=="/'6 and #My > Lp~="/16. From (iii) we also have

Uy > pt2tEN and  #Uy > pt/re/A,

By Lemma [2.4] we have
(38)  ©=01+0y < (H)FVP P+ HU)HFVIPTP < #H)Lp P,

Now combining (3.6)—(3.8]) we immediately get Theorem O
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4. Proof of Theorem
To get started, fix some constant 1 > 0 to satisfy the inequality
(41) NE1 > p1/2+377.

Since N > p'/2®)+¢ and e < 1/2, then (4.1)) is satisfied when choosing

2e k2

=<
1+ 6k + 2ex

K
4.2 —.
(4.2) U 5
Moreover, (4.1) and N < pY/(2=%) imply that

(4.3) NE/2=1 > p3n,

We also let
R= [N log?p|, A=pVE_1

The first step is to prove that the bound

(44) S KAKD = > i) Dxe(lf(n+D)]) <o AKp /%
K<n<K+AK

holds for all real K with Np~7 < K < N. Noting that
A =emosP/R 1 — (1 4 0(1))1710% = N1 logp) M), p - 0.
Then, for sufficiently large primes p we have
(4.5) NE1=lp=n < A < NFTIL
and therefore,
(4.6) AK < NP 771K < K70,
From K > Np™", and (4.5) we have
(4.7) AK > KF2KYR2ZNR=1-1)=0 > jor/2 N1=R/2 NR=n=1,=20 > /20
From K > Np™7, and we also have
(4.8) AK > KNFT171p™1 > No=1p=21 > pl/24n,
Combining f and the assumptions of Theorem we conclude that

Kf 1> AK > Kli/zpn’ K< pl/(Z—fc)’ AK > p1/2+n.
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Therefore, the assumptions of Theorem are satisfied and we obtain (4.4)).
Next, we decompose S¢(x1,x2; V) into R + 1 sums. That is

R-1

(49) Sf(X17X2;Na l) = Sf(Xl?XZ;Np_nal) + Z Sf(X17X27K]7AKjvl))
=0

where
K; = Np—n+(m')/R'

Since Kj = Kj_1 + AKj_1 (j > 1). Thus, it follows from (4.4) and (4.9) that

=
_

Sr(x1,x2; N, 1) =

(]

S¢(x1, x2: Kj, AK;, 1) + O(Np™")

<.

I

Lef Z Aij—n2/32 +Np T < Np~7/32,
=0

This proves that the bound
Sp(x1,x2; N, 1) e p Np~°

holds with some § > 0. In particular, when 7 takes the value as in (4.2]), one may take
§ = 2792k*. This completes the proof of Theorem [1.2

5. Proofs of Theorems and

We begin with Theorem E Let (5) denote the Legendre symbol modulo p. Then we

have
Qup= 3 e () (= (5)
(5.1) (LFm)] L ()] .p)=1
-0 (42 (- (452 omn

where W is defined by
W=#{1<n<N:p|[f()]Lf(n+D]}.
From the assumptions of Theorem on f’(x) we know that
F(z) = 22"+ g o oo,

Since k < 1 and N < p!/=%) the values of | f(n)| (n=1,2,...,N) are pairwise distinct,
and these values are of size at most p' T2/, Note that 0 < [ < p/2, we also have the
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values of [ f(n +1)] (n =1,2,...,N) are pairwise distinct and of size at most p'*or(1),
Therefore,

It follows from and (| . ) that

Qf(N,l) = % ! (Lf;M) +i 3 <Lf(n+l)l>
n<N

4 n<N p
1
P15 (L) (L)
A\ p p
From Proposition [I.1] and Theorem [1.2] we immediately get
Qp(N,l) =+ O-;(Np™’),

where 6 is defined as in ((1.3). This proves Theorem
Now we prove Theorem Noting that

¢(v) 0 otherwise,

— 1 1 if n is a primitive root modulo p,
DITH IR p p
ord xy=v

v|p—1

where p is the Mobious function, and the summation ) | is taken over all the char-

ord x=v
acters y modulo p of order v. Thus we have

(5.3)
G- (D) Sy s sy
vi|p—1va|p— 1 ordx1 v1 ord xo=v2
< 3 xa (L) X2(Lf(n+l)J)
n<N
2
:<¢<p—11>) N+( ) T2 DENED SRR (FO)
P vi|p— 1 0rdx1 1z n<N
y1>1 (Lf(n+1)],p)=1
o 2
() ey % X2(Lf<n+l>J)
va|p— 1 OI‘dX2 =vy n<N
V2>1 (Lf(n)J p)=
9(
HE S z )3
v1|p—1 va|p— 1 0rdx1 =v; ord xa=v2
v1>1 ve>1

x Y xa(Lfm)xa(Lf(n+1)]) + O(W).

n<N
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From Proposition and we have
(5.4) > xallrm)) =" xa(lfm)]) + OW) = O s (Np~?),

n<N n<N
(Lf (n+D)].p)=1

(5.5) S xallfm+D]) =D xa(Lf(n+1D]) + OW) = O s (Np~?).
n<N n<N
(Lf(n)],p)=1 B

From Theorem [I.2] we also have

(5.6) S llFmD)xa(Lf(n+1)]) = 0 s (Np~?).

n<N

Combining (5.3)—(5.6) we immediately get

G¢(N,1) = <¢§9p__11)> i N +0.; <(¢g’__11)> i 4w<P—1>Np—9) .

This proves Theorem

6. Remarks

In this paper we obtain a non-trivial bound for Sf(x1,x2;NV,l) by using the method
of [5/14] (also see [3,/4]). In detail, we decompose the sum S¢(x1,x2; N,) into character
sums over short intervals and finally reduce them into certain double character sums. In
these processes, the difference lies in Lemma and Theorem

We also remark that Theorem holds when [ is small. In the proof of Theorem
we must ensure that the upper bound of is less than 1 and #N° = o(L) in (3.5)).
Therefore, if [ is large, we may not be able to find suitable K and L to apply to the proof
of Theorem Thus, we restrict that 0 < < p/2 throughout this paper.
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